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WEIGHTS FOR SOME FINITE GROUPS
Jianbei An

Department of Mathematics
University of Auckland
Auckland, New Zealand

1. The Alperin Weight Conjecture

~Let G be a finite group, p a prime, and O,(G) the largest normal p-subgroup
of G. In addition, let R be a p-subgroup of G, N(R) the normalizer of R in G, and
® an irreducible ordinary character of the normalizer N(R). Then a pair (R, ) is
called a weight (character version) for G if R is a subgroup of the kernel of ¢ and ¢
has p-defect 0 as a character of the factor group V(R)/R, where the p-defect of ¢ is
the largest integer a such that p® divides %. A weight (R, ¢) is always identified

with its G-conjugates.
Alperin’s Weight Conjecture (1987): The number of weights for the group G
equals the number of irreductble Braver characters of G.

A stronger form of this conjecture is also given by Alperin. Let B be a p-block
of G. Then a weight (R, ) is called a B-weight if the block B(¢) of the normalizer
N(R) containing ¢ induces the given block B (in the sense of Brauer).

The Block Form of the Conjecture: The number of B-weights equals the number

of irreducible Braver characters in the block B.

2. Two Equivalence Forms

There are several equivalence forms. Here, we state two of them.

The first form is the Knérr-Robinson form.
Let H be a subgroup of a finite group G, and let 3 be an irreducible ordinary
character of H. Then ¢ lies in a unique p-block B(%) of H. Given a p-block B of



G, denote by k(H,B) the munber of irreducible ordinary characters ¢ of H such
that the block B(1) induces the block B.
A p-subgroup chain
C:Qo<h <...<Qp

of length n is called a normal p-chain if each subgroup @; is a proper normal
subgroup of @, for 1 <i < n — 1. Let N be the set of all normal p-chains. Then
G acts on N by conjugation, and the stabilizer

Nz N(Q:)

of the chain C in G is called the normalizer N(C) of C. The block form of Alperin'’s

weight conjecture is equivalent to the following.

The Knorr-Robinson Form (1989): Whenever G i3 a finite group and B i3 a

p-block, we have

Y. (D€l (C),B) =0,

_ CEN/G
where |C| 1s the length of C and N'/G is a set of representatives of G-orbits in N.
This form translated Alperin’s weight conjecture into one involving only ordi-

nary irreducible characters.

The second form is the Robinson-Staszewsk: form.

Let X be a finite group, Y a normal subgroup of X, and @ a p-subgroup of Y.
A p-block b of the quotient group Nx(Q)/Q is called lying over a p-block b' of the
quotient group Ny(Q)/Q if there exists an irreducible character ¢ in b such that
the restriction of £ to Ny (Q)/@Q has an irreducible constituent in b (or equivalently

we say that b’ is covered by b).

The Robinson-Staszewski Form (1990): Whenever X s a finite group, Y a
normal subgroup of X, and B a p-block of X, then the number {(B) of irreducible

Brauer characters of B satlisfies the equation
0By =7 > b,
Q

where Q runs over all p-subgroups of Y’ (up to X -conjugacy) and b runs over blocks
of Nx(Q)/Q in Brauer correspondence to the block B, lying over blocks of Ny (Q)/Q
having defect 0.



This form translated Alperin’s weight conjecture into one involving only Brauer
irreducible characters.
Using this form Robinson and Staszewski proved that a minimal counterexam-

ple to Alperin’s weight conjecture has no normal subgroup of index p.

3. Dade’s Reduction Theorem

In 1988, E. Dade gave a stronger form of Alperin’s weight conjecture and
reduced the form to a question about almost-simple groups. Since almost-simple
groups have been classified, it is possible to prove the stronger form using case-by-

case analysis.

~ Let K be a finite group having G as a normal subgroup and Z a central sub-
group of I{ contained in G. In addition, let F be an algebraically closed field of
characteristic p, and F* its multiplicative group. Given a p-modular character x
of the group G, denote by IK(x) the stabilizer of x in K. Thus there exists a
unique element a(x) associating to the character x in the second cohomology group
H?(K(x)/G,F*) of the factor group K(x)/G with coefficients in the group F*.
Similarly, if (R,¢) is a weight for G, then ¢ can be viewed as a modular
character of the normalizer Ng(R), and its stabilizer in the normalizer Ny (R) is
denoted also by (). Thus ¢ associates to an element a(y) in the cohomology

group H2(K(p)/Ng(R),F*). Moreover, the two cohomology groups are isomorphic,
H*(K(p)G/G,F*) 2 H*(K(p)/Na(R),F*),

so a(¢p) can be regarded as an element of the cohomology group H?*(K(¢)G/G,F*).

A Stronger Form (Dade 1988): Fiz a linear character ¢ of Z, a subgroup L
of I{ containing G, a p-block B of G and an element 8 of the cohomology group
H?(L/G,F*). Then the number £(B,¢, L, B) of irreducible modular characters x of
B satisfying x lies over £, the stabilizer K(x) of x in K is L and the element a(x) is
B, should be equal to the number w(B,€, L, B) of G-conjugacy classes of B-weights
(R, @) satisfying o lies over €, the product I{(p)G of the stabilizer K(yp) and G 1s
L and the element a(p) 1s B.

A triple (G, I, Z) is called almost-simple if the factor group G/Z is a finite ‘
simple group, G =[G, G] is perfect and Z is the centralizer Ci(G) of G in K.



Dade’s Reduction Theorem (1988): The stronger form holds for arbitrary triple
(G, K, Z) if it holds for almost-simple triple (G, K, Z).

So this theorem give us a possible way to prove Alperin’s weight conjecture.

4. Current Works

The conjecture (block form) has been confirmed for the following cases.

Blacks:

(a) Cyclic and tame blocks (by Dade, Uno).
(b) Abelian defect blocks with small inertial index (by Puig and Usami).
(c) Abelian defect principal 2-blocks (by Fong and Harris).

(d) Abelian defect unipotent blocks of a finite reductive group (by Broué, Malle
and Michel).

Groups:

(a) p-solvable groups (by Okuyama, Isaacs, Navarro, Gres, Barker).

(b) Groups of Lie type in the defining characteristic (by Alperin, Cabanes, and
reproved by Lehrer and Thévenaz).

(¢) Sn (by Alperin and Fong).

(d) Classical groups in non-defining characteristics (by Alperin, Fong, Conder
and An). In this case, the numbers of .irreducible Brauer characters for blocks of
symplectic and even-dimensional orthogonal groups are unknown when p # 2.

(€) §2(2"*1), 2Ga(g?), 2Fala?), G2(q), > Da(q) (by Dade, An).

(f) M1, My2, M3y, Mys, My, He, Cos, J, (by Dade, Conder, An).

(g) The covering groups of S, and A, (p # 2) (by Michler and Olsson ).

(h) Wrath product groups G 1 Sy, provided the conjecture holds for that finite
group G (by Ewert)

5. Two Approaches

There are two basic approaches to confirm the conjecture for some finite groups.

(a) First one is an application of Broué’s perfect isometry theory. Alperin

proved that if a defect group of a block B is abelian, then the number of B-weights



is the number €()) of irreducible Brauer characters of the Brauer correspondent b.

So the proof of the conjecture for B is equivalent to that of the following equation

If there exists a perfect isometry between B and its Brauer correspondent b, then
the above equation holds, so that the conjecture holds for the block B. The papers
[BMM], [FH]|, [PU1], [PU2] and [U1-3] are references of this approach.

(b) Second approach is an approach of direct calculation, either using the defi-
nition of weight or an equivalent form of the conjecture. The papers [AF], [A1-10],
[AC1-2], [E], [LT] and [MO] are references of this approach.
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| HIBED tilting module ¢ Buchsbaum-Rim %14

B BARFEFRBMEREE 4 A9 (Mitsuyasu Hashimoto)

T 464 BB EREX AERH 1-1-20 hasimoto@math.nagoya-u.ac.jp

0 Buchsbaum-Rim #® resolution — BEEE =

RAOTBRT, mn,t i 1<t<m<n 2% TER V=R""W=R"¥tt+5%, R L
DML TR S = Sym(V @ W) 1, mn BHREERB Rle]icicm 1<jcn & BRICARTS
bo Iy = Ii(zy;) 12X >T, m xn 175 (i) DETD t ROMFHIFI & ofﬂilﬁéné
SDAFTNeEY, I 1 $1751X 1 7° 7 IV (determinantal ideal) ® % THI N, TIRIRGH O
MR L & B, BICHRBEOWA T T VOBE L TR A L FEETR 4 2REIHIONTE L
(8o '

CITW, S/L LR L OEBMSROMBILES S TTER b,

fI%E 0.1 S/I, @ S-module & LTHHRE KSR
02) 0= AF, - o RS 5 5/L -0
THoT, [ROMEEFHObD| 2HHRE L,
CORBEIIR- TS 6 0 FERWHFLY D OMKALRT SO —FTEIOLNTEATEY, 4
BREEMRL SN TS, SR ELZ B v,

$HERTE Cohen-Macaulay ¥ BEUHZIEF LT, S ORI T 5 Hochster
& Eagon IZ X AHEELHFHR [32] 2 ¥~ 5,
R %% commutative noetherian ring, M # 0 HERAEK R MBEL T 5,

grade M = gradep M := inf{i| Exth(M, R) # 0}
EBWVT, grade M % M O grade LIE5, M #0 7% 61, REX
grade M < codim M < proj.dimp M

ALY B [49)0 =142, codim M := ht ann M 13 M @ codimension & IHE1%, grade M =
proj.dimg M DI, M & perfect module TH 5 &\,

F3I2 0.3 (Hochster-Eagon) R 7% noetherian &3 50 S/I; i& S-module & LT perfect of
codimension (m —t + 1)(n —t+1) TH 5,



S, (02) KBWT, L hA>(m—t4 1) (n—t+1) ELB I EDFhD, Tz, perfect
module O —#iii & LT, R #% Cohen-Macaulay (L 72455 T S % Cohen-Macaulay) TdHh
&, 5/, b5 THb, $£72, R »° normal domain THNiL, S/I, %) TH5H I L5
5o o

7, S/ RMTFELTCEHRMBETH S, SO LI, F % S/I, O S-free resolution
Toh i, {EE D commutative R-algebra R {234 LT, R' @z F A% 5'/I; ® S'-free resolution
THHIEERTe I, S =R QrSE Rz, Il = LS Thbh, LIA>T, HHAE
¥R Z LT resolution (0.2) &1EhiE, (ILE D R (3 Z-algebra 724 5), BiF% R LTD
resolution Z MR L7: 2 &il% b, HL, Z LTOMRE 0.1 BUTIZRA & 910, W% Ko
TVEDHEFTH 5,

Graded minimal free resolution HFE z;; TR 1 LEDHI LITLY, SR
EEFHIRTH D, I 13t KA THE E D graded ideal Tdh 5, Resolution (0.2) A% graded
TdH b Eid, BiZ finite free S-resolution Td % 721J T/ {, graded S-modules @ category
T® complex 2% >Tv5 (0Fh, & F; # graded T, & 6; "R BEEROBH) 2L %
W,

B oz; ETCTEREND SOAFTNVE S, TET (BWEILLE, S, =L). (0.2) #°
minimal T 5 & i3, FED i > 1 SH LT, 6@5/S, 70 THBI L%\, Minimal &
V) BEOTKRIE, ROR ML #BIC L > THB s S,

##H%E 0.4 RHPKRTHHLIRET B, ZOK, KAWL T 5,

1 S/1, O graded minimal free resolution #%, graded S-complexes M % % EHFHIF—
BT 5,

2 5L G »° S/I; D graded S-free resolution TH i, G i graded S-complex & LT,
FoG LEMMHES B, ZZI, F i, S/I, ® graded minimal free resolution, G’ i3,
graded 7 S-free complex T, exact Zb D TH 5,

3 F 7% S/I, ® graded minimal free resolution T#& i, rank F; = dimp Tor; (S/1L, S/S4)
Thbo I, sup{i|Fi£0}=(m—t+1)(n—t+1) ThHb,

o rank F; = dimg Tor? (S/I,, S/S,) I ith Betti number & P2 RER T, THIRG
TIIEELLDTH S, &T, R P D noether RDGFEIZFE - T, F A% R LT graded
minimal free resolution T& i, commutative R-algebra R’ (2% L T, base change R' @z F
{3 S'/I, ® graded minimal free resolution T 5 Z L IZRRXT V', 2T, Z L TOHEA
FIREIZ 2 %, RO 7% ) BEMLHERFFONT WA,

TEIZ 0.5 ([26, 27, 48]) R =Z Ok, S/I; ® graded minimal free resolution HHF{ET 5 Z
kb t=1Fdm—-t<2THHILIIRETH S,



Equivariant resolution Reductive R-group scheme G = GL(V) x GL(W) ¥# 2 5,
V®W i3 G-module 2 DT, S'=Sym(V ® W) 21X G #* R-algebra isomorphism TYER ¥
5o I 13 G-ideal (177 W Tdh > T G-submodule) Th b, TN T &id, E4iH» S ERTY
N THATHND rank BAETHALI LI LRHICHEBTE L,
Finite free S-resolution F A% G-equivariant T 5 & i3, F % (G, S)-modules ® category
(B#iX % 1.11 ¥ BH) TO complex TbHH I L F 1),
R, equivariant resolution 2B L TEARWTH 5,

#WRE 0.6 LOEFOTIZ, KAWL T 5,
0 G-equivariant resolution {3 graded S-complex D &2,
1 S/I, O finite free S-resolution T, G-equivariant % b DVTFET 5,

2 b L R PHHEA % EDIE, graded minimal S-free resolution ¢ G-equivariant 7 b D3,
(G, S)-complexes DT % AR I —FMIHFEET %,

3 X »*noetherian R-scheme, V & W {& X £ vector bundles T, rankV = m,rank W = n
ET Do p:V - W* ik bundle map & L, Z := Zero(A'p) #0 &£ T 5, 3512,
depthy Z=(m—t+1)(n—t+1) LHET 5, T II,

depthy Z := inf{gradey, Oz.|z € Z}

ThHbo DK, finite free S-resolution T (G, S)-complex TbH 5 F A2 b b
&, canonical %2 {7 T, Oz ® bundle resolution

OHFh(V,W)—b”-—bFl(V,W)—bOx—>02—>0
PO,

Ek 0 1, t - (tidy,tidw) K& > T, G = G THH, (G, S)-complex (&, (G, S)-
complex, Bl 6, graded S-complex & %25 Z & Ha3d 5, Eik 1 ICBL T3, [30] £ B, 2
¥ R=Q OW2EZ TR, BETHROEAO KR TH D, TOERIIE R ZHEE
HThoT, BFRWHRHERICE L TXTH Vo TS, A, Lascoux [37], Pragacz-Weyman
[45] 2 & o T, D TREKMIZZ DA D G-equivariant graded minimal free resolution %%

s TB Y, 2, SOBAE D Betti numbers b EIE TR LRIKEIC R ->TWA, RDQ

DHGEOME 0.1 BELIFRINTLEVOoTRVWTH A ),
3DEMLERELRMBLUTEEL ZA2DT, S TRMNAZITICEEDEL, BELR
Z i, BT resolution #F scheme LIZ LMo T, kY EhEDT) T L {720,
G-equivariance 25143 A2 & THh b,
R =7 OID, graded minimal free resolution T, G-equivariant % b Did, KOG EIZHE
BEhTwa,



il 0.7 t =1 DO, Koszul complex Kos(zij; S):
0= SOA™(VOW)— - SOA(VOW)—> S-S/, -0
1, S/I, ® G-equivariant graded minimal S-free resolution T& 5,
Koszul complex (2 L T, [42] 2 5k,

il 0.8 ¢ = m DK, Eagon-Northeott [20] IZ & T, S/I,, @ graded minimal S-free resolution
PRAEMICHER S 7z, 2D, Buchsbaum [10] 2 & o T, Eagon-Northcott resolution 7¥
divided power &I ZIGH L T (G, S)-resolution & L TEEL (i3 Niz, £DRAEM LT
132 2 T~ 7275, Buchsbaum DFERIZ L D, 2O resolution ZERTHND X7%(n)-

resolution 2% o TWh,

FIZ <RI ZoDHI T, &I graded minimal S-free resolution i3 linear {272 o Tw»
b0 Z L@ graded minimal S-free resolution iX,t=m —1,m -2 OHFHIOFET 5 (%
H0.5) t=m—1 ORI, Akin-Buchsbaum-Weyma.n [1] 12 &> T, Hie b BAKEY 22 AR
DR ENTV B, T hAS G-equivariant TH B2 E ) PRITFHATH b, t=m—1,m -2
1§12, graded minimal S-free resolution 7% G-equivariant structure D H» &) MI4D &
Z % open TH b,

Buchsbaum-Rim resolution Eagon-Northcott @ resolufion () 0.8) ML I /D
, WIZFERE ML, Buchsbaum & S/1, @ finite free S-resolution T, «kﬂ)if/ ’5:?#’3 ‘
(G S)-complex % HEH L 7= [9]o

0= Foogr = = Fy = § = /Iy — 0,
T, P> 1 EDnT,

F; = &) SENOVOAOIV . @ NIV A™V @ ™0 W
1<8(1),8(i—1)<m ‘

TdH5bo T resolution i minimal TiZ7x v & 9 5T, Eagon-Northcott complex 1245 %
M, & F; BV BLUYF W O exterior powers @ tensor product DEHI TEHML S T 5 LA
HRETdH b, H21E Grassmann variety @ universal quotient @ LfEE®D ¢ > 0 1I2WV T,
A* Q @ higher cohomology & (Kempf’s vanishing theorem 2 & 0 ) {H#k¥ 5 7% &', exterior
power {3, divided power DF7- LWV RWHEE 2> TV b, T O resolution {3 generalized
Koszul complex, ¥ 7ziZ Buchsbaum-Rim resolution @ THI LN TV 5 [9, 12, 13].

DX ) BERDOTIZ, Buchsbaum & Weyman (2L 0, KDL ) REEMRARLNTW
5 (116

fIZE 0.9 EED t (1 <t <m) 2L T, finite free S-resolution
F:02F,— - 2 F->5S->5/-0
THo T, kOEM %KL 0% BERMICHERYE Lo



1 F {3 G-equivariant T 5,
2 h=projdimg S/ =(m—t+1)(n—t+1) THbo

3E8TDi>1IE20VT, (G,S)module & LT, F; 2 S®T(®), THE) E ANVONW OF
® G-modules ? tensor products ? direct sum TdH 5, '

Buchsbaum %5 ¢t = m OIFIZHEN L 228K LD /2L T b, LD LEDD,
R = Q D0 Lascoux-Pragacz-Weyman O resolution &, 3L AL'DHE 3 £F/2 8%\
TIT, KOENEZE R B,

3 E&THDi>1Z2VWT, (G,S)module & LT, F; 2 SQT@E), T(E) 3 AVONW DO
? G-modules @ tensor products ? direct sum @ direct summand T 5%,

Cohomology @ vanishing % & DEE 3 direct summand 2 bEIET 505, 3" 12H HR
3% 5 LB LPW resolution 3, 1,2,3' 2#7:%, €2 C, S/I, ® finite free S-resolution
T, 1,2,3 25573 b D%, Buchsbaum-Rim £ resolution L EHET 5,

C OREICEE L T, KOFRVF LN,

EIR 0.10 R % WL ¥ 5K, S/I, O Buchsbaum-Rim B resolution & fFET 5, &
512 R B3 — Y BFRETHIL, S5, KOUE %> S/I, ® Buchsbaum-Rim B o
resolution F 7%, (G, S)-complex D& % AR T Hd, —BIIHFET 5, '

4 4L G #% S/, ® S-free resolution T, 1,3’ D&% FAT % 6, (G,S)-complex & L
TOGMEG2FG T, G 1,3 2T RENNTHALDOFFET 5,

CORBIGEZ AFEEHRTH> T, BRMLZHEZS 25 0DTERVL, TOEN 3
&3 OMELDZHIERGOLIAROPo TRV, KIFOKRY OESOEINE, ZOE
BOGEHOT I I A v ERTIEREEET 5, NNVON W O tensor products @ direct
sum @ direct summand TH 5 &5 T &, G DEFXFRTH - T, 22 tilting TH b &
W) T EAl S v, R EDOHHEE (reductive group) @ tilting &I, quasi-hereditary
algebra ® A-good approximation % L C Ringel [47] 2 & o> TH R 31, Donkin [18] {2 & -
TEHLHARL R,

Ringel DFEREDOE F 21X, Auslander-Buchweitz {2 & 5 X-approximation &\ & X}
BdHb, EH 0.10 DFFHICIE, K LD G-module ® A-good approximation & R LT
(G, S)-module . approximation (Z51& LA Z L A EL 2D, T approximation i3,
G-equivariant projective approximation, ¥ 7213 relative Ringel’s approximation & T -5
REBDTH D, % Tik~<5 Cohen-Macaulay approximation I T HAAZAT, weight D

G OHRIZOVTIEL Vo TnDHEn) 2 EPFIRTH S,

Section 1 THd, (G, A)-module DIEIETH 5 Exty, Tor? OIS DVT, Z OHEHE % B~
5o (G, A)-module ® category %4 %2 A-module & L T homological ZRIETH L TwW
B Z ki, G 7 split torus DHEIC graded ring £ graded module & L TR K Tk,
Wil [22, 23] KL X o TRFUEN S 1, 4 HTIREREIE D b5 A, WS, e

VA



DICHETHLEADER /& LTEHF LTS, BIED L A, Tor' DHEBIZOWTIE, G
121572 affine flat group scheme & 9 HIFIZIZ W2, G IZ IFP & W) lfRASDWT L
T > TV B A, split reductive group 2 G L7 7 AR o TWwhb,

Section 2 &, fEi# D good filtration, # % V> id highest weight category (23 5 MG %
—HxD R LT coalgebra Nk THEM T %, Schur algebra, tilting module % & DK
1%, universal coefficient theorem D{fi 2 5 Dedekind IR ($H%IZ13 PID % THIRS 5) @ I
T4T72\», base change IZ & » Ciii ¥ %o BF % split reductive group 13, Z L TEFHE S 1
TV [16] 728, T DRV ER 20,

Section 3 T, LI~ 7: (G, S)-module D category T approximation (Z2WT, %
DFERE %8 ~< %, Ringel @ approximation DFEELFFEHIT 2% > TV AH A, FEHIL, 72k
Z R MK TH->THHL T trivial Tid % <, Mathieu’s theorem & V> good filtration 2
WS 5 @A L RAFE 2B,

Section 4 Tid, Section 3 TH—AY7% reductive group TOEHEDREHNEH 0.10 DIK
MTHKI2SNBI x5, A= §/I, D canonical module #* good TH % T & DFEY]

{%, determinantal ideal @ resolution ##R5 DI, LIFLITHAHZHIEL TWBE HETDH
% [37, 48, 30]o '

Section 5 Tid, (G,A)-mbdule @ Cohen-Macaulay approximation IZ2W T, #R£73F %
M5B, :

SHOFR* EH L L TT & o7 organizers DF AL OHEEARLE T, T/, KB
BFOH A discussion ¥ LTTF & o7 D. A. Buchsbaum, T 3-32#E, HHEMRR, SRR,
WO — D EFEEIESBE L T,

—#RAU7 notation R IZTA[IIRZ KL, ®, Hom 2 FNEN ®g, Hompg X EHET 5, D
B & 7 VIS, B A (72 14E8EE G) OMBHZAEIBEE L, Z DB M (71t oM) TH
To $ 77, £ C D comodule i right comodule Z &R L, ZDREIZ MC TH¥, C D
counit, coproduct {3 Z NEFMN, ¢, A¢ TKT o Scheme (F 721X THEE) DITD ‘smooth’ i
locally of finite presentation %> formally smooth [24, Définition 17.3.1] DEKTH 5%,

1 —ROBPBRIRD LD equivariant modules
Universal density of hyperalgebras

T 1.1 RPWEET D, V A Rspace, W 1& V* @ subspace £ 5, W 2% dense TH A
ik, ARZEV - W* (v (w e (w,v))) PHEETHL I L2V ), R P—KOTIRER
T, V, W I3 R-modules £ % %, R-module map f: W — V* 7% universally dense Tdh 5 &
i, {EE D R-module U 2%} L T, R-linear map

by : U®V — Hom(W,U) L Qv (W (w,v)u)

PHEFTHLILE V),



R K72 61, dense subspace @ inclusion {3 universally dense T 5,
Low®T,
Hom(W,V*) 2 Hom(W ® V, R)
- THIEY 5 pairing % (—,—) TRLTWw5h, W% R-algebra R’ {24 L T base change &
M7z pairing b [ LRLFTRT &, £ pairing (—, =) 5, f': Homp(W', Homg(V’, R'))
DICH induce SN 5L, BFIZEWT S 0y 13 U 122WT natural TH 5,
R 1.2 f: W - V* » Rlinearmap &£ T 5, ZOW, RKOFEHEZEZL S,
1 f {3 universally dense

2 Vi Rflat T, EED RDFEATT I p IIHLT,

f(p) : W ® (p) — Homyp)(V ® 5(p), k(b))
D1g f(p)(W ® &(p)) »* dense
—f%IZ, 122 TH b, &5, R ' noether MTHNIL, 221 Th b,
C »% R-coalgebra, A — C* %% universally dense R-algebra map &35 (it>T C {3 R-flat
ThH5b)

HALETEMC - .M % & THZ, Rmodule & LTI3, BiZ ¢(M)=M ThHh, A
D (M) =M ~D action {3,

am =Y _(a,mq))m,
(m)

THz6h5, Z2IZ, L(m) M) ® mqy &, coaction wy : M - M@ C IZL % m D1Z
wm(m) TH 5,
V it A-module & L, /EHH AQV -V % ay TKRT, HRZREHR

Hom(A ® V,V) & Hom(V, Hom(A4, V))

% Pv ——C“ﬁj—o
by : V®C — Hom(A,V)

i3, REW L > THETH 5,
pvay : V — Hom(A4,V) i2& % Im(dy) DFIERL (pvay) H(Im(bv)) % Ve TEL, V
? rational part & I8,

#H2H 1.3 Vo 13 V @ A-submodule TH b, F/2, Vyy = V — Hom(4,V) i&
Vi ® C = V ® C2% Hom(4, V)

2R L, wyy  Viat = Viat ® C BEF 5T, Viat 13 C-comodule & 7% 5%, 2@ C-comodule
structure iZB L C, ®(V;a,) 3, V-submodule & L TOREIC—FT %,



@R 1.4 V e MO, W € 4M, f € Homy(®V, W) O, f(V) C W, THhH, FE
Hom4(®V, W) = Home (V, Wiat)

PEOND, FFIZ, W e 4M, g € Homa(W', W) D, g(W.,) C Wit THY, grae =
glwr, € Homg(W!,,, Wiat) 12 £ 0, (D WEFTHY , idyy : M 2 M = (8M),oe % unit &
L, ®(Viat) = Vias = V % counit & LT (7)5 12 & @ right adjoint TH 5,

F 1.5 (M) 1 left exact TH D, injective object 10, ® IXEELHTH 5,

il 1.6 G »* R 1-® affine {3, H := R[G] £ ¥ 5. I := Kerey % counit map ? kernel
Y5,
HyH=U:= 1i_n}(H/I_")"

%, H @ hyperalgebra & -5, U i H* @ R-subalgebra T 5, FE, 1. =c € (H/I)* C
U, (H/I"V(H/I™) C (H/I™™1Y Tdhbo H/IM A5F<TH n > 1120w, finite R-
projective T3 A, H & infinitesimally flat TH D EMT S, T, o> 11200 T
I /I"*1 7% finite R-projective L Vo> THEILTH 5, :

H %% infinitesimally flat T ML, U {& R-projective TH Y, (H/I"Y'(I"-H+H-I")=0
L (H/I"QH/IM 2 (H/I'YQ(H/I) L), (H/I'YV - URU MPRbh, Thihd U
{X R-coalgebra T4 &, R-Hopf algebra (2% 5 Z L AHED O LD,

KGR CMbN-HE [6, VIILLI TH b,

#%8 1.7 R »% noether 3R'C G 7% affine algebraic R-group scheme MK, G »% R-smooth 7
5 ¥, infinitesimally flat T& %,

Kb Raynaud [46] IZ & » TEEH a7 — R 2 @BOFFHZEE L LTHOhTWa,
TEIE 1.8 G #% R-smooth T connected geometric fibers % #Ti¥ H i& R-projective TH 5,
ROWREIIZ P DOLBTH Y, universal density D+55H 5525,

#470 1.9 R 7% noether 3RC, H = R[G] #* R L finitely generated flat #* infinitesimally
flat T, {LED p € Spec R I LT G @ w(p) &A% HIE, Hy H — H* 13 universally
dense TH 1), H iX R-projective TH 5,

Universal density &, R MK &1&, H »* Cohen-Macaulay TH 5 Z LD LHEZHICHE D
—REDGEEHE 1.2 2S5 ORETH B, (Hy H)* \& H @ I-adic completion {217 53,
(13 & A & universal density DEHFA S, H — (Hy H)* & injective T, R-pure submodule 2
o TWwh, —J, (Hy H)* i, Hif D&MD TFIZ, R-Mittag-Lefller TH 5 Z L 25k &
M, H i3 R-Mittag-Leffler of countable type 722*&, R-projective T 5,

—15—



Ind-finite projective group & Ext,, Tor® MK LT, R i noether 3, G 13 connected
geometric fibers % 2 afline smooth R-group scheme &3 5, H := R(G] {3 G DM %
KL, U:=HyG B,

