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PREFACE

The 38th Symposium on Ring Theory and Representation Theory was held at Aichi In-
stitute of Technology in Aichi Prefecture from September 2 to 4 in 2005. The symposium
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thank all speakers and coauthors for their contributions.
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mittee for their helpful suggestions concerning the symposium. Finally we should like
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ALGEBRAS ARISING FROM SCHUR-WEYL TYPE DUALITIES

SUSUMU ARIKI

Abstract. The aim of this paper is to present algebras which are studied in our field.
These algebras deserve more detailed study from various points of view.

1. Basic Example

この節では，Green による Schur 代数から始めて Dipper-James 理論に現れる q-Schur
代数を導入し，Beilinson-Lusztig-MacPherson による q-Schur 代数の幾何的な実現のもと
になったアイデアを説明する．

1.1. Schur 代数. k を体とし，A(n) = k[Xij ]1≤i,j≤n を n2 変数の多項式環とする．

ε : A(n)→ k, ∆ : A(n)→ A(n)⊗A(n)

を以下のように定義すると (A(n), ε,∆) は余代数である．

ε(Xij) = δij , ∆(Xij) =
n∑

k=1

Xik ⊗Xkj .

A(n, r) を A(n) の次数 r の斉次多項式全体とすると

∆(A(n, r)) ⊂ A(n, r)⊗A(n, r)

であり，dimA(n, r) =
(
n2+r−1

r

)
である．

Definition 1. S(n, r) = Homk(A(n, r), k) を Schur 代数とよぶ．

ε が S(n, r) の単位元である．また，A(n, r)-mod = S(n, r)-mod である．

1.2. Schur 代数を導入する動機. k を代数閉体，G = GLn の関数環を k[G] = A(n)[ 1
detX

]
とすると，G(k) = Homk-alg(k[G], k) = GLn(k) である．

Definition 2. k[G]-comod を GLn(k)-mod とかく．GLn(k)-加群 V が多項式加群とは，
余加群射 ∆V : V → V ⊗ k[G] の像が V ⊗ A(n) に含まれるときをいう．

任意の GLn(k)-加群は det⊗Z ⊗− を除いて多項式加群である．

V (n, r) = {v ∈ V |∆V (v) ∈ V ⊗ A(n, r)}

とおくと，V = ⊕r≥0V (n, r)であり，V (n, r)はA(n, r)-余加群であるから有限次元GLn(k)-
加群の性質の研究の多くは S(n, r)-加群の研究に帰着する．

The paper is in a final form and no version of it will be submitted for publication elsewhere.
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1.3. Schur-Weyl 相互律. (∆⊗ Id) ◦∆ = (Id⊗∆) ◦∆ より A(n, r) は (S(n, r), S(n, r))-
両側加群である．

D(n, r) = k[T1, . . . , Tn] =
⊕

r≥0
D(n, r), T (n, r) = Homk-alg(D(n, r), k)

とする．D(n, r) は単項式 {T µ|µ = (µ1, . . . , µn) ∈ Zn≥0, |µ| = r} を基底にもつ．双対基底

{ξµ} は T (n, r) の基底である．D(n, r) は

ε(Ti) = 1, ∆(Ti) = Ti ⊗ Ti

により余代数であるから，T (n, r) は
(
n+r−1
r

)
次元の代数であり，

1 =
∑

µ

ξµ, ξµξν = δµνξµ

が成り立つ．A(n)→ D(n) を Xij �→ δijTi で定めると余代数射 A(n, r)→ D(n, r) を誘導
し，これは全射であるから，T (n, r) ⊂ S(n, r) と思うこととする．このとき，A(n, r) は
(T (n, r), S(n, r))-両側加群であるから，双対をとれば weight 分解

S(n, r) =
⊕

µ

S(n, r)µ, S(n, r)µ = S(n, r)ξµ

が得られる．E を GLn(k) の定義加群とする．

Lemma 3. r ≤ n とすると，ξ(1r)S(n, r)ξ(1r) 
 kSr であり，(S(n, r), kSr)-両側加群同型
S(n, r)ξ(1r) 
 E⊗r が成り立つ．

Theorem 4. (1) EndkSr(E
⊗r) 
 S(n, r).

(2) r ≤ n ならば EndS(n,r)(E
⊗r) 
 kSr.

Definition 5. HomS(n,r)(S(n, r)ξ(1r),−) : S(n, r)-mod→ kSr-mod を Schur 関手という．

1.4. q-analogue. k[G] を kq[G] にすると，kSr は A 型 Hecke 代数に置き換わる．

HA
r (q) =

⊕

w∈Sr

kTw, TwTi =

{
Twsi (�(wsi) > �(w))

qTwsi + (q − 1)Tw (�(wsi) < �(w))

ただし，si = (i, i+ 1), Ti = Tsi で �(w) は w の転倒数である．T ∈ Endk(E⊗2) を

Tei ⊗ ej =
{
qej ⊗ ei (i ≤ j)
ej ⊗ ei + (q − 1)ei ⊗ ej (i > j)

で定めると，Ti = Id
⊗i−1⊗T ⊗ Id⊗r−i−1 により E⊗r は HA

r (q)-加群になる．

Definition 6. Sq(n, r) = EndHA
r (q)
(E⊗r) を q-Schur 代数という．

n ≥ r ならば，Sq(n, r) は Sq(r, r) に森田同値である．
—2—



1.5. 有限体上の一般線形群. G = GLr，G(q) = GLr(Fq) ⊃ B(q) を Borel 部分群とし，
M = kB(q)\G(q) を右 G(q)-加群とする．q �= 0 ∈ k と仮定すると HA

r (q) 
 EndG(q)(M)
であり，M は (HA

r (q), kG(q))-両側加群である．
µ = (µ1, . . . , µn) ∈ Zn≥0, |µ| = rであるとし，Sµ を µの行固定化部分群，xµ =

∑
w∈Sµ Tw

とする．Dipper-James は次を示した．

Theorem 7. EndG(q)(⊕µxµM) 
 Sq(n, r) である．

Pµ(q) を µ に対応する G(q) の放物型部分群とすると xµM = kPµ(q)\G(q) であるから，

X(q) = �µG(q)/Pµ(q) = {0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = Frq}

とおけば，Sq(n, r) は X(q)×X(q) 上の畳み込み代数として実現できる．
実際，これは一般的な話である．K,L を有限群 H の部分群とし，1K , 1H を単位表現

として置換加群を

1K ⊗kK kH =
⊕

h∈K\H

k[Kh], 1L ⊗kL kH =
⊕

h∈L\H

k[Lh]

とかく．x ∈ L\H/K に対し ϕx ∈ HomkH(1K ⊗kK kH, 1L ⊗kL kH) を

ϕx([Kh]) =
∑

Lh′:h′h−1∈LxK

[Lh′]

で定めると {ϕx} はHomkH(1K ⊗kK kH, 1L ⊗kL kH) の基底である．
次に全単射

L\H/K 
 H\H ×H/L×K
を LxK �→ (L, xK)，(xL, yK) �→ Lx−1yK により定め，LxK に対応するH/L × H/K
の H-軌道を Ox とかく． すると，Ox の特性関数

1x(xL, yK) =

{
1 ((xL, yK) ∈ Ox)
0 ((xL, yK) �∈ Ox)

を用いて

ϕx([Kh]) =
∑

Lh′

1x(h
′−1L, h−1K)[Lh′]

となる．L,K, J を H の部分群とし，CH(H/L × H/K) と CH(H/K × H/J) を各々
H/L ×H/K 上および H/K ×H/J 上の H-不変な k-値関数のなすベクトル空間とする
と，f ∈ CH(H/L×H/K), g ∈ CH(H/K ×H/J) に対して，畳み込み積が

f ∗ g(xL, zJ) =
∑

yK

f(xL, yK)g(yK, zJ)

により定義される．

Proposition 8. (1) ϕx �→ 1x により次のベクトル空間の同型を得る．

HomkH(1K ⊗kK kH, 1L ⊗kL kH) 
 CH(H/L×H/K)
(2) 上の同型のもとで，ϕx ◦ ϕy は 1x ∗ 1y に対応する．
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X を以下のように定め，Fq-値点を X(q) とかく．

X =
⊔

µ=(µ1,...,µn):|µ|=r

G/Pµ

Corollary 9. Sq(n, r) は CG(q)(X(q)×X(q)) と k-代数として同型である．

(0 = V0 ⊂ · · · ⊂ Vn = Frq, 0 = W0 ⊂ · · · ⊂Wn = Frq) ∈ X(q)×X(q)
に対し，

aij = dim
Vi ∩Wj

Vi−1 ∩Wj + Vi ∩Wj−1

とおくと A = (aij) ∈Matn(Z≥0) である．
X(q)×X(q) 中の G(q)-軌道は以下のように記述される．

Lemma 10. X(q) × X(q) → {A = (aij) ∈ Matn(Z≥0)|
∑

i,j aij = r} の各ファイバーは

ただひとつの G(q)-軌道からなる．

Corollary 9の畳み込み積による表示をもとに，Beilinson-Lusztig-MacPhersonはQl[q, q−1]
を基礎環にもつ Sq(n, r) の幾何的実現を与えた．ここで q は不定元である．

2. affine 化と退化

この節では，局所体上の代数群の表現論で重要な affine Hecke 代数と, Drinfeld により
導入された退化 affine Hecke 代数について説明する．これらの代数ではモジュラー表現が
あまり研究されていないので，モジュラー表現の研究が進むことが望まれている．

2.1. A 型 Hecke 代数の affine 化.

Definition 11. A 型 Hecke 代数と Laurent 多項式環のテンソル積 Hn(q) = HA
n (q) ⊗

k[X±
1 , . . . , X

±
n ] に

TiX
λ = XsiλTi + (q − 1)

Xλ −Xsiλ

1− Xi
Xi+1

という交換関係を入れて得られる代数を A 型（拡大）affine Hecke 代数と呼ぶ．

生成元を X±
1 , . . . , X

±
n , T1, . . . , Tn−1, 基本関係式を

(Ti − q)(Ti + 1) = 0, TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi (j �= i± 1).

XiXj = XjXi, XiX
−1
i = X−1

i Xi = 1.

TiXiTi = qXi+1, TiXj = XjTi (j �= i, i+ 1).
として定義してもよい．affine Hecke 代数の退化を得るには，xixj = xjxi を仮定した上で

Ti = si + (q − 1)ti +
(q − 1)2
2

ui + · · · ,

Xi = q
xi = 1 + (q − 1)xi +

(q − 1)2
2

xi(xi − 1) + · · ·

として，基本関係式に代入し (q − 1) の２次以上の項を無視する．
—4—



Remark 12. 実際，２次の項まで一致させようとすると，まず T 2i = (q − 1)Ti + q に代入
して

s2i + (q − 1)(2siti) + (q − 1)2(t2i + siui) + · · · = 1 + (q − 1)(si + 1) + (q − 1)2ti + · · ·

より s2i = 1, ti =
si+1
2
, ui = 0 を得る．すると，

TiTi+1Ti = sisi+1si +
(q − 1)
2

(3sisi+1si + sisi+1 + si+1si + 1)

+
(q − 1)2
4

(3sisi+1si + 2sisi+1 + 2si+1si + 2si + si+1 + 2) + · · ·

となるから，TiTi+1Ti と Ti+1TiTi+1 を２次の項まで一致させようとすると si = si+1 と
なって関係式がつぶれすぎてしまう．

さて， d
dq
Ti|q=1 = si+1

2
, d
dq
Xi|q=1 = xi であるから，TiXiTi = qXi+1 の両辺を q で微分

して q = 1 とおくと
si + 1

2
si + sixisi + si

si + 1

2
= 1 + xi+1

すなわち，sixi− xi+1si = −1 を得る．同様に TiXj = XjTi (j �= i, i+1) から sixj = xjsi
(j �= i, i+ 1) を得る．

そこで，k[r] を１変数多項式環として以下のように退化 affine Hecke 代数を定義する．

Definition 13. 退化 affine Hecke 代数 Hn とは，生成元が s1, . . . , sn−1, x1, . . . , xn，基本
関係が

s2i = 0, sisi+1si = si+1sisi+1, sisj = sjsi (j �= i± 1).

xixj = xjxi,

sixi − xi+1si = −r, sixj = xjsi (j �= i, i+ 1).

で定義される k[r]-代数である．

対称群の群環と多項式環のテンソル積Hn = kSn⊗k[r][x1, . . . , xn]に sixi−xi+1si = −r,
sixj = xjsi (j �= i, i+ 1) という交換関係を与えて得られる代数といってもよい．

2.2. Lusztig の結果. X を G = GLn(C) の旗多様体，g = gln(C),

X̃ = {(x, b) ∈ g×X|b は x-stable}

とする．X̃ は (g, t)(x, b) = (t−2Ad(g)x,Ad(g)b) によりG× C×-多様体である．同様に g

もG× C×-多様体になり，p : X̃ → g を第１成分への射影とすると p は同変写像である．

K = Rp!C ∈ DG×C×(g)

とおく．次は Lusztig の定理である．

Theorem 14. EndDG×C×(g)(K) はC 上の退化 affine Hecke 代数 Hn と同型であり，この

同型のもとで，End0
DG×C×(g)

(K) はCSn と同一視される．
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2.3. 荒川・鈴木関手. g = gln(C) とする．O を有限生成 g-加群であって，ウエイト分解
をもちBorel 部分 Lie 環に関して局所有限であるもののなす圏とする．

h = Cy1 ⊕ · · ·⊕ Cyn, h∗ = Cx1 ⊕ · · ·⊕ Cxn
とし，λ ∈ h∗ の定める中心指標を

χλ : Z(g) 
 C[y1, . . . , yn]Sn → C

とする．ここで対称群の h∗ への作用は dot 作用w ◦ λ = w(λ+ ρ)− ρ である．

O = ⊕λO[λ]

と中心指標に合わせて圏 O も直和分解される．M ∈ O に対し，M = ⊕λM [λ] とかく．

Ω =
n∑

i,j=1

Eij ⊗ Eji ∈ g⊗ g

と定める．E を g の定義表現とする．

Lemma 15. M ∈ O に対し，M ⊗ E⊗r は次の作用により退化 affine Hecke 代数 Hr の
表現加群である． {

si �→ Ωi,i+1 (1 ≤ i < r)

xj �→ n− 1 +
∑

0≤i<j Ωij (1 ≤ j ≤ r)

ここで，Ωij は Ω を i 番めと j 番めのテンソル成分に作用させる作用素であり，M を
0 番めのテンソル成分と数えている．

Theorem 16. µ を支配的整ウエイト，L(µ) を µ を最高ウエイトにもつ有限次元既約 g-
加群とすると，L(µ)⊗ E⊗r は (U(g),Hr)-両側加群であって

(a) EndU(g)(L(µ)⊗ E⊗r) は Hr の商代数である．
(b) EndHr(L(µ)⊗ E⊗r) は U(g) の商代数である．

これは skew 版の Schur-Weyl 相互律であるが，モジュラー版の域には達していないの
で，精密化が望まれる．

Definition 17. Fλ : O → Hr-mod を次で定め，荒川・鈴木関手と呼ぶ．

Fλ = HomU(g)(M(λ),−)

ただし，M(λ) は Verma 加群である．

順序づけられた multisegment

[µ1 + n− 1,λ1 + n− 2], [µ2 + n− 2,λ2 + n− 3], . . . , [µn,λn − 1]
を考える．ここで λ は分割，λ ⊃ µ である．µ は行の長さが大きい順に並んでいるとは
限らない．この順序づけられたmultisegment は Hr の放物型部分代数 Hλ−µ の１次元加
群 Cλ−µ を定める．次は Arakawa-Suzuki による．

Theorem 18. M(λ, µ) = Hr ⊗Hλ−µ Cλ−µ とおくと，Fλ(M(µ)) 
 M(λ, µ) であり，

Fλ(L(µ)) は既約か零である．
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かれらの結果はいつ Fλ(L(µ)) �= 0かも教えてくれる．またこのとき L(λ, µ) = Fλ(L(µ))
とおけばL(λ, µ) = Top(M(λ, µ)) である．Fλ は skew Schur 関手とよぶべきものであり，
やはりモジュラー版の開発が望まれる．

Remark 19. Hr-mod→ Y (gln)-mod という関手もあり，Drinfeld 関手と呼ばれる．

Remark 20. C[t, t−1]⊗r の C[t]-部分加群の列 {Li}i∈Z であって

(1) Li ⊗C[t] C[t, t−1] = C[t, t−1]⊗r,
(2) · · · ⊂ Li ⊂ Li+1 ⊂ · · · ,
(3) tLi = Li−n.

をみたすものを考えれば q-Schur 代数の代わりに affine q-Schur 代数を得る．

3. BC 型への拡張

3.1. Schur 代数. G = GSp2n とする．定義加群 E は e1′ = e2n, . . . , en′ = en+1 として

E = (⊕ni=1kei)⊕ (⊕ni=1kei′)
であり，(ei, ej) = 0 = (ei′ , ej′), (ei, ej′) = δij により交代形式が定義される．G の関数環
は k[G] = k[Xij ]1≤i,j≤2n[

1
detX

]/I であり，k[G]-mod を G(k)-mod とかく．ただし，I は次

の元で生成される両側イデアルである．
n∑

k=1

(XikXjk′ −Xik′Xjk),
n∑

k=1

(XkiXk′j −Xk′iXkj), (1 ≤ i �= j′ ≤ 2n)

n∑

k=1

(XikXi′k′ −Xik′Xi′k)−
n∑

k=1

(XkjXk′j′ −Xk′jXkj′), (1 ≤ i, j ≤ n)

多項式部分 A(n) = k[Xij ]1≤i,j≤2n + I/I は次数環であるから，r 次部分を A(n, r) とかく．
ε,∆ を A 型のときと同じ式で定義するとA(n, r) は余代数になる．Donkin は次の代数を
導入した．

Definition 21. S(n, r) = Homk(A(n, r), k) を symplectic Schur 代数と呼ぶ．

3.2. Brauer 代数. symplectic Schur 代数の場合，Schur-Weyl 相互律のパートナーは
Brauer 代数である．

Definition 22. ω ∈ k とする．Brauer 代数 Br(ω) とは生成元 s1, . . . , sr−1, e1, . . . , er−1
と基本関係

s2i = 1, sisi+1si = si+1sisi+1, sisj = sjsi (j �= i± 1)

e2i = ωei, eiei+1ei = ei, ei+1eiei+1 = ei+1, eiej = ejei (j �= i± 1)

eisi = ei = siei

siei+1ei = si+1ei, ei+1eisi+1 = ei+1si, siej = ejsi (j �= i± 1)
で定義される k-代数である．

次の定理は Dipper-Doty-Hu による．

Theorem 23. k を無限体とすると次が成立．
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(1) S(n, r) 
 EndBr(−2n)(E⊗r).
(2) r ≤ n ならば Br(−2n) 
 EndS(n,r)(E⊗r).

3.3. q-analogue. k[G] を kq[G] にすると，Br(2n) は Birman-Murakami-Wenzl 代数に
置き換わる．

Definition 24. q,λ ∈ k× とする．BMW 代数とは生成元 T1, . . . , Tr−1 と基本関係

(Ti − λ)(Ti − q)(Ti + q−1) = 0

TiTi+1Ti = Ti+1TiTi+1, TiTj = TjTi (j �= i± 1)

EiT
±1
i = T±1i Ei = λ

±1Ei

EiTi±1Ei = λ
−1Ei, EiT

−1
i±1Ei = λEi

で定義される k-代数である．ただし

Ei = 1−
Ti − T−1i
q − q−1 .

今考えている C 型の Schur-Weyl 相互律の場合 λ = −q−2n−1 になる．

3.4. affine BMW 代数. BMW 代数の affine 化は Ram により定義された．

Definition 25. q,λ, Q1, Q2, · · · ∈ k× とする．affine BMW代数とは生成元が T1, . . . , Tr−1, X1

で，基本関係が BMW 代数の基本関係に加えて

E1X
r
1E1 = QrE1, E1X1T1X1 = λE1

で定義される k-代数である.

3.5. 退化 BMW 代数. 退化 affine BMW 代数は，affine BMW 代数が導入される以前に
すでにNazarov により導入されていた．

Definition 26. ω,ω1,ω2, · · · ∈ k とする．affine Wenzl 代数とは，生成元が

s1, . . . , sr−1, e1, . . . , er−1, x1, . . . , xr

で，基本関係が Brauer 代数 Br(ω) の基本関係に加えて

sixj = xjsi (j �= i, i+ 1), eixj = xjei (j �= i, i+ 1)

sixi − xi+1si = ei − 1 = xisi − sixi+1
e1x

r
1e1 = ωre1

ei(xi + xi+1) = 0 = (xi + xi+1)ei

で定義される k-代数である．

Remark 27. Xi+1 = TiXiTi とおくと，X1, . . . , Xr は可換である．そこで，Ei = 1− Ti−T−1i

q−q−1

より d
dq
Ti|q=1 = 1− ei であることに注目し，Xi = q

2xi とおいて Xi+1 = TiXiTi を q で微

分すれば sixi − xi+1si = ei − 1 が得られる．

Remark 28. g = sp2n とすると，L(µ) ⊗ E⊗r には affine Wenzl 代数が作用し，g の作用
と可換である．つまりここにも Schur-Weyl 相互律がある．
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3.6. affine Sergeev 代数.

Definition 29. Clifford 超代数 Cn とは次数が奇の生成元 c1, . . . , cn と基本関係

c2i = 1, cicj = −cjci (i �= j)
で定義された k-超代数である．

対称群の捩れ群環 Tn を生成元が t1, . . . , tn−1 で基本関係が

t2i = 1, titi+1ti = ti+1titi+1, titj = −tjti (j �= i, i± 1)
で定義される k-代数として定義する．

Remark 30. H2(Sn,C×) 
 Z/2Z (n ≥ 5) である.

Definition 31. Sergeev 超代数とは，超テンソル積 Tn ⊗ Cn に交換関係

ticj = −cjti
を与えて得られる超代数である．

Lemma 32. Sergeev 超代数は kSn と Cn の半直積に同型である．

Definition 33. affine Sergeev 超代数とは，偶生成元 s1, . . . , sr−1, x1, . . . , xr と奇生成元
c1, . . . , cr で生成され，基本関係が以下のように与えられるものをいう．

(1) s1, . . . , sr−1 は対称群の基本関係式をみたす．
(2) x1, . . . , xr は可換．
(3) c1, . . . , cr は Clifford 関係式をみたす．
(4) sicj = cjsi (j �= i, i+ 1), sici = ci+1si, sici+1 = cisi.
(5) sixj = xjsi (j �= i, i+ 1).
(6) sixi − xi+1si = −cici+1 − 1.

