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SOME ALGEBRAICALLY COMPACT INDECOMPOSABLE
MODULES FOR SPECIAL BISERIAL ALGEBRAS
(A REPORT OF A WORK OF C. M. RINGEL)

HIDETO ASASHIBA

(Department of Mathematics, Osaka City University)

Let A be a finite dimensional algebra over an algebraically closed field k. The
main purpose of the representation theory of algebras has been to describe the Krull-
Schmidt k-category mod A of finite dimensional left A-modules. This is done by
describing the k-category ind A (= the full subcategory of mod A whose objects form
a complete list of indecomposables). Denote by k(I'y) the mesh category of the
Auslander-Reiten quiver 'y of A. Then it is well known that we have a full functor

®: k(l'4) — ind A/ rad™(ind A)

which is bijective on objects, where rad™ (ind A) is the infinite radical of ind A (i.e.
the intersection of rad™(ind A) for all natural numbers n). When A is representation-
finite, the infinite radical vanishes. Hence in this case the category ind A can be
described as the residue-category k(I'y)/ Ker ®. In particular if A is standard (e.g.
if the characteristic of k is not equal to 2), then Ker ® = 0, which means that the
structure of ind A is completely recovered by the combinatorial data I'y. In the
representation-infinite case, however, the infinite radical does not vanish. Hence to
study representation-infinite algebras, we need to examine the infinite radical. In this
report we will explain the recent work of C. M. Ringel on algebraically compact (=
pure injective) indecomposable modules over a string algebras. Although the work
deals with very special algebras, this seems to be one of the first atempts to construct
elements of the infinite radical and to recover some components from combinatorial
data. The rough plan proceeds as follows: (1) Add more vertices to I'4. (2) Add
new arrows between new and old vertices. (3) Then the paths though new vertices
give elements of the infinite radical. Since the set of vertices of I'y was the set of
all isoclasses of finite dimensional indecomposables, the new vertices must represent
infinite dimensional indecomposables.

First we recall known facts about representation theory of string algebras. We
will give all finite dimensional indecomposable modules, all irreducible maps between
them and all Auslander-Reiten sequences of finite dimensional modules over a string
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algebra. Next we will exhibit the “new verticies”. Finally we will explain how some
components are recovered by new data using an example.

1. STRING ALGEBRAS

For a quiver (= a set of vertices connected by arrows) (), we denote by Qo the set
of vertices of Q and by Q; the set of arrows of Q. For an arrow z = y of Q, we set
t(a) := z, h(a) := y and call them the tail of o and the head of , respectively.

Following Butler-Ringel [BR] we recall known facts about representation theory of
string algebras. We present all finite dimensional indecomposable modules, all irre-
ducible maps between them and all Auslander-Reiten sequences of finite dimensional
modules.

1.1. String algebras.

Definition 1.1.1. An algebra A is called a string algebra if A has the form kQ/I for
some quiver () and some admissible ideal I of k(@) satisfying the follwoing conditions:

(1) I is generated by paths (i.e. A is a monomial algebra);

(2) For every x € @, at most two arrows have z as their tails, and at most two
arrows have z as their heads; and

(3) For every a € @, there is at most one arrow J with B & I, and there is at
most one arrow v with ay & 1.

Algebras of the form A/soc A where A = kG with G a dihedral 2-group and

char k = 2 are string algebras. We will use the following example for explanation.

Example 1.1.1. The algebra defined by the following quiver with relations is a string
algebra:

with né6 = 0,an = 0,0 = 0,40 = 0.

Throughout the rest of the report A is a string algebra unless otherwise stated.




ALGEBRAICALLY COMPACT INDECOMPOSABLE MODULES

1.2. Finite words. Let Q be a quiver. We set @, := @1 U {a"!|a € @1}, where
a~!is a formal inverse of o € Q so that {(a™!) := h(a) and h(a™!) := #(a). Put
(a™1)~! ;= a for every o € Q.

Definition 1.2.1. We consider words using the elements of Q, as letters. Arrows
are called direct letters and their formal inverses are called inverse letters. A word of
length n > 1 is a sequence of the form

'U)=lllz"'ln

with &t (i.e. t(l;) = h(li41)) for all i = 1,... ,n satisfying the following
(W) 7' # [y foralli=1,...,n—1; and
(W2) No subword [l;4;---1; (1 <7< j <n)orits inverse belongs to 1.
We put w™t:=[71... [T '

A word of length 0 is a symbol 1, for each a € Qo. We put 17! := 1,.

Definition 1.2.2. (1) For a word w = 13- -+ I, of length n > 1, we put t(w) := ¢(l,)
and h(w) := h(ly).
(2) For a word w = 1, of length 0, we put t{(w) = h(w) = a.

Remark 1.2.1. For a 555 cin @, the composite of a and £ is written as fa. So
for a left A-module M, we have wM = l;(l(- - - (I,(M))--+)).

Definition 1.2.3. Let w = l1l;--1, and w' = l{l}---l,. Then the concatenation of
w and w' is ww' = Ly LU - I if this is again a word.