A 13 commutative 72 noetherian G-algebra (2% Y, R-algebra TH->T, G #* 4 I
rational |[ZIRERBITEMT 2L D) &5, A id U-module algebra % ® T, smash product
[44] T := A#U DEFE SN D, A#U (&, R-module AQU 2, %

(a®@u)(b®v) =) a(ush) ® usv
(u)
TANRLbDTH B, HARLGH A>T = A#U (a— a®1) i2& > T, (left) M-module &
A-module T& 5%,

#i%8 1.10 T-projective module % A-projective module T& 5, I-injective module & A-
injective module T 5,

M, N #* T-modules, V #* U-modules & § %, Z DK, Homg(M,V), Homg(V,N) 3B
#RIZ I-module D& % FFD, F 72, Homu(M, N) i I-module TH b, i 1.10 » o &
5ic,

R Hom4(M, 7)(N) = R*Hom4(?, N)(M)

ThHh, BiZ Amodule & LTiX, Thbid Exty(M,N) LABELD, 22T, 0 I-
module % H.\Z Exty,(M,N) THT I Li2¥ 5,
2, MgV, V @r N it T-module THH, MQ®4 N b Imodule TH 5,

Li(M®41)(N) 2 Li(?®4 N)(M)

THh, WHEIIHIZ A-module & LTI, TorA(M,N) LREITH B, O I'module % Hi(Z
Tor (M, N) T+, ’

I %% A D G-ideal (PE 1, I #° A O I'-submodule) D, I'/(N) := lim Hom,(A/I", N)
EBLE, T & M D left exact & endofunctor TdH b, RT(N) % Hi(N) TEL, N D
ith local cohomology & -5,

EFH 1.11 M » (G, A)-module TH 5 Lix, M »* (H,A)-Hopf module THAH I & &\,
WWETF &, M A G-module T, A-module T, A-action A® M — M »% G-homomorphism
THhbI LRV,

(G, A)-module &, (U-module & L T) rational % T-module & IZF—METH 5, (G, A)-
module D&KL ¢ M THET I ELILTDE, oM 3TH5E ORGP EEHD, &
7z filtered inductive limits % ¥, M, N 7* rational I'-modules D, \’2 Exty(M,N),
Torf (M, N) & rational TH A%, LV I BVIZEAMIZER 5,

EH 1.12 M % (G, A)-module, I 7% injective (G, A)-module & ¥ B8, i > 0 {Z>Nn<T
Exty(M,I) =0 TH 5,



DI ki, (G, A)-injective module A% A-injective THAH T L2 FKRT 5L DTl kv,
7, £TD (G, A)-module M 122WT, Exty(M,I) = 0 EZhbLvoT, I (G, A)-
injective 272 5 EATMRS v (LA L7%A5, [23, Lemma 1.3.1] TH, torus G, I 2T
ELVWIUMRENTND),

F 72, M 7% A-finite (G, A)-module T, N ¥ (G, A)-module D, Hom4(M, N) it rational
Thb, COT kL, BHEEELET, Exty(M,N) i (N O (G, A)-injective resolution »*
Hom (M, ?)-acyclic resolution 724 %) rational T3 5,

—fkIZ, M, N (G, A)-modules DI, M ®4 N »* rational TH 5 LIIBEHTH 5,

#i 1.13 (Local finiteness) R 7 noether 38C, C % R-flat coalgebra £ 3%, M € MC
T, X I MOREHFREE LTS, X 28T M O C-subcomodule T R-finite %
bONTFET S, #£->T, M i3 M ® R-finite subcomodules @ filtered inductive limit T
b,

LOHEPS, RO EDGD D,

8 1.14 £E D R-finite G-module V {23 L T, $ % R-finite projective G-module P & 4*
5t P = V HHEET A% 61E, 25D (G, A)-modules M, N & 5> 0124 LT, Tor}(M, N)
i3 rational T 5,

M #» R-module; N »# M @ R-submodule &35, N #% M O pure submodule T& 5
L, fEED R-module W IZ3 LT, WQN - WM MPHHTHALI LEWVI,

E# 1.15 C 7% R-coalgebra £ 35, D C C #° ¢ @ R-subcoalgebra TH 5 L id, D #F
C O pure submodule TH> T, A¢(D) C D® D BT AHI &%V, G » ind-finite
projective (IFP) T& 5 & i, H = R[G] #%, R-finite projective % R-subcoalgebras @ filtered
inductive limit THHI L 29,

5 1.16 G #°IFP % 513, {EH D R-finite G-module V 2% LT, %5 R-finite projective
G-module P & &4 P -V HEfET %, E 7, commutative R-algebra R 123 LT, base
change Gp 2 IFP T®» 5, '

EH 18 ARV TREZHEL T LI FRIIEREETII 2V,
foRl 1.17 R OKREERILA 1 LT Thud (B2 12, R #° Dedekind #1f), G 12 IFP T# 5%,

A-finite (G, A)-module M, N 2%} L C, Ext’, (M, N) #"F 0 rational 2% 5 Z L DL &
LT, RO#REHF, Zhid, Matijevic-Roberts theorem [41] B & ' OEHDYLRT D
B0 DEER [3, 40, 23] D— ML TH B,

TEIE 1.18 R %% noether 3], G »° connected geometric fibers % 1% affine smooth R-group
scheme, A I noetherian R-algebra C, G 2 AW RIEHLTWwa LT 5, L, A DEE
D G-ideal TEAT TN THBHHD p IZ2WT, A, »* Cohen-Macaulay (resp. Gorenstein,
local complete intersection, regular) THhhid, A b %) Th b,



COEHUL, [28] THEROLNATWE LD LY, IFP DRENEL TV EHHET, YRIKE->T
W5, ¥7z,[23, Theorem 1.3.6] & FHkIC, KASKIL LT 5,

I 1.19 EH 118 & R DIKED T T, G o R L relative dimension n 252 & ¥ 5%,
Z D, M H* (G, A)-module THNIL, injdimy M < injdimg 4 M +n THb, ST,
inj.dimg 4 M 13, M @ g 4M T injective dimension Td 5o

2 AR LD Ringel’s approximation
Split reductive group ® Weyl module & induced module R #* noether I,
F:0- PO, p28,
% R-complex &§ %,
TEF 2.1 F A% universally acyclic Td 5 & i, {EED R-module M {23 LT, H{(F®M) =0
(i > 0) T, canonical map
pu H ()@ M — H(F® M)
PRIBE L LI LRV,
15 2.2 R O global dimension #* 1 AT T, F i R-flat complex T, F° i R-projective &
Y5, ZOk, RIZFHETH 5,
1 [ i3 universally acyclic T, H°(F) {2 R-finite projective Td 5%,

2 fEED p € Spec R I22WT, H(F® k(p)) = 0 (i > 0) T, dim,) H(F @ s(p)) 3 HBRIE
% &% Spec R - locally constant function

LT, F® %% R-projective D&MG2MT &, REIVH 5, .
8T, LUF T, G 1t R-split reductive group [16] &3 5, G @ split maximal torus T,

Lie G = LieT & @ (Lie G)a,
a#0
% a#£0i LT, (LieG), it R-free Trank 70 F/24d 1 THAH LYtk hb, T,
root system

{a € X(T)|(Lie G)a # 0}

7 base ¥ LA BEET S0 = 212, X(T) i rank one R-free T-modules D FZHEEKTH
5o T DI, 4T negative roots IxHE$ 5 root subgoups THEK S NS G DIHGHEL U
T, UT=TU % B TKT, &b, 2hs (HIL, G, TC G, TG, X(T) D base, &
U, B) B Z LOFhH» b base change THEOLNTWA L H L [34], BET 5,

A€ X(T) W23t LT, U % trivial I2/Ef & T, rank one R-free B-module R, »*f#bh 5%
(U & B @ normal subgroup)e X& T G @ dominant weight DEFEERT T LIZT 5,



%R 2.3 X e X3 1 LT, Riind§(Ry) =0 (i > 0) TdH Y, ind§(Ry) & R-finite free Td
D, EE D commutative R-algebra R’ {244 LT,

R ® ind§(R,) = indm&S(R))
Thb,

AHO/-DIZIE, R=2 L LTRL, TORE, E2 1.8, #iff 2.2 BL U, 5LD Kempf's
vanishing, Weyl’s character formula [34] 25B 5 TH 5B, LT, A € X& 123 LT, ind§(R))
% Vo(X) TELT, G ® induced module ( F 721 standard module) of highest weight A &
I35, G O Weyl BEORRILE wo TRTo A€ XTI LT, —wod & XE DILTH B, =
A TET. A€ XS LT, Vo(M)* % Ag(A) THL, G D Weyl module of highest
weight A & I8, ‘

Donkin system < Z T, LOEE:2 L LKL T, F4 00—t kA b, Xt EIEF
AT, EED N e X IZH LT,

(=00, :={p € Xt |n< A}
PHREEGTHHLDET A,

E#HE 2.4 k DMK, C D% k-coalgebra &£ ¥ 5%, (X+,A,V) #* C L split highest weight theory
THbLiE, A= (Ac(MN))rex+s V = (Ve(N))rex+ #* finite dimensional C-comodules %
T, ROFMEFTI T LRV,

1V ERRRIC C-comodule, A € Xt TEED p > A i220WT Home(Ac(p),V)=0 %5
‘i\, EXtIC(Ac(/\),V) =0 (‘L > 0) ——(:\})Z)o

1* V PEFRRKIL C-comodule, A € X+ TIEED p > A 122V T Home(V, Ve () =0 %
51X, Exty(V, Ve(A) =0 (i > 0) TH 5,

2 V BHBRRIT C-comodule T, £ D X € X+ {24 LT Home(Ac(N), V) = 0 % 51,
V = 0 ——C*j);n)o

2* V PERXKIC C-comodule T, {LED X € X 124 LT Home(V, V(X)) = 0 % 61,

3 /\,/l, € Xt ‘:jrj‘ LT, A 75 H 73: “O‘i\, Homc(Ac(/\),Vc(ﬂ)) =0 T‘ﬁ) b )
Homc(Ac(/\),Vc(A)) >k
Thhb,

(X+,A,V) 4% C L0 split highest weight theory T X+ AT E % &1, C-comodules ?
category I, Cline-Parshall-Scott ¢ highest weight category [14] T 5, R = k D kD,
XE BUET, & (-0, \]| HAERTHN, (X&,As, Vi) 12 split highest weight theory over
K[G] ThHAH I LIZRLMONAHETH S, ‘



E#R 2.5 R »* noetherian commutative ring, C #° R-flat coalgebra &4 5, V, W i C-
comodules &35, W %' V iZl L T u-acyclic T$» 5 &%, {EED R-module M IZ[HL T,

1 Exty(V,W ® M) =0 (i > 0) T,
2 Canonical map Hom¢(V,W) ® M — Homg(V, W ® M) A3 B
LBl bR\,

—#IZ, P DNEFEAOR, Q C P A% P @ poset ideal ThHd LI, A e Q,peP,u<)
o, pe Q HBHMLTHI LV,

#HiE 2.6 C, Xt ixLto@Eh L,

0 A= (Ac(Mhaex+, V = (Ve(M))rex+ WENELN, X+ T parameterize &7z R-finite
free C-comodules DFET, LED p € Spec R 12 LT, (X1, A ® x(p), V ® k(p)) &
C ® k(p) L. split highest weight theory T& %

4D, RPRFLIBEAT 7 VEBEIKET S &, KA T 5,
1Mpe Xt b, Vo(u) 13 Ac(A) I L T v-acyclic TH 5,

2 Xt OF finite pbset ideal w {24} LT C @ subcoalgebra C(n) T, KOFH2 =T dD
(C(m))x HHFAET %o

a C(0) =
b 7' >x 26iE, C(x') D C(n) TH b,
¢ imC(r)=C TH%,

d 7 A% X* O finite poset ideal, A 1¥ 7 ® maximal element &3 AB¥, H#% inclusion
C(m\ {M}) = C(x) ® cokernel i&, (C,C)-bicomodule & L TAs(A)*® Vc(A) &
FEITH S,

3 A e Xt {IZH LT, Home(Ac(A), V(X)) 13 rank one R-free TH %,

—#%® noetherian ring R £® R-flat coalgebra C &, D = (X*,A,V,(C(n)),) '@ iR
7 0,1,2,3 ¥ $XTHEATHD%, C 1O Donkin system LIFHEZ EIZL LS,

LAF, R 13 —#%® noetherian ring & LT, D i¥ ¢ £ Donkin system &35, % X+
O finite poset ideal m 2t LT, C(x) {& R-finite free % C @ subcoalgebra T %, Dual
algebra A(m)* % S(x) TEL, 7 IZFHiT 5 C @ Schur algebra & 15,

&C, m A finite LIRS vy X+ D poset ideal & T BB, C( ):=limC(p) LB, &
ZiZ, p {¥ m O finite poset ideal ¥ ED,



@Rl 2.7 71X C @ poset ideal £ ¥ 5, M % C(m)-comodule % 5 ¥,
R indS™ (resS™M(M)) =0 (i > 0)
Thbo Lizhto THIZ, EED C(m)-comodules M, N {24} L C, canonical map
Exté(,,)(M, N) — Exti(M, N)

BREIBCH 5, F#12, (7, Alx, V|r (C(p))pcx) & Donkin system THb, Z I, Al, =
(AcM)rer Vi = (Ve(M\))rer TH B,

% 2.8 M, N #* R-finite %% C-comodules O, Exto (M, N) i3, ¢ > 0 {22\ T, R-finite T
Hb,

i 2.9 X+ O finite poset ideal 7 (2xf LT, S(x) {d Cline-Parshall-Scott DEIKT, quasi-
hereditary algebra of split type [15] TH Y, 7 DWKIC A (XK LT, S(r) = S(x\ {A}) »
kernel {3, heredity ideal T& % (N.B., R-finite projective modules ®H® R-pure injection
tX, R-split ¥ 546, 1 map i surjective TH 5),

#% 2.10 Donkin system ® base change & Donkin system T3 %, (X*,A, V) #4li¥# 2.6 ®
0,1,3 2 F7=9 M, (Xt,A,V,(C(n)),) % Donkin system {23 5 (C(n)), 1I—FHMTH 5,

ARIEFES 7 XM LT, rn CEFNLLHFRFTEGOREDORKE r LT A, r—1
% m O rank &IEV, rank7 TET,

% 2.11 © A% Xt O finite poset ideal & F 5, M %% R-finite 72 S(W)—niodule T, M %K
i R-module & 5T, proj.dimp M < r THHUI, proj.dimg,y M < 7+ 2rankw TH b,

Good filtrations, tilting modules R {3 noether I, D = (X, A, V,(C(x))~) {4 Donkin
system &35, LLF T, Xt BHTHLERET %0

i 2.12 P P IHFEEL T A0, KIIFETH 5,
1 Pi3 &4 w RIOES| & 72 linearlization % FD,
2 PIRITHET, e P LT, (—o0, ) i finite TH 5o
K2, Donkin-Friedlander OH5Ek (18], [21] DML TH 5,
%8 2.13 V % C-comodule & ¥ 5K, KIZFEETH 5,
1 fEED X e X+ I3 LT, Exti(Ac(N), V) =0
VP EEDO Ae Xt L i> 01X LT, Exth(Ac(N),V) =0

2 B0 Xt O finite poset ideal 7 {24+ LT, R? indg(’r) V=0Td»5b,

—21—



2 EED X+ O posetideal 7 & i > 0 124 LT, RIindS™WV =0 Th 5,
3V D filtration 0=V, CcViCVoC- - T, ROKU%2F-TLDNEET 5,
alimV;=V
JE—

b X* OB 4 w MOEF| S 72 linearlization (A(1),A(2),...) PFELELT, & i i3
LT,
Vi/ Vit & Ve(A(3)) ® Home(Ac(A(3)), V)
THhhb,

LEDEIME S S 2T TR, V 13 good TH B LT 5,
8 2.14 C-comodule V {23 LT, XidFHETH 5,
1AEED A e Xt I22nT, V i3 Ac()) KL T u-acyclic Th b,
2V O filtration 0=V, CV, C Vo C -+ T, ROEBZF/ATIDODNEET %,
a l_i_II’IV,' =V

b Xt D4 w BOEF| S 7 linearlization (A(1),A(2),...) PFEELT, & 1 i2xt
LT, -
Vi/Vie1 2 V(A7) @ Home(Ac(A(2)), V)
Thb,
¢ % V; i R-module & LT, V ® pure submodule T3 5,
LEORMELZMEF /2T V % u-good module LIER, A € Xt IZDWT Ve(A)
u-good THb, m H* Xt @ poset ideal DI, C(7) 13 u-good TdH 5, U-good module @
base change {3 u-good Td 5%, V 5% u-good module, M %% R-module Z HiX, V @ M I

u-good T 5, KDFAIL, C 7 split reductive FEDHEIZRDOIFIZIIBLICHI> T 5 (FHE 1.8)
ZETHbH,

F 2.15 m A% Xt O poset ideal DB, C(w) & R-projective module TH 5, §¥i2, C id
R-projective module T %,

Ki%, Ringel [47) D&% - F: L, universal coefficient theorem LB HICRE M5,

%8 2.16 R SHIHA 77 VIR T 213K & ¥ 5, V % R-finite free C-comodule T, 7 &
X* O finite poset ideal, p € X+t \ 7 IZH LTV 5% Ag(p) 1AL T uv-acyclic 254, 7 @
BARTE M2V T, Exth(Ac(V), V) =0(i > 2) Th b, T/, &hl

0=V -V -D-0

T, D& Ac(A) DFREM, V' i, Ac(k) (k€ X\ (xU{A})) IZBAL T uv-acyclic TH 2
b DHFIET %o




C i3 abelian category, X 13 ob(C) @ subset & 5, T D, F(X) I, KDFEMEZ /T
C € ob(C) % objects IZFfD C @ full subcategory &3 5,

C O finite filtration 0 = Co C C; C - CCo=C (r>0) C, &£ 1<i <7 iZxL T,
Ci/Cimy B X DIRELAETH B,

WO, F(X)IZ0BLU X 2& A, AL extension TH L TWh,

¥ 2.17 R ﬁ’m—Iﬁ’fTT)l/I,ﬂi ke A, EEO A e XY I LT, 2L

Tho>T,De F({Ac(p)|p < A}), T i u-good THbH L) %dbDOIFEHET S, S5I, R
A DVR 720346 % 64, {EED R/m OILKEK k 123 LT, T ® k #* indecomposable T#
BEICTHI LKL, 2T miE RODBRKAFTATH 5,

CDOMBEORMAE DT LTI A &HiE, base change TRANAZ LIFEELL I,

Ringel’s approximation over arbitrary base C 7% abelian category, X' & ob(C) @
subset £ § 5, KDFMU%F 72T C @ objects C % objects (2FF2 C ? full subcategory %
add ¥ THT, '

Cl X DOEDHREMOEMET LFHTH 5,

MOMIC, add X 120 BLO X 25, ABEEMEBEMEFTHLE T, 5,

72, A € ob(C) A% X-projective (resp. -injective) TH B L i, FED i > 0 LIEED
X € X ICHL T, Exti(A4,X) =0 (resp. Exta(X,A)=0) THDHI L%\, X-projective
(resp. -injective) objects D &A% LX (resp. Xt) TR,

X HaddX =X %2%7:F C @ full subcategory &5, X &, ROEKUZFKIT C O
object C % objects 232 C O full subcategory & T 5,

bHRIHFRDEET

0= Xp— = Xy Xy~ C—0

T X; € ob(X) THAHLDHEET 5o C € X 12T, LD resolution TD h &4 H 13
BIABRDEANE X -resol.dimC THTo C ¢ X DIFICHE, X -resol.dimC = oo &
T 5,

F7,wC XWX D cogenerator TH A LI, EED X e X 1T LT, bHREEY

0= X—-T—-X -0

BHELT, TEw, X' e X THAILE V), EHIZ,w C At DI, wid X O injective
cogenerator Tdh b &9,

LAFCid, R X noether R, C i3 R-flat coalgebra, D = (X+,A,V,(C(n))x) & C LD
Donkin system &35, 542, 41k, X+ IWEHTHAZ L E2IREL, T/, #ifH 217 D
(IR} -t



EED X e Xt 1L T, 22l
02 Ac(A)=T—-D—-0

THoT,De F({Ac(p)|p<A}), T it u-good TH5B L)% dDIFEET 5,

PIRET B0 S HIZ, (R,m) PRFTROKICI, {EEO R/m DIAK EICHLT, Tk
A% indecomposable IZ¢NB T L X LIRET Do TDL I % T i, T »¥ u-good % DT,
k@ EndeT & Endiepe(k ®T) IKiEET A L Ende T 4 local THBHEFHN, hTwH &
Z 5D left minimal Yg-approximation (2% > TH Y, FEIZEWVT unique TH b, 2D
T % T(\) TH&L, C @ indecomposable partial tilting module of highest weight A & If: 5
(Donkin [19] Z18),

INODGER, D HPHIHA 77 VEI F 72134k D L Donkin system ? base change &
LTHRONBRICIZIVOTORILLTWA 2 LICEET 5,

Ac:={V € M®|V X R-finite} &8, EHI,

Yo :={V € Ac|V & good T proj.dimgp V < oo},
X = add F(A), we = Xe N Vo £ B <o
Eﬂ 2.18 LOEHKDTIC,
Xo ={V € Ac| projdim, V < oo}

Thh, xd NXe = Ye, Ve ﬂXC =Xe THY, we I3 Xo D injective cogenerator TH 5,
$72, we ? object F u-good TH 5,

% 2.19 R-finite projective C-comodule V (2%t LT, KIZFMETH 5,
1 V i u-good
2 V id good

3 fLED R OWRATT7 N m 23 LT, V ®k(m) i good

R %* regular ring DWfid, Ac = Xz TH b, BHE L PROHBICIE, RONRFF T 712
% Auslander-Buchweitz D—i&GH»BEH E N5,

EF 2.20 we D object %, C D tilting module & 15,

Tilting D HHDOHKIZOVTIE, [29] ZHET S\,



Auslander-Buchweitz DI Auslander 7z %12 & A Approximation theory 22V T ?D
Wi+ 5. B C,C" LIMTF F:C— C & C D full subcategory S X3t LT, H5 S € S HHF
TELTF(S) LRENC: D &9 % C' D object £&KH%2 7 full subcategory % F(S) TR,

B C (23 LT, C @ null object ®—2%, null object DEEDH 0 TET A, RiELiZ WA
590 ’

A 13 abelian category & 5, Z DI, A O morphism p: M — N %% right minimal T
HbHE, EED o€ End (M) I3 LT,pp=p 2 bidp MRIBE LB LE V), Left
minimal (& right minimal @ dual notion TH 5%, 2%V, A°° TH X T right minimal T
H5H A O morphism (& left minimal THA L), X & A D full subcategory & T 5%,
A @ morphism f: X — M % M O right X-approximation THb LM, X € ¥ THo
TEED X' e ¥ &£ TED g e AX, M) 123 LT, 5% h € AX,X) PFEHELT
fh=g EHBIEZWI, TR, A f) : A, X) = A(2, M) % X 10 functor D
® epimorphism T#H 5 L V> TH[[] U TdH b, Left X-approximation (& dual DI TH
%o Right (resp. left) minimal 7 right (resp. left) X-approximation (3 BLIZ right (resp. left)
minimal X-approximation &W:EN 5, M @ right minimal X-approximation %, (fF7E ¥
Hid) A/M @ object & L TRHZE % FEVT unique TH 5,

B C A 7 right (resp. left) (minimal) X-approximation 2 & i, fEED M € B IZxt
LT, M #* right (resp. left) (minimal) X-approximation %2 & %119,

(Minimal) approximation DfFIEIZ DV TIERAEARM & VR b, Enough projectives T
b enough injectives TH 2V b\ A @ Extl 22V T, [38] B,

%8 2.21
0-YSHXBM o0

M A DFELEFT, X € X T, Ext(X,Y) =0 THhiL, pid M @ right X-approximation
THhb,

A EEO X' e X IHLT,
AX', X) = A(X', M) = ExtY(X',Y)=0
PRELENL, TRIM LI TH b, o
Kid, B HL [43, Theorem 3.4] IZ L A EHE A LER LD TH b,

il 2.22 A i abelian category, p: M — N.i& A ® morphism & T 5, i: K- M % f
D kernel £ T AW, KD 25U EEZ 5,

1 p & right minimal T& 5%,
2i%@LTK & M i non-zero ZLEDHEAHEF 2 Fz 2\,

O, 152 TH b, F7-, Endy(M) 7 semiperfect % 51, BAIGE M = My ® M; T,
My C Imi, M} — N i3 right minimal & 25 b DPHFEET D, FFICT DR 221 TH b,



F 2.23 X »% direct summand TH L7 A @ full subcategory, X @ object ? endomorphism
ring 13 semiperfect & ¥ 5, DI, M € A $° right (resp. left) X-approximation %} TX,
M {3 right (resp. left) minimal X-approximation % unique (Z$§2,

K& Auslander-Buchweitz D—lDEM [4] AR CLELFICELDLLDOTH S,

EIE 2.24 (Auslander-Buchweitz) A 7F abelian category T, X, Y, w & X @ full sub-
categories C, {RE

AB1 X i3 extension & Z41? kernel & EFIKFCH L7z A @ full subcategory.

AB2 Y i3HGD cokernel & extension & BEHKFTH L7 A @ full subcategory T
ycX.