定義式をみれば affine Wenzl 代数との類似性は明らかであろう．前節までに紹介して
きた A型 affine Hecke代数，A型退化 affine Hecke代数，affine Wenzl 代数は，すべて有
限次元モジュラー既約表現の分類が A(1) 型の柏原クリスタルで記述されることがわかっ
ているが，Brundan-Kleshchev の結果によれば，affine Sergeev 代数のモジュラー既約表
現の分類は A(2) 型の柏原クリスタルで記述される．

3.7. q-analogue. Sergeev 超代数の q-analogue も存在する．

Definition 34. Hecke-Clifford 代数とは，生成元が T1, . . . , Tr−1, C1, . . . , Cr で基本関係
が以下のように与えられるものをいう．

(1) T1, . . . , Tr−1 は HA
r (q) の基本関係式をみたす．

(2) C1, . . . , Cr は Clifford 関係式をみたす．
(3) TiCj = CjTi (j �= i, i+ 1).
(4) TiCi+1 = CiTi − (q − q−1)(Ci − Ci+1).

さらに，affine Sergeev 超代数の q-analogue も存在して affine Sergeev 超代数はその退
化になっているのであるが，ここでは定義は省略する．

Remark 35. Nazarovによれば，affine Sergeev超代数の超加群のなす圏からQueer Lie超
代数の Yangian の超加群のなす圏へのDrinfeld 関手が存在する．
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4. 結び

以上紹介してきたことからわかるように，不思議な代数がたくさん存在していて，柏
原クリスタルと関係したり，幾何のにおいがしたりして，もう少し理解するといいことが
ありそうに思われます．affine Hecke 代数については巡回商という考え方で有限次元代数
の理論に帰着させていろいろ結果を得ました．最近では，affine Wenzl 代数に同じ手法を
使って，すべての有限次元既約表現を構成することに成功しましたので最後にこの結果だ
け報告して終わりとします．これは Mathas と Rui との共同研究です．詳しくは論文を
ご覧下さい．
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ORTHOGONALITY OF SUBCATEGORIES

OSAMU IYAMA

Abstract. Let G be a finite small subgroup of SLd(k) and S := k[[x1, ..., xd]]. We will
discuss (i)—(iv) below.
(i) maximal (d− 2)-orthogonal subcategories of CMSG,
(ii) non-commutative crepant resolutions of SG,
(iii) tilting S ∗G-modules,
(iv) Fomin-Zelevinsky mutation.

0. 導入
以下 kを標数 0の体とし, Gを SLd(k)の有限部分群とする. Sで冪級数環 k[[x1, · · · , xd]]

を表し, SGでGの不変式環を表す. 以下SGが孤立特異点であると仮定する. またCMSG

でmaximal Cohen-Macaulay SG-加群（以下, 単にCMSG-加群と呼ぶ）の成す圏を表す.
有限生成 SG-加群の圏 modSG（特に CMSG）においては, 直既約分解に関する Krull-
Schmidt型の定理が成立する. 本文の出発点はAuslanderによる, 2次元における次の定理
である [A3][Y1].

0.1 定理 d = 2とする.
(1) SG は有限表現型, 即ち直既約CM SG-加群は同型を除いて有限個しか存在しない.
(2) SG の Auslander-Reiten quiverは GのMcKay quiverに一致する. ここで各々の

quiverの定義は略すが（1.11参照）以下の要素から成るものである.

SG のAuslander-Reiten quiver GのMcKay quiver
頂点 直既約CM SG-加群 既約G-加群

矢印 概分裂完全列で決める (kd)⊗−で決める

しかし一方で d ≥ 3, G �= 1の時, SG は決して有限表現型にならない事が証明される
[AR2]. より強くその表現は, 表現型理論 [CB]における有限-tame-wildの 3分割中, 最も
難しいwildと呼ばれるクラスに属する事さえ分かる.

本文の動機は, 表現型理論とは異なる視点からCMSG を理解する方法を模索する事に
ある. そのために SG とともに本文における主役である捩れ群環 S ∗Gを導入する. これ
はGを基底とする自由 S-加群に, 積を

(sg)(s′g′) = (sg(s′))(gg′) (s, s′ ∈ S, g, g′ ∈ G)
と定めたものである. McKay quiverは S ∗Gの構造を与える quiverに他ならない.

表題にあるAuslander-Reiten理論は, 有限次多元環や可換Cohen-Macaulay環, 或いは
それらを統合した整環の表現論における基本理論である [ARS][Y1]. その典型が 2次元にお
ける定理0.1であるが, d次元の類似を考察すると,以下の1章で紹介するようにAuslander-
Reiten理論の高次元版とでも呼ぶべき現象が観察される事が分かる [I1,2]. 一方で代数幾

The detailed version of this paper will be submitted for publication elsewhere.
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何学において SGの特異点解消の導来圏の研究は, McKay対応として近年非常に盛んであ
る [KV][BKR]. 我々の考察する捩れ群環S ∗G上の加群は, McKay対応に現れる kd（の原
点での完備化）上のG-同変連接層と見なされる. また 2次元McKay対応において基本的
なArtin-Verdier理論 [AV]は, 直既約CMSG-加群と SGの特異点解消の例外集合の間の対
応を与えるが, その一種の高次元版がVan den Bergh [V1,2]により非可換クレパント解消
(2.3)として導入された. これらを含めた観点から,本文では圏CMSGやDb(modS ∗G)を
0.1の高次元版として調べる. その際に基本となる概念は, Kontsevichによる homological
ミラー対称性予想の研究に端を発する, 三角圏に対するCalabi-Yau条件である.
3章は吉野雄二氏との共同研究 [IY][I3][Y2], 2・4章は I.Reitenとの共同研究 [IR]です.

またMcKay対応に関して石井亮氏はじめ多くの方々に御教示を頂いた事を感謝します.
以下特に断らない限りΛ, Γ等は整環（=CM多元環）, 即ち d次元完備正則局所環R上

の多元環であり, R-加群として有限生成射影的なものを表す. SGやS ∗Gを典型例として
想定している. 整環 Λ上のCM加群とは, Λ-加群のうちR-加群として有限生成射影的な
ものの事である. また整環Λが孤立特異点であるとは, gl.dimΛ⊗R Rp = ht pがRの全て
の極大でない素イデアル pに対して成立する事であり, 整環 Λが対称であるとは, (Λ,Λ)-
加群としてHomR(Λ, R) � Λである事を意味する. 例えば可換Gorenstein環は対称整環
である.

1. 高次元Auslander-Reiten理論の試み
一般に加法圏 Cの直既約対象の同型類の全体を ind Cで表す. またX ∈ Cに対して

addX := {Y ∈ C | Y はXn (n > 0)の直和因子 }

とおく. Xが Cの加法生成元であるとは, C = addXとなる事である.
まずは SG と S ∗Gの関係を少し詳しく観察してみる.

1.1 (1) gl.dimS ∗G = d = depthS ∗Gが成立する. 即ち S ∗Gは非可環な正則環と呼
ぶに相応しい性質を有する.
(2) EndSG(S) = S ∗Gが成立し, さらに d = 2ならば, SはCMSGの加法生成元である.

即ちCMSG の加法生成元 Sの準同型環として S ∗Gが現れる. このような有限表現型
である SG と大域次元が 2である S ∗ Gの関係を観察すると, 有限次多元環における類似
である, やはりAuslanderによる次の定理 [A1][ARS]が思いつく.

1.2 定理 有限表現型有限次多元環Λの森田同値類と, 大域次元が 2以下で dominant次
元が 2以上の有限次多元環Γの森田同値類の間に一対一対応が存在する. それはΛに対し
てmodΛの加法生成元M をとり Γ := EndΛ(M)と置く事により与えられる.

ここでは dominant次元の定義は与えないが, 自己入射分解によって定義されるもので
あり, 後藤-西田 [GN]により depthの一種の類似とみなす事が可能である事のみ注意して
おく.

1.3 Auslander-Reiten理論のアイデアを一言で述べるとすれば, 加群圏modΛ上の関
手圏における単純関手の射影分解の考察, となろう. 例えばmodΛにおける概分裂完全列
の存在は,（特定の例外を除いて）単純関手が自己双対性を有する長さ 2の射影分解を持
つという事に他ならない. ここで 2という数字が現れたのは, modΛがアーベル圏である
ためその関手圏の大域次元が 2となるからである. この意味でAuslander-Reiten理論は 2
次元的な理論であるといえる.
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最も典型的なのはΛが有限表現型の場合であり,その場合modΛ上の関手圏は,上記のΓ
上の加群圏modΓと一致し, modΛにおける概分裂完全列の存在は,単純Γ-加群が自己双対
性を有する長さ 2の射影分解を持つ事に対応する [I1]. その意味で 1.2はAuslander-Reiten
理論の起点であり, 実際 1.2を与えたAuslanderの講義録 [A1]の後, Auslander-Reitenに
よる一連の論文 [A2][AR1]により, 所謂Auslander-Reiten理論の骨格が出来上がった.

さて 1.1も 1.2も「表現論的な圏の加法生成元の準同型環を取る事により, ホモロジカ
ルに良い性質を持った環が現れる」という事を意味している. それでは逆に「ある種の
ホモロジカルに良い環を与えた時に, それを準同型環として実現するような, 表現論的な
圏が存在する」のでは無いだろうか？勿論それは条件の良さに依存するであろうが, では
どの様な条件であれば存在するのか調べてみたくなる. 1.1,1.2では大域次元が 2の環を
扱っていたが, それではある種の大域次元 nの環に対応する圏においては, 何か「n次元
Auslander-Reiten理論」とでも呼ぶべき現象が存在するのでは無いだろうか？

そのために次の概念を導入する.

1.4 定義 以下本文ではCMΛの部分圏 Cとしては, 充満かつ同型・直和・直和因子で
閉じたもののみ考える事にする. ゆえに Cは ind Cによって一意的に決定される.
(1) CMΛの部分圏Cが関手的有限であるとは,任意のX ∈ CMΛに対して射 f : Y → X

及び g : X → Zで, Y,Z ∈ Cかつ

HomΛ( , Y )
·f→ HomΛ( ,X)→ 0, HomΛ(Z, )

g·→ HomΛ(X, )→ 0

が C上完全となるものが存在する事である. 例えば# indC <∞ならば, Cは関手的有限
である事は容易に分かる.
(2) 関手的有限な部分圏 Cが

C = {X ∈ CMΛ | ExtiΛ(C, X) = 0 for any i (0 < i ≤ n)}
= {X ∈ CMΛ | ExtiΛ(X, C) = 0 for any i (0 < i ≤ n)}

を満たす時, Cを極大 n-直交部分圏と呼ぶ事にする. C上では ExtiΛ( , ) (0 < i ≤ n)が全
て消え, またそのような性質を持つ部分圏の中で極大である.

この時, 有限次多元環において, 次の定理 1.5が成立するが, CMΛ自身はCMΛの唯一
つの極大 0-直交部分圏である事に注意すると, 1.5は 1.2の一種の高次元化になっている事
が分かる.

1.5 定理 有限次多元環の加群圏の極大 (n−1)-直交部分圏 Cで# ind C <∞となるもの
の同値類と, 大域次元が (n+ 1)以下で dominant次元が (n+ 1)以上の有限次多元環 Γの
森田同値類の間に一対一対応が存在する. それは Cの加法生成元MをとりΓ := EndΛ(M)
と置く事により与えられる.

そこで 1.3に述べた様に,極大 (n−1)-直交部分圏では何らかの意味においてAuslander-
Reiten理論の (n+ 1)-次元版が存在するのでは無いかと期待したくなるが, 以下それを考
察する.

1.6 定義 CMΛの部分圏 Cを factor throughする射全体から成るCMΛのイデアルを
[C]と表す. 安定圏CMΛと余安定圏CMΛを

CMΛ := (CMΛ)/[addΛ], CMΛ := (CMΛ)/[addHomR(Λ, R)]

と定める. CMΛの部分圏 Cに対し, 対応するCMΛ及びCMΛの部分圏をそれぞれ C及び
Cと表す.
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1.7 定理 CMΛの極大 (n− 1)-直交部分圏 Cに対し, 圏同値 n-Auslander-Reiten trans-
lation

τn : C → C
及び関手的同型 n-Auslander-Reiten双対

HomΛ(X, Y ) � ExtnΛ(Y, τnX)∗, (X ∈ C, Y ∈ CMΛ)
が存在する.

Auslander-Reiten双対は Serre双対の類似と捉える事が出来る [RV]が, 以下では 3.3で
用いる. Auslander-Reiten双対より, Auslander-Reiten理論において基本的な概分裂完全
列の存在定理の, 以下の様な類似が従う. 但し J は圏CMΛの Jacobson根基を表す.

1.8 定理 CMΛの極大 (n − 1)-直交部分圏 Cは n-概分裂完全列を持つ. 即ち任意の非
射影的なX ∈ ind Cに対して完全列

0→ τnX
fn→ Cn−1

fn−1→ Cn−2
fn−2→ · · · f2→ C1

f1→ C0
f0→ X → 0 (Ci ∈ C, fi ∈ J)

で, 以下が C上完全となるものが同型を除いて一意に存在する.

0→ HomΛ( , τnX)
·fn→ HomΛ( , Cn−1)

·fn−1→ · · · ·f1→ HomΛ( , C0)
·f0→ J( , X)→ 0

0→ HomΛ(X, )
f0·→ HomΛ(C0, )

f1·→ · · · fn−1·→ HomΛ(Cn−1, )
fn·→ J(τnX, )→ 0

1.9 n-概分裂完全列の存在は, C上の関手圏において, 非射影的な直既約加群に対応す
る単純関手が, 長さ nの自己双対性を有する射影分解を持つ事に他ならない.

さてX ∈ Cの sinkとは, Cの射 f ∈ J(Y,X)で, HomΛ( , Y )
·f→ J( , X)→ 0が完全とな

り, かつZ → 0 (Z �= 0)の形の直和因子を持たないものの事である. それは存在すれば同
型を除いて一意である. 1.8により非射影的なX ∈ ind Cは sink f0 を持つ. それでは射影
的なXに対してはどうであろうか？実はその場合も sinkは存在するのであるが, 一般に
は 1.8のような自己双対性を持つ列にまで延長しない.

しかしAuslander-Reiten理論においては, 2次元の場合に限って基本列と呼ばれる特別
な列が存在した事を思い出そう [A3][Y1]. それは全ての単純関手が, 長さ 2の自己双対性
を有する射影分解を持つ事を意味する. その事の極大 (n− 1)-直交部分圏における類似と
して次の 1.10が成立する. n = 1, d = 2の場合が通常のAuslander-Reiten理論である. こ
こで νは中山関手HomR(HomΛ( ,Λ), R)を表すが, それは射影CM Λ-加群の圏と入射CM
Λ-加群の圏の間の同値を与える.

1.10 定理 d = n+1ならば, CMΛの極大 (n− 1)-直交部分圏 Cは n-基本列を持つ. 即
ち任意の射影加群X ∈ indCに対して完全列

0→ νX
fn→ Cn−1

fn−1→ Cn−2
fn−2→ · · · f2→ C1

f1→ C0
f0→ X (Ci ∈ C, fi ∈ J)

で, 以下が C上完全となるものが同型を除いて一意に存在する.

0→ HomΛ( , νX)
·fn→ HomΛ( , Cn−1)

·fn−1→ · · · ·f1→ HomΛ( , C0)
·f0→ J( , X)→ 0

0→ HomΛ(X, )
f0·→ HomΛ(C0, )

f1·→ · · · fn−1·→ HomΛ(Cn−1, )
fn·→ J(νX, )→ 0

また νは C上の自己圏同値であり, それは τn の持ち上げを与える.
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1.11 定義 CMΛの極大 (n − 1)-直交部分圏 CのAuslander-Reiten quiver A(C)を定め
る. 簡単のためRの剰余体 kが代数的閉体であるとする. A(C)の頂点集合は ind Cとする.
X, Y ∈ ind Cに対して, Y の sink f : Z → Y をとり, Zの直既約分解に現れるXの個数を
dXY とする時, dXY 本の矢印をXから Y に引く.

この時次が成立する. 特に 0.1は d = 2の場合とみなす事が出来る.

1.12 定理 kを標数 0の体, GをGLd(k)の有限部分群, S := k[[x1, · · · , xd]]とし, 不変
式環SGが孤立特異点であると仮定する. すると C := addSはCMSGの極大 (d− 2)-直交
部分圏であり, そのAuslander-Reiten quiver A(C)はGのMcKay quiverと一致する.

2. 傾斜複体と非可換クレパント解消
1章では, Auslander-Reiten理論の高次元化という視点から極大直交部分圏を導入した

が, この章では表面上異なる視点からそれを考察する. 本章と 4章では導来圏まで考察す
る範囲を拡張し, その中の扱いやすい部分としてCM加群の圏がある, という見方をする.

さて代数幾何学においては, 代数多様体の導来圏の間の三角同値を作る際の手法として,
Fourier-向井変換が広く用いられており, 最近ではKapranov-Vasserot [KV], Bridgeland-
King-Reid [BKR]らによるMcKay対応の構成に用いられた. 一方で多元環論においては,

傾斜複体が多元環の導来圏の三角同値を構成する際の基本的な手法であるが, それは
Fourier-向井変換のアフィン版と捉えるのが妥当と思われる. それは歴史的にはBernstein-
Gelfand-PonomarevによるGabrielの定理の証明に現れた鏡映関手に始まる [BGP]. 鏡映
関手は通常のルート系における鏡映の圏論的実現であり, Auslander-Platzeck-Reitenによ
る一般化・抽象化 [APR]を経て, Brenner-Butler及び宮下により傾斜加群の概念として
加群論的に定式化された [BB][M]. 一方, 傾斜加群の導来圏的研究は Happel及び Cline-
Parshall-Scottに始まり [H][CPS], 間もなくRickard [R]により, 古典的森田理論における
射影生成加群の概念の導来圏版である傾斜複体の概念が, 2.6に示す導来森田定理ととも
に与えられた.

2.1 定義 T ∈ Db(modΛ)が傾斜複体であるとは, 以下の 3条件が成立する事.
(i) pdT <∞.
(ii) Hom(T, T [i]) = 0 (i �= 0).
(iii) T は, 射影次元有限の対象全体からなる部分圏Db(modΛ)fpdを生成する.
加群である様な傾斜複体を傾斜加群と呼ぶ. 以下簡単のために, 導来圏が三角同値であ

る事を, 導来同値と呼ぶ.

2.2 定理 環Λと Γに対し, 以下の条件は同値である.
(1) Λと Γは導来同値である.
(2) Λの傾斜複体 T が存在して, End(T )は Γに同型.

さてここで Bondal-Orlov [BO]により予想された, 3次元端末特異点のクレパント解消
の間の導来同値に関する, Bridgelandの定理 [B1]を思い出そう. Van den Berghは [V1,2]
においてBridgelandの定理の別証明を与えたが, そこで用いられている概念が次である.

2.3 定義 Λの非可換クレパント解消 (non-commutative crepant resolution)とは, reflex-
ive Λ-加群M で Γ := EndΛ(M)が gl.dimΓ = d = depthΓを満たすものの事である. ただ
し, 本来の定義では ΓがΛの非可換クレパント解消なのであるが, 本文では便宜上 Γを与
えるM の方を, そう呼ぶ事にする.
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これは代数幾何学におけるクレパント解消（強調して可換クレパント解消と呼ぶ事に
する）とは随分異なる様に見えるが, Van den Berghは論文 [V1,2]において, 実際に可換
クレパント解消と非可換クレパント解消の間のある種の対応を与えている. 可換から非可
換を作る方法は 2次元のArtin-Verdier理論 [AV]の高次元化であり, 非可換から可換を作
る方法には, McKay対応におけるG-Hilbertスキーム [IN][INj]やG-constellationのモジュ
ライの一般化である, Γ-加群のモジュライを用いている.

2.4 例 SLd(k)の有限部分群Gに対して, EndSG(S) = S ∗ G及び gl.dimS ∗ G = d =
depthS ∗Gが成立していた (1.1)ので, Sは SG の非可換クレパント解消である.

一方で 1.12より addSはCMSG の極大 (d − 2)-直交部分圏でもあった. この事は偶然
ではなく 2.5により説明される. 非可換クレパント解消の方が極大 (d − 2)-直交部分圏よ
りも, Cohen-Macaulayでなく reflexiveとしている分だけ一般なのである.

2.5 定理 M ∈ CMΛに対し,MがΛの非可換クレパント解消でかつΛ⊕HomR(Λ, R) ∈
addM である事と, addM がCMΛの極大 (d− 2)-直交部分圏である事は同値である.

2.6 Van den Berghは [V1,2]において, Bondal-Orlov [BO]による予想を一般化した次
を予想し, 実際にBridgelandらの手法 [B1][BKR]を拡張する事により, 3次元端末特異点
を含んだ場合に対して証明を与えた.

問題 Λの全ての（可換・非可換）クレパント解消は導来圏が三角同値であるか？即
ち Λの全ての可換クレパント解消をXi (i ∈ I)とし, 全ての非可換クレパント解消をMj

(j ∈ J)とした時に, 導来圏Db(CohXi) (i ∈ I), Db(modEndΛ(Mj)) (j ∈ J)は全てが三角
同値ではないか？

この問題のうち非可換クレパント解消に関する部分に対して, 最近得た結果を報告する
[IR].特にMがCohen-Macaulayである場合等は,極めて容易に証明される事柄である [I2].

2.7 定理 Λを 3次元孤立特異点とし, M とN をΛの非可換クレパント解消とする. こ
の時, HomΛ(M,N)は射影次元 1以下の傾斜 (EndΛ(M),EndΛ(N))-加群である. 特に全て
の非可換クレパント解消は導来同値.

2.8 Λが対称整環である場合は, より強く次が言える.