Definition 1.2.4. A word w containing both direct and inverse letters and such that
w? = ww is a word is called a cyclic word. The powers w™ (m > 2) is said to be
proper powers. A cyclic word w is primitive if w is not a proper power of some other
word.

lek (a=p)
Ok (a#h)
Definition 1.3.1. Let w = L1, --l; bea word (¢ > 1). We define a finite dimensional

left A-module M (w), which is called the string module attached to w, as follows:
Put ¢(0) := h(ly),c(z) :==t() for e =1,... ,¢, ie.

1.3. String modules. Let é(a, 3) := { be a Kronecker function.

c(0) & (1) & ¢(2) & .. & ().

For a € @y, we put

M(w), = @6(a,c(i)) k.

i
1=0
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Thus dim M(w), is equal to the number of ¢ such that ¢(;) = a. For a:a— bin Q,

t

M(w)a : P é(a,c(i)) -k — P &b, c(2)) - k

§=0 1=0
is defined by (A;) — (pi) where
Ho = 6(&, ll)/\l

Bi = 6(&, li—l)/\i—l + 6(&, li+1)/\i+17 1=1,...,t -1
e = 6o 7). |

When w = 1, for some a € Qo, M(w) is defined to be the simple module corre-
sponding to a.

Remark 1.3.1. (1) The components of the matrix of M(w), are 0 or 1.
(2) Forevery i =1,...,t =1, p; = 0, \i—1, or Aiy; because 71 # L. :
(3) The componentwise expression for the definition of M(w), will be used later,

with some modifications, to define modules for infinite words.
(4) dim M(w) = Yy, im M(w), =t + 1, and dim M(1,) = 1.

Example 1.3.1. For the algebra in Example 1.1.1, consider a word
w=e( 10 a" By

We present this word as follows:

N 2
N Y
o\ /B

Attaching the name to each vertex, we obtain the quiver presentation of M (w):

6 -
e 3
N
N

The definition of string module gives the usual presentation of M(w) as follows:
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oo oo

12
(gk ‘/28)

2

k ,
(1,0)“(0,1)
k
1.4. Band modules.

Definition 1.4.1. Let w = [;---l; be a primitive cyclic word with [/, an inverse
letter (apply a cyclic permutation to w if necessary), V a vector space and ¢ an
endomorphism of V. Put ¢(7) as follows:

e(0) & o(1) & o & ot — 1) & ¢(0)

We define a finite dimensional left A-module M := M(w; ¢, V) as follows:
-1

For every a € Qo, M, := t@ 6(a,c(t)) - V. For every a:a — bin Q,
i=0

M, : te:%&(a,c(i)) Vo @S(b,c(i)) -V

is defined by (A;) +— (u;) where

)
M = 6((!, l;l)A,‘_l + 6((!, l,’+1)A,’+1 1= 1, con ,t -1
Ho = (5(01, lt—l)so()‘t—l) + (5(01, ll))‘l'

We set M(w;n,A) := M(w; k", J,(})), where J,,(}) is the Jordan cell with eigenvalue
A € k of size n. This is called the band module attached to a triple (w;n,A).

Remark 1.4.1. dim M(w;n, ) = tn.
1.5. Auslander-Reiten quiver of a string algebra.

Theorem 1.5.1. The following holds:

(1) String modules M (w) with w a word of length > 0, and band modules M(w;n, \)
with w a primitive cyclic word are indecomposable.
(2) Any indecomposable left A-module is isomorphic to one of them.
(3) The following holds :
(a) String modules are not isomorphic to any band module.
(b) For words w and w' of length > 0, M(w) = M(w') iff w' = w or w™'.
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(c) For primitive cyclic words w, w', for n,n’ € N and for \,\' € k,
M(w;n,A) & MW, n',X) iff n = n',A = XN and w' is a cyclic per-
mutation of w or w~

Theorem 1.5.2. If a component of the Auslander-Reiten quiver of A contains a band
module, then all vertices of the component are band modules. Further the set of all
band modules form a disjoint union of homogeneous tubes.

To describe Auslander-Reiten sequences of string modules we need the following
definition.

Definition 1.5.1. Let C be a word of length > 0. Then we say

o C starts on a peak if CB is not a word for all 8 € Qy;

o C starts in a deep if CB~! is not a word for all B € Qy;

o C ends on a peak if B~1C is not a word for all 8 € @Q;; and
o C ends in a deep if BC is not a word for all # € ¢;.

Lemma 1.5.3. We have a completé list of irreducible maps between string modules
as follows:

(1) For C a word not starting on a peak, let C* := CBoB;' -+ B! be the word
starting in a deep with By, B1,...,B8- € Q1. Then the canonical embedding
M(C) = M(C") is irreducible.

(2) For C a word not ending on a peak, let “C = B, f185'C be the word
ending in a deep with Po,Br,...,5. € Q1. Then the canonical embedding
M(C) = M("C) is irreducible. :

(3) For C a word not starting in a deep, let Cy := CB5 B+~ B, be the word
starting on a peak with By, By1,...,B € Q1. Then the canonical projection
M(Cy) B M(C) is irreducible.

(4) For C a word not ending in a deep, let \C := Bt BT BoC be the word
ending on a peek with By,B1,...,B € Q1. Then the canonical projection
M(,C) 2 M(C) is irreducible.