AB3 w=XNY T,wid X O injective cogenerator TH 5,
VHLINTVHET B, DR, KAWL T %o
lLo=Y
2 W CX D X D injective cogenerator % H 13, addw’ = w.
3MeX Ly ol KHHLT 5,
i (X-approximation D) A DFELEF]
0-Y > XBM-0

T, XeX,YeY LD ODNFET 5,
ii (Y-hull DIFIE) A DEEF)

0> MS5SY - X -0
T, XeEX,YeY LLhbDNHET 5o
4 Me X0, KEFEETH 5B,

iMex il Ext',(M,Y) =0 (i > 0)
i’ Ext4(M,Y) = 0. jii Ext’y(M,w) =0 (i > 0)

£oT, 3, i DELF|D p ik M @ right X-approximation T 5,
5 M€ X0, KEZEETH 5,
iMey ii Exty, (X, M) =0 (i > 0) i’ Extl (X, M) =0

£ o7, 3,1 ORAFIOD L 12 M O left Y-approximation Td 5,



6 MeXiZonT,
X -resol.dim(M) = sup({i| Exty (M, ) # 0} U{0}) = sup({i | Ext’,(M,w) # 0} U {0})

TY €YK LT, w-resoldim(Y) = X -resol.dim(Y) TH 5%,

80— M — My — Mz — 05 ADREFIT, My, My, M3 D bD 220H X 12T i,
BHD—2b P ICET Do

FER 1ZE AL (4], [5] 1TV B, 2 i D5EAS (X-approximation &%) ® minimality
13, right X-approximation p ® minimality TEHT 5o 2 ii DFE&EF] (Y-hull EIT8) D
minimality 13, left Y-approximation ¢ ® minimality TE#HT 5,

EHDZM: AB1-3 ML T B0, (X, Y,w) & A ® weak Auslander-Buchweitz context T
HHLIFRZLIZT B, X512, X = A DW, Auslander-Buchweitz context & 155, (X, ), w)
A A @ Auslander-Buchweitz context Df, X, Y, w DED—DIZL>TH, EHDL DI
REoTLE) T LIEET D,

3 Relative Ringel’s approximation

R & noether 3, G {X R L split reductive group T, G,, — Z(G) BEE SN Tnb LT
bo T2, Z(G) 1d G D center THb, ZDREIZ LY, G-module M & G,,-module & 7
Y, BIXIC Z-graded L 251 E0 0, M = @; M; L EHH L 728, & M, 13 G-submodule
2% 5T b, G-homomorphism (& TR % E 2, G-module DAL, &®TI DA
FECLNVEONDLRBOTEHRTINDET B, 52 51/ split reductive B Gy (AL T,
G =Gy xG, BT, BAL G, = G ¥E2 5L, G-modules D category ¥ E%T %
Z i, Z-graded % Go-modules ? category ¥ EET LI L LE L TH 5,

S 1 R L flat of finite type % G-algebra £ 3%, S IE EDEEIZL Y, Z-graded R-algebra
THHH, HIZ S I3 positively graded, 2F Y S =@;50 S T, R — So WHABEKET %o

X} @ saturated subset (Bl %, poset ideal) 7 #% t-closed Td 5 & 13, R[G](n) 4% R[G]
® R-subalgebra (£ > T, R-subbialgebra) & %5 Z & %\, PATF, t-closed %% 7 & —D
E5%E L CT#ZX Ao R[G](r)-comodules i, tensor product TR L TWA I LIZFEEL L I,
" R[G](x)-comodule %, 7 {28 ¥ 5 G-module & IERT 127 5,

Ag s(m) T, S-finite %2 (G, S)-modules T, G-module & LT n IZEL TW5bDEK%E
#¥, T,

Xg&(m) = {M € Ags(n)| M & S-projective T M* = Homs(M, §) & good}
Yeg(m) = {N € Ag;s(n)| N i good T, proj.dimg N < oo}

Lo B5IT, wik(n) = X5E(n) N Vak(n) LEFT Do 1= X DWW, (r) XEW
LT, Ags, X558 RELRTILICT 5o



#ii 3.1 S A% good T 7 BT 5% b1, (X5§(m), Ve5i(m), we%s(m)) 1& weak Auslander-
Buchweitz context Tdh b, S bil,

REE(1) = {M € Ags(m)| proj.dimg M < oo}
c5(m) = {T€Acs|db n IZBT 5 tilting G-module To BHFAEL T, T = S ® Ty}

Wa s\T
Thbo i>7T, S A regular ring THHIL, & 512 Auslander-Buchweitz context TdH 5,

LUF, COHiTiE, S i3 good T, m iZJ&T % positively graded G-algebra T R-flat of finite
type &3 5,
EHEDOFHNINL, ROKRBFROEHSFEETH b,

EH 3.2 V,W ¥ u-good G-modules % 5iE, V @ W i u-good TdH 5,

BHIGDH LI, COTHMOFHD-DIZIE RIHK, V =Ve(A), W =Ve(u) & LT
bz, ZOFEHLL, S. Donkin I & > TEX LI [17) ARV (BB 2 Thwd, /2
{3 G #* Eq, Eg B1® component % #7: %V I54) & 25 F TR, &&EMIZIE O. Mathieu
W&o TEEIHRI NI 39

3T, Ag,s(m) D objects M, N 22T, Homg (M, N) {Z R-finite module T %, I
‘2 R %* Henselian local 7 % ¥, Ag,s(m) T Krull-Schmidt DEHEAW Y L5, wgh(m) O
object ¥, —EMIZ SQ Te(A) (A € ) DIED (G, S)-modules DEFNTH 5,

&T, (R, m) »* noetherian local & L, R % R ® m-adic completion &3 5, Thec() =
ROTs(\) Th b, ftoTIDHAIY, wg%(m) O object i, unique 2 5@ Te(M) (A € )
DD (G, S)-modules DEME %5 T Ur &NDB, IO L LmE 222 FHHLT, X
PREING,

@ 3.3 R % local £ T 5, M € X5g(m) &L,
0o YSHX o M—0

% Xg&(m)-approximation & § %, Z O, BHIGHE X = X X, T, Xo Clmi, X; - M
{3 right minimal & 725 b OHFEET 5o $#12, M 13 unique minimal X§&()-approximation
®HD, '

Vs (n)- hull WL TH EERDO TR LD,
4<t;t, TH 2.24 O DRI, LOEBBEENMRLTREINS,

EIE 3.4 SEHMEIL DBV ET A, h>0,0# M€ Ags, codimM > h LT 50, Rit
FAMETH 5,

1 M ix 7 2B T % good module T, M i3 perfect S-module of codimension h C, Ext%(M, )
¥ good TH 5,

2 wg(m)-resol.dim(M) = h TH 5,



&6, R PRITRT, M PLROEM 1,2 2K/ T LT, M ORS b O wgh(n)-
resolution F TRDEM 2T/ b D3, (G, S)-complex DFE 4 4] h X —FY IZHF-1E
b

3 G H (RSMREFT) M Dwgh(n)-resolution THHIX, F i3 G DEAETFTH 5o

R % local 235 E OEMD F %, M @ minimal wgh(7)-resolution &MFiE ) o M %* R-flat
T, R — R’ %% local homomorphism T&#.iX, base change R’ @ F ¥ R' ® M @ minimal
Whiea res(T)-resolution TdH b,

Tl B 010 S DOEHMDIFNLRIHETH b, D EZRTDONKREOBFE L
%50 ‘

4 Buchsbaum-Rim B ® resolution OTFTE

Section 0 DIRWFHEIZEY, R EWMRIR, 1 <t <m <a V=R"W=R"T,
S =Sym(V@W), A=S/L, G = GI{V) x GL(W) OIKiREE X 5,

FH 0.10 2/R¥ 729121d, Buchsbaum-Rim ¢ resolution ? base change & Buchsbaum-
Rim #® resolution Td % » &, R (X noetherian' & L THEb L vy ¥, G,, & G (t
(tidy, tidw)) 2 &1, G \3RIETO— LM E % #5727 split reductive group TH 1, S 3%
THAIR 2 5, R-flat of finite type T, F 7285 2*IZ positively graded Td %,

T ELTMeREPEFEL (BRB LD, RG)(r) 2T 2RI HREH 2
(BB ZFRREIC DV TIE [29] 2R)o G = End(V) x End(W) &8 <, R[G] & R[G] @
subbialgebra (subalgebra “C, subcoalgebra) Td 0, R[G] = R[G][dety,", dety] TdH Do T
(2, dety, dety 13, AV, AW IZENEFNMIE L 72 group-like elements TdH b, L7zd5o
T, R[G]-comodules @ category i, G-modules ) category DFEiiEbsrM & Az SN 573,
Z DR % U720, R[G]-comodule i G DL HAKH LTINS,

7= {\ € X} | Homg(Ag(A), R[G]) # 0}

1, R EST, 7 BT % G-modules D&kl, G OFHAKRIIEKEIFE — L 4 5 [29]0
7 i3 t-closed THH, V, W 1L HARBIC, M # R-projective % FHNXEB % 51F, S;M,
N M, D;M := (S;M*)* {3 R-projective % ZTHAKRTH 5, 1512, S = Sym(V @ W)
7 BT A, 72, A= S/I, & perfect of codimension h:=(m —t+1)(n—t+1) TH
D, L7z >TcodimgA=h THb, £72, A3 S OERITUEIZ, S, 7 BT 5,

FH 3.4 1LY, RETREITER 010 ¥REND LD HH D,

1 7 (28T 5 tilting G-modules DEEKIE, A'VON W DIZD G-modules @ tensor products
@ direct sum @ direct summand D&KL 3K 5,

28 & I i3 good ThHAH,

3 Exth(4,5) 1d good TH 5,
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Good modules (£ H4t0 cokernel THI LTV A0 6,2 5 A= 5/1, i good TH 575,
Buchsbaum-Rim ¥/ resolution D7/ LIZ S THHE LADT, I, #¥good THHZ & &
T, RYLEND S, 2 OFERIE, Cauchy’s formula, H L < 13 straightening formula & M+
NBHDT, HLALMAPDANILL o T (ITES) FIEH STV 59, [2] DFEHARKR
MIZR TP R T WER S,

1 %77 A VON W DD G-modules ? tensor products @ direct sum @ direct
summand 7% tilting T&» 5 Z & % §l 51213, Mathieu’s theorem 2L D, AV AN W 1D
WTRMNITR VY, R-finite projective G-module M #* tilting THrI L &, M & M* S
wgood TH BT & WA, Ritfhe LTHRL, S0BAHE, BCHLBATVS &I,
NVONWIZ0 $-REEHTH Y, REOHIIMIET 5 X DT, XE DBATTH 5
33, p.72]0 LS o T, AN VON W i3 tilting TH Do m IZBTHLWIRMLL AN VONW
Wxt LCORGIET ST, SogAIRAWTH 5,

W, A e n LT, 5% a = (ag,02,...) &, B = (B1,Pa-..) &% partitions (
FALBBOF[H N ERTOBIF) PFHELT, AaV ® Ag W 13 highest weight A &35,
Homa(Ag(N),Aa V ® As W) = R Th 5 I ENHENIDbND, TII,

AaV:i=A"VOANRV S,
/\,,W::/\p‘W@)/\p’W@--'

THbo ORI (BAKEZRIRIE [2] D coSchur map NDEFHSBM) 2L Y, R-split T3
AT

0= Ac(A) = AaVOANW - D=0

BRoN LD, ZDFEEFIH good hull TH A Z kit R %K specialize THITASHITHED
WHNbe DI END, add(AV @ Ag W) AF Xpg P injective cogenerator Tdhb Z &
BEER I &I, H 224 42 & D, A2 B

3D—FENTH b, K :=Exth(4,5) 1%, R »HMRAKIC Gorenstein TOHE FHI{E DI
1&, B2 A-module & LTI, A @ canonical module [7, 31, 25] &IFENL b DTH 5,

iRl 4.1 R 2SHMKIC Gorenstein IROWREHETH 5 & ) %8R, A #° R L flat of finite
type 72 positively graded G-algebra £ 35 (2 212, G & G, C Z(G) % F¥2 split reductive
group)o A #* Serre @ (S;)-condition [42] Z 573K (Hl 21X A A% Cohen-Macaulay 7 518
Rw), RIZEETH 5, :

1 % (G, A)-module K T, K {& A-module & L Tid canonical module T, good 72 b D A*
FET %,

2 (G, A)-module T, A-module & L Tid canonical module Td % b D32 T good TH b,

T/, LOWET, & 512 R A regular T, A % Cohen-Macaulay % 51X, K 13 R-projective
Td b, Exth(A,S) OHEBIL base change LTI TH H, —#xIC K H good THAHI L %
DD BT, Z & u-good THAHZ & EWVZIITHT, K i& R-finite projective 22 RKHD
EHHTHLENG, LI RIIFETHLELTHEL LV, L2 T, UTFTIX R=k 34T



H5HELT, 3 OV O E <5, EARMNIZIZ, Kempf @ construction % v THEH &
nb,

X :=SpecS, Y :=SpecS/I; £B<o X = Hom(V,W*) TH h, X O generic map % ¢
TETE,Y = Zero(A'¢) THDo I' i3 V @ (t — 1)-quotients D 7§ Grassmann variety
LLT,

(4.2) 0-R-V Q-0

% ' ® tautological exact sequence &% ([36] BM)o I':= X x T £5<, [ LD vector
bundle Hom(Q,W*) % Z T&R¥, 6 »IC

0—>Z——>f‘—fHom('R,W*)—>0

IZ G-bundles ? exact sequence THBH 5, Z I3 T ® local complete intersection T, Zero s
E—H¥ 5B, T, cosection s : R W — O & Hom(R,W*) & Hom(R ® W, Op) @
generic map TH 5%, KDL Kempf 12 & 5 ([37] BH),

WE43 AN Z T - X 13Y &ML, FEENH 7. Z > Y 1 resolution of
singularities T# 5,

8RE 4.4 Z @ canonical sheaf wy = AP Qg 13,
(/\‘op V)@(t-—l) ® (/\Iop W)@(t—l) ® (/\top Q)@(n—m)
{2 G-equivariant sheaf & L CRIMMTH 5,

HH RAHMSNTWAR LI Q= ROQ THH, Z =Hom(Q,W*) #hb, Qg =
QW Thb, fit-T, (4.2) KiEET S &,

wy = /\top Q[‘/k@/\wp QZ/[‘ o~ (/\top R)@(t—1)®(/\top Q)@(t—m—1)® (Atop Q)®n ®(Atop W)@(t~1)
o (/\top V)®(t—1) ® (/\top W)®(t—1) ® (/\top Q)@(n—m)
s o

COFELHVS L, 7 i rational resolution [35] TH D Z EAREIND, LIzdoT,
Tuwz B% good Th b T & &REITR VDY, £OikiRIE [48] 125 & 9 IC standard TH 5,

5 Cohen-Macaulay approximation

iR 3.1 3R £ D Ringel’s approximation DFEE 7% relative version T % 2%, S #°
regular T\ &, Auslander-Buchweitz context (272 S d o720 d 3L, X, Y ORAH
%% (weak Auslander-Buchweitz context (IC% A2 L X ASTI) DL L 2 ER b,

Z DEi T, R d noether 3R, G IR E N7z G, C Z(G) %2 R-split reductive group,
S 1t G-algebra T R-flat of finite type T positively graded T G-module & LT good & ¥
bo 3512, 513 regular EARET A, £ o T, R I regular T, S 13 (positively graded 7274




5) R-smooth TdH b, T/, 11 S D G-ideal T, A:=S/I ¥ Rflat £+ 5, AT perfect
S-module of codimension h & T 5o K, 1= Ext(A,ws/r) &8 <o

M € Ag,a »* maximal Cohen-Macaulay (MCM) T& % & i3, fEE®D p € SpecA IZH L
T, M, #* A,-module & LT maximal Cohen-Macaulay (H.iZ Cohen-Macaulay & If-5C &
bdHb [50]) THHILEVI), TORMEIE Exty(M,K)=0(i>0) LEfETH 5,

Xoa = {MeAga|M iE MCM T, Hom,(M, K,) 13 good}
Voa = {N € Ag 4| Homp(Ky4, N) & good T, Vp € Spec A inj.dim, N, < oo}

&ﬁgﬁ,wg_,; = XG‘AﬂyGIA tﬁ <o
I 5.1 (Xg,4,Y5,4,we4) 13 Ag.a @ Auslander-Buchweitz context TH 5,

COFEMIE, A= S O, G311 D7 =Xt OBFEETHA, ¥, R=A=5 DRI
13 AREEIIT R 218 TH D, & HIZ R H% H1E, AEHIZIT Ringel’s approximation
Thb,

—%, G = G, OIIZiE, T O approximation (X, Cohen-Macaulay approximation @
graded version {272 5 T2 5,

%72, R %% regular ring ®W1Z, section 0, section 4 DRREFE 2 5 &, EHOREHTE
ENTEY, non-trivial HPl% 5 2 5. €01, R ATHID Pfaffian ideal b X131 EH DK
BEFILTVD, TOFORENT T, Xga %<5 I ki, Cohen-Macaulay IRD L.®D
maximal Cohen-Macaulay modules % -5 Z & @ equivariant version TH V), BIKDSH 5
BETH DY, GHROBETH D,

& Xk
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Some bounded infinite D'Tr-orbits for
Frobenius algebras

FRAAE HERFHE FE

1 Introduction

k #EHBIR, A ZHIRKRIT k-algebra &35, Ringel X [4] 128V TROM
BERRL TS,

Question([4]) I' # A ¢ Auslander-Riten quiver ¢ component &3 2 &, B## n
KR LT dimM=n &72D M e [THRMEN?

ZAUIK LRORBIB O TN .
Example 1.1([3],[5]) a(£0) € kXL,

A=k <y z> /(2?22 yr — azy, 2y — ayz, 2z — azz)

&35 &, A tE symmetric k-algebra T dimA =8 THD. M= (z+y)4d £B<
& right A-module & LT QY(M) = (z + (—a)y) 4, dimQi(M) =4 THY, a H 1
DIHRTRWE & 4 40128 LT QF(M) & MIZFRITIEZ2V. A i symmetric
720 Auslander-Riten translation DTy = Q% T ¥V, T Ringel @ Question
WX DBl & 2p > T3,

Z? example (XKD example & H L IZEGNTZHDTH S,

Example 1.2([6],[7)R = k < 2,y > /(2% y%,y2z — azy) (a(# 0) € k) £TDH &L
R X Frobenius algebra € dimyR = 4 T 5. Example 1.1 IZBITH AL R D
DR = Homy(R, k) 2L B trivial extension &2 >T5. N = (z+y)R &k &
N) = (2 + (—a)y)R, dimQ(N) = 2 THY o B 1 OB TIEARNEE 140
X LTI Q(N) & N BRI, UL, 2084 DTN = N Th Y,
Ringel ORIBEORKBNIEZ2 > THRY. —F Exthy(N,N) =0 > 1) THY N &
selfinjective algebra OB T selfextension 2% 0 (T & g > TV 5.

=05, B{MFHI2 data DD algebra BT D LWV BENDROZ EBFELNT
W5,



Example 1.3([9, pp.342-343]) V = k*,P? = P(V*) &1 5. X % P? £7/2i% P?
12351} % degree 3 O divisor, ¢ € Aut(X) £+15. A(C P? x P?) % ¢ O graph
EL,R={f e VV|fa = 0} 8L, PEDOHINZERNT T(V)/(R) X
quantum polynomial ring {2729, A = T(V*)/(RY) (R* R V*QV* IZBIT DR D
H2ZZ=[#) 3 graded Frobenius algebra T dimgAd = 8 THhd. X512 X OPRT
parametrize X317z cyclic graded A-module L(p) T dimiL(p) = 4 &£ 725 bDHFE
f£9°%. Example 1.1 ® algebra b, X, o ZWHICE D LICLVELND. $-
X = P* DAL, A & LT exterior algebra A(k®) @ twist A(k%), (section 2 &
W) 8D, ‘

LORBHERA ORI TEDREE TTE 00, HEBFITIIH PRV,
A(k™)y (section 2 BIR) IZDWTIXIRAN Y AL,

Theorem 1.4 A = A(k"), 0 € GL(A) = GL,(k) &3 5. 2(#£ 0) € A XL
M; = (27)o A, M = My E3<.

(1)A, ¥ graded Frobenius algebra TdimiA, = 2® TH5D.

(2)(graded module Tid72 < BZ A,-module & L T)

dimle' = 2"_1,
(M) = M,
(DTt)'M = Mi(_yy.

EBD 1 £ 01X LT 27 ¢ ke 72513, M 13 Q-periodic TiE/e<,

1

0 (i2>2n)

n-1 .
dilnkExtfqa(M’ Al) = { ( . ) (0 <1< TL)

BB HiZn >3 72861 M X DTr-periodic Tz,

Theorem 14 IZB W T n =2 0= < _Oa (1) ) & L7=B4A ) Example 1.2 Th 5.

{BL, Example 1.1 @ algebra id A(k"), DIEITITRE2V. K k OIEHN 2 DB
A4 A(k™) X elementary abelian 2-group @ group algebra & 72%. section 3 T
[T DRI G, IBED variety & ORHE HE O THE X THIV.

2 Graded algebras
NEFF LIz 22 575, Theorem 1.4 I TNZ section 3 TN D graded algebra ™
twist {2 OVWTRHIAT S ([1, pp.378| BMR). A = @50 Ai % graded k-algebra, ¢ %

graded algebra & L T?D A ® automorphism T k @ element {FEINI 2V HD &
T5. Ay = {a,la € A} % graded k-space & LT A D copy & L,a€ A;, be A



WXL TR xR 0y - be = (a-07)y LTEET DL A, 13 graded algebra & 725, BlxiE
A M exterior algebra A(k?) = k < 1, 29,23 > / (22, ziz; + z;2:) DHA,

)

L2, iz, A BERRIKIC Frobenius algebra (B1H, A, = Homg(A4,k)x) ThHi
i, A, bEITHS.

grmod-A % HRRARK graded right A-module ® category &9 %. M € grmod-A
WXL M, = {molme M} LBEmeM, ac ATV Tm, g, = (m-a”), &
EDD LM, € grmod-A, THD. £72, M[n] € grmod-A % A-module & LT
Min) = M, EU Mln)s = Muys L5355, M,N € grmod-A IZXf L,

. . ot ot o1
A, 2k <zy,29,23 > /(:E,'li % T + z;z;

Homs(M, N); = {f € Homs(M, N)|f(M,) C Np4: for any n}

L #5< & Homy(M, N) = @; Homuy(M,N); ThHD. f € Homa(M,N)p IZX LT
fo: My, — N, % f,(m,) = (f(m)), LEHET B &L f, € Homga, (M,, Ny)o THY
M — M, IZ XY category equivalence, grmod-A 2 grmod-A, 23§65,

—7%, M € grmod-A IZ*% L M° € grmod-A # M° = M, m-a = ma’®
(m€ Myae A) LEHT D& M,[—i] = (M [—i]), TH5.

—1

3 The twists of group algebras

UTF char k=p >0 &35, G =< z1,...,2, > ®$ p" ® elementary
abelian p-group (%X p OB r EOEIE) & L, A % group algebra kG & §5.
zi—1=X; LB E AKX, .., X )/ (XE,...,XP) THY, X; Ddegree 21 & L
T A % graded algebra £ &% 52 LIZF 3. cohomology B H*(G, k) = Ext}y(k, k)
® maximal ideal spectrum % Vg(k) TRY. p=2 DL &I,

H*(G,k) = k[cly'-"CfL deg i =1
THY, p>2726i,

H‘(G,k) = k[cl,...,C,-]®A(T]1,...,T]r), deg C,' = 2, deg i = 1

THEND, Velk) 2 AMk) THD. BMREMK (right) A-module M IZX L Jy &
H*(G, k) i3t} 5 Extly (M, M) ® annihilator & L, Vg(M) = V(Jy) (Iu IZEo
TEE S Vg(k) D closed subset) &35<.

V = @0 Vo % graded k-space TH n (2%t L Tdim V,, AR TH L bDET
%. V O rate of growth y(V) %, T k B3H Y, £TO n X LT dimgV,, < knc?
LR BB o> 0) LEFETD. AMREMR A-module M (2% LT complexity
c(M) % M @ minimal projective resolution P, ® rate of growth & L CEZET 5.
(M) = y(Exty(M,k)) TbH 5.



D variety {2 DWTIIRDE G TS ([2, Theorem 5.1.1] ).

Theorem 3.1 (1)dim V(M) = (M) = y(Exty (M, M)).

(2)M 73 projective THDZ & L Vo(M) = {0} L72DZ LITFHETHS.
(B)Ve(M @ N) = Vo(M)NVa(N), Va(M*) = Ve(M) ThHs.
(Va(M)NVa(N) = {0} 2251 Exty(M,N) =0 (n > 0) Th 5.

UUTF o % A @ graded k-algebra & L C® automorphism & L, B = A, &$<.
graded B-module IZ%f L, & ® complexity & cohomology ring @ rate of growth
ICOWTHNDZ LicT 5.

Proposition 3.2 M, N € grmod-A &35, Vg(M?) N Vg(N) = {0} (Vi #0) %
i Extl(My, N;) =0 (n > 0) THD.

Proof. Hom DL & FHRIZ Ext (M, N) = @, Exty(M, N); £le>TwW5b. %7z,
Ext?(Mq, No)i 22 Extly(My[—i], Ny)o = Exth(My|—i)g-1, N)o
= Ext? (M [~i], N)o & Ext (M, N);
THB. Exti (M N)=0(n>0,i£0) THHDT, n>0 LTI
Ext® (Mo, Ny )i = Ext% (M, N); # 0

LB iki=0DHTHD. LI L Exty(M,N)g#0 &72% n iXAMRE L2
AN

Example 3.3 s<r/2&¢ L a(#0) € kX1 OB TIHRWETS. ek iixtL
M(ﬂ) = A/(Xl +16X2)"' :X25—1 +ﬂX2.s) ejs( &

VG(Al(IB)) = V(IB’CI - C21 B aﬂ’CZS—l - C237C2.9+17 s ,Cr)v

BL
' B (P=2)
. ﬂ_{ﬂ” (p>2)
Th5. o Aut(d) %

. { aX; (i=-even, 2<i<2s)
X7 =

Xi (= odd or ¢ > 2s)

LEHETD. M=MQ) LB L M7 2 M) Thb. M, € grmod-B £5 X5
L, o(M,) = c(M) = dim Vg(M) = s Th 5. V(M) Vg(M) = {0} (Vi # 0)
T& 505 Proposition 3.2 £V Exth(M,, M,) =0 (n>0) TH5.
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PUFp=2 ERETS.

Theorem 3.4 M, N € grmod-A, s 2% &$5.

(1)dim Vg(M') NVg(N) < s (Vi # 0) 7251 v(Bxthy(Ms, N,)) < s THS.

(2)i \ZHHETFE L2 WS m 9389 | % 4 12T Exty (M, N) 53 H*(G, k)-module
LT @R Exth(M,N) TERSN TS LT 5. dim Va(M™) NVe(N) > s
(Vi £ 0) 7251 y(Exty (M, N,)) > s Ths. '

(3)dim Vg (M) NVg(N) = 1(Vi # 0) 72 6 y(Exthy(M,, N,)) = 1 TH5.

INBEFEE Extl(M,, N,); = Ext% (M, N); & Theorem 3.1 # IV TREND.
dim Va(M?') N V(N) = 1 251 (2) DEFIOSKRETHIZEND DT (3) 1 (1) &
(2) b s=1 ¢ LTHELNS.

X € grmod-B ¥ indecomposable T ¢(X) =1 £3°%. X 4% Q-periodic (A1H
graded module & LC Tt < HUZ B-module & LT OQ*X) & X(3n £ 0)) 2o
Exth(X, X) tXNoether BT&HD. —H X # Q-periodic THHARWVET DL,
(a)Exth(X,X) =0 (n>0)

(b)Exty(X, X) X Noether R THEAz\»

DELHEN—FOHBRLY LD ([8]). TDBEWNLEZNPHL BDTES S M. Propo-
sition 3.2, Theorem 3.4(3) X (%#%k72 algebra & module {Zxt LT Tiddh 523 U
DOHEER 52 TW5.

Example 3.5 G %3 8 ® elmentary abelian 2-group & L, a(£0) € kL1 D
MR TRV LT 5. o € Aut(A) %

o _ | X (t=1,3)
X‘_{a)@ (i=2)

LEFET 5 (Example 3.3 BH). Z DFA,
Bk < Xy, Xo, X5 > (X2, X2, X2, X1 Xo+ aXo Xy, XoXs+a™  Xs Xa, Xs X1+ X1 Xa)
THD.

(WM =A/(X1+Xy) &3 D& (ZHUL Example 3.3 D M LFRILTH D) (M) =1
THY, VoM = V(' + &, G) JREE (1,64,0) Z@EDER) Lo TWV5.
Vo(M') N V(M) = {0} (Vi #0) RO TExtL(M,, M,) =0 (n>0) &Y, =
LD (a) DEETHS.

Q)N = (X1,00A+ (Xa+ X3, X)) A(C ADA) &+ B¢
N7 = (X1,00A+ (o' Xz + X5, X1) A(C AP A)

THD. FED ¢ KHLT Vg(N7) = Va(N) = V{6, C) (FURE (1,0,0) %38
HEM) THY c(N,) = ¢(N) = 1 THB. Vg(NT) = Vg(N) (Vi) THBDT



Y(Extu(No, No)) = 1 THBH. —H i # 0 KHLTIN & N FRETHAN
(NX1( Xz + X3) = 0 7583 N7 X1(Xo + X3) £0) Z &b N, i Q-periodic TH72
WZERbNY, ZHLED (b) DRETHS.

B)L = A/(X1+ X, X3) £F D& Vo(L7') = V(oG + &) THY 1 # 0 25
V(L) N V(L) WRAE (0,0,1) ZMAEMRTHD. c(L,) = 2 727 Theorem 3.4
XY y(Exty(Ly, Ly)) =1 THD. Fiz Exty(Ls, L,) 1 Noether BRTIEZ2V .
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2 TOHRRERTZMEED QF ERIBIRZFHDIRITDONT

EEAE (RWERFHFER)

2TORREMRSEMEN QF WRIMBRZFHFDROBEIC DV TRIEDHEREZR
&5 (21, (6], [T DEHEEFEZS) ., HL. HEHIIAHKT 5.

DFICRT, RIS ERIZ2HEUMDBAEEFEDO &L, RER ﬂgf&}i$ﬂ
TERETHOOET 2, K2, RIIMFO LICBEAMIHEATLIHOLET S, X
itk X (X)) BRBELTOWIMBEXNE (B) ANMBTHLZEEZRDT,

HREBRD DILERERERONMIE TS, Wl T7IINT« O DHEMBACA
HERER A 2 QF B (IEBEIZIX quasi-Frobenius 13) &S, RA N QFIRTH S
I3 Ry —h DR B AR TH D Z ENBEFTHS. BF [7] I
WD, ETORFTec ARMUT eAe MQF IR TH HHIZIR%E SQF REMPRI &
295, Fle=1 ELTSQFRR AR QF B TH 5, QF RIIZFMAZE. BB QF
RICHRHFEMERBRIIQFRTH ., - T SQFROLIXLFHAETH S,

A EE A, B2 TO End,(P) BHRFRTHORAEMIEA, = @7 P, 25D
L&, BRA % semi-perfect EIER, BT Hom,( -, ,A,) 1K D ZOEHBITLELAIR
THD, £, BA M semi-perfect THB0ITIE. ARERFHA A MFHOH
T Krull-Schmidt OEEMNR DL D Z ENHEASTH D, Semi-perfect ;] A 1T
HUT, RRDEREREROHES A MBEOR2RRROEMOERTR A,
ZIR A D basic REMESR (FREFREEOF TE/NZH DM basic BTH DM, —RK
DRIDVWTRRBELIANSERWY) o (e, - €,) ZEXTIFEBRETLOTEAERR
ETHEA R (Y, A, &) THEASND., BISBEANLO basic RTH Bk
73BR % basic (IEREICIHT self-basic) &IFEX,

AZQFEREL{e, e} ZER T%Eﬁﬁg%jﬁo)mﬁﬁﬁ$ E95, ZOLE,
soc(eA,) = top(e,yA,) IKHEK> TERINDEE =1, .-, n) DB vEQFRAD
FILEREER, FIILERPEENAL S QF R % weakly symmetric EMES., Weakly
symmetric BRIZ SQF RTH %, QFRA N we) = ¢, forallie IRDHCRE 1%
RDOLE, 7% A OFILACHBM EMELR, Weakly symmetric IR A I3 IBEEFE
id, D,

FEEEZBRNBIZIE Kupisch [3] K> THAINAEETIROBSEZLELELT
5 (R¥[S] bBREL) . n22 ZARKET . Q ZR. (0,c) ZRIF

* oc)=c and o(g)c=cq forall ge Q



T oe AutQ, ce QDHET B, TDELE, Q DILARA=M(Q; 0,0 T

A= ,0" D A= Homy(A,, ,0) BEOONEETS (B3 - 5Hi2BRE

) o BIZOMNQF/HAE Tcerad Q DEZITWE M(Q; 0,¢) BHLACFEE 2 F

D basic 7% SQF B THILERITKEBBRTH S (KIE [51 1K D) .
FHREIIROEBTH 5.

FEEA([2]) Basiciz QFBAIIHNLTRD IFHAIIRAMETH 5.

(1)A V3 SQF 8.