定理 対称整環Λを 3次元孤立特異点とし, M をΛの非可換クレパント解消とする. こ
の時, Λの非可換クレパント解消全体と, EndΛ(M)の射影次元 1以下の傾斜加群全体の間
に一対一対応が存在する. それはN �→ HomΛ(M,N)により与えられる.

M = Λとする事により, 次が分かる.

2.9 系 対称整環Λが gl.dimΛ = 3を満たせば, Λの非可換クレパント解消とΛの射影
次元 1以下の傾斜加群とは一致する.

また, 傾斜加群の一般論等より次が従う.

2.10 系 Gを SL3(k)の有限部分群とし, k3\{0}に自由に作用するとする. Gの共役類
の個数を gとする.
(1) SG の任意の非可換クレパント解消の非同型な直既約直和因子の個数は gに等しい.
(2) 任意の reflexive SG-加群で rigid (i.e. Ext1SG(M,M) = 0)であるものは, ある非可換

クレパント解消の直和因子である. 特にM の非同型な直既約直和因子の個数は g以下.

特に, SGの非可換クレパント解消の考察は, rigid reflexive SG-加群の考察と同等である.
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3. mutation
Gorodentsev-Rudakov [GR]による P2上の例外ベクトル束の分類では, 鏡映関手に類似

したmutationと呼ばれる圏論的手法が用いられている. それはBondal-Kapranov [BK]に
よる Serre双対を持つ三角圏への応用を経て, Seidel-Thomas [ST]により特別なFourier-向
井変換である twist関手の構成へと繋がった. mutationは braid群の生成系の圏論的実現で
あり, また興味深い事にAuslander-Reitenによる古典的近似理論の一端と捉える事も可能
である. 一方でごく最近 Fomin-Zelevinsky [FZ1,2]により, root系と深く関係した cluster
algebraが導入されたが, そこにはmutation (3.5)と呼ばれる組み合わせ的操作が現れる.
その圏論的実現がBuan-Marsh-Reineke-Reiten-Todorov [BMRRT], Geiss-Leclerc-Schröer
[GLS]等で与えられている. 本章で扱うmutationもその一種である.

この章ではΛがGorenstein（左Λ-加群としてHomR(Λ, R) � Λ）であると仮定し, CMΛ
の極大直交部分圏に対してmutationを定める事を試みる. ΛがGorensteinである場合に
は, 1.6で定めた安定圏CMΛが, 三角圏の構造を持つ事が容易に分かる. mutationが上手
く定まるために, 三角圏CMΛが次に示すCalabi-Yau条件を満たす事を要請する.

3.1 Bondal-Kapranov [BK]による, d次元非特異射影多様体Xにおける Serre双対

Hom(F,G) � Hom(G,ωX
L
⊗F [d])∗ (F,G ∈ Db(CohX))

を思い出そう. XがCalabi-Yau多様体の時に右辺はHom(G,F [d])∗となるが, これを一般
の三角圏に適用してKontsevichは次の定義 (1)を与えた.

定義 (1) 三角圏 T が n-Calabi-Yau (n ≥ 0)であるとは, 関手的同型

HomT (F,G) � HomT (G,F [n])
∗ (F,G ∈ T )

が存在する事.
(2) 特に, 多元環Γ上の長さ有限の加群の導来圏Db(flmodΓ)が n-Calabi-Yauである時,

Γを n-Calabi-Yau多元環と呼ぶ. この時 gl.dimΓ = nが成立する. また n-Calabi-Yau多
元環全体は, 導来同値で閉じている.

3.2 例 Gを SLd(k)の有限部分群とする.
(1) 安定圏CMSG は (d− 1)-Calabi-Yauである.
(2) S ∗Gは d-Calabi-Yau多元環である. より一般に d次元対称整環 Γで gl.dimΓ = d

となるものは, d-Calabi-Yau多元環である.

3.3 定義 以下安定圏 CMΛが n-Calabi-Yauであると仮定する. この時, CMΛの極大
(n− 1)-直交部分圏 Cと射影的でないX ∈ ind Cから, 別の極大 (n− 1)-直交部分圏を以下
のようにして構成する. まず 1.8で述べた n-概分裂完全列

0→ τnX
fn→ Cn−1

fn−1→ Cn−2
fn−2→ · · · f2→ C1

f1→ C0
f0→ X → 0

をとる. ここで 1.7の n-Auslander-Reiten双対と 3.1の Serre双対を比較すると τnX = X
が分かる. またXi := Im fi (i ∈ Z/nZ)は互いに非同型な直既約加群である事が容易に分
かる. CMΛの部分圏を

indµiX(C) = (ind C\{X}) ∪ {Xi} (0 ≤ i < n)

と定める. この操作 µiX の事をmutationと呼ぶ.
—17—



一方Xがループを持たないとは, X /∈ add
⊕n−1

i=1 Ci が成立する事とする. 全てのX ∈
ind Cがループを持たない時, Cもループを持たないと言う. この時 CのAuslander-Reiten
quiver (1.11)はループを持たず, n = 2の時は逆も成立する.

3.4 定理 Xがループを持たないならば, 以下が成立する.
(1) µiX(C) (i ∈ Z/nZ)はCMΛの極大 (n− 1)-直交部分圏である.
(2) ind C\{X}を含むCMΛの極大 (n− 1)-直交部分圏は, (1)の n個に限る.
(3) µiX(C) = µ1Xi−1 ◦ · · · ◦ µ

1
X1
◦ µ1X(C).

(3)より (µ1)n = µn =idが成立する. 特に n = 2の時, µ1は鏡映の類似と見なされ, ま
た, CのAuslander-Reiten quiver A(C)から, µ1X(C)のAuslander-Reiten quiver A(µ1X(C))
を求める事が可能である. それを次に説明する.

3.5 定義 (1) 整数係数歪対称行列A = (aij)1≤i,j≤l に対して, 次の様にして quiverを対
応させる. 頂点の集合を {1, 2, · · · , l}とする. aij > 0ならば iから jへ aij 本の矢印を描
く. aij < 0ならば jから iへ−aij(= aji)本の矢印を描く.

この対応により整数係数歪対称行列と, ループと長さ 2のサイクルを持たない quiverが
一対一に対応する.
(2) 整数係数の歪対称行列A = (aij)1≤i,j≤l と k = 1, 2, · · · , lから, 新しい行列 µk(A) =

(bij)1≤i,j≤l を次のように定める.

bij :=

{
−aij (i = k または j = k)

aij +
1
2
(aik|akj|+ |aik|akj) (else)

この時, µk(A)も歪対称行列で µk ◦µk(A) = Aを満たす事が分かる. この操作 µk の事を
Fomin-Zelevinsky mutationと呼ぶ [FZ1,2].

3.6 定理 CMΛが 2-Calabi-Yauであると仮定する. CMΛの極大 1-直交部分圏 Cに対
し, ind C = {1, 2, · · · , l}としX ∈ ind Cと自然数 kが対応するとする. もし Cと µ1X(C)が
ともにループと長さ 2のサイクルを持たないならば, A(µ1X(C)) = µk(A(C))が成立する.

3.7 例 G = 〈σ〉 ⊂ SL3(k) (σ =diag(ω,ω,ω),ω
3 = 1)とする. この時, Si := {x ∈

S | σ(x) = ωiX} (i ∈ Z/3Z)と置くと, SG = S0で, S
G-加群としてS � S0⊕S1⊕S2と分解

する. 1.12より addSはCMSG の極大 1-直交部分圏であるが, そのmutationを計算する
と下図左のようになる. ただし, 部分圏 Cを ind Cによって表しており, ΩとΩ−はSG-加群
としての syzygyと cosyzygyである. mutationの定義より, 常に# ind C = 3と S0 ∈ ind C
が成立する事に注意せよ.

また,各極大1-直交部分圏のAuslander-Reiten quiverを描いたものが下図右である. 例え

ばA(addS)は1.12よりGのMcKay quiverにより与えられ,それは歪対称行列
(

0 3 −3
−3 0 3
3 −3 0

)

に対応する. この行列に µ1を施すと
(

0 −3 3
3 0 −6
−3 6 0

)
となり, これが A(addΩS1⊕S2⊕S0)
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を与える. この様にして全てのAuslander-Reiten quiverが計算される.

...
{Ω−2S1,Ω−2S2, S0}
↓µ

1
Ω−2S1 ↑µ

1
Ω−S1

{Ω−S1,Ω−2S2, S0}
↓µ

1
Ω−2S2 ↑µ

1
Ω−S2

{Ω−S1,Ω−S2, S0}
↓µ

1
Ω−S1 ↑µ

1
S1

{S1,Ω−S2, S0}
↓µ

1
Ω−S2 ↑µ

1
S2

{S1, S2, S0}
↓µ

1
S1 ↑µ

1
ΩS1

{ΩS1, S2, S0}
↓µ

1
S2 ↑µ

1
ΩS2

{ΩS1,ΩS2, S0}
↓µ

1
ΩS1 ↑µ

1
Ω2S1

{Ω2S1,ΩS2, S0}
↓µ

1
ΩS2 ↑µ

1
Ω2S2

{Ω2S1,Ω2S2, S0}
...

Ω−2S2
↓102 3

S0
39−→ Ω−2S1

Ω−S2
↓15 3

S0
6−→ Ω−S1

S2
↓3 3

S0
3−→ S1

ΩS2
↓6 3

S0
15−→ ΩS1

Ω2S2
↓39 3

S0
102−→ Ω2S1

Ω−2S2
↑15 3

S0
39←− Ω−S1

Ω−S2
↑3 3

S0
6←− S1

S2
↑6 3

S0
3←− ΩS1

ΩS2
↑39 3

S0
15←− Ω2S1

3.8 問題 興味深い問題が 2つある.
(1) CMΛの全ての極大 (n− 1)-直交部分圏はループを持たないか？
(2)(transitivity) CMΛの全ての極大 (n− 1)-直交部分圏は, addSから始めてmutation

の繰り返しによって得られるか？

これに関しては, 次の場合のみ分かっている.

3.9 定理 Gを 3.7にあるものならば, CMSGの極大 1-直交部分圏は, 3.7で挙げたもの
が全てである. 特に, 3.8(1)(2)はともに正しい.

4. d-Calabi-Yau多元環上の傾斜複体
Gを SLd(k)の有限部分群とする時, 包含関係

{CMSG の極大 (d− 2)-直交部分圏 }
2.5

⊆ {SG の非可換クレパント解消 }
2.8� {S ∗Gの射影次元 1以下の傾斜加群 } ⊆ {S ∗Gの傾斜複体 }

より, S ∗G上の傾斜複体を決定する事が一つの目標であるが, この章では現段階で分かっ
ている事を簡潔に述べる.
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4.1 T を (Γ,Γ′)-加群の両側傾斜複体, T ′ を (Γ′,Γ′′)-加群の両側傾斜複体とする. この

時, T
L
⊗Γ′ T ′ は (Γ,Γ′′)-加群の両側傾斜複体であり, また T−1 := RHomR(T,R)は (Γ′,Γ)-

加群の両側傾斜複体で, T
L
⊗Γ′ T−1 � Γと T−1

L
⊗Γ T � Γ′ を満たす.

これより, Γと導来同値な多元環の森田同値類を対象とし, Hom(Γ′,Γ′′)は (Γ′,Γ′′)-加群

の両側傾斜複体の同型類,射の合成は
L
⊗とする圏を考える事ができる. この圏では全ての射

は可逆であり, 特に群End(Γ)は Γの導来Picard群と呼ばれる [Ye]. 導来Picard群は, 導
来圏Db(modΓ)の自己同型群の部分群を成し, 近年盛んに研究されている [LM][MY][RZ].
Γ = S ∗ Gの場合にこの圏の構造を決める事が一つの目標となるが, 以下, 圏の生成元

の候補となる傾斜複体の構成に付いて述べる. 鍵となる事実は, S ∗Gが d-Calabi-Yau多
元環である事である.

4.2 定義 Γを d-Calabi-Yau多元環 (3.1)とし, 森田同値なものに取り替える事により
basic, 即ち Γの Jacobson根基による商が斜体の直和であると仮定する.

この時, 左 Γ-加群P で直既約射影的であるものを任意に選ぶと, P は直既約なので唯一
つの極大部分加群 P ′ を持つ. Γ � P ⊕Qと直和分解して, 左 Γ-加群 µiP (Γ)を

µiP (Γ) := Ω
i+1(P/P ′)⊕Q (0 ≤ i < d)

と定める. この操作 µiP を, 3.3と同様にmutationと呼ぶ.
一方, gl.dimΓ = dなので P/P ′は極小射影分解

0→ Pd → Pd−1→ · · ·→ P1→ P0 → P/P ′ → 0

を持つが, Γが d-Calabi-Yauである事より, Pd � P0 = P である事が容易に分かる. P が

ループを持たないとは, P /∈ add
⊕d−1

i=1 Pi が成立する事とする. 全ての直既約射影加群が
ループを持たない時, Γもループを持たないという.

4.3 命題 P がループを持たなければ, µiP (Γ) (0 ≤ i < d)は射影次元 d− i− 1の傾斜Γ-
加群である. 特にEndΓ(µ

i
P (Γ))も d-Calabi-Yau多元環である.

4.4 注意 このmutationは, 以下の様にして 3章で定めたものの一般化とみなされる.
Λを d次元対称整環とする. CをCMΛの極大直交 (d− 2)-部分圏とし, M を Cの加法

生成元とする. この時, Γ := EndΛ(M)は d-Calabi-Yau多元環である事がわかる. 任意の
非射影的なX ∈ indC に対し, P := HomΛ(M,X)は直既約射影 Γ-加群であり, 任意の i
(0 < i < d)に対して, µiX(C)のある加法生成元N は µiP (Γ) = EndΛ(N)を満たす.

また, Γ（正確には addΓ）のAuslander-Reiten quiverも 1.11と全く同様に定義される
が, d = 3の場合, Γと µ1P (Γ)のAuslander-Reiten quiverの変化に関して, 3.6と同様の事
柄が成立する.

4.5 i = 0とした µ0P (Γ)は Γの極大両側イデアルであり, P を変える事により全ての Γ
の極大両側イデアルが現れる. これらに関して以下の興味深い事実が成立するが, これは
McKay対応 [KV]を介した, Seidel-Thomasの twist関手 [ST]の持つ性質の言い換えでも
ある.

命題 Gを SL2(k)の有限部分群とし, Γ := S ∗Gの極大両側イデアルをm0, · · · ,mnとす
ると, これらはGの既約表現と一対一に対応し, 以下の braid関係式が成立する.

(i) miと mj がGのMcKay quiverで隣接していない場合, mi
L
⊗Γ mj � mj

L
⊗Γ mi.

(ii) 隣接している場合, G �� Z/2Zならば, mi
L
⊗Γ mj

L
⊗Γ mi � mj

L
⊗Γ mi

L
⊗Γ mj.
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石井-上原 [IU]において, An型の 2次元単純特異点の最小解消の導来圏の, Fourier-向井
変換の成す自己同型群の生成系が決定されている. McKay対応を介する事により, An 型
の S ∗Gの導来Picard群の生成系として, m0, · · · ,mnにAut(S ∗G)や shiftを施した全体
が取れると思われるが, これを直接加群論的に示す事は興味深い.

4.6 一方, 射影次元 1以下の傾斜加群をのみを考えると, 次のような結果を得る. ここ
で Γ-加群M とN が加法同値であるとは, addM = addN となる事とする.

定理 Gを SL2(k)の有限部分群とすると, 射影次元 1以下の傾斜 S ∗G-加群の加法同値
類と, Gに対応するアフィンWeyl群の間に一対一対応が存在する.

特に射影次元 1以下の傾斜 S ∗G-加群は, 加法同値を除いて, 極大両側イデアルを適当
に掛け合わせる事により得られる事が分かる. ここで「掛け合わせる」とはイデアルとし

ての積を取る事であり, 無駄の無い掛け合わせ方の場合は⊗S∗G や
L
⊗S∗G とも一致する.

4.7 以下 d = 3の場合を考察する. 3-Calabi-Yau多元環 Γ0 := Γに対し, 以下のように
4.3を繰り返す事により, 射影次元 1の傾斜 Γ-加群を構成する事ができる.
Γn まで構成された時, 左 Γn-加群 Γn の直既約直和因子 Pn を取り,

Tn := µ
1
Pn
(Γn), Γn+1 := EndΓn(Tn)

と置く. これを繰り返して 3-Calabi-Yau多元環Γ0,Γ1,Γ2, · · · と傾斜 (Γn,Γn+1)-加群 Tnを
得る. この時,

(T0 ⊗Γ1 T1 ⊗Γ2 · · ·⊗Γn Tn)∗∗

は射影次元 1以下の傾斜 (Γ,Γn+1)-加群である事が示される. また

T0
L
⊗Γ1 T1

L
⊗Γ2 · · ·

L
⊗Γn Tn

は (Γ,Γn+1)-加群の両側傾斜複体である.
これらで射影次元 1以下の傾斜Γ-加群及びΓの傾斜複体が, 加法同値を除いて全て尽く

されるか否かは, 興味深い問題と思われる.

4.8 例 G = 〈σ〉 ⊂ SL3(k) (σ =diag(ω,ω,ω),ω3 = 1)とする. この時, Γ := S ∗Gに対
して 4.7を適用して得られる 3-Calabi-Yau多元環のAuslander-Reiten quiverを, 4.4によ
り描いたものの一部が次図である. これは 3分木 (Markov tree)であり, 2つの quiverを結
ぶ辺には 1つの傾斜加群が対応している. 矢印の本数に着目する事により, Markov等式
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x3 + y3 + z3 = xyzの全ての自然数解が現れている. 3.7の図は, 下図の中の一系列である.

•
↑87 15

• 6←− •

•
↑15 87

• 6←− •

•
↑3 15

• 39←− •

•
↓3 15

• 6−→ •

•
↓15 3

• 6−→ •

•
↑15 3

• 39←− •

•
↑3 3

• 6←− •

•
↓3 3

• 3−→ •

•
↓3 6

• 15−→ •

•
↑3 6

• 3←− •

•
↑6 3

• 3←− •

•
↓6 3

• 15−→ •

•
↓15 6

• 3−→ •

•
↓6 15

• 3−→ •

この様な構造は [GR][B2]にも現れているもので, より一般のGに対してどの様な構造
が現れるのかは非常に興味深い. Bridgeland [B3]により定義された三角圏の安定性条件
の空間の構造と関係していると思われる.
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BROUÉ’S ABELIAN DEFECT GROUP CONJECTURE

SHIGEO KOSHITANI

First of all, the result which will be presented here right now is actually a joint work with

Naoko Kunugi and Katsushi Waki [9], which should show up as an ordinary paper

in near future, hopefully. In representation theory of finite groups, especially in modular

representation theory of finite groups there are quite a few problems and conjectures which

are pretty much interesting and important. I believe that most of them have origins which

are (were) due to Richard Brauer (1901—77) who should have been a unique pioneer of

modular representation theory of finite groups. However, I guess most people might agree

that the following conjectures should be the ones if we have to choose three of them

from the problems and conjectures. Namely, Alperin’s weight conjecture (1986), Dade’s

conjecture (1990) and Broué’s abelian defect group conjecture (Broué’s ADGC) (1988).

In this short note we shall focus on Broué’s ADGC, particularly.

Michel Broué around late eighties announced the following conjecture, which is nowa-

days well-known and is called Broué’s ADGC (abelian defect group conjecture). That

is,

Broué’s abelian defect group conjecture (ADGC) (see [2], [3], [4], [5]). Let p be a

prime and let G be a finite group. Let a triple (O,K, k) be a p-modular system, namely,
O is a complete discrete valuation ring of rank one, K is the quotient field of O with

characteristic zero, and k is the residue field O/rad(O) with characteristic p. We assume
moreover that the p-modular system (O,K, k) is big enough for all subgroups ofG, namely,
K and k are both splitting fields for all subgroups of G. Now, let A be a block algebra of
the group algebra OG with defect group P , and set H = NG(P ), the normalizer of P in

G. Let B be a block algebra of OH which is the Brauer correspondent of A, and hence B

has the same defect group P . If the defect group P of A is abelian (commutative), then

the algebras A and B should be derived (Rickard) equivalent, namely,

Db(mod-A) � Db(mod-B) (equivalent)

as triangulated categories, where mod-A is the category of finitely generated right A-

modules, and Db(A) is the bounded derived category of an abelian category A.

The detailed version of this paper will be submitted for publication elsewhere.
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As well-known there is a wonderful and beautiful result due to Jeremy Rickard ([12],

[13]), which characterizes such a derived equivalence completely and that is a general-

ization of a Morita equivalence from modules to complexes of modules. In fact, in the

conjecture above, a stronger conclusion is expected. That is, derived (Rickard) equivalent

could be replaced by splendidly (Rickard) equivalent, which is due to Jeremy Rickard

[13]. As far as we know, so far there have never existed any counter-example even to

the stronger version of Broué’s ADGC (or we might want to call it Rickard’s version of

Broué’s ADGC).

There are several results, where Broué’s ADGC has been checkd in particular cases.

We do not want to mention them completely in detail, however, we want to say a few

words on a specific case. Namely, for the case where our abelian defect group P is just

C3×C3, the elementary abelian group of order 9. The auther with Naoko Kunugi finally
have proved that Broué’s ADGC is true for the case where our block algebra A is the

principal block algebra and our defect group of A is P = C3 × C3 (and it turns out that
P is a Sylow 3-subgroup of G), see [6]. However, we should confess that we used a lot

of iniciated wonderful and important works done by L. Puig, T. Okuyama, H. Miyachi,

... and also the classification of finite simple groups (which we do not like, to be honest,

as a matter of fact, but we had no the other choice, life is tough ...). And then, we were

successful to check that Broué’s ADGC is true also for non-principal block algebras A

with the same defect group P = C3 × C3 for specific sporadic simple groups G, see [7]
and [8].

Anyhow, our work presented here is a sort of continuation of this project. Our main

result is the following:

Theorem (Koshitani-Kunugi-Waki, 2005 [9]). Keep the notation as in the conjecture

Broué’s ADGC above. Let p = 3, and let G be the Janko simple group J4. Let A be a

unique non-principal block algebra of OG with defect group P = C3 × C3. Then, there
exists a splendid Rickard equivalence between A and its Brauer correspondent block algebra

B in ONG(P ). This means that Broué’s ADGC holds for J4 at least for the particilar
block A, and it turns out that Broué’s ADGC holds for all primes p and for all p-block

algebras of J4.