Remark 1.5.1, If the length of C is zero, C*,"C, etc. are not uniquely determined.
See [BR] for the precise form.

Theorem 1.5.4. The Auslander-Reiten sequences containing string modules are listed
as follows (we present these as meshes in the Auslander-Reiten quiver):

(1) For every B € Q1, let CBD be the word starting in a deep and ends on a peak
with C,D consisting of inverse letters. Then we have an Auslander-Reiten
sequence
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M(CBD)

(2) For C neither starting nor ending on a peak (thus both “C and C" are defined),

M(ch)

M(»)/—( - 5%“)

U —Uu

M6

(3) For C not starting on a peak but ending on a peak (thus C" is defined, and C
has the form C = D),

r —Uu

(D)

(4) For C starting on a peak but ending not on a peak (thus C has the form
C = Dy, and "C is defined),

(5) For C both starting and ending on a peak (thus C has the form C = Dy ),
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M(vD)
p '

M(Dy)

Theorem 1.5.5. Let A be a string algebra. Then all but finitely many components
of the Auslander-Reiten quiver of A are homogeneous tubes or of the form ZAZ.

2. INFINITE DIMENSIONAL MODULES

In this section we will exhibit infinite dimensional indecomposable algebraically
compact modules. First special type ofinfinite words will be defined. Next we will
attach an infinite dimensional module to each infinite word in a similar way as in the
previous section. Most contents of this section are quoted from Ringel[R1], and we
assume that A is a monomial algebra throughout this section.

2.1. N-words and Z-words. The set of positive integers will be denoted by N, and
we write No = NU {0}. An N-word is of the form 4l;---1,--- such that all finite
subsequences I}l - - - [; are words (such an N-word is just a sequence (ly,1l,,...)).

Given a cyclic (of course finite) word w, we may consider the N-word w® = ww- - -.
The N-words of the form w®™ are said to be periodic. If w is a primitive cyclic word
of length n, then w is said to be of period n. Note that an N-word w = ljlp+-- 1, - -+
is periodic provided l;4, = [; for all : > 1 and some p > 2.

Given an N-word ¢ = ljl;--+ 1, -+, the N-words [;l;4; -+ with s > 1 will be said
to be N-subwords of w. _

An N-word is said to be almost periodic provided there exists a periodic N-subword.
In case y = l;41l542 - 1s a periodic N-subword of the N-word z = [;l,---[,,--+, and
either s = 0 or else [l;11l542- -+ is not a periodic N-word, one calls y a mazimal
periodic N-subword. For any almost periodic N-word, there exists a unique maximal
periodic N-subword.

A Z-word z is of the form = = ---I_yl_1lglyl; - -+, with letters [;, for all : € Z;
again, we require that all finite subsequences [_;---1; (with ¢ > 0) are words. Of
course, the inverse z7! of the Z-word = = ---{_3l_1ll;l5-++ is the Z-word z~! =
... [2—1[1"1[0—1[:%[:% een,

Given a Z-word z = - l_2l_ylohly -+, the N-words [;l;41 -+ with s € Z will be
said to be N-subwords of z. Given two N-words y, z, we can form the Z-word 271y in
the obvious way (if z = jly-+- and y = [jl} -, then 271y = ... UL, -+ ). Of
course, y is an N-subword of z = 27!y, and z is an N-subword of 271 = y~!z.

Given a cyclic word w, we may consider the Z-word ®w® = ---ww:-- ; the Z-

words of the form ®w™ are said to be periodic. A Z-w.rd z is called right periodic
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provided it is of the form z~'y where y is a periodic N-word. Similarly, the Z-word
z may be called left periodic provided = is right periodic. Finally, the Z-word z is
called biperiodic provided z is both left periodic and right periodic, but not periodic.

If the Z-word & = « - - [_3l_1lolyl5 - - - is right periodic, but not periodic, there exists
an s € Z such that the N-word y = [;;1l512- -+ is a periodic N-word, whereas the N-
word [,l;,1 -+ is not periodic. Then y is said to be the mazimal periodic N-subword

of z.

2.2. Expanding and Contracting N-Subwords. We want to single out two kinds
of maximal periodic N-subwords: the expanding ones and the contracting ones. A
periodic N-word w® is said to be expanding provided the last letter of w is inverse,
and contracting provided the last letter of w is direct.

Consider now an N-word or Z-word z with a maximal periodic N-subword y, and
let us assume that z is not a periodic N-word. Thus z = u~ly, where [ is a letter and
y is a periodic N-subword, whereas ly no longer is periodic (here, u is either a (finite)
word of length > 0 or an N-word). The periodic N-word y is called ezpanding as an N-
subword, provided [ is a direct letter and y is an expanding N-word. Correspondingly,
y is called contracting as an N-subword, provided [ is an inverse letter and y is a
contracting N-word. : _

An almost periodic N-word z will be said to be ezpanding or contracting, provided
the maximal periodic N-subword is expanding, or contracting as an N-subword, re-
spectively.

Assume now that z is biperiodic. We call = ezpanding, provided the maximal
periodic N-subwords of both z and 2! are expanding as N-subwords. We call z a
mized Z-word, provided the maximal periodic N-subword of z is expanding as an N-
subword, and the maximal periodic N-subword of ™! is contracting as an N-subword.
Finally, we call z contracting, provided the maximal periodic N-subwords of z and

z~! are both contracting as N-subwords.