QETORBBEE T ee AXMLT(1-e)A(l - e) iZ QF B

(3)A =Ayx A, x - xA,, {BL A, 1L weakly symmetric BHTH A, (1 S k< 0) 135
EITFIEM(Q;0,0) (QIXQFRBATR, ce AutQ,cerad Q) IZ[FH.

(1) = (2) 1BEH. 3)= (1) AR [5] k5. £ ()= @) BEE[7] &k
Wtk [6] TRERINTWVD, EEIT(2) = ) 2HELBRELHFETRLE.

EIZEBR LU 2HRIC weakly symmetric RP L UVETHIR M(Q; 6 ¢) (O QF R/
FilR,0eAutQ,cerad Q) RBETHUACAMERDOILNLRORERS.

% B([2]) Basic’s SQFEA IZHIIATEB £,

LoOER - %X QF % PF (Pseudo-Frobenius) TEEZMRATHEDEERILT ST
L FEERRFEO/NLEICEK > TSN,

BIETIRAEETIEKSIMBEOEO BT LOERITR T L RENTETEEEHET
2, B2ATIE (2) = B) D¥. BB 2) > “A=A,xA, x - xA, ,{BLU A) 1X
weakly symmetric RT#& A, (1 <k <o) WREFILEREZFHD” 277, HIH T
EITFIRM(Q; 0, ¢) ZHRL3)= (1) 257, HAHT (2) = (3) DEDER.
BIB& A, (1 <k<t) BHEETFIR M(Q, 0,¢) KRIBMTHS & %2RT. BRITH
BRELT, BEOHT-ROBRED T TOEFTIIROBREEX S,

1. BExiTKD R

AHTIHEA OBET ce A KD A MBOEORFLOERICT 5 SRRz
FEEEETE (bbAAL. —ROT— NBEORFLOBEHRE) .

WE 11 ccARBAOBSTLTS, S%eS#0RDHEMMBETIE 68
BB




M 12 ec ARRAORBRERLTD. eA, IAFHMBET Ker( - ®,4¢) N
Ker Hom,( -, eA,) = {0} 2i7/29&LT3. ZDELE, ede,, MAFHNTHDZ &
& ANFRTHD T & EIFFE.

Rl 13 ec AZBAORSERLLTD. X EAHWE AMBTKer(eA® -) C
KerHomy(-,X) £9%. ZD&&E, HARLBRRE K

6 : 4X—> ,Hom,, (€A, eX), x> (a > ax)
EEET,, eX TASH.

% 14 A % weakly symmetric B& 9%, ZOEE, HEOREITL ec A ITHL
T eAe I weakly symmetric .

2. SQF B4R

FEEFEC T, Aldbasiclzs QFBR, J=radA &£ 95, £/ 1=¢,+ - +¢, {HL
¢ FERT HFMBET. LT, c0LE ADPLUER vIZ

soc(eA,) = e Ale,,J for iel

> TEHBINBERI=(1,2,-,n) DB v ELTHEASND, p=v' &
B<. ¥/, ()*=Hom,(-,,A,) LE<.

fiE 2.1 &Kie lITHUTRIRIL
(1) soc(Ae;) = Aey,le,,.
(2) (eAle)* = Ae,yfle,,.
(3) (Ae lUe)* = e Ale,,J.

FIRE 2.2 i#j2Dije HITHLU TRAHRAIL

(1) (1 - e)A(1 - ¢) 1L QF RT Ext} (eAleJ, eAleJ) #0 E9B. ZDEE, je
(1), ()Y MERIL. BRI, wi)=i785 W) =j TH 5.

(D) (1 - )A(1 - ¢) V& QF BT Extl (AefJe,, AefJe) 0 £T2. ZOEE, je
V), V()} BSIRIL. 12, Vi) = iT2 5 v()=j T 5.

F23 i#jladije NIHUT(L- )AL -e), (1-e,u)A(l -, F3IT QF B
TExty(eAle], eAle)#0 L35, ZOEE, wj)=j & vi)=i L3R F7,
) #j (ERTvi) =) 125 W) =i



ROEBIIER [7, Theorem 2] PH x> & Lz—RI{LTH 5.

EH 24 2TOie ITHMUT(1-e)A(l-¢) ZQFBETS. I,={ie IIv()
=i} CEE I, -, 1, ERBITOERS2ULD vHEETE. ZOEE, & 0k
SHIZHMUT A, =( Z,-e,,er YA( Z.-el,ei ) EBFIE A=A, x A, x--- xA,, HL 4,
13 weakly symmetric B TH A, (1 <k <) dKEHILERZRFD.

3. B|ITIIR

FEHTIRKIL [5] KWK THEASNAEEBTIROEAMEE2EY T2, HL, B
RABEDSBITFIREERR TS, EB55MnEFAR. KW [5]1 £PYB Kupisch
Bl ITEWE BN D Grald “quiver with relations” TEZHE LD TH DM, T—
70T quiver i< ORBLWEBSHEATUTORKRIZAR- ) &

n22EZHRKEL

BEA = (1,2, -, n) ONEERET S, Bl IxI-7 &

e
2,,(i,j)=min{k20|v"(j):i}:{nijl_i 2;;; for i,jel

KO TEHTD. Q&R (0,0 25

(*) &c)=c and cq=o(g)c forall ge Q

%729 oe EndQ,ce QO LTS,

Bl kx y) Bk LO2EBRSERBET S, Q = Kx, y/OE Y) 1 0KTD

Gorenstein ring HFFRTH 5, a=xmod (%, yY), b=ymod (%, y), c =ab LEE,

QD k-ACFEE o%0(a) = b, ob) = a IMK> TERTIIRNE () MBI N5,
Kupisch [3] iIZfEVy, BR Q DILAR M(Q; 0, c) ZELTORRIZHART S ([5,6] ®

BREL) . (opli,je ) ZRECHDAME Q M#E M(Q; 0, c) D LEIZFEZK
DRANK > TED 5:




g0, (<))
a(q)oy; (> )
. (M2) oy =0 unlessj=k;and

M1) 0;q9 = { for ge Q;

: o, (f,,(i,j)+f"(j,k)<n)
(M3) 05, = {ca,.k (£,G,)+£,G,k) 2 n)
HEHREEMNS-DIC
(0 <) 0 G+ EGR<n)
‘”‘"”"{1 > ™ ’u"”")‘{l (6, ))+ 6,k 2 7)

LB, ZOlE, £BDIj ke IITHLT

A, j, k) = % { 6,0, )+ 4,G.K) - £,0G, 0 } = axi, ) + o, k) - @i, k)
WROAB, o THEEBD G j, klel. x;,%,,x,€ QRHLT

- ) (i, k) + 4G, . k) A, )+ AL kD)
(05 X O Xy Oy = X;0 (x,)0 MPx)e o,

7k
= ) GD+OGR YA ID+AUKD
= x,0 0D (x, )g OB Ty, Y o,

= X;i06; (g Oy Xy 0y)

MRROILD, BIZ MLQ; 0,¢) R#EEERIZRMAET,
£, & o REERSTT =Y o, AROLE, BHREFANT R

0->M,(Q;0,¢), g g, _, %)

25, 5T M(Q;0,0) 12 Q DIELRER RS,
LUTFIERT, A=M(Q;0,¢) LBL. ¥EFELEQ=M/(Q;0,¢c) £T5,

M,(Q; 6, c) DHELL O, (0,¢), w K> THREIND, 0 OEBENSRKMRD,

W31 P={(1<i<-<i <n} BIOETRNEHERELe=Y o, &
BT I ede = M(Q; 0, ©).

A QN Homy(A,, ,0,) 13 E EMET

x= Y Bi(x)a; forxe A and h=Y B, h(a;) for h € Homgp Ay, o Qp)-
iJ iJ



IBBHEIE (B i, je 1) #FD. UTIRT, £ =3, B, € Homy(pA,, 0 Qp) &
B BERYERK

@: A > Homy(pA, 00p ), x> XE
EEET D

FARE 3.2 RASERAL.
Bya G
1) ﬂ,..={ gd A=
P =1B,0@ (> ))
(2) o B; =0 unless | =}.
— ﬂi (Zn(i’k)+en(k!j)<n)
3 & By —{ﬂ,kc (&G k)+2,(k,j)>n)

for qe Q.

fiRE 3.3 EBD L je IITNLUT B = y& BRVILD.
W34 occ AutQETB. ZDEE, ¢ HRAMTHOMEST
&g = 1%qg)e forall ge @
e USRS 7 Q> A H—RICHEL THI
Aq) = 07" (@) + -+ 0y 41) + 40, for ge Q
K-> THER 5N 5.
W5 —BR R & flatdim " <n foralln 2 0 2B AN R > I' ZFDELE
Auslander-Gorenstein B &EFRIEN S GEL K [1] 28BE LX) . QF R R X inj
dim zR = 0 72 % Auslander-Gorenstein BRIZfth/z 5750,

inj dim ;0 =0 D & &, RDFII Miiller [4, Satz 3] DR FIDHEETH %,

% 35 oec Aut Q LU Q I Auslander-Gorenstein R&95,. ZDEE, A
Auslander-Gorenstein 3R T inj dim ,A = inj dim ;Q ARV ILD.

B 3.6 occ AwQETD ZnrkE,

&1 = 1uq)E forall ge Q and Way) =0q,, , forall i,jel



R5BCEE 1 € AwtA N—BIHEET 5.

nQ,o,clid o &9, K513 Q LD n ROEFHTHEEDOES (Q),
DERZ Q DEKRROWEEZERELE (5, 6] TTDOHARRIZ (Qg ., ERDEN. Q
LD n ROFGFHAREMEIEINTND) . EiZ, Q DEAEEL T, FRE#H

A—(Q)gcn X (B)
BRD. KW [S]IERDEHEZE (Q),, .., (KLU TR L ([6, Theorem 1]) .
EH 37([5]) Q% QFRAFEEEL. oe AutQ,ceradQ &5, ZDLZE,
A RPIACEEZFD basic 72 SQF BT O ILERITKRIBEHR TH 5.
4, KEPILERERD SQF &R
AHiEFELC T, A W basic 72 QF BTEOKEFILBRERFDLTD, ZDEE
AJRELTHBNTSHS. l=e + - +e,. BL ¢ FEXTIFEHRET. &T

2. Eilznz22, B ABRFRTIRWERET 2.
BEISCTHRFTEMTHRA T, ADfILERIZ

1 2
Vo= nlmn’il)

THBELTEW, g=v' !, J=radA L{EL,
fRE 41 jelllHLTe=1-¢ LEL. ZOE&ERIERE
(1) eAe 13 QF 3. '
(2) peeAe; IHEINHE.
(3) sA¢; = ,Hom,, (€A, eAe,;).
M 42 jelTHMLTe=1-¢ LEZ Ac lIQFREKET D, TDLE,
eacfAlyy = 4, x> X0
MEBMEHTH DRI o € e, AeNEETD. BT,
¢(x); = o;x forall xe eAe;

RABRFAMER ¢, : eAe; ve, Ae,, BEFET D,



RO EBIIAYE « #k [ 6, Theorem 2] D—fRILTH %,

FE 43 2TDie ITHLT1-e)A(l-¢) B QFBEFETS. TOEE,
A =MJQ; 0,c) £72% QF R Q B& U

Ac)=c and cqg= o(qg)c forall ge Q

%50 e Aut Q,ce rad Q D#l (0, o) BEFEET 3.

M,(Q; 0, ¢) HWHIL “Q LD path ring” L HNDIREWEEFFD. TNERDL
DI LOEEOFEHADTY Y b 54 D ELUTIRRS,

Bje ITHLTHRE42 D o, ¢ ZWMo THEET 2. Q =eAde, LB, £ 0
=@ oo, o0, € AutQc=qa,a,_o,€ele,=radQ LB, EIZ, '

id, (i=n)
"""“.{%o...o(,,n (i#n) OF el

¢ (i= ..
%= {av,-lm---a o, where r=1£,G,j) (i#j) orbI€l

v(j)i?

LB, ZOEE, UTOEFTA=MQ; 0, c) WrENn D,

1) BHRIEFRZE®R ¢ : 0> A, g Zieltpﬁ(q)aﬁ NHEET 5.

2) & i,je TR UTIMERDORMES ¢,: O — eAej, g ¢(q)oy; = Kg)oy; BF
ET 5.

No)=0,, oo, - forl<i<n and ¢,(c)=0(c)=c.

4) cq = o(g)c forall ge Q.

5) 01 QF BHiE.
[ b (1)
6) 01 9(q) = {¢(o(q))a,. (i=1) 1€ <

TA=M/Q; 0, o).

5. f&
B3I DETIIROBBRIIUT O RKRIC—RELTES, HL. BHRED DD

ESMEER R D THI [2] IIZART W, ,
n>2 ZEAKEL vEES I=(1,2, -, n) OBHET S, 0 IXI>Z 2&H
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() axi, j) + axj, k) - (i, k) 20 for all i, j, k e I, and
(b) axi, j) + o, v(i)) - w(i, v(i)) =0for alli,j el, so that axi,i) =0 forallie I

| EWTERELT

AG,j, k) = i, j) + 0, k) - axXi, k) for i,j ke I
LEL., Q&R (0,c) &&HE
(%) &c) =c and cq=o(q)c forall ge QO

Zli/zdoe Aut Q,ce QDMET D, {olije I} ZRRHDOHEBE Q At A
@ LA

MD) aq = 6““(@ary for g € Q;
(M2) a0, = O unless j = k ; and
(M3) a0, = *i0g,

K-> THREEEZETNIE. B8 3.1 2RV TESHOERNITOEERILT 5.
BB, RO (1) - (6) MEE DL D:

(MARQOERRTI=Y, %> 1BL o WTE RS L.

QAR g =Y, 07 Ny Torge QWD Aoy = 0y oy for i, je I
I25BHCRB tEFD.

(3) @ M Auslander-Gorenstein 3755 A ® Auslander-Gorenstein B2 T inj dim ,A =
inj dim ,Q.

DHOMNQF IR TceradQ 125 Al soc(a Ag) = top(Oyy, A, for alli e 1
2% QFBTHILEERE ¢ £#50.

C)OMRABTceradQDEE, AMbasic THHIEEER w :IXIHZ
D& (c) A, j, i) > 1foralli,je I withi#j, W3 & &ITFIME.
OV =iTedie l BEEITHIT AL Q LAHRE.
1 23 N . .
N ) DEE. Big 0 IxI-Z 5% AG )2
Oforallij, kel; A(, j, Wi))=0foralli, je I, and A(, j, i) 2 1 for all i, j € I with i #
) WD OBRE G

B2 n=3Tv=(



0 a a+b _
[wGN)];jer=|b+c O b | with a+b+c21.
¢ a+c 0

111 f ; : )a)c‘:?-f\ B 0 I xI - Z B&M: A, j,

k) 20foralli j, keI, i, j, v(i)) =0forall i, j € I, and A(i, j, i) 2 1 for all i, j € I with
i#j, ZWETDOLELFRHER

B3 n=4cv=(

0 a a+b—x a+b+c—x
[0G)], 0 = bt+c+d—x 0 b b+c—x
hiel c+d-x a+tc+d-x 0 c
d at+td—-x a+b+d-x 0

witha+b+c+d 22x+121.

k) 2 0 for all i,.j, kel Mi, j, v(i)) =0for all i, j € I, and A(i, j, i) 2 1 for all i, j € I with
i#j, ZHETEOOMBEHEER

@J4 n=4Tv =(

0 a b a-d-x
¢ 0 c¢c-d b-x
L) )i jer = i > >2.
[0 )], jes J b 0 f, |Witha+czb+d+1
—b+c+x d+x c+x 0
SEIHR
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HOMOLOGICALLY FINITE SUBCATEGORIES

HuANG ZHAOYONG

Department of Mathematics, Beijing Normal University

Let A be an artin algebra and mod A the category of all finitely gen-
erated A-modules. A subcategory C of a category we mean a full sub-
category of an additive category, closed under isomorphisms and direct
summands. It is known to us that almost split sequences is an important
researched object in representation theory of artin algebras, so it is neces-
sary to know which subcategories of mod A have almost split sequences.
In order to prove the existence of almost split sequences in certain subcat-
egories of mod A as well as the existence of preprojective and preinjective
partitions (which play a significant role in representation theory of tensor
artin algebras) for mod A, Auslander and Smalo (see [5] and [6]) intro-
duced the notion of homologically finite subcategories—contravariantly
finite subcategories, covariantly finite subcategories, functorially finite
subcategories of mod A (or a subcategories of mod A), which are defined
as follows.

Definition. Let C D D be subcategories of mod A and let C € C,
D € addD, where addD is the subcategory of mod A consisting of all
A-modules isomorphic to summands of finite sums of modules in D.
The morphism D — C' is said to be a right D-approximation of C if
Homa(X,D) — Homp(X,C) — 0 is exact for all X € addD. The
subcategory D is said to be contravariantly finite in C if every C in C
has a right D-approximation. Dually, The morphism C — D is said to
be a left D-approximation of C if Homa(D,X) — Homa(C,X) — 0
is exact forall X € addD. The subcategory D is said to be covariantly
finite in C if every C in C has a left D-approximation. The subcategory
D is said to be functorially finite in C if it is both contravariantly finite
and covariantly finite in C.

For the basic properties of homologically finite subcategories, we may
refer to [5] and [6]. The importance of determining the homologically
finite subcategories of mod A was first pointed out by Auslander, Smalo
and Reiten in the following theorem 1 — theorem 3.
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Theorem 1. (Auslander and Smalo [5]) (the ezistence theorem for pre-
projective and preinjective partitions) Let C be an additive calegory.

(1) If C is covariantly finite in mod A, then C has a preprojective
partition. In particular mod A has preprojective partition.

(2) If C is contravariantly finite in mod A, then C has a preinjective
partition. In particular mod A has preinjective partition.

Theorem 2. (Auslander and Smalo [6]) (the ezistence theorem for an
additive category to have almost split sequences) Let C be an additive
functorially finite subcalegory of mod A closed under extensions, t.e.,
0—+A— B —C—0is an ezxacl sequence with A and C in C, then B
in C. Then C has almost split sequences.

We know that the representation type of an artin algebra is another
important problem in representation theory of artin algebras. The fol-
lowing criterion indicates that it is close related to homologically finite
subcategories.

Theorem 3. (Auslander and Reiten [1]) The following statements are
equivalent.

(1) A is of finile representation type.

(2) every subcategory of mod A is contravariantly finite.

(3) every subcategory of mod A is covariantly finite.

As a theoretical basis of representation theory of artin algebras —
tilting theory, its basic point is two elementary concepts, tilting modules
and cotilting modules. The following theorem shows that there is a
one-one correspondence between isomorphism classes of basic cotilting
modules and contravariantly finite resolving subcategories C such that
each module admits a finite resolution by objects in C. The methods
developed in a paper by Auslander and Buchweitz [7] are used. Before
stating this result, we first recall some notions from [1].

For a subcategory X of mod A we denote by X the subcategory of
mod A whose objects are the C for which there is an exact sequence
0—=X,— -+ — Xg— C — 0 with each X; in X. A selforthogonal
module T, i.e., Ezty (T,T) = 0 for all i > 1, is a cotilting module if
idpT < oo and all injective modules are in addT. A cotilting module T is
said to be basic if in a direct sum decomposition of T' no indecomposable
module appears more than once. A subcategory X of mod A is said to
be a resolving subcategory if it satisfies the following three conditions:
(1) closed under extensions; (2) closed under kernels of surjections; and
(3) contains all the projective modules. Dually, A subcategory & of mod
A is said to be a coresolving subcategory if it satisfies the following three
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conditions: (1) closed under extensions; (2) closed under cokernels of
injections; and (3) contains all the injective modules.

For each nonnegative integer k we denote the subcategory consisting of
all modules M with pda M < k by P¥(A), and the subcategory consisting
of all modules M with ida M < k by T*(A). We denote by P>°(A) the
subcategory of all modules of finite projective dimension, and by Z*°(A)
the subcategory of all modules of finite injective dimension.

Now we may relate the following theorem.

Theorem 4. (Auslander and Reiten [1]) Let T' be a selforthogonal A-
module.

(1) T —t T,wheretT is the subcategory of mod A consisting of
those X such that Ext} (X, T) = 0 for all i > 1, gives a one-one cor-
respondence belween isomorphism classes of basic colilting modules and
coniravariantly finile resolving subcategories X with X =mod A.

(2)T —s add T gives a one-one correspondence belween isomorphism
classes of basic cotilling modules and covariantly finite coresolving sub-
categories of T°(A).

As a consequence of theorem 4, we can describe all contravariantly
finite resolving subcategories for hereditary algebras as those subcate-
gories which are the form Sub T (the subcategory of modules cogenerated
by T') for a cotilting module M with idy M < 1, it follows from Happel
and Ringel [9] that *T=Sub T'. Since the injective dimension of every
module over a hereditary algebra is less or equal to one, we obtain from
theorem 4 the following result.

Corollary 5. Let A be a hereditary algebra. Then T +——Sub T gives
a one-one correspondence belween isomorphism classes of basic cotiltitg
modules and contravariantly finite resolving subcategories of mod A.

Remark. There are of course dual results about tilting modules and ho-
mologically finite subcategories.

For the concrete subcategories of mod A, P*(A) and P*(A) (dually
I*(A) and I(A)) are interesting. It is easy to see that P°(A) and
I°(A) are functorially finite in mod A (the facts are true even when A
is a Noetherian algebra). P!(A) is covariantly finite in mod A. When A
is of finite representation type, all the P*(A) and Z*(A) are functorially
finite in mod A (see theorem 3). In [10] Igusa, Smalo and Todorov gave
the following example. Let k be an algebraically closed field and let A
be given by the path algebra of the quiver

—54—



HUANG ZHAOYONG

modulo the ideal generated by the paths ey, 87 and yo. They showed
that P!(A)= P>(A) and P!(A) is not contravariantly finite.

From the above argument, it is natural to ask the following question.

Problem 1. When are P*(A) and P®(A) contravariantly finite? or
dually, When are T*(A) and I®(A) covariantly finite?

Remark. Auslander and Reiten [1] proved that if P*°(A)is contravari-
antly finite, then the finitistic dimension conjective (FDC) holds, and
hence the generalized Nakayama conjecture (GNC) and the Nakayama
conjecture (NC) hold. Therefore determining when P*(A) and P>(A)
are contravariantly finite may be useful for compreheriding these conjec-
tures.

The following theorem was proved by Auslander and Reiten [1], Deng
(8], Igusa, Smalo and Todorov [10].

Theorem 6. (1) (Auslander and Reilen [1], Deng [8]) Suppose that A is
stably equivalent {0 a hereditary algebra. Then P*(A) is contravariantly
finite in mod A for all i € NU {c0}.

(2) (Igusa, Smalo and Todorov [10]) Suppose pda(Io(A)) < 1, where
Io(A) is the injective envelope of A. Then PL(A) is contravariantly finite
in mod A. ‘

Theorem 7. Let 0 — A — Io(A) — Li(A) — -+« — L(A) — ... be
a minimal injective resolution of A and lel n be a positive integer. If
pda(L;(A)) <i+1 for 0 < i < n, then P*(A) is funclorially finile in
mod A and P"(A) has almost split sequences.

Remark. It is clear that n-Gorenstein algebras (see [3] for the definition)
satisfy the assumptions in theorem 7. Then we conclude that FDC holds
over n-Gorenstein algebras.

Theorem 8. Under the same assumptions in theorem 7, the subcategory
WP ={C € mod A|Ezti(C,A) = 0 for 1 < i < n} is contravariantly
finile in mod A.

About theorem 3, the following questions are interesting.

Problem 2. (1) (symmetry?) If every contravariantly finile subcategory
is covariantly finite, whether every covariantly finite subcatlegory is con-
travariantly finile or not. Dually, If every covarianily finite subcategory
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is contravariantly finile, whether every contravariantly finile subcalegory
is covarianily finite or nol.

(2) (converse?) If contravariantly finite is equivalent to covariantly

finile tn mod A, whether A is of finile represeniation lype or not.

10.
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Our objective is to explain after Donkin [D93] how C.M. Ringel’s results [R] on tilting
modules for a quasi-hereditary algebra A yields the classification of indecomposable par-
tially tilting modules for a reductive algebraic group G over an algebraically closed field
k of positive characteristic. To transfer from the category of G-modules that has in-
finitely many nonisomorphic simples to the category of A-modules, we make use of Schur
algebras [D86)], that are the dual algebras of finite dimensional subcogebras of the coordi-
nate algebra of the reductive group, and a theorem of Cline-Parshall-Scott that if a finite
dimensional k-algebra forms a highest weight category, then A is quasi-hereditary.

Throughout the paper £ will denote an algebraically closed field of positive character-
istic. All tensor products are taken over £ and dim refers to the k-linear dimension. If M
is a k-linear space, M* will denote the k-linear dual space of M.

After the symposium Hashimoto M. kindly sent us his survey [H] on the same subject,
the emphasis of which appears different from our present exposition. We are grateful to
Sumioka T. and Tsushima Y. for some helpful suggestions.

There seems much going on recently toward determing the characters of indecompos-
able partially tilting modules for G, see Soergel [S], Andersen [A].

1 Standard modules in reductive algebraic groups

(1.1) Let G be a reductive algebraic group over £ and Gmod (resp. ‘Gmod) the category
of (resp. finite dimensional) G-modules. The simples of Gmod are parametrized by
POset (X, >) callled the set of dominant weights of G, written

(1) Xt e A— L()) simple of Gmod.

To each A € X+ there is also associated G-module V()), called a standard module, such
that

(2) socgV()\) = L(\) and [V(N)/L(A) :L(u)] =0 unless u < \.



Hence if Gr(Gmod) denotes the Grothendieck group of the category Gmod, then

- (3) Gr(Gmod) = [] zlL] = [] zlv()

Aex+ MeXt

As the name suggests the standard modules (in the basic refernce [J] the standard mod-
ule V() is denoted ind§A or H®())) are finite dimensional and well-understood while
the simples are not yet completely known. Thus a fundamental problem in the theory
of GMod is to find the transition matrix between two bases ([L(A)])x and ([V(A)])x, on
which there is a celebrated conjecture by G. Lusztig and there has very recentry been
much progress toward the solution of the conjecture due to [AJS], [KL], [L], [KT].

(1.2) We say a G-module M admits a good filtration iff M has a filtration in GMod
whose subquotients are all standard modules. We will denote by F(V) the collection of
G-modules that admit good filtraltions. If M € F(V), the number of times each V{}),
A € X, appears in a good filtration of M is by (1.1.3) independent of the choice of the
filtrations, which we will denote by (M : V(A)).

The group G admits an antiinvolution 7 that fixes elementwise a maximal torus of
G. If M is a finite dimenstional G-module, we define a new G-module "M to be M* as
k-linear space with the G-action given by zf = f(7(z)?),z € G, f € M*. Then 7 induces
an involutive contravariant functor on Gmod such that (if we take 7 to fix the maximal
torus defining X%)

(1) LA~ L(\) VeXt
If we set A(A) =" V(A), called a Weyl module, then
(2) [AN)]=[V(A)] in Gr(Gmod).

(1.3) Theorem (Cline-Parshall-Scott-van der Kallen [J 11.4.13]) For \,p € X*
and i € N,

kE ifi=0and A=p
0 otherwise.

ExtL(A(N), V() =~ {
(1.4) Corollary Let A\, u € X*. If ExtL(V(X), V(u)) #0, then p < A.
Proof. 1f Ext5(V(X), V() # 0, then there is a composition factor L(v) of V()) such
that Extg(L(v), V(i) # 0. As hdg(A(v)) = L(v) by (1.1.2), if M = radg(A(v)), then
GMod(M, V(u)) # 0 by (1.3). Assoce(V(p)) = L(u), [M : L(p)] #0. Hencep < v < A
from (1.1.2).
(1.5) Theorem (Donkin [J, I11.4.16]) Let M € GMod.

(i) If M € F(V), then (M : V())) = dim GMod(A()), M). for any A € X+.
(ii) Assume dim GMod(A(M), M) < oo VA€ X*. The following are equivalent:
(2) M € F(V)



(b) ExtL(A(\), M) =0 V€ X*.
(c) ExtL,(A(A), M) =0 Y€ X* andi€N.

(1.6) Let E()) be the injective hull of L(A), A € X*, in GMod. Although E(J) is infinite
dimensional,

(1) dim GMod(A(r), E(A)) = [A(p) : L(A)] <00 Vpe X*.
Hence by Donkin’s criterion

@) B(\) € F(9),

and one obtains the Brauer-Humphreys reciprocity

(3) (E() : V(w) = [V(s) : L]
(1.7) Theorem (Mathieu, Paradowski, Lusztig) Let M € F(V).

(i) If G' is the subgroup of G associated to a subsystem of the simple root system of G
and if we define F(V)for G' likewise, denoted F(V'), then res§M € F(V').

(ii) If M, M' € F(V), then M ®@ M’ € F(V).

(1.8) The theorem was conjectured by Donkin and, after the initial efforts by Wang J.-P.
[W] and Donkin [D85], was solved by O. Mathieu using the Frobenius splitting of the
flag scheme [M], and then by J. Paradowski using Lusztig’s canonical basis [P]. There is
yet another proof due essentially to Lusztig using Kashiwara’s crystal base [K]. The last
proof is free of Donkin’s cohomological criterion (1.5).

2 Tilting modules in reductive groups

(2.1) Define F(A) likewise with A in place of V. We call a finite dimensional G-module
belonginig to F(V) N F(A) a partially tilting module. The basic theorem on tilting
modules is

Theorem [D] There is a bijection between Xt and the set of isomorphism classes of
indecomposable partially tilting modules, written A — T()), such that Vp € X+, (T()) :
V(M) =0 unless p < A, with (T(A): V())) =1.