Remark. To prove our main result, results of Okuyama in [10] and [11] play imporant

rôles. In order to know that Broué’s ADGC holds for all primes p and for all p-blocks of

J4 after we check it for our particular one single non-principal 3-block of J4, we need a

lemma which is stated in [1].
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INTEGRAL GROUP ALGEBRAS AND CYCLOTOMIC POLYNOMIALS 1

Kaoru MOTOSE

Recently, using cyclotomic polynomials, Z. Marciniak and S. K. Sehgal [3] obtained
excellent results about units in integral group rings of cyclic groups. In this paper, we
shall give some improvements and alternative proofs of their results.
Let ZG be the group algebra of a finite abelian group G over the ring Z of rational

integers. It is well known that the units of finite order in ZG have the form ±g for some
g ∈ G (see [1], p. 262). We study the form of units of infinite order in ZG where G = 〈σ〉.
Let Φm(x) be cyclotomic polynomial of order m defined inductively by

Xm − 1 =
∏

d|m

Φd(x).

Z. Marciniak and S.K. Sehgal [3] construct many units of infinite order using cyclotomic
polynomials. These units cover the alternative units, the Hoechsmann units [3] and
Yamauchi’s results [4].
In this paper, we study the Euclidean algorithm for cyclotomic polynomials in Z[x],

and we have easy applications to some their results in [3]. The following are well known
units. Units in 1, 2 are covered by cyclotomic polynomials.

1. The alternating units:

Φ2k(σ) = 1− σ + σ2 − · · ·+ (−1)kσk

where k is odd and (2k, |G|) = 1.

2. The Hoechsmann units (the constructible units) (see also K. Yamauchi [4]).

σk� − 1
σk − 1 ·

σ − 1
σ� − 1 =

1 + σk + σ2k + · · ·+ σ(�−1)k
1 + σ + σ2 + · · ·+ σ�−1

where k, 
 ≥ 2, (k
, |G|) = 1 and (k, 
) = 1.
3. Bass cyclic units,

(1 + σ + · · ·+ σk−1)m − 
(1 + σ + · · ·+ σ|G|−1)
where k > 1 and km = 1 + 
|G|.

Since the group algebra ZG are isomorphic to Z[x]/(xn− 1)Z[x], our study on units in
ZG is equivalent to find polynomials f(x) ∈ Z[x] satisfying

f(x)u(x) + (xn − 1)v(x) = 1, where u(x), v(x) ∈ Z[x].
For relatively prime polynomials f(x) and g(x) over a field K, it is easy to compute

polynomials u(x), v(x) ∈ K[x] by Euclidean algorithm such that

f(x)u(x) + g(x)v(x) = 1.

1The detailed version of this paper will be submitted for publication elsewhere This paper was fi-
nancially supported by Fund for the Promotion of International Scientific Research B-2, 2004, Aomori,
Japan.
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However, over Z[x], situation is different from this. Of course we can compute
u(x), v(x) ∈ Q[x] by Euclidean algorithm for relatively prime polynomials f(x), g(x) ∈
Z[x]. Thus we have

f(x)u0(x) + g(x)v0(x) = a

where u0(x), v0(x) ∈ Z[x] and 0 	= a ∈ Z.
For example, we obtain for cyclotomic polynomials

Φ3(x) = x
2 + x+ 1,Φ6(x) = x

2 − x+ 1,
Φ3(x)(1− x) + Φ6(x)(x+ 1) = 1− x3 + 1 + x3 = 2

and we can easily show there is no polynomials u(x), v(x) ∈ Z[x] such that
Φ3(x)u(x) + Φ6(x)v(x) = 1.

In fact 1 = Φ6(ω)v(ω) = −2ωv(ω) = −2ω̄v(ω̄) for two roots ω, ω̄ of Φ3(x). We have a
contradiction such that 1 = 4 · v(ω)v(ω̄) and v(ω)v(ω̄) is an integer.
Thus it is natural to consider the next problem.

For given polynomials f(x), g(x) ∈ Z[x], does there exist polynomials u(x), v(x) ∈ Z[x]
such that

f(x)u(x) + g(x)v(x) = 1 ?

It is easy for f(x) = x and g(x) = xn − 1. But in general, it seems to be difficult for me
because the ring Z[x] is not Euclidean though it is a unique factorization ring. In this
paper, we shall answer to this problem in case f(x) and g(x) are cyclotomic polynomials
for units in ZG.

If m 	= n, then we have Φm(x)u(x) + Φn(x)v(x) = 1 in Q[x] since Φm(x),Φn(x) are
distinct irreducible polynomials in Q[x]. Over Z[x], we can see the next theorem.

Theorem 1. Assume n > m ≥ 1. Then we have
(1) If m is not a devisor of n, then there exist u(x), v(x) ∈ Z[x] such that

Φm(x)u(x) + Φn(x)v(x) = 1.

(2) If m is a divisor of n, then we set n = mk and k0 is the product of all distinct prime
divisors k. There exist u(x), v(x) ∈ Z[x] such that

Φm(x)u(x) + Φn(x)v(x) = Φk0(1).

Proof. (1) If we set n = mq + r, 0 ≤ r < m, then we have easily

xn − 1 = (xm − 1) · (x
mq − 1
xm − 1 · x

r) + xr − 1.

Hence, we can use Euclidean algorithm in Z[x] and so
(xn − 1)s(x) + (xm − 1)t(x) = xd − 1, for some s(x), t(x) ∈ Z[x]

where d = (n,m). Thus we have

xn − 1
xd − 1s(x) +

xm − 1
xd − 1 t(x) = 1.

Therefore, we obtain the next equation excluding cases m|n
Φn(x)u(x) + Φm(x)v(x) = 1 for some u(x), v(x) ∈ Z[x].
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(2) Since x− 1 divides Φk0 (x)−Φk0 (1) in Z[x], we have xhm − 1 and so Φm(x) divides
Φk0 (x

hm) − Φk0 (1) where h = k
k0
. Let n0 be the product of all distinct prime divisors n.

We set n0 = 
k0 and

u(x) =
Φk0 (1)− Φk0 (xhm)

Φm(x)
and v(x) =

∏

d|�, d<�

Φk0d(x
n
n0 ).

Then u(x) and v(x) ∈ Z[x]. Noting n
n0

 = k

k0
m = hm and (
, k0) = 1, we have

Φm(x)u(x) + Φn(x)v(x) = Φm(x)u(x) + Φn0 (x
n
n0 )

∏

d|�, d<�

Φk0d(x
n
n0 )

= Φk0 (1)− Φk0 (xhm) + Φk0 ((x
n
n0 )�)

= Φk0 (1).

Let m be a natural number and let q be a power of a prime with (q,m) = 1. Then we

can see from Theorem 1 (2) that there exist u(x), v(x) ∈ Z[x] such that
Φm(x)u(x) + Φmq(x)v(x) = p.

However, the next proposition shows that p is the smallest positive integer satisfying the
above equation.

Proposition 1. There exist no s(x), t(x) ∈ Z[x] such that
Φm(x)s(x) + Φmq(x)t(x) = 1

for a natural number m and a power q of a prime p with (q,m) = 1.

Proof. Let ∆ be the set of roots of Φm(x). Using
∏
d|mΦdq(x) = Φq(x

m) , we have the
next ∏

d|m

Φdq(η) = Φq(η
m) = Φq(1) = p

where η ∈ ∆. Thus
p|∆| =

∏

η∈∆

∏

d|m

Φdq(η) =
∏

d|m

∏

η∈∆
Φdq(η).

We set ad =
∏
η∈∆ Φdq(η). Then ad is an integer because ad is a symmetric polynomial in

Z[η ∈ ∆] and so ad ∈ Z[coefficients of Φm(x)]. Hence we have from the above equation.

p|∆| =
∏

d|m

|ad| and |ad| = pα(d)

where α(d) is a nonnegative integer. Therefore we have

ϕ(m) = |∆| =
∑

d|m

α(d).

Using Möbius inversion formula, we obtain

α(m) =
∑

d|m

ϕ(d)µ(
m

d
).
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For a prime r,

α(re) = ϕ(re)− ϕ(re−1) =
{
re−2(r − 1)2 for e ≥ 2,
r − 2 for e = 1.

Since ϕ(i) is multiplicative, α(i) is also multiplicative. Thus if α(i) = 0, then i = 2j and
j is odd.
On the other hand, it follows from the assumption that Φmq(η)t(η) = 1 for η ∈ ∆ and

so am =
∏
η∈∆ Φmq(η) = ±1. Thus |am| = 1, and so α(m) = 0. This implies m = 2
, 
 is

odd, and q > 2. Hence we have a contradiction for 
 ≥ 3 by above arguments
1 = Φ2�(−x)s(−x) + Φ2�q(−x)t(−x) = Φ�(x)s(−x) + Φ�q(x)t(−x).

We have also a contradiction for 
 = 1 by Φ2(−1) = 0
1 = Φ2(−1)s(−1) + Φ2q(−1)t(−1) = pt(−1).

Remark 1. It follows from Φm(x
ps) = Φmps(x)Φm(x

ps−1 ) for (p,m) = 1 that

Φmps(x) ≡ Φm(x)p
s−1(p−1) or Φm(x)

ps mod p.

We can see from Theorem 1 and the above that the ideal of Z[x] generated by
Φm(x),Φn(x) (m < n) can be calculated as follows:

(Φm(x),Φn(x)) =

{
(p,Φm(x)) if m|n and n

m
is a power of a prime p,

Z[x] otherwise.

The first part is an alternative proof of Proposition 1.

In the remainder of this paper, we consider our problem about xn − 1 and Φm(x).

Theorem 2. Let m0 be the product of distinct prime divisors of m. If m0 is not a
divisor of n, then there exist u(x), v(x) ∈ Z[x] such that

(xn − 1)u(x) + Φm(x)v(x) =
∏

d|(m0 ,n)

Φm0
d
(1).

Proof. We may assume that m = m0 from

Φm(x) = Φm0 (x
m
m0 ) and (x

m
m0 )n − 1 = (xn − 1) · (x

n)
m
m0 − 1

xn − 1 .

We assume d is a divisor of n. If d is not a divisor of m, there exist ud(x), vd(x) ∈ Z[x]
from Theorem 1 (1) such that

Φd(x)ud(x) + Φm(x)vd(x) = 1.

If d is a divisor of m, there exist ud(x), vd(x) ∈ Z[x] from Theorem 1 (2) such that

Φd(x)ud(x) + Φm(x)vd(x) = Φm
d
(1).

Thus we have from xn − 1 =
∏
d|n Φd(x),

(xn − 1)u(x) + Φm(x)v(x) =
∏

d|(m,n)

Φm
d
(1).
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Theorem 3 (Marciniak and Sehgal [3]). Letm0 be the product of distinct prime divisors
of m. If t = m0

(n,m0)
> 1 is not a prime, there exist integral polynomials u(x), v(x) ∈ Z[x]

such that
Φm(x)u(x) + (x

n − 1)v(x) = 1.
Proof. We may assume m = m0 from the same reason in Theorem 2.

If t is not a prime, we have Φm
d
(1) = 1 for all d|(m,n) because m

d
= m

(m,d)
is not a prime

since t = m
(m,n)

is a divisor of m
(m,d)

= m
d
.

Remark 2. If t is a prime p, then we have

Φm(x)u(x) + (x
n − 1)v(x) = Φt(1) = p.
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HOCHSCHILD COHOMOLOGY OF STRATIFIED ALGEBRAS

HIROSHI NAGASE

1. Introduction

When studying Hochschild cohomology it is natural to try relating cohomology of an
algebra B to that of an ’easier’ or ’smaller’ algebra A. One such situation is that of B
being a one-point extension of A, which has been studied by Happel[5]. More recently,
Happel’s long exact sequence has been generalized to triangular matrix algebras, for
example by Michelena and Platzeck [6], C.Cibils, E.Marcos, M.J.Redondo and A.Solotar
[2] and E.L.Green and O.Solberg [4].
We would like to suggest to try further generalizing these results. Natural generaliza-

tions of directed or triangular algebras are stratified algebras (when just keeping good
homological connections between B and its quotient A).

2. Preliminaries

Let k be a field. Throughout this paper, all algebras are finite dimensional k-algebras
and all modules are left modules unless otherwise stated. For any algebra A, we denote
by Ae the enveloping algebra A ⊗k Aop. We prepare the following lemma for the next
section.

Lemma 1. Let X be a A-B-bimodule, Y a B-C-bimodule and Z a A-C-bimodule. We
have the following isomorphisms:

(1) If TorBi (X, Y ) = 0 and Ext
i
C(Y, Z) = 0 for all i ≥ 1 then, for any n ≥ 0,

ExtnA−C(X ⊗B Y, Z) ∼= ExtnA−B(X,HomC(Y, Z)).

(2) If TorBi (X, Y ) = 0 and Ext
i
A(X,Z) = 0 for all i ≥ 1 then, for any n ≥ 0,

ExtnA−C(X ⊗B Y,Z) ∼= ExtnB−C(Y,HomA(X,Z)).

Proof. See Cartan-Eilenberg’s book [1].

Lemma 2. Let I be an ideal of an algebra B. If ExtiBe(I,B/I) = 0 for all i ≥ 0, then
we have the following two long exact sequences:

(1) · · ·→ ExtnBe(B, I)→ ExtnBe(B,B)→ ExtnBe(B/I,B/I) → Extn+1Be (B, I)→ · · · ;
(2) · · ·→ ExtnBe(B/I, I)→ ExtnBe(B,B)→ ExtnBe(B/I,B/I)⊕ ExtnBe(I, I)

→ Extn+1Be (B/I, I)→ · · · .

The detailed version of this paper will be submitted for publication elsewhere.
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Proof. We denote B/I by A, the inclusion I → B by f and the surjection B → A by g.
We consider the following commutative diagram with exact rows and columns:

Exti−2Be (I, A) −−−→ Exti−1Be (I, I)
f Ii−1−−−→ Exti−1Be (I, B) −−−→ Exti−1Be (I, A)�

�δi−1I

�
�

Exti−1Be (A,A)
δAi−1−−−→ ExtiBe(A, I) −−−→ ExtiBe(A,B) −−−→ ExtiBe(A,A)�gi−1A

�giI
�

�giA

Exti−1Be (B,A)
δBi−1−−−→ ExtiBe(B, I)

fBi−−−→ ExtiBe(B,B)
gBi−−−→ ExtiBe(B,A)�

�
�f iB

�

Exti−1Be (I, A) −−−→ ExtiBe(I, I)
f Ii−−−→ ExtiBe(I, B) −−−→ ExtiBe(I,A).

Since Extn(I,A) = 0 for all n ≥ 0, we have that f In and gnA are isomorphic for all n ≥ 0.
It is not diffecult to show that the followig two sequences are exact:

Exti−1Be (A,A)
δBi−1g

i−1
A−−−−−→ ExtiBe(B, I)

fBi−−−→ ExtiBe(B,B)
(giA)

−1gBi−−−−−→ ExtiBe(A,A)

and

Exti−1Be (A,A)⊕ Exti−1Be (I, I)
(−δAi−1,δ

i−1
I )

−−−−−−−→ ExtiBe(A, I)
fBi g

i
I−−−→ ExtiBe(B,B)

(
(giA)

−1gBi
(fI
i
)−1fi

B
)

−−−−−−→ ExtiBe(A,A)⊕ ExtiBe(I, I)
(−δAi ,δiI)−−−−−→ Exti+1Be (A, I).

3. Stratifying ideals

Definition 3 (Cline, Parshall and Scott [3], 2.1.1 and 2.1.2). Let B be a finite dimen-
sional algebra and e = e2 an idempotent. The two-sided ideal J = BeB generated by e is
called a stratifying ideal if the following equivalent conditions (A) and (B) are satisfied:
(A) (a) The multiplication map Be⊗eBe eB → BeB is an isomorphism.

(b) For all n > 0: ToreBen (Be, eB) = 0.
(B) The epimorphism B → A := B/BeB induces isomorphisms

Ext∗A(X,Y ) � Ext∗B(X, Y )

for all A-modules X and Y .

Example 4. (1) Any ideal generated by a central idempotent is a stratifying ideal.
(2) If an algebra A has an idempotent e such that eA(1−e) = 0, then AeA and A(1−e)A
are both stratifying ideals, namely, triangular matrix algebras have stratifying ideals.
(3) Heredity ideals (used to define quasi-hereditary algebras) are examples of stratifying
ideals.
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Proposition 5. Let B be an algebra with a stratifying ideal BeB. We denote by A the
factor algebra B/BeB. For any i ≥ 0 and finite dimensional Ae-module M , the induced
morphism giM : ExtiAe(A,M)→ ExtiBe(B,M) is isomorphic.

Proof. It is enough to show that the induced morphisms giM is isomorphic for any simple
Ae-module M . For any A-modules X and Y , there exists the following commutative
diagram:

ExtiAe(A,Homk(X, Y ))
∼−−−→ ExtiA(X, Y )�giHomk(X,Y )

�
ExtiBe(B,Homk(X, Y ))

∼−−−→ ExtiB(X, Y ),

where these isomorphisms in rows are induced from Lemma1. Any simple Ae-module
has the form of Homk(X,Y ) for some simple A-modules X and Y . Hence, by using
the condition (B) of stratifying ideals, it is shown that giM is isomorphic for any simple
Ae-module M .

Proposition 6. Let B be an algebra with a stratifying ideal BeB. We denote by A the
factor algebra B/BeB. For any i ≥ 0, the following hold:
(1) ExtiBe(BeB,A) = 0;
(2) ExtiBe(BeB,BeB)

∼= ExtieBee(eBe, eBe);
(3) ExtiBe(A,A)

∼= ExtiAe(A,A).

Proof. By Lemma1 and the condition (A) of stratifying ideals, for any Be-module X, we
have that

ExtiBe(BeB,X)
∼= ExtiBe(Be⊗eBe eB,X)
∼= ExtiB−eBe(Be,HomB(eB,X))

∼= ExtiB−eBe(Be⊗eBe eBe,Xe)
∼= ExtieBee(eBe,HomB(Be,Xe))

∼= ExtieBee(eBe, eXe).

Hence (1) and (2) hold.
By Proposition5, ExtiAe(A,A)

∼= ExtiBe(B,A). By (1) above, ExtiBe(B,A) ∼= ExtiBe(A,A).
Hence (3) holds.

Theorem 7. Let B be an algebra with a stratifying ideal BeB. We denote by A the factor
algebra B/BeB. There exist the following two long exact sequences:

(1) · · ·→ ExtnBe(B,BeB)→ HHn(B)→ HHn(A)→ · · · ;
(2) · · ·→ ExtnBe(A,BeB)→ HHn(B)→ HHn(A)⊕HHn(eBe)→ · · · .

Proof. By Lemma2 and Proposition6 (1), we have the following two long exact sequence:

· · ·→ ExtnBe(B,BeB)→ ExtnBe(B,B)→ ExtnBe(A,A)→ · · · ;
and

· · ·→ ExtnBe(A,BeB)→ ExtnBe(B,B)→ ExtnBe(A,A)⊕ ExtnBe(BeB,BeB)→ · · · .
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By Proposition6 (2) and (3), we have the following two long exact sequences:

· · ·→ ExtnBe(B,BeB)→ ExtnBe(B,B)→ ExtnAe(A,A)→ · · · ;
and

· · ·→ ExtnBe(A,BeB)→ ExtnBe(B,B)→ ExtnAe(A,A)⊕ ExtneBee(eBe, eBe)→ · · · .
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LINKAGE AND DUALITY OF MODULES

KENJI NISHIDA

Abstract. Martsinkovsky and Strooker [5] recently introduced module theoretic link-
age using syzygy and transpose. This generalization brings possibility of much applica-
tion of linkage, especially, to homological theory of modules. In the present paper, we
connect linkage of modules to certain duality of modules. We deal with invariance of
Gorenstein dimension, characterization of Cohen-Macaulay modules over a Gorenstein
local ring using linkage and their generalization to non-commutative algebras.

Let Λ be a left and right Noetherian ring. Let modΛ (respectively, modΛop) be the
category of all finitely generated left (respectively, right) Λ-modules. Throughout the
paper, all modules are finitely generated and left modules (if the ring is non-commutatie)
and right modules are considered as Λop-modules. We denote the stable category by
modΛ, the syzygy functor by Ω : modΛ → modΛ, and the transpose functor by Tr :
modΛ→ modΛop.
Let Tk := TrΩ

k−1 for k > 0 and λ := ΩTr. Following [5], we define

Definition. A finitely generated Λ-module M and a Λop-module N are said to be
horizontally linked if M ∼= λN and N ∼= λM , in other words, M is horizontally linked (to
λM) if and only if M ∼= λ2M .

A rather different definition of linkage of modules is proposed by Yoshino and Isogawa
[9]. However, both definitions coincide for Cohen-Macaulay modules over a commutative
Gorenstein ring (see [5], section 3).

Let us start with the following simple observation which connect duality with linkage.

Proposition 1. TkM is horizontally linked if and only if ExtkΛ(M,Λ) = 0.

We prepare the facts about Gorenstein dimension from [1]. A Λ-module M is said
to have G-dimension zero, denoted by G-dimΛM = 0, if M∗∗ ∼= M and ExtkΛ(M,Λ) =
ExtkΛop(M

∗,Λ) = 0 for k > 0. This is equivalent to ‘ExtkΛ(M,Λ) = Ext
k
Λop(TrM,Λ) = 0

for k > 0’ ([1], Proposition 3.8). For a positive integer k, we say that M has G-dimension
less than or equal to k, denoted by G-dimΛM ≤ k, if there exists an exact sequence
0 → Gk → · · · → G0 → M → 0 with G-dimΛGi = 0 for (0 ≤ i ≤ k). It follows from [1],
Theorem 3.13 that G-dimΛM ≤ k if and only if G-dimΛΩ

kM = 0. If G-dimΛM < ∞,
then G-dimΛM = sup{k : ExtkΛ(M,Λ) �= 0}([1], p. 95).
In the following, the proofs are seen in [6].
Invariance of G-dimension under linkage is studied in [5].

The detailed version of this paper will be submitted for publication elsewhere
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Theorem 2. ([5], Theorem 1) Let Λ be a semiperfect right and left Noetherian ring
and M a Λ-module without projective direct summand. Then the following conditions
are equivalent.