Proposition 2.2.1. Let A be a string algebra. Then: Any almost periodic N-word is
expanding or contracting. If ¢ is a biperiodic Z-word, then x is expanding, or mized,
or contracting, or else ™! is mized.

2.3. Some Infinite Dimensional Modules. In the same way as the construction
of M(w), we attach an infinite dimensional module M(z) to every N-word z, and
to every Z-word z. We call the modules M(z) string modules. We write down the
formula for z a Z-word.

Thus, let = -+ {_5l_1lolily - -+ with ¢(¢) = s(L;). For any vertex a, we put
M(z)e = P é(a,c())  k ;
1€Z
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an element in M(z), is of the form (Ai)iez with A; € 6(a,c(7)) - k& such that only
finitely many A; are non-zero. Again, the module M (z) itself is the direct sum of
these vector spaces M(z),, where a € Qq, thus M(z) = @;ez k.

For any arrow a: a —b, let M(z),: M(z), — M(z), be defined by

M(z)o((A):) = (i)
where
pi = 8(, [T A1 4 (e, i) i
for all 1 € Z. We also may define a module M(z), it is obtained by replacing the

infinite direct sum by the corresponding product. Again, it may be sufficient to
consider the case of the Z-word z. For any vertex a, we put
ﬂ(x)a = H 6(a, c(i)) - k ;
1€Z
an element in M(z), is of the form (A;)icz, with arbitrary A; € 6(a,c(7)) - k. The
module M (z) is the direct sum of these vector spaces M(z),, therefore M () = [Tiez k
(here we use that the vertex set Qg of the quiver @) is finite). As before, for any arrow

a:a— b, let M(z)y: M(z), — M(z), be defined by
M(2)a((A)i) = (i)

where
Yi = 5(“,1,-_1))\1‘_1 + 6(a, liy1) i1,
for all z € Z.

In addition, we also may consider the submodule M*(z) of M(z), where M*(z),
is the set of elements (A;);ez with A; € 6(a,c(?)) - k, such that A\; = 0 for 7 < 0.

2.4. The Main Theorem. Consider now an almost periodic N-word z which is
expanding or contracting, or a biperiodic Z-word z which is expanding, mixed or
contracting. We define an infinite dimensional module C(z) as follows:

M(z) in case z is expanding;
C(z) = { M*(z) in case z is mixed; and
M(z)  in case z is contracting.

Theorem 2.4.1. Let « be either an almost periodic N-word x which is expanding
or contracting, or else a biperiodic Z-word x which is expanding, mized or contract-
ing. Then: The module C(z) is indecomposable and algebraically compact. If z is
contracting, then C(z) is even Y-algebraically compact.

Remark 2.4.1. We recall that Krause [K] has shown that all the string modules M (z)
are indecomposable.
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_ FIGURE 1
3. SEWING OF COMPONENTS (A PATCH WORK)

3.1. A way of displaying of A® components. We display a component of the
form ZAZ like a logarithm mesh (see Figure 1).

3.2. Sewing of components, an example. In the display of ZAZ, what will sit on
the boundary of the square? It must be infinite dimensional A-modules corresponding
to infinite words. Consider the algebra in Example 1.1.1. We denote by O(z) the
“closure” of the component containing the string module M(z). Put v := o~ 1f.
In the picture we write just finite words w instead of modules M(w), and infinite
words w instead of modules C(w). Using the knowledge of section 1, we show the
component O(C) for C' =1, or C' = v™ for some m € N (see Figure 2).

Note that these components can be sewed together to get a much larger “super-
component” (see Figure 3).

Sewing of all the components that are not homogeneous tubes looks like Figure 4.

It can be shown by Ringel [R2] that the full subcategory of ind A defined by this
“super-component” Y can be recovered by the Y.
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FIGURE 2
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FIGURE 4
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Complexity quotient categories for group algebras II

— Infinitely generated modules —

i
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Vo(k) E0<o BIRAMR kG-INBE N 26 L, 2REQ V-8 Extio(N,N) 3HRLER
H*(G, k) MBETH B, N OB Va(N) &I,

Va(Ann(Extig(N, N)) = {I € Vs(k) | Ann(Extjs(N, N)) C I}
D ETH-72 (1) 22 TAU) B U D HY(G k) KB BBIATTINTH5B,

(ERRAERKEZB S ) kG-MBE M 120 TEBE Vo(M) %, KERRT Va(k) ©
FRAIRSBHER V ZHOEEL L LTEET 5:

BAHBRAER LG-MBE N EHAFRERKKR (G k)-E4amMEE U C
Extio(N, M) i LT, V C Vg(Ann(V)) &5 5,

M DEBEFD & X, Vo(M) 13 Vo(M) OFRBIERFEST NTOHEESE—HT
Zo L L—REIICIE V(M) KRATHH ZDITIRE . HREEHTH LY, ©H
DOZBROFHEOERTHBEBMNBEEDO SHNR A LD THS ([2, Lemma 7.1] (Zid/)
XBIANHELITHB)o