(2.2) We will first give a direct proof from [P, 5.2], that is an adaptation of arguments in
[R]. The proof that uses the general theory of quasi-hereditary algebras is postponed till

the end of the exposition.

Lemma Let A be a k-algebra and Ly, Ly € AMod with Exty(Ly, L) = 0. Ifdim Exty(Ly, L,) =
d, d € N*, there is an estension 0 = L; — E — L$? — 0 in such that Extl(L,, E) = 0.



Proof. Write Exty(La, L)) = I_[:.lef,- with & an extension 0 — L; A E;'% L? — 0.
Define an extension £ : 0 = L, LES L4 - 0 by the pushout [Rot, Lem. 7.18, p. 204]

0 —— £od i, rrp Lo, jed s 0
0 — Ly 'T) E - L;ed » 0
. g

where 0 : (z;) » > 2, E = L1 ® (]_[Ei)/{(a((l‘i)i),(;fi(mi))i) | (zi)i € Leled}’ [
T+ [2,0], g : [z,(y:)] = (9:(v:))i, and the middle vertical map [][E; — E given by
(:) = [0, (1:)]. We claim

4) ¢ induces an epi AMod(Ly, L®%) — Ext)(L,, Ly).

Then the long exact sequence induced by ¢ yields, as ExtY(La, Ly) = 0, Ext} (Ls, E) = 0.
Ifi, : Ly = L$% is the imbedding to the i-th component, one has a commutative diagram
of short exact sequences

0 —— L, L5 B %3 L, —s0

o |l L

O—HLIT)E——)Léed.——-)O
g

with E; — E given by y — [0,(0,--+ ,0,%,,0,:--,0)]. The right square of (2) is cocarte-
sian (cf. [Rot, a remark after Lem. 7.18, p.204]) and (cf. [Rot, Ex. 7.21/22, p. 210])
i, = & under (1). '

(2.3) Proof of (2.1). Let T = F(V)N F(A). Note that from (1.4)
(1) Ext&(AN), A(p) ~ Ext5(V(u), V(X)) =0 unless ) < p.

Fix A € X+, If Extg(A(u), A(M)) = 0 Vu € X+, then A()) € 7 by Donkin’s criterion
(1.5). If Extg(A(u), A(N)) # 0, then < X by (1), hence one can write

(2) {M1, Ay} = max{u € XT | Extg(A(n), A(N)) # 0}
By (2.2) there is an extention ' _
0 AN = By = A(M)® 50

with dj; = dimExt: (A1), A()\)) and ExtG(A(A1), Ei) = 0. As hdgA(p) = L(u),
from (1)/(2)/(1.1.2)

Exth(A(Ma), E1) =~ ExtL(A(M2), A(N),
hence there is an extension

00— Eu — E12 - A(/\u)Qdu -0



with d12 = dim EXtés(A(/\m),Elg) and EXtE(A(/\lz),EIQ) = 0. Note also EXté(A()\u), Elz) =
0.

Repeat the procedure to obtain an extension for each j € [1,7]
0— El,j—l — El,j — A(/\lj)®d1j =0

with dlj = dimEXté(A(/\lj),Ellj__l) = dim EXté(A(/\U),A()\)) and EXtE(A()\u),EU) =
0 Vi € [1, ], where Ejp = A()X). Then we have in GMod.

(3) A\) € B, and By, /AN = [ ] A()®
i=1

with

(4) Extg(A(Aii), Biny) =0 Vi,

If ExtL(A(k),Einy) = 0 Vi € X*, then Ej,, € T. Otherwise p < Adi € [1,n4]
from(1)/(4), hence one can write

(5) {Xe1,++ , Aan, } = max{p € X* | Extg(A(n), Einy) # 0}
with Vi € [1,ny], there is j € [1,n;] such that

(6) Aai < Ayj.

Construct extensions inductively in GMod with Eyy = Ey,,

(7) 0— Eyjy = Eyy = A(Ng;)®% = 0

such that Vj € [1,ny),

(8) dgj = dim ExtL(A(Nyj), Bajo1) = dimExth (A (Mg;), Bany)

and Extg(A(Agi), F2j) = 0 Vi € [1, j]. Then we have in GMod
ng

Elm < E2n2) E2n2/Eln1 = H A()‘2J')ed2j with EXtE‘ (A()\ij), E2nz) =0

7j=1
Vi< 2,7 € (1, nim,)
Repeat the construction of (7) with E3g = Es,,. By (6) the procedure ends in a finite
number of steps to yield E,.,, € T for some r € N. Let T'(\) be the indecomposable

direct summand of E,,, in GMod such that (T'(\) : V(X)) # 0. Then T'()\) satisfies the
requirement of (2.1). Let T'(\) be another such. As A is highest in {z € XT | (T(}\) :

V() # 0}, there is by (1) a short exact sequence 0 — A(X) = T(\) = N — 0 in

GMod with N € F(A), and likewise 0 = A()) L T'(A) = N’ — 0. By (1.3) one has an
epi GMod(T(\), T'(\)) — GMod(A(X), T'())). Let f € GMod(T()),T"())) such that.
foi=1"and f' € GMod(T'()\), T()\)) such that f' o’ =1i. Then

fIOfOi:floil_—_i,

hence f o f € GMod(T'(\),T())) is not nilpotent. Then f’o f is invertible as T'()) is
finite dimensional and indecomposable. Likewise f o f is inverible, hence T'(A\) =~ T"(A).



3 Quasi-hereditary algebras

-In this section A will denote a finite dimensional k-algebra with {e) | A € A} a complete
set of representatives of the equivalence classes of the primitive idempotents of A. If A’ is
aring, A'Mod (resp. A'mod) will denote the category of left A’-modules (resp. of finite
type). We will let J(A") be the Jacobson radical of A’

(3.1) We start with a preliminary
Lemma Let I < A and J = J(A).
(i) If &, A € A, is the image of ey in A/I, then {5 | A € A} echausts the equivalence
classes of the primitive idempotents of A/I.
(ii) If A pin A, then eyAe, C J.
(iii) (exA/exJ)* =~ Aey/Jey in AMod, hence (exA)* is the injective hull of Aey/Jej.
(iv) If M € Amod, for each A € A
dim AMod(Aey, M} = [M : Aey/Je,]) = dim AMod(M, (e A)*).

(v) If e is an idempotent of A, then AeA = EfeAMod(Ae_A) im f. In particular, if € is
another idempotent of A with Ae ~ Ae', then Ac'A = AeA.

(vi) If M € AMod (resp. M' € A/IMod), let Anny(I) = {m € M | Im = 0} ~
AMod(A/I, M) (resp. infﬁ/,(M’) = M’ regarded as A-module by the quotient A —
A/I). Then Annq(I) defines a functor AMod — A/IMod right adjoint to infﬁ/,.
In particular, Annq(I) is left exact and sends an injective to an injective.

(3.2) Definition We say A is (left) quasi-hereditary iff there is a chain of ideals A = Iy D
I D+ DI, DI, =0 such that Vj € [1,7],

(QH1) I;/1;4, is projective in A/I;;1Mod,

(QH2) (L;/ 111} (A/ ;1) (L] I11) = 0,
(QH3) AMod(I;/ Iy, (A/Lin1)/(1;/Ij1) = 0.
(3.3) Proposition If (A, (I;);) is quasi-hereditary, then there is a chain A =Ag D A; D
© D Aw D Ayt = 0 of subsets of A such that I;j = 3 5., AexA with Ij/I;y, =
Laeaj\as. (A/Ti41)8x(A/ Ljs1), where €5 is the image of ex in A/lj11. Hence refining the

chain of subsets (A;); one obtains a refinement of the chain of ideals (I;i)jo<i<iA\Ajp1]-1
with Ij = Ij() D Ij1 D D Ij.lAj\/\j+1|—1 such that (A, (Iji)ji) 18 quasi—hereditary.

Proof. Suppose 0 = I,,;, C I,. As I, is'projective, one can write in AMod

(1) I~ ] (Aex)®™ with A, C A and ny € N*.
A€AL



If ¢ri : Aex = In, X € Ay, 1 <4 < my, is the natural imbedding, I, = [, ; Aeagai(en),
hence I, € 3 5cp, AerA. If I, € 37,5 AenA, there would be f € AMod(4ey, 4),A €
A, with imf € I, by (3.1.v). If py : I, — Ae, is the natural projeciton along (1), then
fopy € AMod(I,,A/I,) # 0, absurd. Hence

(2) I,=)_ Ae\A.
/\n

If A# pin A, then by (3.1.ii) and (QH2)
(3) exAe, =eyJe, C I,JI, =0,
hence AMod(Ae,, Ae,A) ~ eyAe, A = 0. As Ae, is projective, AMod(Ae,, ZﬂeA"\{,\) Ae,A)
is a quotient of AMod(Aej, [[,ea,\(r) A€u4), hence
(4) AMod(dey, Y Ae,d)=0.
peA\{)}
If aexb € (X uen,\ppy AeuA) \ 0 with a,b € A, then p, € AMod(Aex, 3, cn\(n) A€ud) \ 0
with p, the right multiplication by b, absurd. Hence the sum in (2) is direct:
(5) In == H AC)\A.
AeA

Ife, € I, n € A\ Ay, then e, = € € e, )55, Aexd C J by (3.1.i), contradicting the
nilpotency of J, hence for each 4 € A

(6) e €1, iff pe A

Then by (3.1.i) {&x | A € A\A,} forms a complete set of representatives of the equivalence
classes of the primitive idempotents of the quasi-hereditary algebra (A/I,, (I;/1,);), where
ex is the image of ey in A/I,. By (5) there is A;,_|, C A\ A, such that

(7) Lio/Li= ] (A/L)ex(A/L).

reN

n—1

Then In_j = ) sep,_, AerxA with A, = A, UA]_,. Repeat the argument.
(3.4) For aring A’ let Mod A’ denote the category of right A’-modules.

Lemma Assume (A, (I;);) is quasi-hereditary with 0 = I, 11 C I,,.. Ifey € I,,, then AeyA
is projective as right A-module.

Proof. By (3.3) there is A,, C A such that
1 4epa =1, = ] (Ae,)®™, n,eN*.

pEAR neEAR

As Ae,A = ZfEAMod(Ae,.,A) imf, if ¢; : Aex — I, is the natural imbedding, 1 < i < n,,
then :

o)) AeyA = H ime;.

i=1




On the other hand, if J = J(A), exJex € InJI, = 0 by (QH2). Then
. exAex =2 AMod(Aey, Aex) =~ AMod(Aey, Aey/Jey)
as Aey is projective. But dim AMod(Aey, Aex/Jex) = [Aex/Jey : Aey/Jer] =1, hence

(2) e,\Ae,\ = ke,\
If a; = ¢i(er), AexA =12, Aqa; from (1). We clain
(3) (a;); forms a k-basis of e, A.

To see that put ¢y = [12, ¢ @ (4e))®™ — AerA. If 3, &a; =0, £ € k, then 0 =
dal&ienr, - ,&nen), hence all &ey = 0. Then all & = 0. If a € A, we can write exa =
$a(al, -+ ,al,)), a; € Aex. Then

¢/\(a,1) e )a:u) = eia = e)\(ﬁ/\(all) e ’a:l,\) = ¢,\(e,\a’1, te ,6)‘(1:1/\),

hence a} = exal € eyAey. Then o} = ;e for some 7; € k by (2), hence
éxa = ¢/\(7lle/\a T )nn,\e/\) = Zﬂiai,
i

and (3) follows.
Now let (b;)1<j<- be a k-linear basis of Aey. Then
(4) (bjai)i; forms a k-basis of AeyA.
For AE)\A = (Ae,\)(e,\A) :ij,i kbja,-. If Zi,j §j,-bja,~ = 0, &j,‘ € k, then 0 = (I))\(Zj &jibj, ree ’Zj &jn,\bj)
hence 3. &;:b; = 0 for all 4. Then &; = 0 for all 4, j, hence (4).

Define finally 9 € ModA((¢xA4)®", AexA) by (c1,...,¢) = 375 bjcj. Then 9 is bi-
jective by (3)/(4), hence the assertion.

(3.5) Together with (3.3) we have obtained

Proposition If we say (4, (I;);) with a chain of ideals (I;); in A right quasi-hereditary
if (I;); satisfies (QHI-8) with (QHI) holding in ModA/L;41, then (A,(1;);) is quasi-
hereditary iff it is right quasi-hereditary.

(3.6) For each X\ € A let L()\) = Aey/Jey, J = J(A), and let E()) = (exA)* the injective
hull of L()) in Amod (3.1.iii).

Definition We say Amod is a highest weight category iff there is a PO > on A such that

(HW1) VA € A, 3V()\) € Amod, called the standard module of highest weight A with
L(A) £ V() such that Vi € A, [V(X)/L(X) : L(p)] = 0 unless p < A.

(HW2) VA € A, E()\) admits a filtration V(\) = F, < F, < --- < F, = E()) in Amod
such that Vi > 2 3\; € A with

Ai > X such that Fy/Fy_y ~ V(X;).



Note that by (HW2)

(1) each V()) has simple socle L()),

and that by (HW1)

() Gr(AMod) = [] zIL(V)] = [] Z[V ().
€A e

Then the number of times each V(i) appears in a filtration of E()) in (HW?2) is indepen-
dent of the choice of the filtrations, which we will denote by (E(A) : V(u)). By (HW2)
we have also

(3) Gr(Amod) = [] Z[E(\)].
A€A

(3.7) Lemma Assume (Amod, (A, >)) is a highest weight category. Let A\,u € A. If
ExtY(V()), V(r)) # 0, then A > u. Hence the filtration of E()) in (HW2) can be ar-
ranged such that A\; # Aj if i < j with A\ = A,

Proof. If Ezct;(?(/\),@(u)) # 0, from (HW1) there is » € A with v < X such that
Ext4 (L()), V(1)) # 0. Then the short exact sequence

0~ V(g) = E(p) = E(u)/V(s) -0
yields AMod(L(v), E(u)/V (1)) # 0, hence AMod(L(v), V(1)) # 0 for some 7 > u by
(HW2). Then A > v =19 > u by (3.6.1).

(3.8) Prposition Let (Amod, (A, >)) be a highest weight category. Then for each A € A
V() = n ker f = n ker f.

fEAMOd(E(’\)-HpeA,pﬁ)‘ E(u) feAMOd(E(’\)ereA,p>)‘ E(p)

Proof. Enumerate A = {Ay,- -+, A} such that

(1) | if i<, A% A

By (3.7) each E();) admits a filtration in Amod

(2) E(\) = Fooina(i) 2 -+ 2 Fa(i) 2 Fi(i) = V(A)

such that Vj > 1,

3) Fiaa()/F5(6) = V()™ with n(6,5) = (B() : T(ar)).
(From (3.1.iv) and (HW1)

(4) AMod(V(X), E(A;)) =0 unless \; < ),

hence Vf € AMod(E(X:), [, ¢, (A7), V(A:) < ker f. Likewise

AMod(E(\:), E(A\)) =~ AMod(E(\)/Fu—i(i), E(An))
© ~ AMod(V(),)®"E) E(),)),

e



hence

| (5) ﬂ ker f = F_i(%).

feAMod(E()i),E(An))

By the injectivity of E(A._1) any g € AMod(V(},_;)®"(n=+1, B(), 1)) lifts to E()s),
ie., AMod(E(\)/Fuzi(X), EQucl) = AMod(V(X)®r6n—+1) E(),_1) is surjective.
Hence together with (6) one obtains

ﬁ ker f = F, —i).

JEAMOd(E(A:),E(An)OE(An—1))

Repeating the argument yields ) _
V) = N  ker f

SEAMOd(E().L1;5: ()
= N ‘ker f by (5)

fEAMod(E()\.-),[_IAJ_ o, B(%))
On the éther hand, from (HW2)
TL(’I:,J) =0 unless‘/\,'ﬂ- > /\i)

hence also 5 C :
VX)) = (- kerf.

JEAMOd(EA) L5, E}))

(3.9) Theorem [CPS, Th. 3.6] Let (A, (I;);) be a quasi-hereditary algebra. Define a
PO on A such that A > p iff A € A, and g € Ay with s > t. Then (Amod, (A, >))
forms a highest weight category. Conversely, assume (Amod, (A, >")) is a highest cate-
gory. If we enumerate A = {M,--+, M} such that Ay # A if i < j, then (A, (I});) with
I} =3 ; Aex A is quasi-hereditary.

Proof. Supose (A,(I;);) is quasi-hereditary with 0 = I, C I,. By (3.3/(3.5) there
isachain A=Ag D A1 DD Ax D Any = 0 such that

(1) I] = Z Ae,\A Wlth I]/I]_H =~ H —G_X(A/Ij_H)en)‘ in MOd(A/Ij+1),
reh; reA\hiss | |
ny € Nt.

We will argue by induction on n. If n = 0, J = J(A) = 0 by (QH2), hence A is semisimple
and we have only to define V()\) = E(X) = L(A) for each A € A. Suppose n > 1. As
(A/L, (I;/ I,.);) is quasi-hereditary, by the induction hypothesis and by the remark before
(3.3.7), there are V'(\), A € A' = A\ A,,, satisfying (HW1, 2). For each X € A set

inf},, (V(N) ifAe N

(2) » 6(’\) = {(e,\A)* " if X € A,



To verify (HW1, 2), suppose first A € A,. As V()) = E(’\)’. (HW2) holds. By (3.1.iii)
(3) L(\) = Aey/Jex =~ (exAferd)* < (exA)* = V()).
If [V(A)/L(A) : L(u)] # 0, then by (3.1.iv)

0 # dim AMod(4e,, V()\)/L()\)) = dim AMod(Ae,, (exJ)*)
= dim Modk(e;\J XA Ae,‘, k)

If 4 € A,, then exJe, = 0 by (QH2), hence 11 ¢ A,. Then z < X and (HW1) holds.
Suppose next A € A’ = A\ A,. As V'(\) > L'()\) ~ (A/L)ex/J(A/I,)ex ~ Aex/Jes,

. A
If [V(A)/L()) : L(w)] #0, then

0 # dim AMod(Ae,, V())/L(})) = dim AMod(Ae,, iiﬁlf (V'(N)/L'(N)
= dim(A/I,)Mod((A/I,) ®4 Ae,, V'(N)/L'(N)),

hence e, € I,. Then p ¢ A, by (3.3.6), hence p € A’. Then p < X the induction
hypothesis, and (HW1) holds. There is a filtration of (ex(A/I,))*

V(\) = Fl < Fy < -+ < Fl = (&(A/L,))*
satisfying (HW2) in (A/I,)Mod. Set F; = inf4,; (F!),1 <i < r. Then

EQA)/F, =~ (e;A)’/ (€x(A/ L))" ~ (exl)" ,
with e ], a direct summand of (e + (1 — ex))n' = In = [ ,¢p, (€44)®™ Dby (3.3)/(3.5).
Then by Krull-Schmidt ey, ~ e, (esA)®™ for some m, < n,, hence Ey(A)/F, =~
L. V(p)®™ with g > ), as desired.

Assume next (Amod, (A, >')) is a hlghest welght category. We will show A admlts

a structure of right quasi-hereditary-algebra, hence qua,81~hered1tary by (3.5). Choose A
maximal in A. We claim
(4) AexA is projective in ModA, (Ae,\A)J(AeAA) =0, and that .
ModA(Ae)A, A/Ae,\A) =0.

Note first from (HW2) o

(5) TO) = BQ) = (14)",
hence
(6) V(A\)* >~ exA in ModA.

If p € A, there is from (3.8.2) a short exact sequence in AMod
(7) 0 F o E(p) - V)e N 50



with n(u, A) = (E(p) : V(X)) and with F baving filtration such that the subquotients are
all of the form V(v),p < v # A. Dualizeing (6) one obtains a short exact sequence in
ModA

®) 0 F*  E(u)  (exA)®"0 0.
By (3.1.iv) and by (HW1)
dimModA(eyA, F*) = [F* : eyAfexJ] = [F : L(\)]
= 3 (F:90) V) L)) =0

VEAuSU#N
while from (6) and (HW1)

dim ModA(exA, exA) = [V(A)* : exdfexJ] = [V(A) : L(\)] =
hence
9) ModA(esA, exA) = kid,, 4.
Then

eyAer ~ ModA(erA, e,4) ~ ModA(exA, E(p)*)
~ ModA(e,A4, (e,\A)GP"(#-f\)) ~ (kidexA)QBn(p,z\)'

If we write A = ][, (eu,A)®™, then

Ae,\A = E(euAe,\A)GB"" = H(e,,Ae,\A)e’"“ as Ae,\ - A

HEA HEA
= [T ((euder)era)® = [T ((Kide, )2 s 4)0 = [ (eraerieims,
ueA neEA HEA

hence AeyA is projective in ModA. Moreover,

(AexA)J(AerA) = AeyJerA = AJ(exAey)A = AJ(k)A by (9)
' = 0.

If f € ModA(AeyA, A/AeyA), then for each a and b € A, f(aerxd) = f(aey)erb = 0,
hence ModA(AexA, A/AeyA) = 0, and (4) holds.

Let I = AexA and A = A/I. We show (4, (A \ {A\},>")) forms a highest weight
category. Then we can repeat the argument to make A into a right quasi-hereditary
algebra. If M € ModA, put M® = Anny(I). We claim

(10) L(w)® = (1 = dxu) L(w), V(1)° = (1 — 65,)V(1), and that
if we arrange the filtration of E(u) as in (7), then E(u)° =

As L{p)® < L(p) and as L(p) is simple, L(p)? = L(u) if L(u) # 0. We have
V())°® ~ AMod (4, V()\)) 2 AMod(4, (e A)*) = Mod(exA ®4 4, k) = 0,




hence from (6)
(11) E())° =V(\)° =0.
As L(X) < V()), also L(A)° = 0. If 4 # ), then
exL(p) ~ex(e,Afe J)* by (3.1.iii)
= ((exA/euJ)er)* =0  as equdfejud)es C e,J by (3.1.i),
hence L(u)® = L(p). Also
(12) () = (u)

as the composition factors of V(i) are among L(v),v <' s, by (HW1). Finally, from the
short exact sequence (6) one obtains an exact sequence

0 = F° = E(u)°® = (V(1)@#A)0

with (VX)) = (T (A)0)@*e:N) = 0 by , hence E(u)® = F° = F by (11), and (10)
holds. '

As inf4 is an imbedding, {L(u)° | # € A, L(1)° # 0} is a complete set of representa-

tives of the isomorphism classes of the simples of A. Also Ann,(I) preserves injectives.
Hence (4, (A\{)} >')) forms a highest weight category with the simples L(u)° = L(u), the
standards V(©)° = V(u) and the indecomposable injectives E(u)°, 1 € A\ {A}, as desired.

(3.10) If M € Amod, let add(M) be the full subcategory of Amod consisting of the
direct sums of direct summands of M. We say M is basic iff M has no direct summands
in Amod of the form N @ N with N # 0.

Definition We say M is tilting iff
(T1) projdim4M < oo,
(T2) Exty(M,M) =0 Vi>1,
(T3) V projective P of Amod, there is an ezact sequence
0P M s M'— -5 M 50 in AMod
with all M* € add(M).

Dualizing the conditions (T1-3) we obtain cotilting modules.

(3.11) Assume (A4,(I;);) is quasi-hereditary. Define a PO on A such that A > p iff
A€ Ay and p € A, with s > . For each A € A let E()\) = (exA)* the injective hull of
Aey/Jey, and let

(1) V() = N ker f,
" fEAMOd(E(A), e ugr E(1)
(2) A(\) = Aey/ > imf.

9€AMod (I, ¢a <2 (Aep)(Aer)



By (3.9)/(3.8) one can define a highest weight category (AMod, (A, >)) such that the
standards are given by the V(), X € A. Also from (3 8) '

" (3) V(\) = N ker f.
: JEAMOd(E(\),11,,5x E(h)
On the other hand, if V'(A) = ;¢ amod((ex)* [T x(Aen)) ker g, there is an exact sequence
N ! o
(4) 0= V'(A) = (4er)* = II ((Aex)*/ ker g).
gEModA((Ae,\)‘.,(_Aemu)‘),pﬁz\

As (Aey)*/ker g ~ img < (Ae,)*, the sequence (4) induces another exact sequence

(5) 0o V(N = (Aey)* H(Ae,,)"

_sendmg z € (Aex)‘ to (g(x)),. As dim ModA((AeA)* (Aey)*) < 00, we may assume the
product in’ (5) is finite. Then taking the k-dual of (5) yields an exact sequence

04 V/(A)* « Aex [ (4e,)x,
g
“hence - ,
N kerg) =V'(\) ~Ader/ . > img
9€ModA((Aex) LT, > (Aeu)) . gEModA((4e.)* (Aex) g

= Ae,/ N Z img = A()).

9EModA(LL, 45 (Acy)* (Aer)*)
Then by (3.9)/(3.8) again

(6) A(X) = Aey/ Z img. .

9€EModA(]],,, 5 (Aep)* (Aer)*) ’ 7 o o
Let F(V) (resp. F(A)) be the set of finite dimensjonal left A—modules that admit a
filtration whose subquotients are all isomorphic to some V(X (resp. A(A)) A €A, and

let 7(A) be the full subcategory of Amod whose objects are F(V) N F (A) We can now
state a theorem of Ringel. ,

(3.12) Theorem [R, Th. 5.5/Cor. 5.5/ Prop. 5.2] Let (_A,‘ (I3)3)-be a quasi-hereditary
algebra.

- (i) There is basic A-module T that is both tilting and cotilting such that T (A) = add.(T.).
(ii) The indecomposables of T(A) are parameterized by A, written A —T(X), such that
(T()) : V(A) =1 and that (T()) : V(1)) =0 unless ju < A :

(3.13) Recall from (1.1)/(1.6)/(1.2) that (GMod, (X*,>),7) satisfies both (HW1) and
(HW2) with V() = V(}), A € X, except that X* is infinite and that the filtra-
tion of E(A) has infinite length. We -will_:‘s.hqw in §4 that Xt admits a filtration by



finite subsets m; C wy C --- with X+ = U;m; and that there are finite dimentional
k-algebras S(m;), called Schur algebras of G, such that S(w;) is a quotient of S(m;) if
J <45 (S(m;)mod, (7;,>)) < (S(m;)mod, (m;,>)) as highest weight categories if j < i;
l_n;(S(W])mod (m5,2)) = (GMod, (X* ,>)); and that the contravariant duality 7 in-

1
duces an involutory contravariant exact functor on each S(m;)mod fixing the simples.
That motivates us to introduce

Definition We call a highest weight category (AMod, (A,>)) a higheét weight category
with duality iff there is an exact contravariant k-linear functor 7 : Amod — Amod with
72 = id Amod, written M — ™M such that "L(\) ~ L()) for each X € A.

(3.14) Remark The involutive contravariant funetor 7 . Amod — Amod induces a
k-algebra isomorphism 7 : A — A, as mentioned in [CPS89), such that

1) () -

where M, M € Amod, is an A°P-module that is M as k-linear space with A°P acting
through 7. Hence if we regard 7 as antiautomorphism of A, then

2) (@af)(m) = f(F(@)m) Vf€ (M) ,mes M,a€ A

Let us write down an argument, sketch of which was communicated to us from Sumioka.
We begin with

(i) claim Let B, B' be two finite dimensional k-algebras, both basic. If there is an
equivalence of categories ® : Bmod — B'mod, then there is ¢ € kAlg(B', B such
that ® ~4? '

By the Morita theory (cf. [Jac, Morita II, p. 178]) there is a progenerator P of B'mod
and vy € kAlg(B, B'Mod(P, P)) making P into a (B’, B)-bimodule such that ® ~ P®p?.
But P ~ B’ in B'mod as B is basic, hence 7 induces an isomorphism ¢ € kAlg(B, B’)
such that ¢(b) = v(b)1s. Then & ~ B'®p? =47

(ii) claim Let R be a finite dimensional k-algebra with (€:)1<i<n @ complete set of the
equivalences classes of the primitive zdempotents of R. Lete="7 ;e; and B = eRe.

If ¢ € kAlg(B, B)* with d)(e,) ='e;, there is ¢ € kAlg(A°p A)* with ¢|ger = ¢.

Let 1 =30 Y0 e be a decomposition into primitive idémpotents with e; = e; for
each 7 and Re;, > Re; for each s. As e;,Re;; ~ RMod(Re;,, Re;;) ~ RMod(Re;, Re;),
for each i and s ther is u;, € e;Re;; and v;, € e;; Re; such that u;,v;, = e; and v;,u;; = ej5.
One can moreover choose u;; = €; = v;;. Then

(3) ' . elUjs = Uis, Vjie = Vj

(4) UisVjr = 5ij53t€i, VjilUis = 5ij5st€is-

to ease the notation, we will regard ¢ as an antiautomorphism of B and show ¢ extends
to an antlautomorphlsm d) of R. Define ¢> R — R via

(5) | Car— Y v]s¢(umavﬂ)uu

158t .