(1) G-dimΛM = 0,

(2) G-dimΛopλM = 0 and M is horizontally linked.

In the rest, we consider a commutative ring case and apply the above results to Cohen-
Macaulay modules over a commutative Gorenstein local ring. See [2] for Cohen-Macaulay
rings and modules and Gorenstein rings.
Let R be a (commutative) Gorenstein local ring and M a finitely generated R-module.

Then there are the following useful equations:

(1) G-dimRM + depthM = dimR

(2) gradeRM + dimM = dimR,

where gradeRM := inf{k ≥ 0 : ExtkR(M,R) �= 0}. The first equality is due to [1],
Theorems 4.13 and 4.20 and the second one to [7], Lemma 4.8.

The combination of linkage and duality produces the following characterization of a
maximal Cohen-Macaulay module which improves [5], Proposition 8.

Theorem 3. Let R be a Gorenstein local ring and M a finitely generated R-module
without a projective direct summand. Then the following are equivalent

(1) M is a maximal Cohen-Macaulay module,

(2) TkM is horizontally linked for k > 0,

(3) λM is a maximal Cohen-Macaulay module and M is horizontally linked.

G-dimension is also described using linkage.

Proposition 4.
Let R be a Gorenstein local ring andM a finitely generated module. Then G-dimRM ≤

k if and only if Ti+kM is horizontally linked for i > 0.

We apply duality theory on a non-commutative Noetherian ring due to Iyama [4] to the
category of Cohen-Macaulay modules. Suppose that Λ is a right and left Noetherian ring.
Then the functor Tk gives a duality between the categories {X ∈ modΛ : gradeΛX ≥ k}
and {Y ∈ modΛop : rgradeΛopY ≥ k and pdΛopY ≤ k} [4], 2.1.(1), where we denote a
reduced grade of M by rgradeRM := {k > 0 : ExtkR(M,R) �= 0} [3]. Returning to our
case, we consider a commutative local ring R and a finitely generated R-moduleM . Then
it holds that G-dimRM ≥ gradeRM , in general. Moreover, if G-dimRM <∞, then M is
a Cohen-Macaulay module if and only if G-dimRM = gradeRM by the equations (1) and
(2). Thus we can apply the above duality to the category of Cohen-Macaulay R-modules.
A finitely generated module M over a Cohen-Macaulay local ring R is called a Cohen-

Macaulay module of codimension k, if depthM = dimM = dimR − k. Put the full
subcategory

Ck := {M ∈ modR :M is a Cohen-Macaulay R-module of codimension k}.
—38—



In order to give a duality, we need a counterpart of the category Ck. LetM be a finitely
generated R-module. We put the full subcategory

C′k :=
{N ∈ modR : rgradeRN = pdRN = k and λ2N is a maximal Cohen-Macaulay module},
where pdRN stands for a projective dimension of N . Then we have

Theorem 5. Let R be a Gorenstein local ring. Let k > 0. Then the functor Tk gives
a duality between full subcategories Ck and C ′k.

Using the above duality, we can characterize a Cohen-Macaulay module of codimension
k > 0.

Corollary 6. Let M be a finitely generated R-module of gradeRM = k > 0. Then
the following are equivalent

(1) M is a Cohen-Macaulay module of codimension k,

(2) rgradeRTkM =pdRTkM = k and λ2TkM is a maximal Cohen-Macaulay module.
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STABLE EQUIVALENCES RELATED WITH SYZYGY FUNCTORS

YOSUKE OHNUKI

Abstract. Let Φ : modΛ
∼→ modΛ′ be a stable equivalence between finite dimensional

self-injective algebras over a field. Then Φ preserves triangles in the triangulated category
modΛ if and only if Φ commutes with syzygy functors. As an application, we study some
stable equivalence induced by socle equivalence.

Key Words: Stable equivalence, Nakayama automorphism.

1. Introduction

Throughout this paper K will be a fixed field, and all algebras will be basic finite
dimensional self-injective K-algebras without simple algebra summands. By a module we
mean a finite dimensional left module unless otherwise stated, and by modΛ we denote
the category of finite dimensional left modules over an algebra Λ. In order to distinguish
an equivalence between triangulated categories from an equivalence between the additive
categories, we say that a functor is a triangle equivalence if it is an equivalence between
triangulated categories.
Happel proved in [2] that the stable category of a self-injective algebra is a triangulated

category whose translation is the inverse of the syzygy functor. Keller-Vossieck [4] and
Rickard [8] proved that the stable category of a self-injective algebra is triangle equivalent
to the quotient category of the bounded derived category by its subcategory consisting of
perfect complexes. These results give the motivation which develops invariants (of stable
equivalence) arisen from a derived equivalence, or properties of triangulated categories.
Pogorza0ly [7] and Xi [9] proved that the Hochschild cohomology and the representation
dimension are invariants under a stable equivalence of Morita type, respectively. Our aim
also develops an invariant in order to clear up the difference between a stable equivalence
of Morita type, a stable equivalence not of Morita type and a stable equivalence induced
by a derived equivalence. We shall show that for self-injective algebras Λ, Λ′ and an
equivalence Φ : modΛ

∼→ modΛ′, Φ is a triangle functor if and only if Φ commutes with
the syzygy functors. As an application, we shall show that the symmetry is an invariant
for some stable equivalence [5] induced by a socle equivalence.

2. A homotopy category

We shall prepare some notations related to homotopy categories. Basic notations and
definitions are referred to [3] For an abelian category A, we denote by X• = (Xn, dnX) the

The detailed version of this paper will be submitted for publication elsewhere.
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(cochain) complex

· · · −→Xn−1 d
n−1
X−→ Xn dnX−→ Xn+1 −→ · · ·

with dnXd
n−1
X = 0 for all integers n. The shift functor T of the category of complexes is

defined by T (X•)n = Xn+1.
We denote by K(A) the homotopy category of A, that is, the residue category of the

category of complexes by the homotopy relation. We denote by K−(A) or Kb(A) the
full subcategory of K(A) consisting of bounded above complexes or bounded complexes,
respectively.
For ∗ = − or b, a homotopy category K∗(A) is regarded as a triangulated category

whose translation functor is the shift functor T , and for any morphism f • : X• → Y • in
K∗(A) it induces the triangle in K∗(A)

X• f•−→ Y •


1Y
0




−→ C(f •)

(
0 1TX

)

−→ TX•.

Here C(f•) :=

(
Y • ⊕ TX•,

(
dY Tf
0 dTX

))
is the mapping cone. We will consider the case

A = PΛ, where PΛ is the full subcategory of modΛ consisting of projective Λ-modules.

3. A stable equivalence which commutes with syzygy functors

Let Λ be a self-injective algebra. For a Λ-module X, we denote by ιX : X →
IX the injective hull of X. The stable category modΛ of Λ has the same objects
as modΛ, and a morphism from X to Y in modΛ is by definition a residue class
in HomΛ(X, Y )/projΛ(X,Y ), where projΛ(X, Y ) is the subspace of HomΛ(X,Y ) con-
sisting of morphisms which factor through projective Λ-modules. The syzygy functor
ΩΛ : modΛ→ modΛ is a functor naturally defined by the correspondence of an object X
to the kernel of the projective cover of X. Note that the syzygy functor induces the stable
equivalence functor modΛ

∼→ modΛ which is also called the syzygy functor, denoted by
ΩΛ or Ω again.
Happel showed that the stable category of a self-injective algebra is regarded as a

triangulated category [2]. In fact, the translation functor of modΛ is given by the inverse

Ω−1Λ of ΩΛ. For each morphism f : X → Y in modΛ, the standard triangle X
f
→ Y →

Z → X[1] is given by the sequence X
f
→ Y

g
→ Z

h→ Ω−1X in the following commutative
diagram with exact rows

0 −−−→ X
ιX−−−→ IX −−−→ Ω−1X −−−→ 0

f

�
�

∥∥∥
0 −−−→ Y

g−−−→ Z −−−→
h

Ω−1X −−−→ 0.

We denote Z by C(f) and call it the mapping cone of f in modΛ.
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We denote by K−,b(PΛ) the full subcategory of K−(PΛ) consisting of complexes X• with
bounded cohomology i.e., Hn(X•) = 0 for n� 0. Keller-Vossieck and Rickard proved the
following result.

Proposition 1. [4][8] For a self-injective algebra Λ, the stable category of Λ is triangle
equivalent to the quotient category K−,b(PΛ)/Kb(PΛ).
Using the similar correspondence on Proposition 1, we show the our main theorem.

Theorem 2. Assume that there is an equivalence Φ : modΛ
∼→ modΛ′ for self-injective

algebras Λ and Λ′. Then the following conditions are equivalent.

(1) Φ is a triangle functor.
(2) Φ commutes with the syzygy functors i.e., ΩΛ′Φ 	 ΦΩΛ.
In [1, Chapter X], Auslander-Reiten-Smalø proved that an equivalence Φ : modΛ

∼→
modΛ′ commutes with syzygy functors if Λ and Λ′ are symmetric algebras. Therefore the
following corollary follows from Theorem 2.

Corollary 3. If Λ and Λ′ are symmetric algebras, then any stable equivalence Φ : modΛ
∼→

modΛ′ is a triangle functor.

4. Nakayama automorphisms and some application

We recall the definitions and some basic properties of the Nakayama automorphism
and the Nakayama functor for a self-injective algebra. Refer to [10] in detail. Let M be
a Λ-module and f an automorphism of Λ. The Λ-module fM is the K-space M with
the Λ-module structure: a ·m = f(a)m for a ∈ Λ, m ∈ M . Similarly we define Nf for
a right Λ-module N . For a self-injective algebra Λ, there is an automorphism ν of Λ
such that Λ and (DΛ)ν are isomorphic as Λ-bimodules, where D = HomK(−, K). Such
an automorphism ν is uniquely determined up to inner automorphisms, and called the
Nakayama automorphism of Λ. The Nakayama functor is defined byN = DHomΛ(−,Λ) :
modΛ→ modΛ, and thereforeN is isomorphic to νΛ⊗Λ−. Note thatN naturally induces
the equivalence mod(Λ/ socΛ)

∼→ mod(Λ/ socΛ), and the stable equivalence modΛ
∼→

modΛ of Morita type, which are also denoted by N .
A K-linear map λ : Λ→ K is associated to a Λ-bimodule isomorphism ϕ : Λ

∼→ (DΛ)ν
if λ = ϕ(1Λ). Then λ is non-degenerate and satisfies λ(ν(x)y) = λ(yx) for any x, y ∈ Λ.
We denote a the residue class of a ∈ Λ in Λ/ socΛ. A Λ-bimodule isomorphism Λ

∼→
(DΛ)ν induces Λ/ socΛ-bimodule isomorphism radΛ/ socΛ

∼→ (D(radΛ/ socΛ))ν , where

ν is an algebra automorphism of Λ/ socΛ given by ν(a) = ν(a). Therefore we have
a K-bilinear map λ : radΛ/ socΛ × radΛ/ socΛ → K, (a, b) �→ λ(ab) associated with
radΛ/ socΛ

∼→ (D(radΛ/ socΛ))ν .

Lemma 4. Let λ : radΛ/ socΛ× radΛ/ socΛ→ K be a K-bilinear map associated with
radΛ/ socΛ

∼→ (D(radΛ/ socΛ))ν. Then λ(a, radΛ/ socΛ) �= 0 for any non-zero a in
radΛ/ socΛ.

For a Λ-module homomorphism f : X → Y , we define a Λ-module homomorphism
between ρX and ρY for an algebra automorphism ρ of Λ as follows

ρΛ⊗ f : ρX → ρY, x �→ f(x).
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Lemma 5. Let A be a (not necessarily self-injective) algebra, and ρ an algebra automor-
phism of A. Then the following conditions are equivalent.

(1) ρ is an inner automorphism.
(2) There is an A-module isomorphism ψ : A

∼→ ρA such that ψf = (ρA⊗ f)ψ for any
A-module endomorphism f of A.

Lemma 5 gives the essential condition in order to characterize symmetry for a self-
injective algebra Λ. Therefore we have the following lemma on a notion of module cate-
gory.

Proposition 6. The following conditions are equivalent for a self-injective algebra Λ over
an algebraically closed field K.

(1) Λ is symmetric.
(2) The Nakayama functor N : mod(Λ/ socΛ)

∼→ mod(Λ/ socΛ) is isomorphic to the
identity functor idmod(Λ/ socΛ).

(3) ν : Λ/ socΛ
∼→ Λ/ socΛ is an inner automorphism.

Proposition 6 is not true if K is not algebraically closed field. In [6], we can see the
counter-example.
Let Φ : modΛ

∼→ modΛ′ be a stable equivalence for self-injective algebras. We have
that Φτ 	 τ ′Φ, where τ and τ ′ are stable equivalences induced by Auslander-Reiten
translations of Λ and Λ′, respectively. By [1], it follows that τ 	 NΩ2Λ. If Φ is a triangle
functor, then we have

ΦNΩ2Λ 	 N ′Ω2Λ′Φ 	 N ′ΦΩ2Λ,

therefore it follows that ΦN 	 N ′Φ.
In order to preserve the symmetry for triangle stable equivalence Φ : modΛ

∼→ modΛ′

between symmetric algebra Λ and self-injective algebra Λ′, we consider the problem
whether Φ 	 N ′Φ, equivalent to idmodΛ 	 N ′, implies that Λ′ is also symmetric. However,
this is open in general.

Theorem 7. [5] Let Λ and Λ′ be socle equivalent self-injective algebras, say p : Λ/ socΛ
∼→

Λ′/ socΛ′. Assume that there are non-degenerate K-linear maps λ : Λ→ K and λ′ : Λ′ →
K such that λ(ab) = λ′(a′b′) for all a, b ∈ radΛ and a′, b′ ∈ radΛ′ with ā′ = p(ā) and
b̄′ = p(b̄). Then the stable categories modΛ and modΛ′ are equivalent.

In the case of Theorem 7, we will show that this problem is true if K is an algebraically
closed field.

Theorem 8. Let Λ and Λ′ be self-injective algebras over algebraically closed field, and
Φ : modΛ

∼→ modΛ′ be a stable equivalence defined in Theorem 7. If Λ is symmetric,
then so is Λ′.
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QF RINGS AND QF ASSOCIATED GRADED RINGS

HIROYUKI TACHIKAWA

Abstract. The associated graded ring of QF (quasi-Frobenius, generally not commu-
tative) ring R is not necessarily QF . We shall prove that the associated graded ring of
R is QF if and only if R is QF and for any primitive idempotent e the upper Loewy
series of Re and eR is coincident with the lower Loewy series of Re and eR respectively.
In connection with the above result we consider for any pair of positive integers t, n

a ring Λ = K[x0, x1, · · · , xn]/(xti −
1

xi

n∏

j=0

xj | i = 0, 1, · · · , n), because for t �= n, the

associated graded ring of Λ is different from Λ but they are both QF (=0-dimensional
Gorenstein). So we expect that for t = n, Λ is Gorenstein even if Krull dimension > 0.
We pointed out however that if t = n = 2, Λ is not Gorenstein, but Cohen-Macauley.
Further if n = t = 3, Λ is neither Cohen-Macauley nor toric, of course not Gorenstein.

1. A characterization of QF associated graded rings

For an Artinian ring R having the Jacobson radical J with Jn+1 = 0, the series :
R ⊃ J ⊃ J2 ⊃ · · · ⊃ Jn ⊃ Jn+1 = 0 is called the upper Loewy series of RR (resp. RR).
If we putAi = J

i/J i+1, we can naturally define the multiplication of elements a+J i+1 ∈ Ai
and b + J j+1 ∈ Aj to be ab + J i+j+1 ∈ Ai+j . Then by using this multiplication we make
the (formal) direct sum A0⊕A1⊕ · · ·⊕An into a ring RG. Clearly this ring RG is positive
Z−graded and A1 generates the radical of RG. RG is called the associated graded ring of
R. Cf.[3]. R and RG may be not isomorphic to each other. Cf. Example 2.1

By Morita equivalence [8] we can assume without loss of generality that rings are basic.
Let e be a primitive idempotent of ring R. Then e+ J ∈ A0 is a primitive idemotent of
RG which we shall denote by eG for short. If we denote the right (resp. left) annihilator of
a subset M of R by r(M) (resp. l(M)), then Soc (Re) = r(J)e (resp. Soc (eR) = e l(J)).
At first we have

Proposition 1.1. If RGSoc(RGeG) is simple for a primitive idempotent eG, then the

RSoc(Re) is simple. And if Soc(RGeG) � RGfG/Rad(RG)fG for a primitive idempotent
f , then Soc(Re) � Rf/Jf .

Proof. Let Jρe �= 0 and Jρ+1e = 0. Then AρeG �= 0. Let us denote the set {α ∈ RG|A1α =
0} by r(A1). Since A1 generates the radical of RG, by the assumption Soc(RGeG) =
r(Rad(RG))eG = r(A1)eG is a unique simple RG-submodule of RGeG. Hence r(A1)eG ⊆
AρeG. On the other hand r(A1)eG ⊇ AρeG by A1AρeG = 0. Hence r(A1)eG = AρeG.

The paper is in a final form and no version of it will be submitted for publication elsewhere.
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Now take u ∈ r(J)e. Then there is a unique positive integer j such that u ∈ J je\J j+1e.
As au = 0 for any a ∈ J we have that (a+J2)(u+J j+1) = au+J (j+1)+1 = 0+J (j+1)+1 ∈
Aj+1 for a + J

2 ∈ A1. Therefore u + J j+1 ∈ r(A1)eG = AρeG and it follows that j = ρ.
This implies that r(J)e ⊆ Jρe. On the other hand r(J)e ⊇ Jρe by J(Jρe) = 0. Hence
Jρe = r(J)e. Further Jρe can be identified with AρeG because J

ρ+1e = 0.
Now R/J can be identified with RG/Rad(RG). From Rad(RG)

ρeG = AρeG is simple
as a left RG-module it follows that r(J)e is a simple R-module.
The latter statement follows from that fGAρeG �= 0 if and only if fJρe �= 0. This

completes the proof.

Following Thrall [12] a ring R is said to be left QF -2 if the socle of Re is simple for
every primitive idempotent e. Then we have immediately

Corollary 1.2. R is left QF -2 if RG is left QF -2.

Now we shall prove

Theorem 1.3. If RG is QF , then R is QF .

Proof. By the assumption that R is basic there is a set of primitive idempotents ei such

that 1 =
n∑

i=1

ei and Rei �� Rej for i �= j.

SinceRG isQF , for all ei, Soc(RGeiG) = r(Rad(RG))eiG = r(A1)eiG (resp. Soc(eiGRG) =
eiGl(Rad(RG)) = eiGl(A1)) is a simple left (resp. right) RG -module.
Hence by Proposition 1.1 r(J)ei (resp. eil(J)) is a simple left (resp. right) R -module.
On the other hand it holds that Rl(J)ei � RHomR((eiR/eiJ)R, RRR) and as is quoted

above Rl(J)ei is simple. Similarly eir(J)R � HomR((Rei/Jei,RRR) is simple.
Therefore by [6, Theorem 2.1] it holds the duality HomR(−,RRR) between the cate-

gories of finitely generated left R-modules and right R-modules. and hence R is QF . Cf.
also [5].

In Example 2.1 we shall show that both the converses of Corollary 1.2 and Theorm 1.3
do not hold.

Now it needs to give a characterization of QF ring R for which the associated graded
ring RG is QF .

We say that the series : Re = r(Jρ+1)e ⊃ r(Jρ)e ⊃ r(Jρ−1)e ⊃ · · · ⊃ r(J)e ⊃ r(R)e = 0
is the lower Loewy series of Re.

In their book [2] Artin-Nesbitt-Thrall proved that subquotient modules Jke/Jk+1e and
r(Jρ+1−k)e/r(Jρ−k)e have non-zero isomorphic constituents for every 0 � k � ρ. Then
we have the following question:
Which kind of rings do satisfy the coincidence of every non-zero isomorphic constituent

of Jke/Jk+1 with Jke/Jk+1e itself ?

We can provide Proposition 1.4 as an answer to the question.
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A positive Z-graded ring R = A0⊕A1⊕ · · ·⊕An is called to be standard if A1 generates
the radical of R.
Then we have

Proposition 1.4. If R is a standard positive Z-graded QF ring , then the upper Loewy
series of Re coincides with the lower Loewy series of Re for any primitive idempotent e.

Proof. For a primitive idempotent e let Re = A0e⊕ A1e⊕ A2e⊕ · · ·⊕Aρe, ρ � n, be a
grading of Re. Then AiAje ⊆ Ai+je and the rad(Re)= A1e⊕ A2e⊕ · · ·⊕Aρe.
Then from the assumption that R is QF it holds that Rl(J)e = r(J)e = Soc(Re) =

Jρe = Aρe.

Assume that r(J s)e = Jρ+1−se for an integer s ≥ 1 (as pointed out above this assump-
tion is satisfied for s = 1), and suppose that r(Js+1)e �= Jρ−se for r(J s+1)e ⊇ Jρ−se.
Then there is 0 �= y =

∑

l�j<ρ−s
yj ∈ r(Js+1)e such that 0 �= yj ∈ Aje. From 0 = Js+1y =

Js(Jy) it follows Jy ∈ r(Js)e = Jρ+1−se = ⊕ρ+1−s�k Ake.
On the other hand Jy =

∑

j<ρ−s
Jyj ∈ ⊕l�j<ρ−sAj+1e = ⊕l+1�k<ρ+1−sAke.

Hence Jy = 0. Then A1yl = 0 since A1 generates J and yj ∈ Aje for l � j < ρ − s.
This implies yl ∈ Aρe and this is a contradiction because l �= ρ.
Therefore we conclude that r(Js+1)e = Jρ−se.
Now by induction on s we complete the proof.

Corollary 1.5. If RG is QF then for any primitive idempotent e the upper Loewy series
of Re and eR are coincident with the lower Loewy series of Re and eR respectively.