#iRE 3.1. M % kG-MB, N ZBBARK EG-M#EE L, U C Extjq(N, M) ZHREKK
W H*(G, k) INBEET B,
(1) BAERAER kG-EE X & kG-HERE o: X - M BEELT,
U Extg(N,N) C Im(¢.: Extjo(N, X) — Extig(N, M))
BEDALE, L ARELU ED ST RTES L -T S,
(2) \/Ann(U) = /Ann(U Extjg(N, N)) = \/Ann(Ime.)
(3) p € H™(G, k) Ic3F LT, triangle L, — (k) & & 25 Q-1 (L,) 2EA B, CDEX

p € Ann(lme,) <= ¢ 13 X 25 X0 Y(L,) = M E4RT 5,

(1) 18 U DEBITE C1y. .., G (deg G = ne) LT, TG @ (N) = M % Sk
o (2) IBHAS D (3) IZRD &£ D73 triangle AIOH OFAEMEEZE Z UL Lo

X®L, — X@0(k) 2% Xk &% X 0-\(L,)

J J l J

QM) — 0 — M —— M




ZDIZELY, Vo(M) ZRDLIIHHIT B ENTE 5,

SEER 3.2, V(M) 1 Vo(k) OFKHMSZREDEES TROKM A HILT SODH B, &
LoHLOTH B, :

(1) W CV e Vs(M) =W € Vg(M),

(2) Vi,...,VieVe(M)=>VLU.--UV, € Vg(M),

(3) HIRAEMMEE X oD kG-¥ERE o: X > M I LT, Vo(M') e Vo(M) E153
FIRARMEE M' WEELT, & M 28HT 5,

(3) KD T3 EH 2.2 ERBEOS N EADKD LD, WAE U, ZibT U8 b R
EEZIEE, D (3) BN Ve(M) DEBROEETH -1 EBbh 3, EBE (2] T, U,
& Vo(M) ORICIEKROD & 9 15 EREBEYS 5 - AR LT3,

WRE 3.3. MelU, EBRID ¢ % M D complexity &ML, cxg(M) £FHL, 2D
&%,

(1) exg(M) = max {dimV | V € Va(M)}

(2) cxg(M) = max {ch(M) ! E 3 G DA P%ﬂﬁ}ﬁ}

(3) cxg(M) =0 <= M 3N LG-m#t

P ERHBAERNBOBECHONTWAEROIETH S, LHLESLENRS, FR
HODBEIT G OIIFEE B REEEIR RO 5 Avrunin-Scott DEHDILIR, K
UZ QMBI ISR O L7250 (FNFHROMGEICBIT3E5D I &, W, BN
BUTIHERSE VS B, )

RE 3.4. MN X kG-INB¥, H X G OWnEE+5E, ROVEBEND S,

(1) VH(M) C (res&,H)“IVG(A/I)
(2) Vo(M ® N) C VG(]W) N VG(N)

S TESOROILIIEVVANR 2 1IZHBDT, ZhiEFHELLRTAZ I EIT 5,

¥ G =<z,y> % Klein ® 4-BE L, kK2 &35, kG-MBEARD LS HRT
%9 (Ringel ®F#R)o



b c /\
Ty » UE

d

BiH, ROESYHESTHEIENT, X =2—1 OEHEA"EHOTHET, YV i=y-1
DIERAA—EHRDTRXTEET S, BL, WHETEIEOHETOIENEEITIE 0 & LT
HT5bDET 5, HIZIE, EMOMBETIE

Xa=b Ya=¢ Xc=Yb=d

Thbo H-T, EEIIEN EG, HDEG/k =01 (k) 2RLT B, Tl HY(G, k)~
Homya(k, 271(k)) ~ SocQ1(k) THZNS, EDOED n,,n, & HY(G, k) DEETH 5,

kG @ kG O

KBOT, < (¢b), (d,0), (0,d) > ~ Q1k) THBIMS, (kG @ kG)/Q (k) = Q-2(k)

i3
2

Ty Ml M
THEINDS, CITHRIFKRDESKEHETE %, HlAE nyn, DA, chain map

0O—— k& — KG — QY k) —0

S

0 — Q°Y(k) — kGHLG —— Q7%k) —— 0
FHRCHEBE, Q(n,): Q7 (k) — Q72(k) &
ENDERGNDEDABER Do 1y T pyne WEEREE Q7 () e DI EEMS,

Thid Q7%(k) ORDOEAHTDOHAICHIET 50 02, 2 OFHELRAMKT, HXGk) =
Soc(27%(k)) =< n2, nyne, 12 >k BB, UTRICLT,

H(G,k) = Klnaymy) (480



L5,
4, M ZaTANERICEC K

TEHINAERERBEHNFEET S, KERKICM 2 kGOEGO ... ICEHDIAAT
ABE, ZOFRZBUOM TH3, ML, MIiZ M~Q Y (M) X3RN METSH 5,
UTF, akeEnY— HY(G,M) ZHi &R LERzAOTHDTH 5,

HY(G, M) = Homyg(k, M) = Soc(M) THBM5, iz M ORI O FBOESETHE
LNALEMTH D, TOEMDIEEE o EB<. KEMEIC any, an, ZFELTH 5B,
%9, chain map '