If o' € R, then
é= Z vjed(uisa Z Vg Uop@ Vst ) Uis

LAt a,fpv
=D 0eh(0is@Up Uau@'jt)Uisbaply Y (3)/(4)
= Z Ve (Uapd'vje) P(Uisavp, )Uis = Z Vje(€aliona’Vje) p(Uisavpy ) Uis
= Zvj¢¢(ua,,a’v,t)eu¢(u,,avp,, tis by the hypothesis
= Z VjeP(Uapa'vjt)bapluvead(Uisavp, )u;s from the second equality
= Ujeh(aud vje) Vs, $(is0vp. )uis = $(a')d(a).
If b € B, then

‘i’(b) = Zvjt¢(5al5u-uis jt)is = Ze,-d)(e;bej)e

= ZeJd’(eJ d(b)p(e:)e; Ze,d}(b by the hypothesis

IJ
= ep(b)e = H(b).
Regarding v;; € Rmod(Re;;, Re;), b € Rmod(Re, Re), and u;, € Rmod(Re;, Re;,) by
the right multiplication, one obtains a commutative diagram

u_,.bu,,

Reje 2 Re,,

u,-.l Tui,

Re; Re;

! I

Re —b) Re,

where Re; — Re (resp. Re — Re;) is the natural map associated to the direct sum
decomposition Re = ][ Re;. As vj and u;, are both invertible, v; Rmod(Re, Re)u;, =
Rmod(Re;;, Re;,), i.e., v;eBu;, = ejiRe,, hence ¢ is surjecive. Then ¢ is bijective by

- dimension.

Keeping the notations we show next

(iii) If there is an equivalence of categories ¥ : Rmod — R°®mod such that ®(Re/J(R)e) ~
eR/eJ(R) for each primitive idempotent e of R, then there is 1 € kAlg(R°P, R)*
such that ® =,7.

Note that B is basic. We will denote the elements of R (resp. B) with ' when regarded
as in R (resp. B?). If P = Re, P' = R¢/, Q = ¢R, and Q' = ¢'R’ with R' = R°P,
then the multiplication P ® g P' — R (resp. P' ® P — B) is bijective wth inverse
@ Y, Vit ® uisa (resp. b — e®b), hence P = P®s? : Bmod — Rmod (resp.



E’ = P'®p? : B'mod — R'mod) is an equivalence of categories with quasi-inverse
Q = Q®Rg? (resp. Q' = Q'®p?). As Q' o ® o P: Bmod — B°®mod is an equivalence of
categories, by (i) there is 8 € kAlg(B°P, B)* such that

(6) Q o®oP ~y?

On the other hand, P(Be,/J( )ei) =~ Re;/J(R)e; as J(B) = eJ(R)e and likewise
Q'(R'e}/J(R)el) =~ B’ t/J(B")e!. Then Q' o ® o P(Be;/J(B)e;) ~ B'e;/J(B')e;, hence

(7) 6(e;) and e; are equivalent.

As Y ,0(e) = e = Y _,e; are two decompositions of 1 ino primitive idempotents in B,
there is 4 € B* and a permutation o of the e; such that Vi, o(e;) = uf(e})u~!. Then
Bo(e;) = BO(e})u™" ~ BO(e}) = Be; by (7), hence o = id, and thus replacing 8 by ufu™"
we may assume f(e}) = e; for each 7. Then by (ii) we can lift § to § € kAlg(A°P, A) to
obtain
PP oQo®oPoQxPog?0Q by (6)
~ R'e' @p o(eR®p7) ~;47?

as desired.

Now apply (iii) to the composite equivalence

Amod 5 Amod -y modA = A®mod

to obtain 7 € kAlg(A°P, A)*.

(3.15) Corollary Assume (AMod, (A, >)),7) is a highest weight category with duality.
If we enumerate A as in (3.9), then (A, (I;);) with I; = 3.5, Aex; A is quasi- heredztary

with "V (A) =2 A()) in Amod VA € A in the notation of (3.11) .

(3.16) Remark In the presense of duality 7 we could prove (3.15) entirely in Amod
instead of going frst to modA and coming back via (3.5).

4 Schur algebras

(4.1) To relate GMod to the category of modules over a finite dimensional k-algebra, we
have first to recall that an affine k-group & is a functor from the category of commutative
k-algebras Alg, to the category of groups Grp represented by a k-algebra k[&]. Our
reductive group G is an affine k-group. The group structure is encoded in k[®], making
k[®] a Hopf algebra with comultiplication Ag, counit €, and the antipole gg. If Fncy
denotes the category of functors from Algy to Set, then Ag (resp. €g) is induced from
the multiplication (resp. the neutral element) under the isomorphism

(1) Frca(® x ®, ) ~ Fncy(Alg. (k[6] ® k[8],7), ®)
~ &(k[6] ® k[®8]) by Yoneda’s lemma
~ Algy(K(®)], K[8] @ K[&)



(resp. Fncg(es, ®) ~ &(k) = Algi(k[®],k), where ¢, is the trivial algebraic group
represented by k). Thus

@ (HO]© o) o Ao = (Ao @ KB 0 B0

3.  (K[B] ® €o) 0 Ag = idye) = (o ® k[B]) 0 Ao,

Let Grpy be the category of affine k-groups. A &-module is really a pair (M, f) of a k-
linear space M and f € Grpy(®, GL(M)) with GL(M) € Grp; such that GL(M)(A) =
ModA(M®A M®A)*VA € Alg. If (M, f) is a &-module, define Ay € Mod,(M,M®
k[(b] via m — f(k[@])(ldk[g])(m ®1). Then -

4 (M ® Do) o Ay = (Aum) @ K[®]) o AM
) R T (M ®eg)o Ay =iduy. : |

In turn, we call a pair (M, Ap) of k-linear space M and k-linear map Ay : M = M ®k[Q5]
a k[®]-comodule iff (4) and (5) are satisfied. Let k[&]coM denote the category of k[®]-

comodules. If (M,A) € k[G]coM, define f € Grpi(®, GL(M)) by setting for each
A€ Alg,zeB(A),meManda€ A

(6) | f(A)@)(m®a) = (M @) 0 Aum)(m)a.
One thus obtains an equivalence of categories ‘
(7) BMod ~ k[6]coM.

(4.2) A k-cogebra is a triple (C, Ac, €c) of a k-linear space C, A¢c € Mod,(C,C®C) and
ec € Mod,(C, k) satisfying (4.1.2/3). If (C,Ac,€c) is a k-cogebra, a C-comodule is a
pait' (M, Ap) of a k-linear space M and Ay € Mod (M, M ®C) satisfying (4.1.4/5). Let
CcoM be the category of C-comodules. If C* = Mod(C, k), C* is naturally a k-algebra
with multiplication given by the commutative diagram

R crecr — O
() | o
Mod,(C ® C,k) —— Mody(C, k), -
Modi(Ac,k)

‘where-the left vertical map is given by _
@) fefr e d s fOf(E)
Then a C-comodule M is made into a C*-module via the commutative diagram

C*oM — M.

(3) 'C‘@AMl Coe T( )M
C*OMRC —3 C*QCOM,
C*QP

where P is the transposition and (, ) is the evalutation.




In turn, if S is a finite dimensional k-algebra, then (2) with C replaced by S is bijective.
Hence S* comes equipped with a structure of k-cogebra by the commutative diagram

5* —  Ses

(4) , T’

Mod,(S,k) ———— Mody(S ® 5,k),

Mody(ms k

where g is the multiplication on S. If N is an S-module, then N is made into an S*-
comodule with Ay defined by the composite of the isomorphism N ® S* ~ Mod(S, N)
and the map N — Mod(S,N) via n +— “s — sn”. Thus the category of finite dimen-
sional k-cogebras is equivalent to the category of finite dimensional k-algebras, and if C
is a finite dimensional k-cogebra, one obtains an equivalence of categories

(5) .. CcoM ~ C*Maed. .
While any 51mple of C*Mod is:a quotient .of C*, note that
(6) any- Slmple of CcoM is a subcomodule of C.

For let (L,Ar) € CcoM. If f € L*\ 0, we obtains a commutative diagram

L -2 rLec 2% ¢

™) ALl lL@Ac lAc

L®C A—> L®C®C _, C®C.
L®C :

As (L®ecc)o AL =id, (f® C) oAy € CcoM\O Hence if L is simple, L < C under
(f®C)oA,.

(4.3) Back to GMod, let 7 C X*. We say M € GMod belongs to 7 iff [M : L(\)] = 0
unless A € 7 VA € Xt . Let M(x) be the full subcategory of GMod consisting of the G-
modules belonging to 7. If M € GMod, we let O,(M) be the sum of all G-submodules of

M belonging to m. Then we obtain a functor O, : GMod — M(r), that is right adjoint
to the imbedding M(7) - GMod, hence ‘

(1) O, is left exact and sends an injective to an injective.

Lemma Given a family of G-modules M;,i € I,

OW(H Ml) = H O”(M,)



Proof. If O, (11, Mi) > [1; 0.(M;), let L(A) < O«(L1; M,-)/ 11; Ox(M;). Then-
0 # GMod(L()), o,(]_I M)/ H O.M))

< GMod(L()), (]_I M)/ ]_[ On(Ms))

~ GMod(L(\), H(Mi/(f),,'(M;)))

~ 1 GMod(L():), Mi/On(M:))  as L()) is finite dimensional,
hence L()) < M:/o,(M..) for some 7. But A € 7, absurd.

(4.4) Define a structure of G x G°P-module on [G] by
(1) zay = a(y?z), a€k[Gl;z,y €G.

Precisely, if A € Algy, let A[t] be the polynomial algebra in t over A, A} = Alga(A[t],?),
Ga = Alg,(k[G] ® A,7), and identify k[G] ® A with Fncs(Ga,AL). We let (z,y) €
(G x G°P)(A) = G(A) x G(A)*® act on a € Fncy(Gy4,AlL) via

(2) ((z,9)a)(4) = a(A)G(MW)?G(7)(z)) on Ga(A)=G(4),

where A’ € Alg, with structure map v : A — A'. Let k[G]; (resp. k[G],) be the G (resp.
G°P)-module structure on k[G]. The corresponding k[G]-comodule structure on k[G]; is
given by Ag :

(3) Ak[G], = AG : k[G]( - k[G][ ® k[G]

The k[G]°P-comodule structure, i.e. left k[G]-comodule structure, on £[G]; is also given
by AG :

(4) Ak[G], =Ag: k[G],- - k[G] ® k[G],.

We set Or = On(k[G];). We will show that Oy is a finite dimensional k-subcogebra of
k[G] if = is finite. :

Lemina Oy s a subcogebra of k[G].
Proof. As Oy is a G-submodule of k[G];, from (3) one obtains a commutative diagram

kGl —2% k[G]: ® K[G]

g T

0, — O, ®K[G].

The action of each y € G on k|G, is G-equivariant, hence sends O, to Oy. Then O, is
also a G°P-submodule of k[G],, hence (4) induces a commutative diagram

k[G], -2 k[G]® k[G],

0 T

Or —— Kk[G]® Ox.




Hence Ag(Oy) C Or ® Oy
(4.5) We say m C Xt issaturated iff Vu e m, (A€ Xt | A <rm} Cm.

Proposition [D85, 12.1.6] Let M € F(V). Assume 7 C X% is saturated and that
dim GMod(A(A), M) < 0o VA € X*. Then both Oy(M) and M/O.(M) € F(V) with
(M]O(M):V(\)=0 VIem.

Proof. Assume first M is finite dimensional. Just suppose O,(M) ¢ F(V) and let
M' be a maximal submodule of O,(M) such that M' € F(V). Let L(A\) < O (M)/M'.
By Donkin’s criterion (1.5) M/M' € F(V). As GMod(L(A),V (1)) = duk Vu € XT,
(M/M' : V(X)) # 0. As X € m, however, V()) cannot appear at the bottom of any good
filtration of M/M’. On the other hand, a good filtration of M /M’ can be so arranged by
(1.4) that if we write 0 = F0 < F! <... with F{/Fi=! ~ V()\;) and if F7/F™~! ~ V()),
then \; < A Vi <r. As r is saturated, A; € m, absurd again, hence O,(M) € F(V).
Then M/O.(M) € F(V) by Donkin’s criterion. Also from the argument to obtain A, € ,
(M/Ox(M):V(v)) =0 Vv € . This concludes the proof in the case M is finite dimen-
sional.

In general, let O = F® < F' < ... be a good filtration of M. Then O,(M) =
U; Ox(F%). As F' € F(V) of finite dimension, O, (F*) € F(V) Vi. Then Vup € X,

Exth(A(),0n(M)) = Bxthy(& (), ligOy (FY)
= li_rgExtg(A(u), O(FY))  [J,1.4.17 as A(p) is ﬁhite dimensional

=0,

hence Or(M) € F(V). The rest follows as in the case of finite dimension.

(4.6) To describe the injectives of GMod, let us recall the induction functors for an affine
k-group ®. If § is a k-subgroup of &, the induction functor indg : HMod — GMod is
defined by M — (M ® k[®])® the fixed points of M ® k[®] under the action of $ such
that 2(m ® a) = (hm) ® a(?h) Then the G-module structure on indjM is induced from
the B-action on M ® k[®] such that g(m®@a) = m®a(g~'?). If ey € HMod(ind§ M, M)
is the composite of M ® € : M ® k[G] — M and inclusion (M ® k[8])® - M ® k[®],
then VIV € 8Mod, one has an isomorphism of k-linear spaces

(1) ®Mod(N,indg M) — HMod(resg N, M) via f+—reo f,

called the Frobenius resprocity, where res§ is the forgetful functor &Mod — $Mod.
Hence indg is right adjoint to resg. In particular,

(2) ind'f-,5 is left exact and sends an injective to an injective.

If 5 = e is the trivial group, any ®-module M is injective in ¢;Mod = Mod;. If
idy € ®Mod(M, indfiM ) such that ey oidy = idy under the Frobenius reciprocity (1),
then idy; imbeds M into ind‘:M , that is injective in ®Mod by (2). Hence

(3) ®Mod has enough injectives.



(4.7) Let E()) be the injective hull of L(\) in GMod. Recall from (1.6) that
(1) E(X) € F(V) and (E(X):V(n)=[V(s):L(A)] VueX™.
Proposition Assume w C X* is saturated: Let A € X+,
(i) ‘(’),,‘(E(,\)) — 0 unless A € . |
(if) If m is finite, dim Ox(E(X)) = 3 .[V(k) : L(N)] dim V (u).
Proof. By (1) and (4.5) one has O.(E())) € F(V). If O.(E())) #0, then Jp € 7 :
0# (Ox(E(N)) : V(1) < (E(A) : V(W) =[V(n) : L(A)],

hence A < p. As 7 is saturated, A € . . .
Suppose A € 7. One can so a.rrange a good filtration of E()) that ,V(u)_’s, pJ‘E 7,
appear at the bottom. Then ' '
dim O, (E(\)) = E(E(,\) V(1)) dim v E[v (N)] dim V(i )
’ o PET : pET ;
(4.8) Corollary If m € X 'is finite and saturated, then
dim Oy = _(dim V()).

AET
Proof. In GMod there is an isomorphism k[G]; — indf"(k) via a — aoinv, hence

socg(k[G]i) =~ H L(/\)(BdimGMod([,(,\),de (k)
aex+
= H L(/\)dimL('\) by the Frobenius reciprocity.
aex+

As indS (k) is injective in GMod, k[G]; = ]_[Ae x+ E(\)@4mL®) Then

Or = O( k[G] IT ox( ﬂ’d'mL(*) by (4.3)
rext
o [T Ox(E())®4m D by (47)
AET

hence

_ dimO, =Y dim Ox(E())) dim L(})

=33 [V(g) : L(N)]dim V(s dim L(A) = ) _(dim V()%

(4.9) If # C X* is finite, there is finite and saturated 7' containing 7. Hence (4.4) and
(4.8) together with (4.2.5) yield



Proposition If 7 C X* is finite, then O, is a finite dimensional k-subcogebra of k[G],
hence OrcoM ~ OrMod.

(4.10) Assume m € X* is finite. We set S(m) = O} and call it the Schur algebra of G
associated to 7. From (4.2.5) one has an equivalence of categories

(1) S(m)Mod ~ O,coM.

Recall the subcategory M(n) of GMod from (4.3). If M € M(x) with the structure
homomorphism Ay : M — M ® k[G], one has a commutative diagram

M LN M ® k[G]

) au | | meae
M ® k[G] ——— M ®k[G] ® k[G].
A M Qk[G)
If we make M ®k[G] into a k[G]-cdmodu’le'by'vle'tt;in'g Aperig) = M®Ag, i.e., letting G act

on M ®k[G] by g(m®a) = m®a(?g), then (2)reads Ay € k[G]coM, i.e., Ay € GMod.
As such apply O, to Ay to abtain a commutative diagram in Mod,’

M ® Oy
@) ~ M) 2B 0, (M @ K[G))
M  —  MeKJa),
Apm
where O,(M ® k[G]) =M®O0, as G is acting trivially on M. Hence (M, O.(Ay)) €
OxcoM. Converselly, if M’ € OrcoM, then M’ is. naturally a k[G]-comodule by com-
posing Ay with inclusion M’ ® O = M’ ® k[G], hence a G-module. If L is a simple
subquotient of M in GMod, then A, factors through L® O, to induce AL : L L®0,

so that (L A1) is a simple Ogr-comodule. Then L < O, in OrcoM by (4.2.6), hence
L < O, in GMod. 1t follows that M’ € M(m).

Together with (4.5) we have proved
(4.11) Theorem Assume m C X7 is finite.
(i) There are equivalence of categories M(w) ~ OrcoM =~ S(m)Mod such that
(M, Ap) — (M, ((, ) ® M) o (S(m) @ P) o (S(m) ® Bm)),
where P: M @ O, — O, ® M is the transposition.

(ii) If m is saturated, then (S(m)mod, (m, <), T |m(r)) 15 @ highest weight category with
duality with the injective hull of L()\), A € m, given by O (E()\)) .
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(4.12) Proof of classification. Let A € X*. If # = {u € X* | p < A}, 7 is finite and
saturated, hence (S(m)mod, (7, <), 7 p(x)) forms a highest weight category with duality
by (4.11). Then by (3.10) there is for each u €  a unique indecomposable partially tilting
module T'(u) in S(m)mod such that

(1)  (T(p): V(u)) =1 and that (T'(u) : V(v)) = 0 for each v € 7 unless v < p.
Then in GMod
(2) (T'(p) : V(v)) = 0 for each v € X unless v < p.

If T'(A\) is another indecomposable partially tilting module satisfying (1)/(2), then
T'(A) belongs to M(w), hence T'(A) ~ T'(\) by the unicity in M(x).
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1 Introduction._

Auslander & Buchweitz 2 & o C#EA & 17z Cohen-Macaulay drfiMid, & HMH.
TOIADHEAT VS, Gorenstein I ENDHA Cohen-Macaulay MEEDOFEDOFE
LV 4%, —4& D Noether R EDMBEIZE L TEBT 2 RAD, HET LD
NTVD [4]. 29 LHEEBRZObORFERHL IV DA, Bl (2]
b, BT RBPRONS) BRAOHZL, Cohen-Macaulay JBE R % ¥ £
AT, FlRAERHMTALODL)THE.

AW T, Cohen-Macaulay HAUIfFHES 5 6- REEIZDW T, Noether 3
EomBEciiiEER L7, Martsinkovsky DBE DR EHANT 5 [8,9]. BA S
iz &- AER, — &b ¥ N7 Tate I4ET Y — (Tate-Vogel I FET Y —)
% #£T, Cohen-Macaulay ;i\ & 5 ZEEREHAVA L EHKINL. F0D
TeOfERIE, 2R DIRAR T Ro TS, & NEREIL, Gorenstein B ET,
§- FNER &~ 5 D7), Cohen-Macaulay B ETI NS ORERDI—KT 5
M EI P, Ho Tk, 4, BEOEEIL, §- FEROBIRD, - RERI
Bh o B THBRE, B TwlltThsr).

DT, RIETTRLEMBAARE L, EELE, 20 LOFBERMEL R
TLDETEH BREOMEEM WL, R-BXN#E%L M* := Homp (M,R) T
£, FRIC R- MBEOKREIER f 123 LT, h* :=Homg (f,R) £ & <. BHM
BEPEMRFELTET2VINEES stable 2B L MR, R- MBEOREKC %,

c:. et Y
EERT.HECEnReZ ITHL, HiK,C %,

dc dCat1
TC i B Cppy = Cr—o0—0---

TEHT 5.



2 é-invariants

Cohen-Macaulay 3t (R, m, k) LOBBRERINE M \ZOoWT, LTD L) 25Ea
FINHEED O N T D,

0—-Yy—+Xy—-M-—0 (2.1)

(fBL. pdrYym < 00 22 Xy i3 K Cohen-Macaulay JIFF T Xy & Yu
W3hED BEHRF 2022w b0 e 15, )& R i Cohen-Macaulay RTH 5
b, Xy WHHRFR2EUTEMEN DL, Xy © HHETO B % 6z(M)
(6- mvamant) ERT, £/2 M D i-th syzygy QL(M) KXo T, BR FIVIR
TR % BHT 5 65(M) = 6p(QL(M)).

HHE 2.1 BX Cohen-Macaulay ¥ O 7NV ¥ FERKE, ﬁﬁ?@ﬁkl‘ﬂ‘ﬁ
THH. BT 1S dim R 518 QL (M) 13 BHERT%E E 2ViEX Cohen-
Macaulay MBI 5 0)‘(‘

e (M) = 0 (z > d1m R)
A 2.2 ([7] 5‘%) /K@’Aijﬁ‘b‘ﬁi v _LO

6r(M) = min{dim(Coker (f) ®r k)| f C— M,
., C :stable &ﬁﬁ Cohen-Macaulay bﬂﬁ}
= max{rankz (g ®r k) |g: M 5 E,pdE < oo}

% 2.3 ([1]) R- Jm’ﬂioéﬁa‘iﬁlﬁjﬂ N M s,
7 8R(N) 2 8(M).

FriC o .
Sn(M) < Fr(M) := dimy (Torf (M, k) ® k).

#i% 2.4 R meﬁ M kow'crkliﬂfﬁ'(aﬁé
| 1) pd(M)<oo R
2) 6p(M) = Br(M) (i20).
R % Gorenstein Rz b, ROFHOFUETSH 5.
1) 8(M) = (M), 7= dim R — depth(M).

il 2.5 ([3]) TMRAT Gorenstein B R W' FEIERITH % 12 DLE+ 554
3, DAToEXT5EL 6N 5.

§h(k)=0 (i>0).



3 Tate-Vogel cohomology

AHTIX, (R,m k) % Noether HFT®R, M,N % R-BEOHBBFLT5H. Bk
(M,N), 35180 *%,

(M,N), := []Hompg (M;, Nin)
of = J:dM+de

WKLo TEHTA. (M,N) ® k€0 V-, PRANEROFE -
TH5.

HEREGR»S %2 (M,N) O#54EEL (M,N), , (M,N), i X 5RHREHL
% (M,N) L#<,

(M,N),, = {f € (M,N),|HBRBOi% BT f; =0}

OH(M)N)b_' (M,N)—'(M,N)—-)O.

M,N % R-INBEOERLBIEK, Py » M, Py » N 2 B A BTGB ET
5. b XY Exthy (M,N)=H_((Py,Py)) (i>0)Tha,

Exty (M,N) := H_((Pur, Pv)) (i €2)
% M,N @ Tate-Vogel 2:hET Y — LIEE,

E#% 3.1 ([4) B18) (R,m,k) % Noether RHT®R, M % R-MHEDOER L
%, Py —-» MzBINIESBRETS. HENBROBEKECY Y, X0
(CR1),(CR2),(CR3) % Ft:F L &, Cy ¥, M DEEFBHTHH L.

(CR1) Cy & LT TICHIEFR %, HHMFEOTELIITH 5.
(CR2) (Cpy R) 4 LICD TICHFHEFRL, HHMBOTLFTH S,
(CR3) % p> 0 ¥&H> T, 7,Cy = 7Py

EESBE, ~RICHFETHLIREL L2V, HBRETHRROTEFHHN
SLMOENTOAEBITHA, %87 5 L) < Gorenstein TR LEDOMFER, T&
SEEFD.

EH 3.2 (Vogel, [8, 5]) (R,m,k) % Noether BFi5R, M,N % R-IBOHR
¥R, Py » M, Py » N 2 &4 BNERDRETH. BICM i, T20H
ERFOLDET A, KA LD,

Ext'}z (M, N) = H,'(PM, PN) o H,‘(CM,PN).



) BT oORSMICBVWTETOF, IdELTH 5.
0 0

| 1 1

0 — (PM$PN)b - (PM)PN) - (PM)PN) - 0

! ! l

0 — (Cm,Pn)y — (Cu,Pv) 5 (Cu,Pv) — O

! ! l

0 —» (Lm,Pn)y — (Lm,Pv) = (Lm,Pv) — 0O

% | ;
Ly BEBER, Py BEERWR, (Lm,Py), = 0THAH. ¥ T r #F quasi-
isomorphism T# 5 Z & 2REITRV. VT, SHEFRBER f € (Cy, Py) 75,
fi=00G@E2n) 2FKyeds C0LE, f=dp,s+sdg, %55 € (Cu,Pn),
PHETHIEERT. HAOERYE, £ED i e Z 1T LT, BEfE (8i)j>i €
@_121 (CM_“PN) ﬁfﬁﬂ LT, fJ+1 = sijMj+1+dPst+1 ﬁ’}ﬁbiﬂi &f%%
CNEICHTABMETTRT. i 20 X2 Tk s; =0(7 2 n) ETHIFR.
TCDOWTERVBEN L2 E TS, R-But f*: Py* — Cy* %EX 5. B
DIEL Y, dCMH-l‘(fi. = sidpy") = doy i fi — (fi1 — Sidey")dpy" = 0.
Cu* BERFIWZ, t: Py = Cyiy T, ff — sidpy* = dgy,,'t 25 b ODHEE
FTEDG, sis =t EBFIERWV. THLTHLNL s W%, K5 (Cy, Pr),
TTHbH. (GEHK)

4 ¢-invariants.
(R,m, k) 1t Noether BT, M % R- ML+ 5.
T 4.1 [8]

€}Z(M) = dimk(Ker H..,‘(PM, Pk) — H_,'(PM, Pk))

HE 4.2

V(M) := {f € Hompg (M, k)|fs € (Pu, Po), Ho(f,) = f2 8RB THR L b OHFHEET 5.)
LB, ' _
£h(M) = dim(V(M)), ER(M) = ER(QR(M))
MO ToZ LIZ@EIcH s,
6- AR EFBOMER, fillICHEIrOOND,
i 4.3 [8]




(1) 0 < €4(M) < Bu(M) (i > 0).
(2) pAd(M) < 00 %5, E4(M) = fi(M) (i > 0).
(3) RUHERE M - N 2B, (M) > £5(N).

R 4.4 [9)EWBHT Noether B R BFELERITH 2 7 DUE+ 5 4thid, bl
TOSRTELOND, | o
Er(k)=0 (i20).

ERCEEE, KEMICE, ROFHICLS.

8 4.5 [6] Noether R R ASEER% 5, O (®) (z >0) REHAT Y& E
20,

5 When é-invariants are 6-1nvar1ants'7

4 DEMIT, ¢-FEE, s‘/‘%&ﬂli‘Tate Vogel TRED Y — % FNITRE
BEPBEOTHILTHD. £IT, Gorenstem %@%AO Cohen- Maca.ula.yﬂ
PR EEZHE L THhE . '

FU(R,m, k) & Gorenstein T &£ §%. R- flﬂﬁ M DN D% Py » M
2B, EE.LJEE%LKJ: J 12, QM) (r :=:dim R —depth(M)) it HHE T %
£ % 72 Wi/ Cohen-Macaulay INBETH 5 5, HERMHE 0 - QM) —
QM,. — QMr 1 XA‘_’%O QM t Tr-HPMo t%ﬁbff?%%n%ﬁ%CM
i, B8 31044 (CR]) (CR3) % F/=¥. 2% h, Cyid, M DELFBTH
A BT, Qu xBNMCE AT kLD, Coker dg,, H, 553%’5:1%‘i LV
K Cohen-Macaulay M & 35 t?)"(‘% 5. Qu* i Q’“(M) DY R
5250C, itk - > Pyl 1= Puy o QM) - 0 » o OYREARER
PEPND. DF ) QF(M) OESESE, HERBER Pyt - Oy %E
(. R-B%WoT, YMEER q: Cy —» Py 2B5. (TRIZR.)

Cm t o= Purp = QMr = QMg o Qump — QMo —
lq , _ I 1% lqr—l 1«10 l
Py: > Puryy — Puy = Pyyy o= Pyo — 0 >

Oy VT, BB BB E IR Oy 0k o, KOELFI R85,
0— Ly — Chy— Py — 0. (5.2)

662 ) BABENER (2 r+1) KBS O, Ly =00 > 7).
# - T, pdCoker dr,; <00o(j >0). T 7)‘6 ilﬁ/.l\ Cohen-Ma,ca,ula.y M

0 — Coker dy,,; — Coker d~ P 9%/ 2(M) — 0
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BRONL, FIVIAEEN
& = dim,(Coker (g; ® k))

THEIZONAZLIIASICH A, ,
k DN R Py #BLY, (5.2) I (—, P) 2 &, RATLEFTH 5.

Hoiv1(La, Po)) = Hoi((Par, Pi)) % Hoi((Cra,y P)) = Hoil(Lag, o).