Proof. Let Jρe �= 0 but Jρ+1e = 0. Then by Proposition 1.4 it follows that
(Rad(RG))

ρ+1−keG = Soc
k(RGeG) = r((Rad(RG))

k)eG for k = 1, 2, · · · , ρ.
Now we want to prove that Jρ+1−ke = Sock(Re) = r(Jk)e for k = 1, 2, · · · , ρ.
Suppose x ∈ r(Jk)e \ Jρ+1−ke since Jρ+1−ke ⊆ r(Jk)e. Let j be the maximal integer

such that x ∈ J j \ J j+1e. Then j < ρ + 1 − k. For x + J j+1 ∈ AjeG it holds that
Ak(x+ J

j+1e) = (Jk/Jk+1)(x + J j+1e = 0 + J j+1+ke = 0. This implies that x+ J j+1e ∈
r(Ak)eG = r(A

k
1)eG = r((Rad(RG))

k)eG = Rad(RG)
ρ+1−keG = (Aρ+1−k⊕Aρ+2−k⊕· · · )eG.

Thus we have j ≥ ρ+ 1− k. But this contradicts to j < ρ+ 1− k.
We can prove similarly that eJσ+1−k = Sock(eR) = e l(Jk) for k = 1, 2, · · · , σ , where

eJσ �= 0 but eJσ+1 = 0. This completes the proof.

Proposition 1.6. If R is QF and for any primitive idempotent e the upper Loewy series
of Re and eR are coincident with the lower Loewy series of Re and eR respectively, then
the associated graded ring RG is QF .

Proof. Let Jρe �= 0 but Jρ+1e = 0. From the coincidence of series of the upper Loewy
series and the lower Loewy series of Re it follows that r(J i)e = Soci(RRe) = J

ρ+1−ie, i =
1, 2, · · · , ρ. And especially Soc(Re) = Jρe is a simple left R-module since R is QF .
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For x ∈ Jke \ Jk+1e and k � ρ − 1 suppose Jx ∈ Jk+2e = Soc{ρ+1−(k+2)}(Re). Then
J{ρ+2−(k+2)}x = 0 and x ∈ r(Jρ−k)e = Jk+1e. But this is a contradiction.
Therefore if k � ρ − 1 and if x + Jk+1e �= 0 ∈ AkeG = (Jk/Jk+1)eG it holds that 0 �=

A1 (x+ J
k+1e) ∈ Ak+1eG. Therefore Soc(RGeG) = r(Rad(RG))eG ⊆ Jρe = Rad(RG)ρeG.

As r(Rad(RG))eG ⊇ Rad(RG)ρeG we have Soc(RGeG) = r(Rad(RG))eG = Jρe, which
can be considered as a simple left RG-module because J

ρe is a simple left R-module.

Now it is clear that HomRG(eGRG/eGRad(RG), RGRGRG) � r(Rad(RG))eG.
This implies that the dual module HomRG(eGRG/eGRad(RG), RGRGRG) of a simple right
RG-module eGRG/eGRad(RG) is a simple left RG-module.
Similarly we have that the dual module HomRG(RGeG/Rad(RG)eG, RGRGRG) of a sim-

ple left RG-module RGeG/Rad(RG)eG is a simple right RG-module.
Therefore by [6, Theorem 2.1] it holds the duality HomRG(−, RGRGRG) between the

categories of finitely generated left RG-modules and finitely generated right RG-modules.
Hence RG is QF .

Now by Propositions 1.5 and 1.6 we have the following characterization ofQF associated
graded rings:

Theorem 1.7. The following conditions (i), (ii) and (iii) are equivalent to each other:
(i) The associated graded ring RG is QF ,
(ii) R is QF and for any primitive idempotent e the upper Loewy series of Re and eR

are coincident with the lower Loewy series of Re and eR respectively,
(iii) R is QF and for any primitive idempotent ei and integer 0 � k � ρi it holds that

RJ
kei/J

k+1ei � RHomR(eiJ
ρ−k/eiJ

ρ−k+1
R, RRR) (resp.eiJ

k/eiJ
k+1 �

HomR(RJ
σ−kei/J

σ−k+1ei,RRR), where J
ρiei �= 0 but Jρi+1ei = 0 (resp. eiJσi �= 0 but eiJσi+1 =

0).

Let π be a Nakayama permutation of QF ring R on the set of all non isomorphic
primitive idempotents ei, i = 1, 2, · · · , n.
Then it holds that RReπ(j)/Jeπ(j) � RHomR(ejR/ejJR, RRR).

Corollary 1.8. RG is QF if and only if R is QF and for any primitive idempotent
ei it holds that RJ

kei/J
k+1ei � ⊕nj ni,j × Reπ(j)/Jeπ(j) for a direct sum decomposition :

eiJ
ρ−k/eiJ

ρ−k+1
R � ⊕nj ni,j × ejR/ejJ, where ni,j × ejR/ejJ means the direct sum of ni,j

copies of ejR/ejJ.

As indecomposable commutative algebras are local, for them there are no difference
between QF -2, QF -3 and QF rings. Hence Theorem 1.7 and Corollary 1.8 are considered
to be results for non commutative rings, though Theorem 1.7 seems to be a generalization
of Iarrobino’s result [4; Proposition 1.7] for 0-dimensional Gorenstein algebras.
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2. examples

Example 2.1. (i) Let R be an algebra over a field K defined by the following quiver.

>
x

vu

x3 = vu,
0 = uv,
0 = xv,
0 = ux.

Then the K-bases : R = {e1, x, x2, x3, u; e2, v}, J = Rad(R) = {x, x2, x3, u; v}, J2 =
{x2, x3},J3 = {x3} and J4 = {0}. By 0 �= x3 = vu and 0 = uv, R is not commutative. As
r(J)e1 = Kx

3 � Re1/Je1 and r(J)e2 = Kv � Re1/Je1, R is left QF -2.
It happens however that (v+ J2)(u+ J2) = vu+ J3 = 0 ∈ G(R) for the contrary vu =

x3 �= 0 ∈ R. Then r(rad(G(R)))e1 = K(u+ J2) +K(x3 + J4) � G(R)e2/Rad(G(R))e2 ⊕
G(R)e1/Rad(G(R))e1 is not simple. Hence G(R) is not left QF -2.
This shows that the converse of Proposition 1.1 does not hold.

The next example (ii) shows that the converse of Theorem 1.3 does not hold.
(ii)

>

<

x

y

vu

x3 = vu,
y2 = uv,
0 = xv,
0 = ux,
0 = vy,
0 = yu.

Then the K-bases = {e1, x, x2, x3, u, e2, y, v}, where e2 and e2 are primitive idempotents.
By x3 = vu and y2 = uv, R is not commutative. J = Rad(R) = {x, x2, x3, u; y, y2, v},

J2 = {x2, x3, y2},J3 = {x3}, J4 = 0. r(J) = {x3, y2} = l(J), r(J)e1 = Kx3 � Re1/Je1
and r(J)e2 = Ky

2 � Re2/Je2. Hence R is QF .
As (v+J2)(u+J2) = 0+J3 and (y+J2)(u+J2) = 0+J3, Soc(RG(e1)G) = K(u+J

2)+
K(x3 + J3) � RG(e2)G/Rad(RG)(e2)G ⊕RG(e1)/Rad(RG)(e1)G). Hence Soc(RG(e1)G) is
not simple. Therefore RG is not QF .
We know that the upper Loewy series of Re1 and Re2 are (1, 1+2, 1, 1) and (2, 1+2, 2)

respectively. On the other hand lower Loewy series of Re1 and Re2 are (1, 1, 2+1, 1) and
(2, 1 + 2, 2) respetively. From Theorem 1.7 it follows also that RG is not QF .

Example 2.2. Let Λ be a quotient ring K[x0, x1, · · · , xn]/I such that the ideal I are

generated by n+ 1 polynomials xti −
1

xi

n∏

j=0

xj , i = 0, 1, · · · , n, for the pairs (t, n).
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In case of t �= n, for min{n, t} � |t − n|s < max{n, t} there is an idempotent e ≡
∏n
i=0 x

|t−n|s
i mod I of Λ and Γ = (1−e)Λ � K[x0, x1, · · · , xn]/(

n∏

i=0

x
|t−n|s
i , I) is an Artinian

local algebra. Cf.[12] and Kikumasa-Yoshimura [6].

Let us denote the associated graded algebra ΓG = A0 ⊕ A1 · · · ⊕ Am. Then if t > n,
m = (t+1)(n−1) and dimK(Ak) = +{(d0, d1, · · · , di, · · · dj , · · · , dn)|

∑n
l=0 dl = k, 0 � dl �

t + 1 and di = dj = 0 for i �= j}. Hence dimKAk = dimKAm−k. It follows by Corollary
1.8 that ΓG (and hence by Theorem 1.3 Γ) is QF .
If t < n, m = (n + 1)(t− 1) and dimK(Ak) = +{(d0, d1, · · · , dn)|

∑n
l=0 dl = k, 0 � dl �

t− 1}. Hence we have similarly dimKAk = dimKAm−k and ΓG (and hence Γ) is QF .

Now we can extend our consideration for Λ to the case of n = t. Then as
1

xi

n∏

j=0

xj ≡ xni

mod I for i = 1, 2, · · · , n, Λ is a positive Z-graded with respect to homogeneous elements
−
x0,

−
x1, · · · ,

−
xn of degree 1. If we put u =

n∏

i=1

−
xi, then K[u] is a subalgebra of Λ, which is a

polynomial ring over K of a variable u . Further all
−
xi’s satisfy the equation X

n+1− u =
0 ∈ K[u][X]. Hence by Noether’s normalization theorem the Krull dimension of Λ = 1.

Let t = n = 1, then the generators of I are formally {x0− 1
x0
x0x1 = x0−x1, x1− 1

x1
x0x1 =

x1−x0} = {x0−x1} and Λ is a polynomial ring of one variable and is obviously Gorenstein.
Let t = n = 2. Then {f2 = x0x1 − x22, f0 = x1x2 − x20, f1 = x2x0 − x21} defines an

intersection of quadratic cones. In [9] Stanley commented that the following Theorm 2.1
was proved first by Macauley.

Theorem 2.1. If a K-algebra Λ is standard positively Z-graded and Gorenstein of Krull
dimension d, then for Poincar

,
e series F (Λ,λ) it holds that F (Λ, 1

λ
) = (−1)dλρ F (Λ,λ)

(as rational functions of λ) for some integer ρ.

By the Buchberger’s algorithm we obtain the reduced Gröbner bases {f0, f1, f2, f3 =
S(f0, f1) = −x30−x31} of I with respect to the degree- lexicographical order x0 < x1 < x2.
As the leading terms are Lt(f0) = x

0
0x
1
1x
1
2, Lt(f1) = x

1
0x
0
1x
1
2, Lt(f2) = x

0
0x
0
1x
2
2, Lt(f3) =

x00x
3
1x
0
2 it holds α1 < 3,α2 < 2 for the standard bases

−
x
α0

0

−
x
α1

1

−
x
α2

2 ∈ Λ = K[x0, x1, x2]/I.
Therefore we know that

{
−
1,
−
x0,

−
x
2

0,
−
x
3

0, · · · ,
−
x1,

−
x0
−
x1,

−
x
2

0

−
x1,

−
x
3

0

−
x1, · · · ,

−
x
2

1,
−
x0
−
x
2

1,
−
x
2

0

−
x
2

1,
−
x
3

0

−
x
2

1, · · · ,
−
x2}

are the K-bases of Λ. Cf. [1:Theorem 1.7.4 and Proposition 2.1.6].

A0 = K
−
1, A1 = K

−
x0 +K

−
x1 +K

−
x2, A2 = K

−
x
2

0 +K
−
x1
−
x0 +K

−
x
2

1,

An = K
−
x
n

0 +K
−
x1
−
x
n−1
0 +K

−
x
2

1

−
x
n−2
0 for n ≥ 3,

are Z+ ∪ {0}-grading of Λ and the set of homogeneous generators is { −x0,
−
x1,

−
x2} with

degree 1.
—50—



Thus the Poincar
,
e series F (Λ,λ) = 1 +

∞∑

n=1

3λn =
3

1− λ − 2 =
2λ+ 1

1− λ .

Now there is no ρ which satisfies (−1)1λρF (Λ,λ) = (−1)λρ 2λ+ 1
(1− λ) =

=
λ+ 2

(λ− 1) =
2 1
λ
+ 1

1− 1
λ

= F (Λ,
1

λ
). Therefore by Theorem 2.1 Λ is not Gorenstein.

By the way we notice that in this case Λ is Cohen-Macaulay because

Λ = K[
−
x0]⊕K[

−
x0]

−
x1 ⊕K[

−
x0]

−
x2 is K[

−
x0]-free module. Here we notice that

K[
−
x0]

−
x
2

1⊂ K[
−
x0]

−
x2 by x0x2 ≡ x21 mod I.

This arises a new question whether Λ is Cohen-Macaulay.

In order to answer the question let us consider Λ for n = t = 3. In this case the
binomials {f3 = x0x1x2 − x33, f0 = x1x2x3 − x30, f1 = x2x3x0 − x31, f2 = x3x0x1 − x32}
generates I and by using the Buchberger’s algorithm we obtain the following Gröbner
bases
Gr = {f0, f1, f2, f3, f4 = S(f0, f1) = x40 − x41, f5 = S(f1, f2) = x41 − x42,
f6 = S(f0, f3) = x0x

2
1x
2
2 − x30x23, f7 = S(f1, f3) = x20x1x22 − x31x23,

f8 = S(f2, f3) = x
2
0x
2
1x2 − x32x23, f9 = S(f2, S(f0, f1)) = x31x32 − x50x3} of I

and the leading terms {Lt(f0) = x1x2x3, Lt(f1) = x2x3x0, Lt(f2) = x3x0x1, Lt(f3) = x33,
Lt(f4) = x41, Lt(f5) = x42, Lt(f6) = x30x

2
3, Lt(f7) = x31x

2
3, Lt(f8) = x32x

2
3, Lt(f9) = x50x3}

with respect to the degree-lexicographical order x0 < x1 < x2 < x3.

Now there is no positive integer n such that xn0
Gr−→+ 0. Therefore K[

−
x0] is a polynomial

ring in the variable
−
x0. Further f6 = x0x

2
1x
2
2 − x30x23 = x0(x21x22 − x20x23) ∈ I and (x21x22 −

x20x
2
3) �∈ I because the terms x21x22 and x20x23 are not reduced by any Gröbner base. Hence

−
x0 (

−
x
2

1

−
x
2

2 −
−
x
2

0

−
x
2

3) =
−
0, but (

−
x
2

1

−
x
2

2 −
−
x
2

0

−
x
2

3) �=
−
0.

Hence Λ is not a K[
−
x0]-free module. This implies Λ is not Cohen-Macaulay.

As all generators of I are binomials, Λ may be a toric variety. Cf. [10].
Toric varieties are defined to be Noetherian integral domains. However as we prove just

now Λ has a zero divisor we cannot expect that Λ is toric.

Proposition 2.2. If n = t = 3, then Λ is neither Cohen-Macaulay nor toric. Of course
Λ is not Gorenstein.
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A GENERALIZATION OF n-TORSIONFREE MODULES

RYO TAKAHASHI

Abstract. We consider in this paper two approximation theorems for finitely generated
modules over a commutative noetherian ring; one is due to Auslander and Bridger, and
the other is due to Auslander and Buchweitz. We shall give a result which implies both
of these two theorems.

Key Words: Torsionfree, Semidualizing, Cohen-Macaulay approximation, Contravari-
antly finite.

2000 Mathematics Subject Classification: 13C05, 13C13, 13D02, 16D90.

1. Introduction

In the late 1960s, Auslander and Bridger [2] constructed the notion of a certain approx-
imation, which we call in this paper a spherical approximation. This notion says that each
of the modules whose nth syzygies are n-torsionfree is described by using an n-spherical
module and a module of projective dimension less than n. On the other hand, about
two decades later, the notion of a Cohen-Macaulay approximation was introduced and
developed by Auslander and Buchweitz [3]. This notion says that over a Cohen-Macaulay
local ring with a canonical module, the category of finitely generated modules is obtained
by glueing together the subcategory of maximal Cohen-Macaulay modules and the sub-
category of modules of finite injective dimension. Cohen-Macaulay approximations have
been playing an important role in commutative algebra. In this paper, we set our sight
on these two notions. More precisely, we shall consider and generalize the following two
theorems.

Theorem 1 (Auslander-Bridger). The following are equivalent for a finitely generated
module M over a commutative noetherian ring R:

(1) ΩnM is n-torsionfree;
(2) There exists an exact sequence 0 → Y → X → M → 0 of finitely generated R-

modules such that ExtiR(X,R) = 0 for 1 ≤ i ≤ n and pdY < n.

Theorem 2 (Auslander-Buchweitz). Let R be a Cohen-Macaulay local ring with a canon-
ical module. Then for every finitely generated R-module M there exists an exact sequence
0 → Y → X → M → 0 of finitely generated R-modules such that X is maximal Cohen-
Macaulay and idY <∞.

The detailed version of this paper has been submitted for publication elsewhere.
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2. The existence of n-C-spherical approximations

Throughout the present paper, R is always a commutative noetherian ring, and all
R-modules are finitely generated. Auslander and Bridger [2] introduced the notion of an
n-torsionfree module.

Definition 3. Let n be an integer. AnR-moduleM is called n-torsionfree if ExtiR(TrM,R) =
0 for 1 ≤ i ≤ n.
In this paper, unless otherwise specified, we always denote by n a positive integer,

by C an R-module, by (−)† the C-dual functor HomR(−, C) and by λM the natural
homomorphism M → M †† for an R-module M . Note that λR can be identified with
the homothety map R → HomR(C,C). We can generalize the notion of an n-torsionfree
module as follows.

Definition 4. Let M be an R-module. We say that M is 1-C-torsionfree if λM is a
monomorphism. We say thatM is n-C-torsionfree, where n ≥ 2, if λM is an isomorphism
and ExtiR(M

†, C) = 0 for all 1 ≤ i ≤ n− 2.
We denote by modR the category of finitely generated R-modules. Let X be a full sub-

category of modR. An R-homomorphism f : X → M is called a right X -approximation
of M if X belongs to X and the sequence HomR(−, X)

(−,f )−→ HomR(−,M) → 0, where
(−, f) = HomR(−, f), is exact on X . We say that X is contravariantly finite if any
X ∈ X has a right X -approximation. For an R-module X, we denote by addX the full
subcategory of modR consisting of all direct summands of finite direct sums of copies of
X.
To develop the notion of an n-C-torsionfree module to the utmost extent, we establish

the following definition.

Definition 5. We say thatC is 1-semidualizing if λR is a monomorphism and Ext
1
R(C,C) =

0. We say that C is n-semidualizing, where n ≥ 2, if λR is an isomorphism and
Exti(C,C) = 0 for all 1 ≤ i ≤ n.
The following proposition, which is essentially proved in [6, Proposition 2.5.1], says that

there are a lot of n-semidualizing modules.

Proposition 6. Let R be a Cohen-Macaulay local ring of dimension d ≥ 2 with an iso-
lated singularity. Let I be an ideal of R which is a maximal Cohen-Macaulay R-module.
Then λR is an isomorphism and ExtiR(I, I) = 0 for every 1 ≤ i ≤ d − 2. Hence R is
d-I-torsionfree, and I is (d− 2)-semidualizing.
For an R-module M , we define CdimRM , the addC-resolution dimension of M , to be

the infimum of nonnegative integers n such that there exists an exact sequence 0→ Cn →
Cn−1 → · · · → C0 → M → 0 with each Ci being in addC. Note that addR-resolution
dimension is the same as projective dimension. We make the following definition.

Definition 7. Let M be an R-module.
(1) We say that M is n-spherical if Exti(M,R) = 0 for all 1 ≤ i ≤ n. We call an exact
sequence 0 → Y → X → M → 0 of R-modules an n-spherical approximation if X is
n-spherical and pdY < n.
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(2) We say that M is n-C-spherical if Exti(M,C) = 0 for all 1 ≤ i ≤ n. We call an exact
sequence 0 → Y → X → M → 0 of R-modules an n-C-spherical approximation if X is
n-C-spherical and CdimY < n.

We notice that an n-C-spherical approximation gives a right approximation:

Proposition 8. Define two full subcategories of modR as follows:

X = {X ∈ modR |X is n-C-spherical },
Y = {Y ∈ modR |CdimY < n }.

Let 0 → Y → X
f→ M → 0 be an exact sequence of R-modules with X ∈ X and Y ∈ Y.

Then the homomorphism f is a right X -approximation of M .

We give here a lemma.

Lemma 9. Suppose that Ext1(C,C) = 0. An R-module M is 1-C-torsionfree if and
only if there is an exact sequence 0 → M → C0 → N → 0 such that C0 ∈ addC and
Ext1(N,C) = 0.

Now, we can state and prove the main result of this section.

Theorem 10. Let C be an n-semidualizing R-module. The following are equivalent for
an R-module M :

(1) ΩnM is n-C-torsionfree;
(2) M admits an n-C-spherical approximation.