0 — k — kG — QY k) — 0

R

0O — M — EGOokG®... — M —— 0

EERHED &, Q7Y a): Q7 (k) o M 13

LD TERADIDABLTH B, H>T, HYG, M) = Soc(Q1(M)) = Soc(M) 15153
any, an, OPLER

oy any

THbo HYG, M) = Soc(Q-2(M)) = Soc(M) i\ Tl

2 2
an, angnyy, iy,

T, MROHELRKTH S,
UELY, ap: H(G,k) - H(G,M) 3BEHTHY, Amn(lmay) = 0 THb, 4Hi,
Vo(M) =Vg(k) &85, —F, H:=<z> &Bk&&, MITEH-MBELTIE

11 ]



THADSHBATHY, V(M) ={0} &35, Zhid 434 (1) KBWT, E50DHY
MR OBlEEZ S, (2) OFlL, M &

TRFESN BB (K[G/H]) &£ D tensor T kG-HHTH 5B Z D ofEh 5,

LD HLRDE DT Ebbdhb,

9, M BREPNTHED, xg(M)=cxeg(k)=2 Th b, ﬁl‘ﬁﬁiﬂ@ﬂﬂﬁk’)b‘f(i
IR TH 5 2 & & complexity 281 ThHB I LIBRAETH -7 o, TN HMWRERT
DI N &5, BBNEN I HEIZNSE U, TRPL2lbHNZ DL D
T, WA IEEHINEEED filtered colimit TiddH 5 DEMEBS MBRE 2 FT 0 & D
EIMEFOH b 2] TR SN TS,

BT, aKREO V-1 Extio(M,M) ©® H*(G,k) B BFLA T TIV Jg(M) ITD
WTEAZTHBo Extig(M, M) BERED Endsivodkey(M) = Endig(M) TH B EKRE
RTHEMN, EBROFHERA v TH (tensor K) ®n+%:%#ﬂ.7}AbﬁT H RIS IR EE R B

H(G, k) = Extig(M,M)  (p+ p-1as)

ERFOIBROLIICRRTEI ENTE B, FICTHIBHEHFT, Js(M)=0Ths (Z
DI &id Jo(M) C Ann(Imay) = 0 DS dbnE), #-T, B Jo(M) hoBE%E
EFET BT Vo(M) OBAERIUEREZHEORTI EIZE0, PR FRAERMEE
DBEOWIRERD I EFELL. AARRSICE > TELTATS, HREROBE
i< complexity 12 X AFE S DRFONIDE, FiCFEHRIFED Y —DRKREDOKIT
DFFEIT OOl THAETE>TENTHAD, LINLED M OB4, Endie(M)
T HY (G, k) 2NBTBHENZBIEEERTH S, Bl M/ M.y TEIXTOHREDN
JAIRNCIE B E 0 EERNH D, Thidas o U —0RFMLcomELo FiHetic 8
T B EHERER LTV - 1R TH Bo TRED I—I Extig(M, M) 152 bhic & &,
M OREBECET A BMAEFEXIEZ D LD EIFHDHMNTH Y, ORI E I
DEIITHZD,

I S IR E N U —BOKEXSCMTEGETH B, SOFO Extio(M, M) i3
Endig(M) OB ZHEAENRTH HIENG, HN(GE) Mo ILOREXXEUS Z &N
TER MRABMBEE BB ULS &350, HY(G k) I 2 Kb Sy, fi]
N LORZXORENLHEEEDN S,
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EHAEE
Rk THELIH23H

FF, DI, BITRO L LR Y ACTEAFHERMON LET 3 BEE I
rBeE, TUARRRMGBEO—oTHBRIEITEATOE Lk, MlABLT, BH
DI STAERRABE RS - EOBBHARA SN LS NENLET. O
A EQE I b - ARSI & S RPFIES T A A A MIIAZ O GH b~
ST ET, TR SRR LT E T4, PIREOME ZhEs <
14, TEAEREREDE Ry B, 025X, V)R8, HEEEREE
LEECHOTNB DT, M4 ORFHEHENZORKARL TSI TR
EVHBENH Y ET. HAEARREIIEE >72EDDTTL, e b=V v A 0
BEE D BRSO SIEE - 2 TAVEHRREOMRTH D, L bHiDSTF & DY
1B RAE B DT, FRAME & DRIC AN DREFHIED - 7o LNERA. Ly
LSS, SHEBRICHIABE, ST EHEOA SR > THBITERNENA
Fd A FT IV L AR D 1 b 59, BN A T AR OE T
RUTOBALBELATFTIVERE D ELTOERA. b SBRHNEHE S - 72
FtsA 77 NV E GBI EAERRREOMH AT ES TN S EARH L&
nET

THA/EH F A (Vertex operator algebra) & LT VOA, BAEFNTEK1 0EKLS

TOH UG T, RNEHREBIEFR - ThETH, Bz bo—o,



0o/oo

ZREE LTBRTWE T HAFEMRREOHTE L E -3 e v X 7 —Bipliar
KB LTRI s b—r Y v A VPHRTT. £Y X5 —BEBEE BERFRINCA - T
2 6P SMETFIREMHD ) B, RO D TY, ZOHOMFITIHZE 10> T,
:yE;~&ﬁ%6??ﬁT§%5%¥E%ﬁ%ﬂi%é@&ﬁﬁiiﬁ&.it,:@
PFUTMIRRINCA > TOR OB EF DEFOHE LTR, Moh T30 bDF TR
ROEIZEBNET, UL, EUVRSY —BEiBEET 2HARBMEBNRE OS5 TH
1S, TP omlRB L) ICABREHEER > THE0 5D TY.