AR H.((Pu,Pr) = Bxth (Mk) 2 H_f(Pm,k) = (Puik),
H_i((Cm, Px)) = H_i((Cwm, Px)) & H_i((ri-1 Cm, Pr)) e
EXtIR (Coker (dCMi)’k) = H_,-((T,~_1 CM,]C)) g H_,((CM,]C)) = '(CM,',]C)
ZBLT, o & Hompg (g k) ¥ 5. TVIAERLOMBRE, H(M) =
dimg(Coker (g; ® k)) = dimg(Ker (g} ® k)) = dimg(Ker Hompg (g;, k)) & %
h, RIRSNI,

iR 5.1
R(M) = dimy. (Ker (H_i(Par, Pe) 5 H_i((Ch, Pr)))-
T 320 T, KO B MmELHEL.
i 5.2 R A Gorenstein DL &,
Er(M) = 8x(M) (i20)..
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Duality for Derived Categories and CM-Approximations
Jun-icHr MryacHi
Department of Mathematics, Tokyo Gakugei University, Koganei-shi, Tokyo, 184, Japan
Introduction

Let & be an abelian category, %, & and W additive full subcategories of s which are
closed under finite direct sums and isomorphic objects.
fres(M) := {M € Al there exist some integer nand X,;€ B(0<i<n)suchthat0— X, — ...
— X, > M —>0isexactin &}
cores(B) := {M € Al there exist Xe B(i=20)suchthat0 5 M >X" > ... 2 X" > ... is
exactin &}
rac(W) := {M e sl Ext' ((M;W) =0 forall i>0}

Let Z O W be full subcategories of & satisfying the following:
(A1) Zis closed under direct summands, extensions and kernels of epimorphisms.
(A2) W is closed under direct summands, % C rac(‘W).

(A3) Forevery X € &, there exist We W and X’ € suchthat 0 > X > W—HX -0 is
exactin .

((A4) A = fres(X).)

Auslander-Buchweitz CM-approximation theorem [AB]

(a) For every X € fres(X), there exist exact sequences 0 > Y. > X.— C —0and 0
—2C 5Y >X 50with X,,X°e Land Y, Y° € fres(‘W).

(b) For the above sequences, we have the following exact sequences:

0 — Hom (&%, Y,.) —» Hom (¥, X, ) —» Hom 4%, C) - 0,
0 — Hom ,(Y°, fresW') — Hom (X, fresW) — Hom 4(C,fresW) — 0.

(c) For another exact sequences 0 > Y., > X' > C —0and 0> C - ¥' 5 X%
— O which satisfy the condition (a), there exist morphisms between exact sequences :

0o5Y.2X.>C 50 05C oY >5X >0
B la s Ly
0-Y, -»X/ > C -0, 05C oY 93X 90,

such that I1(a), I1(B ), IT1 (y) and IT (8) are isomorphisms in /W , where the stable
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category &f/W' has the same objects as &, its homomorphisms are Hom (X, Y') = Hom (X,
Y){f : X -Y |f factors through an objectin ‘W } for X, Y € /W, and where IT: & —
/W is a natural functor.

Auslander and Buchweitz called sequences of (a) in the above an ¥-approximation and a

fres(W )-hull, respectively.
1. PRELIMINARIES

‘Let & be an abelian category, % an additive full éubcategory of 84, and €4 a thick
abelian subcategory of .
K (%) : a homotopy category of B v .
K %), K~(B) and K *() : full subcategories of K (%) generated by the bounded below
complexes, the bounded above complexes, the bounded complexes, respectively. v
K **(): afull subcategory of K*(%) generated by complexes which have bounded hoihqlogies.
K *(B)q : a quotient category of K *(%) by the vmultiplic'ative set of quasi-isomorphisms,
where ¥* =+, —or b.
D *(d) := K *(s) o ;
D(s) : a full subcategory of D¥(sf) generated by complexes of which all homologies
belong to €. ) | |

LetF: sl — s{’ be a contravariant left exact additive functor between abelian categories.
If 4 has enough projectives, and F has finite right homological dimension on &, then RF,
RF, and R°F exist, RF |p#,= R*F, and moreover, R¥F has image in D (), where (* #) =
(), (=4) or (b, b) (see [Hr] for details). o

2. Duaumies For DerivED CATEGORIES .

ModA (resp., A-Mod) : the category of righi (resi)., left) A-modules.
modA (resp., A-mod) : the category of finitely presented right (resp., left) A-modules.
7P, (resp., ,P) : the category of finitely generated projective right (resp., left) modules.
add U, : the category of right A-modules which are direct summands of finite direct sums of
copies of U, . ) o
fres(U,) := fres(addU ), cores(U) := coreS(é.dd Uy, rgé( U,) ;= rac(addU,).
If A isaright coherent ring, then mbdA is an thick abelian subcategory of ModA , and
then D *(modA) is equivalent to K ~“*(<P, ). Moreover, D *(modA ) is equivalent to
D®  (ModA), where * = —or b (see [Hr]).

LetA and B beﬁngs, ;,U . a B-A-bimodule. We will call ;U, a cotilting B-A-bimodule
provided that it satisfies the following (see [Ms]):




(C1) RU, is finitely presented as both a right A-module and a left B-module;
(C2r) idim U, < ;(C2!) idim jU < ;

(C3r) ExtA(U U)=0forall i >0;(C31) ExtB (UU) Oforalli >0;
(C4r ) the natural ring morphism B — Hom (U, U) is an isomorphism,
(C4l) the natural ring morphism A °® — Hom (U, U ) is an isomorphism.

In case of B = A, we will call a cotilting A-A-bimodule a dualizing A-bimodule.

ProrosrrioN 2.1. Let A be a right coherent ring , B a left coherent ring, and U, a
B-A-bimodule which satisfies the condition (C1). If R'Hom (-, U, ) and R"Hom -, ,U,)
mduce the duality between D}, , ,(ModA) and Dy _poa (B-Mod), then K*(addU,) is equtvalent

D) . «(ModA).

ProrosiTioN 2.2.  Let A-be a right colierent ring ., B a left coherent ring, and U, a
B-A-bimodule which satisfies the condition (C1) such that R"Hom (~, zU, ) and R"Hom ,(-,
5U, ) induce the duality between D°_, ,(Mod Ay and-D’,___,(B-Mod). If rac(U,) = cores(U,),
then K*(addU,) is equivalent to-D®. , ,(ModA). '

Treorem 2.3 [Mc2]. Let A: be a right coherent ring , B a left coherent ring, and U, a
B-A-bimodule which satisfies the conditions (Cl), (C2r ), (C3r ), and (C4r ). Then the
Jollowing are equivalent. : : ‘ ‘ ‘

(@) R'Hom (-, ,U,): D*(modA ) - D(B-mod) is a duality;

(b) rac(U,) = cores(U,);

(c) For every X e-rac(U)), there is an exact sequence 0 > X — V - W — 0inmod4,
withV € addU,and W e rac(U,).

In this case, U, satisfies the conditions (C31) and (C4l).

CoroLLARY 2.4:[Mc2]. Let A be’a-right coherent ring, B a left coherent ring, and U, a
cotilting B-A-bimodule. Then R¥Hom (-, yU, ) : D¥(modA ) — D(B-mod) is a duality,
where (* #) = (nothing, nothing ), (+, =), (=, +).or (b, b).

Examvrere 2.5. (1) Let A and B. be finite dimensional k-algebras over a field k, Ty a
tilting A-B-bimodule of finite projective dimension. ThenD(,Ty) is a cotilting B-A-bimodule.

(2) Let A bearing (‘g 2;) , Where F, G- are division rings, and V is an F-G-bimodule
such that dim.V =dimV = . Then A is a coherent ring and also a dualizing A-bimodule.

Let R be a commutative Cohen-Macaulay rmg with a dualizing R-module @. A finitely
generated R-module M is called a maximal Cohen- Macaulaﬂ%—module if depth M is equal
to Krull dimension of R, for all be Spec R, or equivalently if ExtR Mw)=0 for alli >0
(see [AB]). We call a finite R-algebra A a CM R-algebra which is a finitely generated




maximal Cohen-Macaulay R-module. A commutative Noetherian ring: R is called a Cohen-
Macaulay ring with a pointwise dualizing module @ provided that R, is a Cohen-Macaulay
local ring with a dualing module w, for every prime ideal p of R.

According to [Go], we have the following examples of infinite injective dimension
which satisfy the condition of Proposition 2.2.

ExampLe 2.6. (1) Let R be a commutative Cohen-Macaulay ring with a pointwise
dualizing module @ , A a CM R-algebra, and U = Hom (A,w). Then RHom (-, U,) and
R°Hom (-, ,U) induce the duality between DY (modA) and D(A-mod).

(2) Let R be a commutative locally Gorenstein ring, A a non-commutative ring which is
a Frobenius extension of R. Then R°Hom (-, A,) and R*Hom (-, ,A) induce the duality
between D*(modA) and D*(A-mod).

3. ArrLications To CM-APPROXIMATIONS

Tueorem 3.1 [Mc2]. Let A be a right coherent ring , B a left coherent ring, and U, a
B-A-bimodule satisfying the conditions of Proposition 2.2 or Theorem 23. For a finitely
presented right A-module C, the following hold. )

(a) There exist exact sequences 0 5> Y. —> X, —» C - 0and 0 5C Y -5X" >0
with X.,X e rac(U, ) and Y, ¥° € fres(U,). :

(b) For another exact sequences 0 > Y, - X, > C —»0and 05> C 5Y'-5X" >
O which satisfy the condition (a), there exist morphisms between exact sequences:

0-5Y.5X.»C >0 05C -5 >X >0
B o 1l sy
0-Y, >X' -C >0, 05C >’ >X">0,

such that IT(e), IT(B), I1(y) and I1(8) are isomorphisms in modA/addU, .

Proof. (a) Since D %B-mod) is equivalent to K™*(,P), for every finitely presented left
A-module C, there exists a complex P*in K™*(;79) such that Hom4(P",;U,) is isomorphic to C
in D *(modA). Then Hom(P",,U,) is the following form:

05U ... 5 U BUrh U S5uis.. U -

where U e addU, (-s <i ). Then we have the following exact sequences:

0—Imd_, -»Kerd,—» C =0,
0—-5C — Cokd_ | —Imd, — 0.

Furthermore, Kerd, and Imd, belong to cores(U, ), and Cokd_, and Imd_, belong to fres(U,).
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(b) For0 » Y, = X. = C — 0, we get the following resolution and coresolution:

05U ... 5 U U'SY. 2 0,00X. 5 U>U'>...oU->..,

where U’ € addU, forall i. Then we get the complexU": ... 50> U™ > ... 5 U?—>
U'sU-» U'> ... 5U'> ... € K*addU, ). Similarly, for0 > Y, - X, > C — 0, we
getacomplexV':... 205 V' .. VI VIV Vi .5V €

K*(addU,). By Proposition 2.2, there exists a quasi-isomorphism f : U* =V "in
K*(addU, ). The we have the following commutative diagram:

0-Y.-X.-C -0
B la i

0-Y,-X.'—-C —0.
Since f : U — V"is a quasi-isomorphism, IT (« ) and IT(f ) are isomorphisms modA/addU,,.

For a CM R-algebra A, we denote by CM(A,) the category of finitely generated right
A-modules which are maximal Cohen-Macaulay R-modules.

ProposiTioN 3.2. Let A be a ring satifying the condition of Example 26 (1). Then the
Jollowing hold.

(@) rac(U,) = cores(U,) = CM(A,).
(b) Every finitely generated right A-module has a CM(A , )-approximation and a fres(A,)-hull.

4. MinimaLity oF CM-APPROXIMATIONS

Amap g:X — C is called right minimal provided that f is an isomorphism for all f : X
— X which satisfy gof = g. A left minimal maps defined dually. A right minimal rac(U,)-
approximation is called a minimal rac( U, )-approximation. A left minimal fresol( U, )-hull is
called a minimal fresol( U, )-hull (see [AR] for details). For an additive category &, we will
call o semiperfect if End ,(X') is a semiperfect ring for every object X € .

Tueorem 4.1 [Mc2]. Let A be a right coherent ring , B a left coherent ring, and U, a
B-A-bimodule satisfying the conditions of Proposition 2.2. '

(a) If rac(U, ) is semiperfect, then there exists a unique minimal rac(U, )-approximation
in modA.

(b) If fres(U, ) is semiperfect, then there exists a unique minimal fres(U, )-hull in
modA.

THEOREM 4.2. Let R be a commutative Noetherian local ring, A and B finite R-algebras,



and U a cotilting B-A-bimodule. If B is a semipefect ring, then every finitely generated right
A-module has a minimal rac(U,,)-approximation and a minimal fres(U )-hull.

CoroLLARY 4.3. Let R be a commutative local Cohen-Macaulay ring with a dualizing
- module w, A a semiperfect CM R-algebra, and U := Homy (A, w). Then every finitely
generated right A-module has a minimal CM(A,, )-approximation and a minimal fres(U p-hull.

5. FivreLy EmBEDDING COGENERATORS
Let ¢ be an abelian category, % a full subcategory of sf. We call an object X € o a

finitely embedding cogenerator for & provided that every object in % admits an injection to
some finite direct sum of copies of X in &.

TrEOREM 5.1 [Mc2]. Let A be a right coherent ring , B a left coherent ring, U, a
B-A-bimodule which satisfies the condition (C1),andlet 0 — U - E° > E'— ... bean
injective coresolution of gU in B-Mod. ‘Ifthe image of R Hom ,(-;U): D (modA)— D
*(B-mod) contains B-mod, then kezBo E* is a finitely embedding cogenerator for B-mod, and
T E* is a finitely embedding injective cogenerator for B-mod.

ProrosiTiON 5.2 [Mc2]. Let A be a right coherent ring , B a left Noetherian ring, and U,
a B-A-bimodule which satisfies the conditions (C1),(C2r ), (C21), (C3r)and (C4r). Let 0O
— U = E° = E' - ... be an injective coresolution of ;U in B-Mod. Then every injective
indecomposable left B-module is isomorphic to a direct summand of some E*.

CoroLLARY 5.3 [Mc2]. Let Abearing,and 0 —» A — E° — E' — ... an injective
coresolution of ,A in A-Mod. If A satisfies the condition of (a) or (b), then every injective
indecomposable left A-module is isomorphic to a direct summand of some E*

(@) Ais aright coherent and left Noetherian ring such that idim A and idimA , are finite.
(b) Ais aring satisfies the condition of Example 2.6 (2).

ExamreLe 5.4. (1) Example 2.6 (1) satisfies the condition of Theorem 5.1. Furthermore,

k@ E*contains all indecomposable injective A-modules as summands.
20

(2) Let A be aring (g g) , where F, G are division rings, and V is a F-G-bimodule
such that dim,V <o and dimV, = . Then A is a right coherent and left Artinian ring,
and A satisfies the conditions of Corollary 5.3 (a).
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The theory of multiplicity for arbitrary ideals in
local rings |

Koji Nishida

Graduate School of Science and Technology
Chiba University

1 Introduction

The purpose of this report is to establish the theory of Hilbert-Samuel function taking
values in a Grothendieck group and to introduce a generalized notion of multiplicity for
arbitrary ideals in local rings.

Let A be a Noetherian local ring with the maximal ideal m such that A/m is infinite
and let I be a proper ideal. We denote by A-mod the category of finitely generated A-
modules. Let Ko(A/I) the Grothendieck group of A/I-mod. For L € A-mod with I C
vann, L, we can consider the class [L] € Ko(A/I) by setting [L] = ¥ i»o[I*L/I*+ L], where
[I*L/I**'L] denotes the class of A/I-module I*'L/I**'L in Ko(A/I). Thus we derive, for
M € A-mod, the Hilbert-Samuel function x¥ : Z — Ko(4/I) with x¥ (n) = [M/I" M]
for n € Z. The main result Theorem 4.1 of this paper insists that there exist uniquely
determined elements eo(1, M), e,(I, M), -, ec(I, M) in Ko(A/I), where £ is the analytic
spread of I (cf. [12]), such that

O sw=3 (" e ‘

for n 3> 0. Let us verify that the equality above corresponds to the well-known result
on the coefficients of Hilbert polynomial in the case where I is m-primary. In fact, if
I is m-primary, there exists an isomorphism o : Ko(A/I) 3 Z of groups sending [L]
to length L for any L € A-mod with I C v/ann L. Let €'y_; = (~1)**o(e;(I, M)) for
0 < i < d, where d = dim A (notice that £ = d as I is m-primary). Then, mapping the
both sides of () by o, we get

d-1
lengthAM/I'H-lM — (n '(il' d) 610 _ (njl‘ ) )e,d—l NI (___1)deld
for n > 0. Thus we may say that the elements e;(J, M) for 0 < ¢ < £ given above
suitably generalize the notion of the coefficients of Hilbert polynomial for m-primary
ideals. In particular we notice that the element e,(/, M) in the "top term”, which is
denoted by e;(M), is mapped to the ordinary multiplicity. Furthermore we shall show



that in general e,(I, M) enjoy the same properties as the ordinary multiplicity of M with
respect to an m-primary ideal. For example, if J is a reduction of I, then the group
homomorphism K¢(A/I) = Ko(A/J) induced from the canonical surjection A/J — A/I
is isomorphic, and through this isomorphism we have e;(M) = e;(M). Moreover if
J = (ay,a9, -,a;)A is a minimal reduction of I, then e;(M) is equal to the Euler-
Poincaré characteristic x4(ai,-- -, ae; M) of the Koszul complex K.(ay,- - +,a¢; M), which
is essentially due to Fraser [4, 2.6]. This fact immediately implies that if a short exact
sequence 0 =+ L —+ M — N — 0 in A-mod is given, then e;(M) = e;(L) + e;(N).
Consequently, we see that there exists a group homomorphism K¢(A) — Ko(A/I) sending
[M] to e;(M) for M € A-mod.

Throughout this report A is a Noetherian local ring with the maximal ideal m such
that A/m is infinite. The category of finitely generated A-modules is denoted by A-mod.
For M € A-mod, p4(M) is the number of elements in a minimal system of generators for
M and Ming M is the set of minimal elements in Supp, M. We further set Asshy M =
{Q e Ming M | dim A/Q = dim4 M}. For an ideal I in A, we denote by V(I) the set of
all prime ideals in A containing /. :

2 Preliminaries

In this section we first recall some basic facts on Grothendieck groups and next develop
the theory on functions mapping Z to an additive group. We further review the theory
of Euler-Poincaré characteristic of I{oszul complexes.

Let M be the isomorphisin class of M € A-mod and let F(A) = @ Z - M be the
free Abelian group determined by the isomorphism classes of A-mod. The Grothendieck
group I{g(A) is the factor group of F(A) by the subgroup generated by the elements of the
form M — L — N, where L, M and N € A-mod for which there exists an exact sequence
0—+L— M- N — 0. The class of M in K¢(A) for M € A-mod is denoted by [M].
Because any M € A-mod has a filtration M = My D M, D -+ D M, = (0) such that, for
all 0 <@ <7y M;/Miyy = A/Q; for some Q; € Spec A, we see that Ko(A) is generated
by {[4/Q] | @ € Spec A}. If A is Artinian, the group homomorphism ¢ : Z — I{o(A)
with (1) = [A/m] is isomorphic. In fact, when A is Artinian, there exists "the length
function” Ko(A4) — Z sending [M] to length,M for M € A-mod, which is the inverse
homomorphism of ¢. Let A — B be a flat homomorphism of rings. Then there exists
a group homomorphism Kg(A) — Ko(B) sending [M] to [M ®4 B] for M € A-mod.
Let @ € SpecA. For £ € K¢(A), we denote by £ the image of £ by the surjective
homomorphism Kg(A) — K¢(Ag) induced from the canonical homomorphism A — Ag.
Now we notice that the surjective group homomorphism

Ko(A) — Doemin 4 KO(AQ)

£ (£Q)e

always splits since Kq(Ag) = Z for any Q € Min A. Thus we see, letting m be the number
of minimal primes of A,

Ko(A) = Z& - & ZKo(A),

m times



where Ky(A) is the subgroup of Kg(A) generated by {[A/Q] | Q@ € Spec A\Min A}. When

we write
[M]= 3. mq-[A4/Q] (mq€ 2)
Q€eSpec A

for M € A-mod, we have mq = length ,, Mg for Q € Min A. If A is a normal domain, we
have a natural homomorphism K¢(A) = Z @ Cl(A) sending [M] to (ranks M, cl(M)) for
M € A-mod,where CI(A) denotes the divisor class group of A and cl( ) is the divisor
class attached to M (cf. [2, Chapter VII § 4.7]). Moreover this is an isomorphism if 4 is
a 2-dimensional normal domain such that [A/m] = 0 in Ko(A) (cf. (16, (13.3)]).

Now we look at I$g(A/T) for an ideal I in A, which is the main tool in our investigation.
Let L € A-mod such that I C /ann,L. Because I‘L/I*t'L is an A/I-module, we may
consider it’s class [I'L/I**'L] € Ko(A/I). We set

[L] =Y [PL/T L) € Ko(A/T).

i>0
Notice that, for Q € V(I), IAq C /anna,Lq and [L]g = [Lg] by definition.

Lemma 2.1 Let L € A-mod such that I C JannaL. If L=Lo 2 Ly 2+ 2D L, = (0) is
a filtration such that IL; C Ljy for all0 < j < s, then [L] = £323[L;/ Ljp] in Ko(A/T).

Let L be asin 2.1, If [ is m-primary, then the length function Ko(A/I) = Z sends [L]
to length, L. Thus we may regard the class [ - ] defined above for finitely generated A-
modules annihilated by some power of I as a notion generalizing ”length”. Unfortunately,
unless I is m-primary, L is not necessarily (0) even if [L] = 0 in Ko(A/I). However we
have the following.

Lemma 2.2 Let 0 - L = M = N — 0 be an ezact sequence in A-mod such that
I C annga M. Then [M] = [L] + [N] in Ko(A/1).

~ Let A = B be a homomorphism of commutative rings such that B is module-finite
over A, Regarding B-module as A-module via A — B we have a group homomorphism
Ko(B) = Ko(A). The next result plays an important role in Section 5.

Lemma 2.3 Let J be an ideal contained in I such that VJ = V/I. Then the homo-
morphism Ko(A/I) = Ko(A/J) induced from the canonical surjectzon AlJ — AJI is an
zsomorphzsm

We shall mainly use 2.3 in the case where J is a reduction of I.

Now we proceed to the next topic in this section. Let G' be an additive group. For
a function f : Z — G, we define it's difference Af : Z — G, by setting Af(n) =
f(n)— f(n—1) for n € Z. The i times iterated A-operator will be denoted by A and
we further set A%f = f. For functions f,g9: Z — G, f + g and —f are functions defined
by setting (f + g)(n) = f(n) + g(n) and (—f)(n) = —f(n) for n € Z. We write f = g if
f(n) = g(n) for all n > 0. Notice that AF(f + g) = A¥f + AFg and AF(—f) = ~AFf
for all k > 0. Now we define the degree of f as follows:

sup{k | A*f #£0} if f#0
deg f {

-1 if f=0,
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here we denote by 0 the function sending all n € Z to 0 € G. Obviously we have deg Af =
deg f — 1if f #0, deg(—f) = deg f and deg(f1 + - + fr) < sup{deg f1,---,deg f}.

Lemma 2.4 The following conditions are equivalent for an integer d > 0 and a function
f:Z > G with f £0.

(1) deg f =d.
(2) There are elements &,&y,--+,& € G such that §; # 0 and

fmy =3 (" N l) 3

i=0
forn > 0.
When this is the case, the elements &, &1, -+, &y are uniquely determined by f.

For afunction f: Z — G with 0 < deg f = d < o0, we denote by ¢;(f) (¢ =0,1,---,d)
the element &; stated in 2.4. We further set ¢;(f) = 0 for ¢ > d. In the case where f =0, we
set c;(f) =0forall0 < i € Z. Itis easily seen from the proof of 2.4 that c,(Af) = c,+1(f)
for all 4 > 0. Therefore we have the following

Lemma 2.5 For a function f : Z — G with deg f = d, we have cy(f) = A!f(n) for
n > 0. .

Let f: Z — G be a function and o an integer. We define a function fla]: Z —» G
by setting fla](n) = f(n + ) for n € Z. We can easily show that Ai(fla]) = (Aif)[q]
for all ¢ > 0. Hence we get deg fla] = degf. Moreover we have deg(f — fla]) <
deg Af. In fact, if @ < 0, we have g := f — fla] = Af + Af[-1]+ -+ + Af[a + 1]
and so degg < sup{deg Af[f] | « < § < 0}, from which we get degg < deg Af since
deg Af[B] = deg Af for all 8. If o > 0, then setting h = f[a], we have deg(f — flo]) =
deg(h — h[—a)) < deg Ah =deg Af. If a =0, the 1equued inequality is obvious.

Lemma 2.6 Let f: Z > G bea functzon with 0 < deg f = d < o0. Let a be an znteger
Then cq(fla]) = ca(f).

The rest of this section is devoted to reviewing the theory of Euler-Poincaré char-
acteristic of IKoszul complexes due to Auslander-Buchsbaum [1] and Fraser [4]. Let
ay,a2,-+,a¢ (€ > 1) be elements in A. We set I = (aj,as,--,a;)A. We denote by
Hi(ay, "+, ae; M) the i-th homology module of the KKoszul complex K.(ay,- -+, ag; M). Be-
cause I-H;(ay, - -,a¢; M) = (0), the class [H;(a1, - -, ae; M)] € Ko(A/I) can be considered
for any ¢. We set '

xalay, - ae M) = Z(—l)’[Hi(al, a0 M) € Ko(A/T)

>0
and call it the Euler-Poincaré characteristic.

Proposition 2.7 ([1, 3.2]) Let0 — L — M — N — 0 be an ezact sequence in A-mod.
Then we have

XA(a'l"")a'f;M) :XA(al)"')a'lf;L)+XA(a'l1°"a'l;N)'



By 2.7 we see that there exists a group homomorphism xa(ai,- -, ae) : Ko(A) —
Ko(A/TI) sending [M] to xa(a1,---,a¢ M) for M € A-mod.

" Proposition 2.8 ([1, 3.2}, [4, 1.2]) Let M € A-mod. If a,"M = (0) for some n > 0,
then XA(ala v 1a¢;M) =0.

Proposition 2.9 ([1, 3.3], [4, 1.7]) Let M € A-mod. If ¢ > 2, we have
XA(ah Tty Gy M) = X';f(a_Za e )-‘TE)(XA(al; M)) )
where A = AJa A and @; denotes the class of a; in A.

Proposition 2.10 ([4, 1.7]) Let 0 < k < {. Then the following diagram

Ko(A) *4Cup™) K (A)
I I ’L Xx(m- o -G—Z)

Ko(A4) A3 ¢ oA/l)

is commutative, where A = A/(a1,-+,ax)A and @ denotes the class of a; in A.

3 Superficial element and analytic spread

In this section we recall the notions of superficial element {cf. [11]) and analytic spread

[12]), generalizing them slightly. Let G be the associated graded ring G(I) =
Dnso I"/I"Jrl Let M € A-mod and let X be the associated graded G-module G(I, M) =
@nso I"M /1™ M. For an element a € I, we set a* = amod I? € G,.

Lemma 3.1 Let a € I. Then the following conditions are equivalent.
(1) There exists ¢ > 0 such that (I"'M 1y a) N I°M = I"M for alln > c.
(2) There exists ¢ > 0 such that a* is a non-zero-divisor on X|sc := @ ["M /I M.
(3) IfGL Z Q € Assg X, thena* € Q.

We say that a € [ is a superficial element of I with respect to M if one of the conditions
of 3.1 is satisfied. Because we assume that A/m is infinite, the existence of a superficial
element is always guaranteed by the condition (3) of 3.1.

Lemma 3.2 Let a be a superficial element of 1 ‘with respect to M. Then, for n>> 0, we
have

(1) aMNI"M = aI™'M,

(2) I" M 15 a = ((0) iy @) + I"M,
(3) ((0) :pr Q)N I"M = (0) and

(4) I"((0) :m a) = (0).
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Lemma 3.3 Let a be a superficial element of I with respect to M. Then the sequence
0= (0):ipra— M/I"M 5 M/T™ - M/I"M — 0
is ezact for n>> 0, where M = M/aM.

We denote by £(I, M) the Krull dimension of the G-module X/mX. In particular we
write £(1) = £(I, A), which is called the analytic spread of I (cf. [12]). In general, we
have 0 < {(I,M) < {(I). Because we are assuming that A/m is infinite, £(I) = pa(J) -
for any minimal reduction J of I. The inequalities ht4 I < (1) < min{dim A, p4(I)} are
valid for any ideal I in A. Hence if I is m-primary, £(I) = dim A. We note for future
use that if I = (ay, - -,a¢)A and £(I) = ¢, then {((a1, -+ ,ax)A) =k for 0 < k < (. In
fact, setting K = (a1, --,ax)A and L = (@k41,*+, ae)A, we have ¢(I) < {(K) + (L) (cf.
(12, §8 LEMMA 1]), {(K) < k and ¢(L) < ¢ — k, which imply ¢(){) = k. In particular,
if a1, -, ax is a subsystem of parameters (ssop) for A, then ¢((ay,---,ax)A) = k. We
further notice that if I = (a1, -, a¢)A and ay,- -, ag is a d-sequence on A (cf. [7]), then

¢(I) = ¢ because by [8, 3.1] G/mG is isomorphic to a polynomial ring over A/m with £
varjables. ’ '

Lemma 3.4 If((I,M) =0, then I C Jann, M.

Lemma 3.5 Suppose {(I,M) > 0. Then there ezists an element a € I satisfying the
following conditions:

(1) a is a part of a minimal system of generators for I.
(2) a is a superficial element of I with respect to M.

(3) (I, M) = ¢(I, M) — 1, where M = M/aM.