Proof. Let P• be a projective resolution of M .
(1) ⇒ (2): We have an exact sequence 0 → Ωi+1M → Pi → ΩiM → 0 for each i. Set

X0 = Ω
nM . Note that X0 is n-C-torsionfree. Lemma 9 implies that there exists an exact

sequence 0→ X0 → C0 → Z1 → 0 such that C0 ∈ addC and Ext1(Z1, C) = 0. We make
the pushout diagram:

0 0�
�

0 −−−→ X0 −−−→ C0 −−−→ Z1 −−−→ 0�
�

∥∥∥
0 −−−→ Pn−1 −−−→ X1 −−−→ Z1 −−−→ 0�

�
Ωn−1M Ωn−1M�

�
0 0

Since Ext1(Z1, C) = 0 = Ext1(Pn−1, C), we have Ext
1(X1, C) = 0. If n = 1, then the

middle column is a desired exact sequence.
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Let n ≥ 2. We can easily check that Z1 is (n − 1)-C-torsionfree, and that so is X1.
According to Lemma 9, there is an exact sequence 0 → X1 → C1 → Z2 → 0 with
C1 ∈ addC and Ext1(Z2, C) = 0. We make the pushout diagram:

0 0�
�

C0 C0�
�

0 −−−→ X1 −−−→ C1 −−−→ Z2 −−−→ 0�
�

∥∥∥
0 −−−→ Ωn−1M −−−→ Y2 −−−→ Z2 −−−→ 0�

�
0 0

Using the bottom row of the above diagram, we make the pushout diagram:

0 0�
�

0 −−−→ Ωn−1M −−−→ Y2 −−−→ Z2 −−−→ 0�
�

∥∥∥
0 −−−→ Pn−2 −−−→ X2 −−−→ Z2 −−−→ 0�

�
Ωn−2M Ωn−2M�

�
0 0

From the first diagram, we immediately get CdimY2 < 2, and Ext
2(Z2, C) = 0 because

Ext1(X1, C) = 0 = Ext
2(C1, C). Hence Ext

i(Z2, C) = 0 for i = 1, 2, and we see from the
middle row of the second diagram that Exti(X2, C) = 0 for i = 1, 2. Thus, if n = 2, then
the middle column of the second diagram is a desired exact sequence.
Let n ≥ 3. Then similar arguments to the above claims show that both Z2 and X2 are

(n − 2)-C-torsionfree, and Lemma 9 yields an exact sequence 0 → X2 → C2 → Z3 → 0
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such that Ext1(Z3, C) = 0. Similarly to the above, we make two pushout diagrams:

0 0�
�

Y2 Y2�
�

0 −−−→ X2 −−−→ C2 −−−→ Z3 −−−→ 0�
�

∥∥∥
0 −−−→ Ωn−2M −−−→ Y3 −−−→ Z3 −−−→ 0�

�
0 0

and

0 0�
�

0 −−−→ Ωn−2M −−−→ Y3 −−−→ Z3 −−−→ 0�
�

∥∥∥
0 −−−→ Pn−3 −−−→ X3 −−−→ Z3 −−−→ 0�

�
Ωn−3M Ωn−3M�

�
0 0

If n = 3, then the middle column of the second diagram is a desired exact sequence. If
n ≥ 4, then iterating this procedure, we eventually obtain an exact sequence 0 → Yn →
Xn →M → 0 such that Exti(Xn, C) = 0 for 1 ≤ i ≤ n and CdimYn < n.
(2)⇒ (1): Let 0→ Y → X →M → 0 be an n-C-spherical approximation of M . Since

CdimY < n, there exists an exact sequence 0→ Cn−1
dn−1→ Cn−1

dn−2→ · · · d1→ C0
d0→ Y → 0.

Put Yi = Im di for each i. We have exact sequences 0 → Yi+1 → Ci → Yi → 0 and
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0→ Ωi+1M → Pi → ΩiM → 0 for each i. The following pullback diagram is obtained:

0 0�
�

ΩM ΩM�
�

0 −−−→ Y −−−→ L −−−→ P0 −−−→ 0∥∥∥
�

�
0 −−−→ Y −−−→ X −−−→ M −−−→ 0�

�
0 0

The projectivity of P0 shows that the middle row splits; we have an isomorphism L ∼=
Y ⊕ P0. Adding P0 to the exact sequence 0 → Y1 → C0 → Y → 0, we get an exact
sequence 0 → Y1 → C0 ⊕ P0 → Y ⊕ P0 → 0. Thus the following pullback diagram is
obtained:

0 0�
�

Y1 Y1�
�

0 −−−→ X1 −−−→ C0 ⊕ P0 −−−→ X −−−→ 0�
�

∥∥∥
0 −−−→ ΩM −−−→ Y ⊕ P0 −−−→ X −−−→ 0�

�
0 0

Applying a similar argument to the left column of the above diagram, we get exact
sequences 0 → Xi+1 → Ci ⊕ Pi → Xi → 0 for 0 ≤ i ≤ n − 1, where X0 = X and
Xn = Ω

nM . The assumption yields Exti(X0, C) = 0 = Ext
i(C0 ⊕ P0, C) for 1 ≤ i ≤ n,

hence we have an exact sequence 0→ X†
0 → (C0 ⊕ P0)† → X†

1 → 0 and Ext1(X1, C) = 0

for 1 ≤ i ≤ n − 1. Inductively, for each 0 ≤ i ≤ n − 1 an exact sequence 0 → X†
i →

(Ci ⊕ Pi)† → X†
i+1 → 0 is obtained and Extj(Xi, C) = 0 for 1 ≤ j ≤ n − i. We have a

commutative diagram

0 −−−→ X1 −−−→ C0 ⊕ P0
λX1

� λC0⊕P0

�
0 −−−→ X††

1 −−−→ (C0 ⊕ P0)††
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with exact rows. The assumption says that λR is injective, and we see that λC = λR†
is injective. Hence the map λC0⊕P0 is injective, and so is λX1. Therefore X1 is 1-C-
torsionfree. If n ≥ 2, then λR is an isomorphism, and so is λC . There is a commutative
diagram

0 0�
�

0 −−−→ X2 −−−→ C1 ⊕ P1 −−−→ X1 −−−→ 0

λX2

� λC1⊕P1

� λX1

�
0 −−−→ X††

2 −−−→ (C1 ⊕ P1)†† −−−→ X††
1�

0
with exact rows and columns, and λX2 is an isomorphism by the snake lemma. Hence X2

is 2-C-torsionfree. If n ≥ 3, then we have a commutative diagram
0 −−−→ X3 −−−→ C2 ⊕ P2 −−−→ X2 −−−→ 0

λX3

� λC2⊕P2

�∼= λX2

�∼=
0 −−−→ X††

3 −−−→ (C2 ⊕ P2)†† −−−→ X††
2 −−−→ Ext1(X†

3 , C) −−−→ 0

with exact rows. From this diagram it follows that λX3 is an isomorphism and Ext
1(X†

3, C) =
0, which means that X3 is 3-C-torsionfree. Repeating a similar argument, we see that Xi

is i-C-torsionfree for every 1 ≤ i ≤ n. Therefore ΩnM = Xn is n-C-torsionfree, and the
proof of the theorem is completed.

Theorem 1 is a direct corollary of Theorem 10. Theorem 2 is also a corollary of Theorem
10:

Proof of Theorem 2. If d = 0, then 0 → 0 → M
=→ M → 0 is a desired exact sequence.

Let d ≥ 1. Then ω is d-semidualizing, and ΩdM is d-ω-torsionfree. Hence Theorem 10
guarantees the existence of an exact sequence 0 → Y → X → M → 0 such that X
is d-ω-spherical and ωdimY < d. Therefore X is maximal Cohen-Macaulay. On the
other hand, noting that ω is an indecomposable R-module, we have an exact sequence
0 → ωld−1 → ωld−2 → · · · → ωl0 → Y → 0. Decomposing this into short exact sequences
and noting that ω has finite injective dimension, one sees that Y also has finite injective
dimension.

3. Modules whose nth syzygies are n-C-torsionfree

We begin with stating the following lemma.

Lemma 11. Let M be an R-module.

(1) If R is 1-C-torsionfree, then so is ΩM .
(2) If R is 2-C-torsionfree, then for each n ≥ 2 the map λΩnM is a split monomorphism

and the cokernel is isomorphic to Extn(M,C)†.
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For R-modules M,N , we define grade(M,N) by the infimum of integers i such that
Exti(M,N) �= 0. One has grade(M,N) = inf{depthNp | p ∈ SuppM }. We state a
criterion for ΩiM to be n-C-torsionfree for 1 ≤ i ≤ n in terms of grade, which can be
shown by Lemma 11 and induction on n.

Proposition 12. Let C be an R-module such that R is (n− 1)-C-torsionfree.
(1) If ΩiM is i-C-torsionfree for every 1 ≤ i ≤ n, then grade(Exti(M,C), C) ≥ i − 1

for every 1 ≤ i ≤ n.
(2) The converse also holds if R is n-C-torsionfree.

Now we want to consider the difference between this condition and the condition that
ΩnM is n-C-torsionfree.

Lemma 13. Let C be an R-module such that λR is an isomorphism and Exti(C,C) = 0
for 1 ≤ i ≤ n. If M is an R-module with CdimM < ∞, then grade(Exti(M,C), C) ≥ i
for any 1 ≤ i ≤ n.
Using this lemma, we can show that under the assumption that C is n-semidualizing,

ΩiM is i-C-torsionfree for 1 ≤ i ≤ n if and only if ΩnM is n-C-torsionfree.

Proposition 14. Let C be an n-semidualizing R-module. The following are equivalent
for an R-module M :

(1) ΩnM is n-C-torsionfree;
(2) ΩiM is i-C-torsionfree for every 1 ≤ i ≤ n.
Our next aim is to prove the main result of this section. For this, we introduce the

following lemma, which will often be used later.

Lemma 15. Let R be a local ring and r a positive integer. Suppose that λR is an iso-
morphism and Exti(C,C) = 0 for all 1 ≤ i < r. Then the following hold.
(1) depthR ≥ r if and only if depthC ≥ r.
(2) Let R be a Cohen-Macaulay local ring with dimR < r. Then C is a maximal Cohen-

Macaulay R-module.

Now we can prove the main result of this section.

Theorem 16. Suppose that R is n-C-torsionfree. Then the following are equivalent:

(1) idRp Cp <∞ for any p ∈ SpecR with depthRp ≤ n− 2;
(2) ΩnM is n-C-torsionfree for any R-module M .

Proof. When n = 1, the assertion (1) holds because there is no prime ideal p of R
satisfying depthRp ≤ n−2, and the assertion (2) holds by Lemma 11(1). In the following,
we consider the case where n ≥ 2.
(1)⇒ (2): Fix an R-moduleM . Induction hypothesis shows that ΩiM is i-C-torsionfree

for 1 ≤ i ≤ n − 1. By Proposition 12, we have grade(Exti(M,C), C) ≥ i − 1 for 1 ≤
i ≤ n − 1, and it suffices to prove that the inequality grade(Extn(M,C), C) ≥ n − 1
holds. Let p ∈ SpecR. If depthCp ≤ n − 2, then depthRp ≤ n − 2 by Lemma 15(1).
The assumption says that idRp Cp < ∞, and idRp Cp = depthRp ≤ n − 2. Therefore
ExtnR(M,C)p

∼= ExtnRp(Mp, Cp) = 0. Thus we see that grade(Ext
n(M,C), C) ≥ n − 1, as

desired.
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(2) ⇒ (1): When n = 2, Lemma 11(2) implies that Ext2Rp(Mp, Cp) = 0 for all R-

modules M and p ∈ AssC, because Ass(Ext2R(M,C)†) = SuppExt2R(M,C) ∩AssC. The
isomorphism λR : R→ Hom(C,C) shows that AssC coincides with AssR. Hence, setting
M = ΩiR(R/p), one has Ext

i+2
Rp
(κ(p), Cp) ∼= Ext2Rp((ΩiR(R/p))p, Cp) = 0 for any p ∈ AssR

and any i > 0. Therefore idRp Cp <∞ for p ∈ SpecR with depthRp = 0.
Let n ≥ 3. Fix an R-module M . We have an exact sequence 0 → Ωn+1M → P →

ΩnM → 0 such that P is a projective R-module. From this we get another exact sequence
0→ (ΩnM)† → P † → (Ωn+1M)† → Extn+1(M,C)→ 0. Decompose this into short exact
sequences:

{
0→ (ΩnM)† → P † → N → 0,

0→ N → (Ωn+1M)† → Extn+1(M,C)→ 0.
(1)

Note from the assumption that both ΩnM and Ωn+1M = Ωn(ΩM) are n-C-torsionfree.
Since R is n-C-torsionfree, we see from the first sequence in (1) that there is a commutative
diagram

0 −−−→ Ωn+1M −−−→ P −−−→ ΩnM −−−→ 0

α

� λP

�∼= λΩnM

�∼=
0 −−−→ N † −−−→ P †† −−−→ (ΩnM)†† −−−→ Ext1(N,C) −−−→ 0

with exact rows, and Exti(N,C) = 0 for 2 ≤ i ≤ n − 2. This diagram shows that
α is an isomorphism and Ext1(N,C) = 0. The second sequence in (1) gives an exact

sequence 0 → Extn+1(M,C)† → (Ωn+1M)††
β→ N † → Ext1(Extn+1(M,C), C) → 0 and

Exti(Extn+1(M,C), C) = 0 for 2 ≤ i ≤ n− 2. Since the diagram
ΩnM ΩnM

λΩnM

�∼= α

�∼=

(ΩnM)††
β−−−→ N †

commutes, the map β is an isomorphism, and Extn+1(M,C)† = 0 = Ext1(Extn+1(M,C), C).
Thus we have Exti(Extn+1(M,C), C) = 0 for every i ≤ n − 2, which means that the in-
equality grade(Extn+1(M,C), C) ≥ n− 1 holds. Therefore, if p is a prime ideal of R with
depthRp ≤ n − 2, then depthCp ≤ n − 2 by Lemma 15(1), and it follows that p does
not belong to SuppExtn+1R (M,C), i.e., Extn+1Rp

(Mp, Cp) = 0. Putting M = ΩiR(R/p), we

obtain Extn+1+iRp
(κ(p), Cp) ∼= Extn+1Rp

((ΩiR(R/p))p, Cp) = 0 for any i > 0. This implies that
idRp Cp <∞, and the proof is completed.

The lemma below says that over a Gorenstein local ring of dimension d ≥ 2, any
n-semidualizing module is free for n ≥ d.

Lemma 17. Let (R,m, k) be a d-dimensional Gorenstein local ring. If λR is an isomor-
phism and Exti(C,C) = 0 for 1 ≤ i ≤ d, then C ∼= R.

Applying the above lemma, we can get a sufficient condition for R and C to satisfy
Theorem 16(1).
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Proposition 18. Suppose that R is n-C-torsionfree and that Rp is Gorenstein for any
p ∈ SpecR with depthRp ≤ n−2. Then idRp Cp <∞ for any p ∈ SpecR with depthRp ≤
n− 2. (Hence ΩnM is n-C-torsionfree for any R-module M .)

We have studied the case where the nth syzygies of all R-modules are n-C-torsionfree.
As the last result of this paper, we give a result concerning when the nth syzygy of a
given module is n-C-torsionfree.

Proposition 19. Let M be an R-module, and let C be an R-module such that R is n-C-
torsionfree. Suppose that pdRpMp <∞ for any p ∈ SpecR with depthRp ≤ n− 2. Then
ΩnM is n-C-torsionfree.

This proposition can be proved by induction on n. Apply Proposition 12, Lemmas
11(1) and 15(1).
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CASTELNUOVO-MUMFORD REGULARITY FOR COMPLEXES
AND RELATED TOPICS

KOHJI YANAGAWA (柳川 浩二)

Abstract. Let A be a noetherian AS regular Koszul quiver algebra (if A is commuta-
tive, it is essentially a polynomial ring), and grA the category of finitely generated graded
left A-modules. Following Jørgensen, we define the Castelnuovo-Mumford regularity
reg(M•) of a complex M• ∈ Db(grA) in terms of the local cohomologies or the minimal
projective resolution of M•. Let A! be the quadratic dual ring of A. Then A! is selfin-
jective and Koszul (e.g., if A is the polynomial ring k[x1, . . . , xd], then A

! is the exterior
algebra E =

∧
〈y1, . . . , yd〉). For the Koszul duality functor G : Db(grA) → Db(grA!),

we have reg(M•) = max{ i | Hi(G(M•)) �= 0 }. As an application, we refine results of
Martinez-Villa and Zacharia on weakly Koszul modules over A! (especially, over E).

1. Introduction

Let A :=
⊕

i≥0Ai be a noetherian AS regular Koszul quiver algebra over a field k. Such
a quiver algebra (with relation) has been studied by Martinez-Villa and coworkers (c.f.
[6, 9, 10, 11]). And a connected (i.e., A0 = k) AS regular algebra is very important in
non-commutative algebraic geometry (c.f. [18]). If A is commutative and connected, it is
a polynomial ring k[x1, . . . , xd] with deg xi = 1 for each i.
Let GrA (resp. GrAop) be the category of graded left (resp. right) A-modules, and

grA (resp. grAop) its full subcategory consisting of finitely generated modules. Set
r :=

⊕
i≥1Ai to be the graded Jacobson radical. We have the left exact functor Γr :

GrA → GrA defined by Γr(M) = {x ∈ M | rnx = 0 for n
 0 }, and its right derived
functor RΓr : D

b(GrA)→ Db(GrA). ForM• ∈ Db(GrA), the ith cohomology of RΓr(M
•)

is denoted by H i
r(M

•). Similarly, we have the corresponding functors Γrop, RΓrop, and H
i
rop

for graded right A-modules. When A is a polynomial ring k[x1, . . . , xd], H
i
r(−) is known

as the local cohomology module with support in the graded maximal ideal r.
We have a bounded cochain complex D• of graded A-A bimodules which gives duality

functors RHomA(−,D•) : Db(grA) → Db(grAop) and RHomAop(−,D•) : Db(grAop) →
Db(grA). These functors are quasi-inverse of each other. Moreover, we have “local duality
theorem”

RHomA(−,D•) ∼= RΓr(−)∨ and RHomAop(−,D•) ∼= RΓrop(−)∨,
where (−)∨ stands for the graded k-dual. This is a quiver algebra version of [18].
For M• ∈ Db(grA) and i, j ∈ Z, set βij(M•) := dimk Ext

−i
A (M

•, A/r)−j . Of course,

βij(−) measures the “size” of a minimal projective resolution. Using the above duality, we
can generalize a well-know result of Eisenbud-Goto [5] concerning graded modules over a
polynomial ring.

This note is basically a summary of [17] which has been accepted for publication in J. Pure Appl.
Algebra.
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Definition-Theorem. (c.f. Jørgensen, [8]) For M• ∈ Db(grA), we have

reg(M•) := sup{ i+ j | H i
r(M

•)j �= 0 } = sup{ i+ j | βij(M•) �= 0 } <∞.
We call this value the “Castelnuovo-Mumford regularity” of M•.

For M• ∈ Db(grA), set H(M•) to be the complex such that H(M•)i = H i(M) for
all i and the differential maps are zero. Then reg(H(M•)) ≥ reg(M•). The difference
reg(H(M•))− reg(M•) is a theme of the latter half of this note.

Let A! be the quadratic dual ring of A. Then A! is finite dimensional, Koszul and self-
injective by [10]. (e.g., If A is the polynomial ring k[x1, . . . , xd], then A

! is the exterior
algebra

∧
〈y1, . . . , yd〉). The Koszul duality functors F : Db(grA!) → Db(grA) and

G : Db(grA)→ Db(grA!) give an equivalence Db(grA) ∼= Db(grA!) (c.f. [2]). We have

reg(M•) = max{ i | Hi(G(M•)) �= 0 }.
For N ∈ grA! and n ∈ Z, N〈n〉 denotes the submodule of N generated by the degree n

component Nn. We say N is weakly Koszul, if N〈n〉 has an n-linear projective resolution
(i.e., βij(N〈n〉) �= 0 ⇒ i + j = n) for all n. Martinez-Villa and Zacharia [11] proved that

the ith syzygy Ωi(N) of N ∈ grA! is weakly Koszul for i
 0. Of course, the same is true
for N ∈ gr (A!)op. Set lpd(N) := min{ i ∈ N | Ωi(N) is weakly Koszul }.

Theorem. Let N ∈ grA!, and N ′ := HomA!(N,A
!) ∈ gr (A!)op its dual. Then

lpd(N ′) = reg(H ◦ F(N) ).

If A! is the exterior algebra E =
∧
〈y1, . . . , yd〉, we have an upper bound of lpd(N)

depending only on max{ dimkNi | i ∈ Z } and d. This bound gives huge numbers, and
must be very far from optimal. On the other hand, we have lpd(E/J) ≤ min{1, d − 2}
for a monomial ideal J of E. This slightly improves a result of Herzog and Römer.

2. Preliminaries

First, we sketch basic properties of an algebra of a quiver with relations.
Let Q be a finite quiver. That is, Q = (Q0, Q1) is a finite oriented graph, where Q0

is the set of vertices and Q1 is the set of arrows. The path algebra kQ is a positively
graded algebra with grading given by the lengths of paths. Let J be the graded Jacobson
radical of kQ (i.e., the ideal generated by all arrows). If I ⊂ J2 is a graded ideal, we
say A = kQ/I is a graded quiver algebra. Of course, A =

⊕
i≥0Ai is a graded ring.

The subalgebra A0 is a product of copies of the field k, one copy for each element of
Q0. If A0 = k (i.e., Q has only one vertex), we say A is connected. If a graded algebra
R =

⊕
i≥0Ri with R0 = k is generated by R1 as a k-algebra and dimk R1 < ∞, then it

can be regarded as a graded quiver algebra. Set r :=
⊕

i≥1Ai. Unless otherwise specified,
we assume that A is left and right noetherian throughout this note.
Let GrA (resp. GrAop) be the category of graded left (resp. right) A-modules, and

grA (resp. grAop) its full subcategory consisting of finitely generated modules. Since A
is noetherian, grA and grAop are abelian categories. In the sequel, we will define several
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concepts for GrA, but the corresponding concepts for GrAop can be defined in the similar
way.
The nth shift M(n) of M =

⊕
i∈ZMi ∈ GrA is defined by M(n)i = Mn+i. Set

ι(M) := inf{ i |Mi �= 0 }.
For v ∈ Q0, we have the idempotent ev of A associated with v. Note that 1 =

∑
v∈Q0 ev.

Set Pv := Aev and vP := evA. Then we have AA =
⊕

v∈Q0 Pv and AA =
⊕

v∈Q0(vP ). Each
Pv and vP are indecomposable projectives. Conversely, any indecomposable projective in
GrA (resp. GrAop) is isomorphic to Pv (resp. vP ) for some v ∈ Q0 up to degree shifting.
Set kv := Pv/(rPv) and vk := vP/(vP r). Each kv and vk are simple.
Let Cb(GrA) be the category of bounded cochain complexes in GrA, and Db(GrA) its

derived category. For a complex M• and an integer p, let M•[p] be the pth translation of
M•. That is, M•[p] is a complex with M i[p] =M i+p. A module M can be regarded as a
complex · · ·→ 0→M → 0→ · · · with M at the 0th term.
For M,N ∈ GrA, set HomA(M,N) :=

⊕
i∈ZHomGrA(M,N(i)) to be a graded k-

vector space with HomA(M,N)i = HomGrA(M,N(i)). Similarly, we can also define
Hom•

A(M
•, N •), RHomA(M

•, N •), and ExtiA(M
•, N •) for M•,N • ∈ Db(GrA).