FIRBOLIIZ, FROLDERB D £T5 & BEFEREP, FRETIEDH
ROLDZEE D DREKIEEBNET. WRFFITHS Y —BOBEMBL SE T TES)
U7cDTEH, BEZBHBOEE. HEVBILERATLUR, TR, £EH295607&
EZl:E& ThPHOKkE LT, EIRO SDITEIRBEOFMEDIT T, FRICT S &
WIHIFENEZEZ oNET, LHL, ThE—ICBEHETEH D EEAL, HYITANT
LEH EHTCRBMA ST ET.

EZAY, T SBRBEAEAZRBTE. COXILEINT U IELEBI -
TWB3DTY. Lddb. TOLINEETTIO. FRO S D LERD b DOFERIC R
LTHED. ChETOREFERVERES L LOEZLELGENTEE T,

FRICESR 2 LE L& 9.

HAERAFEAMOERO LR SILE v X 7 — B M OFED 20 FEFNICPE IO
RBHTY, ZOEV XY —BHBORTEITFITER UL D &9 5 &Ix{K 196883 (RO
EFITRNDRDEILZ ERRIND F Ltce D 196883 EWHEFENE D o5 —BHO—F
EERZODOTHAHMMWFEHNED 25— EHIEEZ0ICLTHL) o

J(z) = 7' + 0+ 196884q + 21493760¢ + ....q = *™**

DFFAHAL L TNB ENDIBIZ McKay &7, BICHERTAE E, 2FFIT/NINTS



FIH 21296876 & &
21296876 + 196883 + 1 = 21493760
EWRBIERDLOY, T, €Y a7 —-BEEETE LT Ogg A
p| 1G] = T(p)* #¥HI%K 0 EFHD
EROIFAILE, FTWEHBRO—BIHEL Ao & L. ENoE % Ll Conway,
Norton iZ& B h—2 ¥ o4 Y FREN S IOIITY. JOPITEL LBRO—FDE

PNTOEDTTY, —FHEENILIEIL McKay’s observation {2k %

L=vy v A VPRI H3HATERRTORBTEE AT —MBEV =532, Va

D& - T dimV, D8 J(2) D ¢ DFEYPEREH00H 5,
ENHIETY,

ok ISERIDE T, 1984 421 Frenkel (HEEHEE). Lepowsky (V) —ﬁ%ﬁ), Meurman
B OIAMT T 4 2 ) —REE YA 2 N5 &0 BRI & > THIEORED L

lebh—r v v A UNEE

R L Lo

Z UT Z D#ER A - 7 Borcherds 281986 FAZZ D L— ¥ v VIIEE VE O I
PEZ TN EHA R OMS EREOHE) NERTELI EEREL.

ZTNOEFEHT I8 E LD 3 AN L—V ¥ v VHAERZERE VI 2L
TeDDRAI D AR FRERITT.

Uind, BRE &I, EREORBEOBICL— VY v VHAERZEREO£BT
RIBIBNTEE VX7 —HHFE LI 5D TT,



DR IHIRRICEE > THERBE S TOETY, —ARRNBEORETT D o
B2 S E ORFNTTEEY. I, IS KRB EMEV =2V, 0H-Th g
DZENDOREAROBRIEELIET B &

ch(g) = e 3 Tr(g)y, e
BIRT 20 EI DTS MEE UROT, BEEERTIFNTEET. £LT, HAEE
AZERBOBEICE, ChARBREEEY 25— FEUERF > TR I EPREZDTY

Tid, HAFARRBOBBAICADE Ls ). HREOHBEIRL THHEICEREIN
TOBEDITRS D T A, FEERERIE R—S T3 ST 5155 ¥
DT,

COHRENIBHRICOOTAUBALETE, &R RIS LT R OEFREUCHFD
&5 BIBAMTEH a(z) = T ane—,b(2) = Tbye™! EZEF0 & T anby € B

TY, BHHUBENI DI

DHFTTAY WIFITYT O TH a(2)b(z) BEAEBREKTOER Ao € 2 THAM MR

HisoT
a(21)b(z2) = b(z)a(2)

EEZN n X 2 FEHOHDO—ER 2 — 20 ZHROTEZE T, $44bLE, +HKEU »

MMNdH»T :
(21— 2V a2)ber) = (21— 2 (=)

BRDTLDE S, afz) & b(z) W AHRTH B LTI LT, a(z) ~ b(2) TEUEF.
DY (T — 2 THIT 3 &

L 3|zl <1 OfEEET

1~z

l4+z4+224+2+ ...