4 Hilbert-Samué‘l function

For M € A-mod, we define the function x}! : Z — Ko(4/I) by setting x¥(n) =
[M/I"* M] and call it the Hilbert-Samuel function of M with respect to I. We sim-
ply denote xf by x;.

Theorem 4.1 Let M € A-mod. Then
max{dima, Mg | Q € MinaA/I} < deg x}' < £(I, M).

In particular we have
htal < degx; < €(1).

Here we notice that dimg M = —oo if M = (0.

Lemma 4.2 Ifdegx¥ <0, then dim 4, Mq < deg xM for any Q € MinyA/ 1.
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Definition 4.3 Let M € A-mod. We set e;(I, M) = c;(x¥) € Ko(A/I) fori > 0. Then
e(I,M)=0 fori> eI, M) and

=3 (" e

i>0
in Ko(A/I) for n > 0.
Proposition 4.4 Let M € A-mod. Then we have the following assertions.

(1) Let a be a superficial element of I with respect to M. We set M = M/aM. Then
e;(I, M) = e;1(I, M) for anyi > 1 and eo(I, M) = e;(I, M) + [(0) :u a].

(2) (I, M)q = ei(IAq, Mq) for any Q € V(I).
Corollary 4.5 Let M € A-mod and Q € V(I). Ife;(I, M)g #0, then i < htaQ.

Proposition 4.6 ([4, 3.1]) Let I be generated by an M-regular sequence of length m.
Then en(I, M) = [M/IM] and e;(I, M) =0 for any i # m. ’

The following result is due to Fraser [4]. We will give another proof using superficial
element. ' :

Proposition 4.7 ([4, 2.6]) Let I be minimally generated by ay,az,* -+, am. Then for any
M € A-mod we have A™x¥(n) = xala, -+, am; M). '

We need the following

Lemma 4.8 Let M € A-mod, € > 2 and a; a superficial element of I with respect to M.
Then

XA(al)a21 AR H A{)= XZ(a_% e ,G—Q,H) »
where A = AJa,A,M = M/a,M and @; is the class of a; in A.
Corollary 4.9 Let M € A-mod. If I is minimally generated by ay,as,--,am and
I, M) <m, Then xa(ay, ,am; M) =0.
5 Multiplicity
In this section we cohcentrate our attentidn on the "top term” in the expression of
a Hilbert-Samuel function using binomial coefficients. Throughout this section d =
dim A, ¢ = ¢(I) and M € A-mod.

Definition 5.1 We set e;/(M) = e,(I, M) and call it the multiplicity of M with respect
to I :

Proposition 5.2 e;(M) = A'¥(n) for n>> 0. Hence e;(M) =0 if (I, M) < ¢.
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Proposition 5.3 Let m > 1. Then, identifying Ko(A/I) with Ko(A/I™) through the
isomorphism Ko(A/I) = Ko(A/I™) induced from the canonical surjection AJ/I™ — A/I,
we get e;m(M) = m® - e;(M).

Proposition 5.4 Let I = (ay,---,a¢)A and ay,-++,a¢ is an M-regular sequence. Then
er(M) =[M/IM].
Proposition 5.5 Let Q@ € V(I). If ((IAq) = m, then ej4,(Mgq) = em(l, M)q.

Let us denote by €’;(M) the ordinary multiplicity of M with respect to an m-primary

ideal I. Then, as is noticed in the introduction, when I is m-primary, e;(M) is sent to
e';(M) by the length function Ko(A4/I) = Z. More generally we have the following.

Lemma 5.6 Let @ € Ming A/I with ht,Q = s. Let
es(I,M)y= > mp-[A/P] (mp€ Z)
: Pev()
n K()(A/I) Then mqQ = e',AQ(MQ).

Lemma 5.7 Let N be an A-submodule of M such that I C \JannaM/N. If £ > 0, we
have e;(M) = e;(N).. .

Proposition 5.8 Let J be a reduction of . Then via the isomorphism Ko(A/I) 5
Ko(A/J) induced from the canonical surjection A/J — A[I,"we have e;(M) = e;(M).

By virtue of 4.7 and 5.8, we immediately get the following.

Theorem 5.9 Let £ > 1 and J = (a),as, - a¢)A be a minimal reduction of I. Then
er(M) = xa(ai," -+, ac; M) via the isomorphism Ko(A/T) 5 Ko(A/J).

Corollary 5.10 ([4, 1.12]) Let a,ay," - ,am be elements in m. Then for any positive
integers my, Mg, , Ny, We have

XA(alnl )a2n2) e ,amﬂm; A/[) =N NNy * XA(G’]J aia cryOmy M)
through the isomorphism Ko(A/(a1, a2, +, am)A) = Ko(A/(a1™, a2, ,an™)A).
The next proposition is a direct consequence of 2.7, 5.6 and 5.7.

Proposition 5.11 Let 0 - L - M — N — 0 be an ezact sequenéé in A-mod. Then
er(M) = e/(L) +er(N).

By virtue of 5.11 we get the group homomorphism ey : Kq(A) = Ko(A/I) sending
[M] to ef(M) for any M € A-mod. If J = (a;,"*+,ac)A is a minimal reduction of I, the
following diagram '

Ko(A) =L Ko(A/T)
| ’
Ko(A) Y520 Ki(A/J)
is commutative, where the vertical arrow denotes the isomorphism induced from ‘the
canonical surjection A/J — A/I.
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Proposition 5.12 Let

M= 3. mq-[4/Q] (mqe 2)
QeSpec A
in Ko(A). Then
.e;(M) = Y mg-e(A/Q).

QESpec A
©(I+Q/Q)=¢

When I is m-primary, 5.10 implies the additive formula:

e',(M) = Z lengthAQ Mg -e',(A/Q),
QcAsshA

because mg = length 4, Mg for @ € Min A, £ =d and I+ Q/Q)=dim A/Q.

Proposition 5.13 Let J = (a;,---,a¢)A be a minimal reduction of I and0 <k < {. We
put I = (a1, -+, ax)A. IfQI/K) = -k, then e;(M) = eyjx(ex(M)).

Let us notice that even if I = (ay, -, ae)4, £(I/(ay,- - ax)) < £ — k can happen for
some 0 < k < ¢, For example, let A = F[[X,Y]] be the formal power series ring over
a field F and I = (X% XY)A. Then £(I) = 2. However {(I/X?A) = 0 as I/X%A is
nilpotent. On the other hand, if a;,---,a¢ is a ssop for A or a d-sequence, then the
equality ¢(I/(ay,---,ar)A) =€ —k holds for all 0 < k < ¢.

Corollary 5.14 Under the same notations and assumptions as 5.13, let

ex(M)= 3 mq-[4/Q] (mqE€ Z)
QeV(K)

in Ko(A/K). Then
er(M) = Z mg - el/K(A/Q)-
QEV(K)
(IQ/Q)=t-k _

When 7 is m-primary, 5.14 means the associativity formula (cf. {11, (24.7)]). In fact,
in that case, £ = d and ai,---,aq is a sop for A. So {(I/K) = dimA/K = d — k.
Furthermore ¢(I + Q/Q) = dim A/Q for all Q € Spec A. Therefore, as mq = €'k, (Mg)
for all @ € MingA/IK by 5.6, we have

e;/(M) = Y. €kag(Mg) eyx(AlQ).
QeAssha A/K

Now sendmg the both sides of the equahty above by the length function Ko(A/T) 3 Z,
we get the associativity formula.

As is well known, when I is m-primary, we always have inequalities €';(M) > 0 and
e'1(M) < length,M/JM for any minimal reduction J of A. Now we generalize these
facts. Let Ko(A/I); denotes the subset of Ko(A/I) consisting of the classes of ﬁnltely
generated A/I-module.
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Proposition 5.15 We always have the following assertions.
(1) er(M) € Ko(A/T).
(2) [M/IM] - e,(‘M) € Ko(A/I)4 for any minimal reduction J of I.

Proposition 5.16 Let I = (a1, -+,a¢)A and let ny,-- -, ny be positive integers. We as-
sume £((a;™,---,a,™)A) = L. Then, through the isomorphism

Ko(A/T) = Ko(A/(a,™, -+ - ac")A),

we have .
e(“l"l,"_',at"‘)A(M) =nny---ne-e;(M).

The next result is a generalization of the lemma of Lech. But in order to state it, we
have to fix one more notation. Let m be a positive integer and

f:Zx---xZ G
N e/

m times

a function, where G is an additive group. For 1 <7 < m, we define
DNif:Zx--xZ G
m times )

by setting Aif(ma, -y 04,0+ Bm) = f{0g, o 04y ) — 0y M — 1»,”m)
Proposition 5.17 Let I = (a1, +,a,)A. We assume that

L((a™, - a™) A (@™, ™) A =Lk
for all positive integers ny, -+, ng and 0 < k < L. Let

fiZx--xZ = Ko(A/)
£ times
be the function such that f(ny,---,ne) = [M/(a™, - ,ae"‘)M]-.r Then we have
| DDy Beflny, e yme) = er(M)

forny,-+-,me > 0.

So far we have verified that our multiplicities actually enjoy the same properties as
the ordinary ones. Now it should be required to consider the influence of the value e;(M)
on I and M themselves. As the first step of the study in this aspect, the following two
results are concerned with when e;(A4) = [A/1].

Proposition 5.18 Let A be a Cohen-Macaulay ring. Then e;(A) = [A/I] if and only if
I is generated by a regular sequence.
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Proposition 5.19 Let A/Q be a regular local ring. Assume Ass A = Assh A, where A is
the completion of A. Then eq(A) = [A/Q) if and only if A is regular.

If I is equimultiple, then e;(A) # 0 by 4.1. The next proposition provides with
examples of non-equimultiple ideal whose multiplicities are not vanished.

Proposition 5.20 Let A be a Gorenstein ring and Q € Spec A such that A/Q is a
Cohen-Macaulay normal domain, We assume that 14(Q) = ht4Q + 1 and Aq is regular
(such a prime ideal is said to be an almost complete zntersectzon (cf. [5, (2.1)])). Then
we have the following assertions.

(1) eq(A) =[A/Q] = [KX4q|, where I 4,q denotes the canonical module of A/Q.

(2) If A/Q is not Gorenstein, then eg(A) # 0. The converse is true when dim A/Q = 2
and [A/m] =0 in Ko(A/Q).

The prime ideal in the formal power series ring F[[X,Y, Z,U, V, W]] over a field F' gener-
ated by the maximal minors of the matrix

XY Z
uv w
is a typical example of @ in 5.20
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Tl g = sl,(C) DHEDHREHHH, §3 TiB~DB T L UIME, TRT—AEONFRLT

BB Ay Y« A=F 4 ) R g ICHIETEIETHTOHRY LoHELFERL THY.

1.2 Ej € Mu(C) & (4,7)- A DAN 1 THORFIET T L Lb475 T 5 L&,

) —ft# g =51,(C) = {a € M,(C)| tr(a) =0} DEEL LT o
E,‘,'—EH_].,'_‘_] (izl,...,7l-—1), E,‘j (Z#])

FERNEH, WF

hi = Bii — Eip1i41, € =Eiiy1, fi=FEypi (G=1,...,n-1)

EBCLE, Y—fMg EIRS 3(n—1) BOTIZL D EK SR, BT OERBGRK
EROENDOND

(L1)  [hi hs] = O,
(1.2)  [hiyej] = aije;,

(1.3) [hi, £i] = —ai; fi,
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(1-4) [ei» fj] = 5.']"1.',
(1.5)  ad(e))'™™e; =0 (i #j),
(1L6)  ad(fi)" ™ f; =0 (i# ).

ZIT, a5 i=j0DLE2 |i-jl=10DLE -1, ZRUSROL &R0 ET 5.
Flhaegll®LT, ad@): g — g 1 ad(z)(y) = [z,y] CEFZIHRWERLTS.
> TEDBHIR Ug) 13, C LOFEERETHo THLL 3(n — 1) BDIT ki, e, f;
(i=1,...,n—1) THEESN, ERBEX(L1),..,(1.6) F#Tb0IRB, KL
COBEE, T3y M [z,y] ey —yz HODLTHDLWRT S, €-T, (1.5)
L(L6) i, BTDL)IiEEETT ENTE L.
l1—ay, 1—0."
(1.7) > (—1)"‘( ")e.l e =0 (i # ),

m=0 m

(1.8) i‘”(—l)’"(l“"’")f,-‘““"*'"fjf:"=0 (G #4).

m=0 m
1.3 ZIT, MSTEETH U g) ¥RV EIIIERB. Uyle) &, 4(n—=1) @O
ki kiteo i (i=1,...,n=1)Il&hEESh, LTOXEFBEBERERD C(g) LK
ERETH 2.

(L9 kk7 =k ki =1,
(1 10) k.'kj = kjki)
(L11) ek = g,
(112)  kifik7t =g f,
ki — k71
(1.13)  [eiy fi] = &~ =
1- —dgy m 1 al] l-ai;—m . .
(1) 30 P le T el =0 (i £9),
m=0
. 1-aij m|l = @ij| d-aj-m ; L £ 7
A1) X BTG =0 (49)
m=0

R ] W, 20 (1) © ¢ BBITHY,
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= C 2 = e — 1) 11, H [l

g—q m| ~ [mln — m]!

TEESH.
L Wl leNT A—5 h XEALT,

q = exp(h), ki = exp(hh;)

EBE, AKX 9), .11 KBV THAMNLEER L —0 (Thbbgeg—1) %
EBE, Ulg) DBMRK (1.1),...,(1.6) BEES D T EMbh» s ([11], (12142, &b
BELHERYPHL) . ZOBKT, EFRIGRARD ¢ B (H5VHE ¢ BE) TH
BLBRD. |

28, Ufe) WEEISKR Yy 7TREDEENFAL DN, UTOFEEEEGELZV
DT, HET 5.

2 &m&T A bhE
2.1 A=,y ) €277 SR LT, (FE)U(o) IEE Mo(N) %
1) M) = U@/ (X U@k = ) + 2. Uylo)e)

TED, TNEREY <A A £580 Verma MBELIER, Verma MBF M,()) 127272
—DDBREISMEE K,(\) 28O Ldtbir b, 22T, B U,(g) B L) 7

(2-2) Lq(’\) = AIQ(A)/I{Q()‘)

WKEDELEDL., TNEREE AL N 2FOBAMNE LR BT, L) 2w TE
By5.
2.2 —fRIS, M 2 Ulfg) MBEELTHEE, pcZ 1 ICHLT

M,={meM|km=g¢"m (i#l,...,n—l)}

EBL. Uys) MBEM THoT
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dimM, < oo (p€Z™') M =@z M,

R TO0E Y A MINBELIER, v oA MINBE M ICH LT, Z0OKE ch(M) %
T F

ch(M)= > dimM,e*

peZn-1
ELTEDD, M) R L) Y =AM IBROTEDOREEEZ LI LNTES
5, S M,(\) DISEILETET,
A

¢ = [[(L+e™™ e 4.

(2.3) ch(M,(N)) = a1 =) 11

KEDE5RA6RE, 72750, 1€i<jsn LT o =(al},...,ai™) i, off) =
Oit + Ojp41 — Ojk — bippy TELEHDLDET S,

P 2.1 Lo()) DIFHE ch(Ly(\) R kiR L.

Z OB, M\ OHBINICH SO SHBEHTFORELEEL TS, NI
WTHBL & 9. M) (AR %

M(N)=My>M D>--DM, =0

¥bb, FHEET M/ My, (&, 5 p€ 20705 L(w) LRABICRSD. 22
T, My(\) ODMBINBY BIRF L(p) DEBEEN | pi = p} & [My(N): Lo(u)] TE
FTIEizLES.

FIRE 2.2 [M,()): L(p)] ZRER L.

IO EME21 &, MEJIRMELRMETHA. EIE, ME 220 /-ET5H. 2
DL EHEXOWK

(M (V) = SIM () : Ly ch(Lo(w)) (A € Z°7)
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, RHEB ch(L(p)) (peZ™Y) BT o8 AERERD &, [M()): Ly(p)] 12
MY AMELEELY, TRE—FHICRT T,
ch(Le(N)) =D arnuch(My(n)) (A€ Z™7)
In

E7% W, ch(L,(\) DEBIRRIRE S, Fb A
2.3 Eid, b0 (B, ALELEZPEHREBU()) 1L TDH, Verma
B M) R ZOBEMFEMRE L) PRARICERSNT, £(FALHELEZLZ LD
T&5L, ZHLDIFITOEZXIEDP>TWT, ch(L(N)  [M(N) : L(p)] DEER
RiEAIMSNR TS (VbW A Kazhdan-Lusztig F48, Brylinski- #1& [2], Beilinson-
Bernstein[1] {2 & Y REBH S 7z) .
T8 2.3 (Lusztig[10]) MEDOEL U(g) MBETEZ TS U,(e) MBETEZLTHRE L.
Thbb
(24)  ch(Lg(A)) = ch(L(})),
(2.5)  [My(A): Lo(p)] = [M(X) : L()].
A€ (Zyo)"t D EEITIE, T 2313 G. Lusztig[9] IS VBEICR ST, F72, &
E—RDBFEIOFH2IPEL VI EAFEHEI N/ L) THS (Drinfeld[4], Kazhdan-
Lusztig[7, I11]) .

B, UTOEFED, MAKHHETHENBERICOISE Z EICERELTB L ([15),
[13]) . '
@8 2.4 (1) dimL(\), SdimL,()\), (\peZm?).

(i) [Mq(A): Lo()] #0 & [M(X) : L(p)] # 0 (X [EIE.

3 mEVIAMMEEE ¢ /MR

31 psn—phhpely t—2LNEEL, A=me, e Z" T DL XD L()) B&
LA IOV TERETD, m2008 3L bPoT0EDT, UTFm=-r<0
DFEDHEIR .
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3.2 7 L(-re,) IZDWTEZA.
Verma, &
n-1
M(-re,) = U(e)/(Q_U(a)hi + U(s)(hy + 1) + _ Ulo)es)
i#p i=1

BWT, f; (i #p) BEOBMKEHSNBICEENLZ LA DPL. £IZT

n—1
(3.1) N(—re,) )/ Q- U@ + Ue) by +7) + D Ula)es + 3 Uls)fi)
i#p i=1 i#p
EBL DL E, L(-rey) id, N(-re,) 2 ZDWAEIMSDMEE J(—re,) THo2D
—5T 5. 4,

32) I={p+1,p+2,...,n}, J={,2,...,p}
EBE, g0 (WikL) B/ E %
(33) n= Z CE,'J'

iel,jed
TEDS. ZOLE, wb®s PBW EBIZL ), BARERU(n) — N(-re;) (u—7)
IRERREBZTHL I b, £ 0 OTHEMDL S U(n) HEHRIR CIE;|i €
LicJl CRBTHA, toT, MERBERF, : ClE;|ic l,j €J) - N(-re,) ¥F
ELD, BEIL, J(-re) = (F) Y (J(~re,)) DRBEGZHILTHA.

EH 3.1 (Levasseur-Stafford[8] €288) (i) r2p 25, J(-re,) =0.
(i) r<p—1%5IE, J(-re,) i, px(n—p) W (E;jierjes P r+1 RONF
AR LTERENDATT IV E—ET 5.

3.3 RIZ Ly(—re,) KoDWTEBO I L VWM T 2L ) DEREZLS.
) —REDEGE L R

(34) Ny(—rep) = Uy@)/ (X U(a) (ki = 1) + U(a)k, — ") + ni: Ue)ei +)_U(a)fi)

i#p i=1 t#p
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EBE, RY L(—re,) i, N—re,) % £ DBKEBAME J,(—re,) THo7b
L=t A, AR [14] 125V, root vectors @ g 3B {e;; [¢ > j} C U, () %M\ FTF
#T 5,

(3.5) eiy1,i = fiy ei; = qei_1,jfi-1 — fic1€io1,j

ZIT, {ejlie],jeJ} TEBEIND Ufg) DBAIREE Uy(n) T2, 2D E,
) —REOBE L AR, BREERH,  U(n) = Ny(-re,) (v — T) HEHARERS
THHIENDhD. J(—re,) = (H,) N (Jy(~rey) EBL. 72721 {e5lie Ij € T}
RHREWIITRTIE R, ROTHBRBMERE T

(3.6) eijex; = qexjei; (i < k),

(3.7) eijeie = qeqcei; (<o),

(38) eewe = exee; (< kyj > 0),

(3.9) eijere = exeeij + (g — g Nerjee (i< k,j <)

s £p X LTHTSY (€i;)ierjes 0)73 AT

A = (eij)ien.jes
I1={'i1,...,is}CI’ le{jla"'ajs}CJ,
1 <<ty J1 < <
LT, 20 ¢ MR %
(3.10)dety(a) = Z (_Q').l(a)eiau)jx i s
€S,

ICEWEDS, 12721, S, ais‘/kmfxﬁéﬁ%, g€ S, LT,

e(a') {(11] ll < ],O'(Z) > J(])}

&5,
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EH 3.2 (i) r2k &b, Jy(—re,) =0.
(i) r<k—1%b, J(-re,) &, px(n—p) 75 (ei;)icrjes P v +1 RD q /)N
AHIR b CRERESRBEATT NV E—FT 5. '
AL T—ER_TEL. 9 () R—BADP LS. () Tr+1 XKD ¢ M7
FIRI b CHEBENDIEATT VA Ji(—re,) KETNAH I LY, R [5] THEHS R
Twa. BOBEMRIE, Lusstigld] DL L H HEHITRE S,
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About decomposition numbers of Sp(4, q)

B
AR A EHEER

1 RS EFEER
HEEOER p L 20N q=p"lZOWVTE G = Sp(4,q) £ 5o 72721 Sp(4,q) 1. Ik

2 x 2 DRRATHIE LIz & & Sp(4,q) = {XeGL(4,q)|'X(_()I é)x=(—of g)} ©

EHEINDS, , '

p & Rl 5FH riZ LT White[3][4][5] TIE & A LD r—MRERARE ST VS, L
PLrh g+ 1 28 YBEE, E70y 7 O r—MEEROTICRREORIIFREIN T
%o GHENE rHFEBOBEITLE r-FRERERDHEERAT 5. UT ¢+1=1%
TrlsiZEWIETHH LTS,

White[4][5] DEERTR-oTWAH I LIZROBEY THb,

T 1.1 ¥ G OET Y ¥ By(G) 4 5 DDBEH Braver H1E (ke = 00,0, s 01, 0ut} %
Foo 7. By(G) OFTHIDO—FIUT D ERBY Th b, (727 LaldRPET 4 =3
DB, a>1Tré> 3D, a>2) :

¥ BE (0o 0 0, 00 Pu

1 lg |1
alg—17%/2| 7 1
a®+1)/2| x |1 1
a@+1)/2| % |1 1
¢ X |1 @ 1 1 1
Z DB LT Waki[6] Ta® LERZ rdfETHF TV 2,

o 1.2
a<®1 (g %)
a< AL (q: #H)
T2 rt =3 DB EaDfEN L LTEETE B, T4, ER1L1DaDTREINa=1L%3
DX =3 DPEDATH 5,
ZLTROBENFESEOEERTH 5,
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FI 1.3 (Okuyama, Waki)

a=1 (rt=3)
a=2 (r1>3)
FE 1.4 UTIS S TEHIT T 27T 5,
1 0 X da+p

_| a1 B8
.(}‘)a1l")ﬂ)"‘ 0 0 1 o
0 00 1

0 1 0 0 00 -1 0

.| -t0o 00 L |01 00

=l o 0o 0o 1| 110 0 o0

0 0 -1 0 100 0 1

U, = {()\,O,p., :B)l)‘:ﬂ;ﬂ € GF(‘])}

o« I,= {( t“t)—l 3 ) (Ae GL(z,q)}

o 1K Parabolic W5 % G, := (B, s) & Gy := (B,t)

kG-I MIZ3 L, Top(M):=M/Rad(M) & H(M): Rad(M)/Soc(Rad(M)) %%n%n
TMObFyTEN—PERRRZEITT 5,

2 fEX Parabolic i8N Oy ¥

COETI, EEBRLIEAT S 2O Parabolic 5358 G,0» 570y 7 IEHT
5o G UL L,OFER (U,nL,) THB, ZZTURNEL SOTHERBET L,id—&
LB GL(2,q) EMEUCH 5o G, D Sylow r—iA BRI A d@a&@ﬂ?’ca’b%f’&b G,
Dr-7 0y 7D r—MRTFIERDLDIRIEHTH %,

G DERFBE BN GIHIRL THBETH B Z L 2% 5, (Enomoto [1] k Srini-
vasan [2) % 2M) 20 G,OREE LT D, BEL2EU GO r-TUY 2R b ET S,
70y 2 bIlE T NBBHBEIEOREE (1, -, m) (1<i<T5Y) Thb, T, bid
2 DOBEH Brauer 818 {p,, p_} 285, r—MBTHIRADOED L% B,

glg—1)* |- m

KB R | o4 | -
glg-1%/2] g [ 1] O
glg—1)*/2] o [0 |1

1

T

@1 [ [1]1
> ) i P+ L - = > -
£oT, ZD7 1y 7 ? Brauer Tree i, O @) O thd, Thhbp R
W3 % SHEHIR P(p4) O Loewy HEAMRE S ND, LT kG-HEE MIZN L M, T M*%
kG IZHIBR L7z My, D b-53 2 RTZ LIZT 5,
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3 FTEEDIHA |
T, EREOTEREZRD 6 2OFWEIZHT THBAL TITW L,
ﬁ% 3.1 (plG- =p_

chid, BH11 L b0 BITHILWEOND,
HE 3.2 0, @ pPEETLHVRKENETFY MET5E, 2OBNETFIE, ap + &
&60

kg, & kg, X HAZ kG, kG-—MBEL T3, D2 ODOMBLH G ITHEL L GMBEiL,
RD & %72 Loewy Witk RO MBFEOEN TR I NS,

Yo Yo
kG‘TG= vs DE, kG‘TG= o B
Yo o

Z CERBIM R kG-I,

Mackey D7 ¥ —HZHIZEY ke, @ ke, 10 12, HEMBIL S, KB, 207
Y=L ol RIS 2 FIEBBENBE P(po) FEHRFLLTHE) L1 280 T,
) o
Ys ® 1 = P(pg) ®P (Pt P(pg) * EARTFCHRVHENE) CRELZLLRL,
Yo Yo

Z T2 DDELE]
©o . Po
0—p— o 25 % 0 & 0 p— o B 7
®s
Yo Yo e
PHROFELFIIHE TE S,
Po Yo f,' ("] (4] v
0—po— v, & v 15 p, ® o L P o (p° — 0. (i)
©o Yo ©o wo s b

T & Soc(Kerf)= pp& 2 1) Kerfid P(py) @b, Lo TLOERFI([) LY

Yo

® ¥ = p(py)/Kerf @ P
P, Pt

ELNE, KiIZ

Po 9s

00— p, — — g — 0 & O——r.(p,—v
8 O

o i"Po—’o,
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PORDTLIINTE B,

<Po®<Po_gi_)<Po®<Po

Ps P Ps 12
& T Top(Kerg) 1. po b BB LB Z LAWRD, & o TKergld P(po)/KerfDBRIZZY |
P(po)/Kerf b Kerg~\DEFHHEOND, COLHOME MEBL L, T&F (4) £ D
. EXMOPLED,
EH 1.1 &Y Ppo) DEEHE T 4dpotap+20,4+201+pn ThHh, T/, Kerf & Kerg®
BRI R T F NN 300+ 9, +9: £ o+ 0, +0. TH B DT MOBHEFiap+p, & % 5o

0— ¢, ®@p; — e R (1))

HHEE 3.3 B LB Mg, D b-35E H(P(p4)) (g even) Jid H(P(p4)) ® P(p4) (a:
odd) LAE &2 %,

Poy6, £ty PHE TR VRAEMEFIZENL I, & H(P(ks,)) THDo VW E, dimp,
BER r CE Y PN VDT, @ H(P(kg,)) 1& H(P(py)) *ERIEFICRHD2, ZOZ L%
o THBEIBONS,

RIZ M E IR FIZp 250 MOB/NBSIEEL T 5,

tHEE 3.4 My/Rad(My)= 0 M/My =

AEIEO P THD. DL My = M ORIERS M/Rad MbYp, L HEICR B, &2
HRM=M*EY Soc(M) o, LEEIZZ->TLEV, MOBHETF I ap + ¢, Ta >0
THoHIELWFETSo £oT Motk MOERGMBEEL % %o

RIZ. M/MyDBFERHRFHT_Tp LEBT, #ifF 3.3 & H(ps) @ Loewy HiE X
dimiHomyg, (M/Mo)s, ) = 1 TH B EbIlp, = p_TExty (¢, p-)=0 & (M/My),
L Y HREMREATE %,

#HE 3.5 b L Rad(My) H0TRWi S, Rad(My) = ¢

Rad(M,) OBEHETFIZT N Tp L RET, #HE 3.4 L RHOFET Rad(Mp)X p DR &1
%o Z ORI Rad(Mo)#0 THIUL, a=2THBH I LERL T,

tiE 3.6 bL b3 L h K& WL & Rad(My) #0
Rad(My) =0 TChH o &, HifH34Dba=1,%20, REL2PL4=3,R3,

PLEAGEH ORI TH 5, SRITHIRRET 5 FHEE LTI, HIEOFHLHIRIZLY
HEBEL B L CTZoEBRSELEAL T O —RNTH 5, (TLALOHRER
ABRCHE L T THROFETIIIRY ORIPRETE 2WEHE, MFFEE L TofEx
W LB OEDHRERBEREL T SHEDOEER, FATHL LBbILS,
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