If V is a k-vector space, V ∗ denotes the dual space Homk(V, k). For M ∈ GrA (resp.
M ∈ GrAop), M∨ :=

⊕
i∈Z(Mi)

∗ has a graded right (resp. left) A-module structure given
by (fa)(x) = f(ax) (resp. (af )(x) = f(xa)) and (M∨)i = (M−i)

∗. If W is a graded A-A
bimodule, then so is W∨. Note that Iv := (vP )

∨ (resp. vI := (Pv)
∨) is injective in GrA

(resp. GrAop). Moreover, Iv and vI are graded injective hulls of kv and vk respectively.
In particular, the A-A bimodule A∨ is injective both in GrA and in GrAop.
Let W be a graded A-A-bimodule (we mainly concern the cases W = A or W = A∨).

If M ∈ GrA, we can regard HomA(M,W ) as a graded right A-module by (fa)(x) =
f(x)a. We have a natural isomorphism HomA(M,A

∨) ∼= M∨. We can also define
RHomA(M

•,W ) ∈ Db(GrAop) and ExtiA(M
•,W ) ∈ GrAop for M• ∈ Db(GrA).

Let P • be a bounded complex in grA such that each P i is projective. We say P • is
minimal if ∂(P i) ⊂ rP i+1 for all i. Any complex M• ∈ Cb(grA) has a minimal projective
resolution, which is unique up to isomorphism. We denote a graded module A/r by A0.
Set βij(M

•) := dimk Ext
−i
A (M

•, A0)−j. Let P
• be a minimal projective resolution of M•,

and P i :=
⊕m

l=1 T
i, l an indecomposable decomposition. Then we have

βij(M
•) = #{ l | T i, l(j) ∼= Pv for some v }.

Definition 1. Let A be a graded quiver algebra. We say A is Artin-Schelter regular
(AS-regular, for short), if

• A has finite global dimension d.
• ExtiA(kv, A) = ExtiAop(vk,A) = 0 for all i �= d and all v ∈ Q0.
• There are a permutation δ on Q0 and an integer nv for each v ∈ Q0 such that
ExtdA(kv, A)

∼= δ(v)k(nv) (equivalently, Ext
d
Aop(vk,A)

∼= kδ−1(v)(nv) ) for all v.

Remark 2. The AS regularity is a very important concept in non-commutative algebraic
geometry (see for example [18]). But there many authors assume the connectedness of
A. We also remark that Martinez-Villa and coworkers called the rings in Definition 1
generalized Auslander regular algebras.
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Definition 3. For an integer l ∈ Z, we say M• ∈ grA has an l-linear (projective) reso-
lution, if βij(M

•) = 0 for all i, j with i + j �= l. If M• has an l-linear resolution for some
l, we say M• has a linear resolution.

Definition 4. We say A is Koszul, if the graded left A-module A0 has a linear resolution.
(Note that A0 ∼=

⊕
v∈Q0 kv.)

In the above definition, we can regard A0 as a right A-module (we get the equivalent
definition). The next fact is easy to prove.

Lemma 5. If A is AS-regular, Koszul, and has global dimension d, then ExtdA(kv, A)
∼=

δ(v)k(d) and Ext
d
Aop(vk,A)

∼= kδ−1(v)(d) for all v ∈ Q0. Here δ is the permutation of Q0
given in Definition 1.

In the rest of this paper, A is always a noetherian AS-regular Koszul quiver algebra of
global dimension d.

Example 6. (1) A polynomial ring k[x1, . . . , xd] is clearly a noetherian AS-regular Koszul
(quiver) algebra of global dimension d.
(2) Let k〈x1, . . . , xd〉 be the free associative algebra, and (qi,j) a d×dmatrix with entries

in k satisfying qi,jqj,i = qi,i = 1 for all i, j. Then A = k〈x1, . . . , xn〉/( xjxi − qi,jxixj | 1 ≤
i, j ≤ d ) is a noetherian AS-regular Koszul algebra with global dimension d. This fact
must be well-known to the specialist, but we will sketch a proof here. Since x1, ..., xd ∈ A1
form a regular normalizing sequence with k = A/(x1, . . . , xd), A is a noetherian ring with
a balanced dualizing complex by [12, Lemma 7.3]. We can construct a free resolution of
k = A/r, which is a “q-analog” of the Koszul complex of a polynomial ring k[x1, . . . , xd].
So A is Koszul and has global dimension d. Since A has finite global dimension and
admits a balanced dualizing complex, it is AS-regular (c.f. [12, Remark 3.6 (3)]).
(3) For examples of non-connected AS regular algebras, see [6].

For M ∈ GrA, set
Γr(M) = lim→

HomA(A/r
n,M) = { x ∈M | An x = 0 for n
 0 } ∈ GrA.

Then Γr(−) gives a left exact functor from GrA to itself. So we have a right derived
functor RΓr : D

b(GrA) → Db(GrA). For M• ∈ Db(GrA), Hi
r(M

•) denotes the ith

cohomology of RΓr(M
•). Similarly, we can define RΓrop and H

i
rop for D

b(GrAop) in the
same way. If M is an A-A bimodule, H i

r(M) and H
i
rop(M) are also.

Since A is AS regular, we haveRΓr(A) ∼= A∨(d)[−d] inDb(grA). By the same argument
as [18, Proposition 4.4], we also have RΓr(A) ∼= A∨(d)[−d] in Db(grAop). It does not
mean that Hd

r (A)
∼= A∨(d) as A-A bimodules. But there is an A-A bimodule L such that

L⊗AHd
r (A)

∼= A∨(d) as A-A bimodules. Here the underlying graded additive group of L
is A, but the bimodule structure is give by A × L × A � (a, l, b) �→ φ(a)lb ∈ A = L for
a (fixed) graded k-algebra automorphism φ of A. In particular, L ∼= A as left A-modules
and as right A-modules (separately). If A is commutative, then φ is the identity map.
Set L′ ∼= HomA(L,A) and D• := L′(−d)[d]. Note that D• belongs both Db(grA) and

Db(grAop). We have Hi
r(D•) = Hi

rop(D•) = 0 for all i �= 0 andH0
r (D•) ∼= H0

rop(D•) ∼= A∨ as
A-A bimodules by the same argument as [18, §4]. Thus (an injective resolution of) D• is a
balanced dualizing complex of A in the sense of [18]. It is easy to check thatRHomA(−,D•)
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and RHomAop(−,D•) give duality functors between Db(grA) and Db(grAop), which are
quasi-inverse of each other.

Theorem 7 (c.f. Yekutieli [18] and Martinez-Villa [9]). For M• ∈ Db(grA), we have

RΓr(M
•)∨ ∼= RHomA(M

•,D•). In particular, (H i
r(M

•)j)
∗ ∼= Ext−iA (M•,D•)−j .

The above result was proved by Yekutieli in the connected case. (In some sense,
Martinez-Villa proved a more general result than ours, but he did not concern complexes.)
The proof of [18, Theorem 4.18] also works in our case.

Definition 8 (Jørgensen, [8]). For M• ∈ Db(grA), we say

reg(M•) := sup{ i+ j | Hi
r(M

•)j �= 0 }
is the Castelnuovo-Mumford regularity of M•.

By Theorem 7 and the fact that RHomA(M
•,D•) ∈ Db(grAop), we have reg(M•) <∞

for all M• ∈ Db(grA).

Theorem 9 (Jørgensen, [8]). If M• ∈ Cb(grA), then
reg(M•) = max{ i+ j | βij(M•) �= 0 }.(2.1)

When A is a polynomial ring and M• is a module, the above theorem is a funda-
mental result obtained by Eisenbud and Goto [5]. In the non-commutative case, under
the assumption that A is connected but not necessarily regular, this has been proved by
Jørgensen [8]. (If A is not regular, we have reg(A) > 0 in many cases. So one has to
assume that regA = 0 there.) In our case (i.e., A is AS-regular), we have a much simpler
proof. So we will give it here. This proof is also different from one given in [5].

Proof. Set Q• := Hom•
A(P

•, L′(−d)[d] ). Here P • is a minimal projective resolution ofM•,
and L′ is the A-A bimodule given in the construction of the dualizing complex D•. Note
that HomA(Pv, L

′) ∼= δ−1(v)P for all v ∈ Q0. Let s be the right hand side of (2.1), and l
the minimal integer with the property that βls−l(M

•) �= 0. Then ι(Q−d−l) = l− s+d, and
ι(Q−d−l+1) ≥ l − s+ d. Since Q• is a minimal complex, we have

0 �= H−d−l(Q•)l−s+d = Ext
−d−l
A (M•,D•)l−s+d = (Hd+l

r (M•)−l+s−d)
∗.

Thus reg(M•) ≥ s. The opposite inequality can be proved similarly and more easily.

3. Koszul duality

In this section, we study the relation between the Castelnuovo-Mumford regularity of
complexes and the Koszul duality. For precise information of this duality, see [2, §2].
Recall that A = kQ/I is a graded quiver algebra over a finite quiver Q. Let Qop be the

opposite quiver of Q. That is, Qop0 = Q0 and there is a bijection from Q1 to Q
op
1 which

sends an arrow α : v → u in Q1 to the arrow α
op : u → v in Qop1 . Consider the bilinear

form 〈−,−〉 : (kQ)2 × (kQop)2 → A0 defined by

〈αβ, γopδop〉 =
{
ev if α = δ and β = γ,

0 otherwise
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for all α, β, γ, δ ∈ Q1. Here v ∈ Q0 is the vertex with β ∈ Aev. Let I⊥ ⊂ kQop be the ideal
generated by { y ∈ (kQop)2 | 〈x, y〉 = 0 for all x ∈ I2 }. We say kQop/I⊥ is the quadratic
dual ring of A, and denote it by A!. Clearly, (A!)0 = A0. Since A is Koszul, so is A!.

Since A is AS regular, A! is a finite dimensional selfinjective algebra with A =
⊕d

i=0Ai
by [10, Theorem 5.1]. If A is a polynomial ring, then A! is the exterior algebra

∧
(A1)

∗.

Let V be a finitely generated left A0-module. Then HomA0(A
!, V ) is a graded left

A!-module with (af)(a′) = f(a′a) and HomA0(A
!, V )i = HomA0((A

!)−i, V ). Since A
! is

selfinjective, we have HomA0(A
!, A0) ∼= A!(d). Hence HomA0(A

!, V ) is a projective (and
injective) left A!-module for all V . If V has degree i (e.g., V = Mi for some M ∈ grA),
then we set HomA0(A

!, V )j = HomA0(A
!
−j−i, V ).

For M• ∈ Cb(grA), let G(M•) := HomA0(A
!,M•) ∈ Cb(grA!) be the total complex

of the double complex with G(M•)i,j = HomA0(A
!,M i

j) whose vertical and horizontal
differentials d′ and d′′ are defined by

d′(f)(x) =
∑

α∈Q1

αf(αopx), d′′(f)(x) = ∂M•(f(x))

for f ∈ HomA0(A
!,M i

j) and x ∈ A!. The grading of G(M•) is given by

G(M•)pq :=
⊕

p=i+j, q=−l−j

HomA0((A
!)l,M

i
j).

Similarly, for a complex N • ∈ Cb(grA!), we can define a new complex F(N•) :=
A⊗A0N • ∈ Cb(grA) as the total complex of the double complex with F(N •)i,j = A⊗A0N i

j

whose vertical and horizontal differentials d′ and d′′ are defined by

d′(a⊗ x) =
∑

α∈Q1

aα⊗ αopx, d′′(a⊗ x) = a⊗ ∂N•(x)

for a⊗ x ∈ A⊗A0 N i. The gradings of F(N•) is given by

F(N•)pq :=
⊕

p=i+j, q=l−j

Al ⊗A0 N i
j .

Clearly, each term of F(N •) is a projective A-module. For a module N ∈ grA!, F(N) is
a minimal complex. Hence we have

βij(F(N)) =
{
dimkNi if i+ j = 0,

0 otherwise.

The operations F and G define functors F : Db(grA!)→ Db(grA) and G : Db(grA)→
Db(grA!), and they give an equivalence Db(grA) ∼= Db(grA!) of triangulated categories.
This equivalence is called the Koszul duality. When A is a polynomial ring, this equiva-
lence is called Bernstein-Gel’fand-Gel’fand correspondence. See, for example, [4].

Proposition 10 (c.f. [4, Proposition 2.3]). In the above situation, we have

βij(M
•) = dimkH

i+j(G(M•))−j .
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Proof.

ExtiA!(A0,N
•)j ∼= HomDb(grA!)(A0, N

•[i](j))
∼= HomDb(grA)(F(A0), F(N •[i](j)) )
∼= HomDb(grA)(A, F(N•)[i+ j](−j) )
∼= H i+j(F(N•))−j .

The next result immediately follows from Theorem 9 and Proposition 10.

Corollary 11. reg(M•) = max{ i | H i(G(M•)) �= 0 }.

For M• ∈ Db(grA), set H(M•) to be the complex such that H(M•)i = H i(M) for all
i and all differential maps are zero. By a spectral sequence argument, we see that

reg(H(M•)) ≥ reg(M•).(3.1)

In the next section, we will see that the difference reg(M•)−reg(H(M•)) can be arbitrary
large. For N • ∈ Db(grA!), we can define H(N•) is the same way.
We can refine Proposition 10 using the notion of linear strands of projective resolutions,

which was introduced by Eisenbud et. al. ([4, §3]). Let P • be a minimal projective
resolution of M• ∈ Db(grA). Consider the decomposition P i :=

⊕
j∈Z P

i,j such that

any indecomposable summand of P i,j is isomorphic to a summand of A(−j). For an
integer l, we define the l-linear strand proj. linl(M

•) of a projective resolution of M• as
follows: The term proj. linl(M

•)i of cohomological degree i is P i,l−i and the differential
P i,l−i → P i+1,l−i−1 is the corresponding component of the differential P i → P i+1 of P •.
So the differential of proj. linl(M

•) is represented by a matrix whose entries are elements
in A1. Set proj. lin(M

•) :=
⊕

l∈Z proj. linl(M
•). Clearly, βij(M

•) = βij(proj. lin(M
•)) for

all i, j.

Proposition 12 (c.f. [4, Corollary 3.6]). For N • ∈ Db(grA!), we have

proj. linl(F(N•)) = F(H l(N•))[−l], in particular, proj. lin(F(N•)) = F(H(N •)).

4. Weakly Koszul Modules

Let B be a noetherian Koszul algebra with the graded Jacobson radical r. ForM ∈ grB
and i ∈ Z,M〈i〉 denotes the submodule ofM generated by its degree i componentMi. The
next result naturally appears in the study of Koszul algebras, and might be a folk-theorem
(see [17] for further information).

Proposition 13. In the above situation, the following are equivalent.

(1) M〈i〉 has a linear projective resolution for all i.
(2) Hi(proj. lin(M)) = 0 for all i �= 0.
(3) grrM :=

⊕∞
i=0 r

i−1M/riM has a linear resolution as a B (∼= grrB)-modules.

Definition 14 (Martinez-Villa et.al., c.f. [11]). We say M ∈ grB is weakly Koszul, if it
satisfies the equivalent conditions of Proposition 13.
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If M ∈ grB has a linear resolution, then it is weakly Koszul. Moreover, if M is weakly
Koszul, then the ith syzygy Ωi(M) is also for all i ≥ 1.

Let A be a noetherian AS-regular Koszul quiver algebra of global dimension d, and A!

its quadratic dual, as in the previous sections.

Theorem 15 (Martinez-Villa and Zacharia, [11]). If N ∈ grA! (or N ∈ gr (A!)op), then
the ith syzygy Ωi(N) is weakly Koszul for i
 0.

Definition 16 (Herzog et. al., [7, 14]). For 0 �= N ∈ grA! (or N ∈ gr (A!)op), set

lpd(N) := inf{ i ∈ N | Ωi(N) is weakly Koszul }.

Remark 17. Herzog and Iyengar ([7]) studied the invariant lpd over noetherian commuta-
tive Koszul algebras. Among other things, they proved that lpd(M) is always finite over
some “nice” rings (e.g., graded complete intersections which are Koszul).

The next result follows from Corollary 11 and Proposition 12.

Theorem 18. Let N ∈ grA!, and N ′ := HomA!(N,A
!) ∈ gr (A!)op its dual. Then we

have

lpd(N ′) = reg(H ◦ F(N) )
= max{ reg(H i(F(N))) + i | i ∈ Z }.

Note that reg(H ◦ F(N)) ≥ reg(F(N)) = max{ i | Hi(G ◦ F(N)) �= 0 } = 0 by the
inequality (3.1) and Corollary 11.
If lpd(N) ≥ 1 for some N ∈ grA!, then sup{ lpd(L) | L ∈ grA! } = ∞. In fact, if

Ω−i(N) is the i
th cosyzygy of N (since A! is selfinjective, we can consider cosyzygies), then

lpd(Ω−i(N)) > i. But when A is the polynomial ring S = k[x1, . . . , xd] and A
! is the

exterior algebra E =
∧
〈y1, . . . , yd〉, we have an upper bound of lpd(N) for N ∈ grE

depending only on max{ dimkNi | i ∈ Z } and d. But before stating this, we recall a
result on a upper bound of reg(M) for M ∈ grS.

Theorem 19 (Brodmann and Lashgari, [3]). Let S == k[x1, . . . , xd] be a polynomial
ring. Assume that a graded submodule M ⊂ S⊕n is generated by elements whose de-
grees are at most δ. Then we have reg(M) ≤ nd!(2δ)(d−1)!.

When n = 1 (i.e., when M is an ideal), the above bound is given by Bayer and
Mumford [1], and sharper than it seems. In fact, for each m ∈ N, there is an ideal
I ⊂ k[x1, . . . , x10m+1] which is generated by elements of degree at most four but satisfies
reg(I) ≥ 22

m
+ 1. For our study on lpd(N), the case when δ = 1 (but n is general) is

essential. When n = δ = 1, we have reg(M) = 1 in the situation of Theorem 19. So I
believe that the bound can be largely improved (at least) when δ = 1.

Theorem 20. Let E =
∧
〈y1, . . . , yd〉 be an exterior algebra, and N ∈ grE. Set n :=

max{dimkNi | i ∈ Z }. Then lpd(N) ≤ nd!2(d−1)!.

Proof. Set L := N ′ ∈ grE. (For graded E-modules, we do not have to distinguish left
modules form right ones.) By Theorem 18, it suffices to prove reg(Hi(F(L))) + i ≤
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nd!2(d−1)! for each i. We may assume that i = 0. Note that H0(F(L)) is the cohomology
of the sequence

S ⊗k L−1
∂−1−→ S ⊗k L0

∂0−→ S ⊗k L1.
Since im(∂0)(−1) is a submodule of S⊕dimk L1 generated by elements of degree 1, we have
reg(im(∂0)) < n

d!2(d−1)! by Theorem 19. Consider the short exact sequence 0→ ker(∂0)→
S ⊗k L0 → im(∂0) → 0. Since reg(S ⊗k L0) = 0, we have reg(ker(∂0)) ≤ nd!2(d−1)!.
Similarly, we have reg(im(∂−1)) ≤ nd!2(d−1)! by Theorem 19. By the short exact sequence
0→ im(∂−1)→ ker(∂0)→ H0(F(L))→ 0, we have reg(H0(F(L))) ≤ nd!2(d−1)!.

In a special case, there is much more reasonable bound for lpd(N).

Definition 21 (Römer, [13]). We say an integer vector a = (a1, . . . , ad) ∈ Zd is square-
free, if ai = 0, 1 for all i. Let N =

⊕
a∈Zd Na be a finitely generated Zd-graded modules

over the exterior algebra E =
∧
〈y1, . . . , yd〉. We say N is squarefree, if Na �= 0 implies

that a is squarefree.

This concept naturally appears in the study of combinatorial commutative algebra (c.f.
[14, 16]). For example, all monomial ideals of E are squarefree.

Proposition 22 (Herzog and Römer, [14]). If N is a squarefree E-module, then we have
lpd(N) ≤ d− 1.

In [17], we describe lpd(N) for a squarefree E-module N in terms of combinatorial
commutative algebra. We will show it below in the case when N is a monomial ideal. We
also remark that there is a squarefree E-module N with lpd(N) = d− 1.
Set [d] := {1, . . . , d}. Let ∆ ⊂ 2[d] be an (abstract) simplicial complex (i.e., F ∈ ∆

and G ⊂ F imply G ∈ ∆). It is easy to see that ∆∨ := {F ⊂ [d] | [d] \ F �∈ ∆ } is a
simplicial complex again. We also have ∆∨∨ = ∆. Set J∆ = (

∏
i∈F yi | F ⊂ [d], F �∈ ∆ )

to be a monomial ideal of E. Any monomial ideal of E is given in this way. Similarly,
set I∆ = (

∏
i∈F xi | F ⊂ [d], F �∈ ∆ ) to be a monomial ideal of S, and call it the

Stanley-Reisner ideal of ∆. Any squarefree monomial ideal of S is given in this way.

Proposition 23. For a simplicial complex ∆ ⊂ 2[d], we have
lpd(J∆) = max{ i− depthS( Extd−iS (S/I∆∨ , S) ) | 0 ≤ i ≤ d }.(4.1)

Here we set the depth of the 0 module to be +∞.

If Extd−iS (S/I∆∨ , S) �= 0, then we have i− depthS( Extd−iS (S/I∆∨ , S) ) ≥ 0. One might
think the right side of the equality (4.1) is strange. But the right side of (4.1) equals
0 if and only if S/I∆∨ is sequentially Cohen-Macaulay (see [15]). In this sense, lpd(J∆)
measures “how is S/I∆∨ far from sequentially Cohen-Macaulay?”.

Corollary 24 (Römer, [13]). For a simplicial complex ∆ ⊂ 2[d], the following are equiv-
alent.

(1) J∆ ⊂ E is weakly Koszul.
(2) I∆ ⊂ S is weakly Koszul.
(3) S/I∆∨ is sequentially Cohen-Macaulay.
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We remark that there are many examples of Stanley-Reisner ideals I∆ ⊂ S which
are weakly Koszul (dually, Stanley-Reisner rings S/I∆ which are sequentially Cohen-
Macaulay).

Corollary 25. If d ≥ 3, then we have lpd(E/J∆) ≤ d− 2.
In this moment, I have no idea whether the above bound is (nearly) sharp for large d.
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[14] T. Römer, On minimal graded free resolutions, Thesis, University of Essen, 2001.
[15] R. Stanley, Combinatorics and commutative algebra, 2nd ed. Progress in Math., 41. Birkhäuser
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