EVIRRAEFHET L. |z| >1 T
1 11 o

= — T ==z =z -
1—2 —zl—;

EVORIERDE T, BEED L delta BIEL §(2) = Taep 2" £ T ET, ZhHid

TG4 6] CBEE DI DT, 0 DEEFATHE T, TIVFBEICR LT (1-2)6(2) =0
ERDET, W (1=2)f(2) =075 f(2) 1 8(2) DIEMERL >TNB I EDDIND &
BiEd,

X1, (1-2)%(2) =0 TTD S, WHT3 &,

—2(1 - 2)8(2) + (1 — 2)%8(2) = (1 — 2)%6(2)' = 0

PERDIALBE T ThERDETE, EOTIRENIFREIENCNS TV Y B 6(21/ 22)
D L1c b DDEHOREREATIN B S EERALTHE S EDBD E T,

HEELTIELLOR, ZHSE0ETOT, BAHSITHUTHIHRDE S hEah
S5IENENSETT,

HOHSFIT G E LT, EELY 1 5V afEUC >0 THIHLE S

V = Clz,z7'] OMSILBROEEEEZET. HAEWHDIR V ORBER 0 T
o(f(z)g(z)) = f'(2)g(z) + f(z)g'(z) 2MBTEHDT, ZholdY —H[o,7] =or—70
KE->THUTHOHEELT

Eh, B
L), L(5)] = (i = ) L(i + 5) |
ZMELTOEY. O HEICTXVF-ERDTHO L ICK > THOEA L HOD
NI 4 7 al#,
Vir = (&CL()) @ Ct
TRILRE

0 6 = = )i-+5) + 6o § )2




Ao UEd. BEEY 45V oBOERBRNEET, tPNceCciE ELTERATSE
X, ¢ DI &% central charge &FEUNE T,
Y4 oV nRBoRANSZ ohic &,

= L(n)z™?
LB &
[w(z1) w(z2)]
= [T L(n)z;""% T L(m)z;™ 7
= T Tnln—m)L(n +m)a " 25+ 5, (M) er "2
= Th Tmlh = 2m)L(h)] "2 ™2 4 1, ("“)cz;"-?z;-?
= ThhL(h)z" %2 e, L7 —2& (h)zi"127* (2, mam?)
+27t T ("+1)-l" 2
= TahL(h)z" 2256(2) — 2% L(h)27 "2 %8 (2 ) + 21 6(2)"
DT

(21 — 22)*[w(21), w(z.)] = 0

ERD. wz) BHSHBICHHMEL >TOA I EPFDDET,

SHIZERAOREMN T, CHPFRAITRBRHEE TOEWNIEBR I D &

AR EFRBIDFERA.

TRHHEMSEAFRRBOERLENE Ls Do 7, 74y 7 ZREHIN S PWRKIT
DREUFTEZERHV = 02,Vo TH-T, HoeV it LT, HEERZREFEINE V O
BB E R E T IHROTBE Y(v,2) = Nzt € End V|[z,27Y]] 5.2 oh
TH .

(1) Y (v, 2) (T HITHH
(2) ¥4 5V tEREN BRI w e Vy BB Ty

Y(w,2) =Y wez "= L(n)e i



(a) LD 4 5 oRBOWEERFD.

(b) WmOME
Y(L(-1)v,z) = [L(-1),Y(v,2)] = %Y(v, z)

itz U,
(c) Vo i& L(0) OEAME n OEAREM LS.

ERITIEH EXHOIHLOTTH, PNELEWEROT, I TEEXET,

BIGICH LT HEEAR Y(v,2) = Lz OF# v, &V OREERGOT, &

FRAE DT

V X W = Vpw
NWEHREKE T, CHOOTOW, —DICHEHT S & HRAHP. VR ED
e IIRENTTEET,
¥, LOAEBIMS veV, ETBL v,y BV OREEROBIEEZRENLD, B
ot () = 3o 11 (ot €2

n=0

WEETE, Thi3V 2FIBICIRTEET.

fREEFEIN S &, EiRERRC, MBNVERINET. EB HAEARLHC
BOTHMFEN D - EHEELGPRARTH Y, KEHEHR LT, NSO fusion
rule (5 YV IVEDRRIE D) EH~REL LI STODOTY.

FHRERFEARE (VYY) OMBOERIBMROKREBA N7 PIVER M = @2,M, T
H-T, BRI ML End(M)[[z,27']] OFCOTICH UBICT[E MO EZ X, THS/E
RFEAHE v e V OIHAERE Y (v, 2) D5 End(M)[[z, 27']] DIT Yar(v, z) ~DERDS 4

WRAH DA U TRERBEL > TWE X H L HDTT.



HAERARONICEE NS MBEZ A 77V ERY, BEOR & FARICRIARARG E
BEZLOSNE T

wHIZ b9 —Do00/oo DHIELTHBO S DZEMRD DS FIEMEN LIz
EBNET,

CHEVEE <Y F a—ty VTR L— VY v A VIFRESTHRE LR
TY,

Jok BV RY —~BREERKT A0S, T4 REH TS 74 ZRBERITh 5
196884 IITDWHAEL D ZHERL L7cD T, ChidRERETHL s %:
LTOES,

A=y oA VBV OPTHRE 2 OWAZEE V) E—2DH viu itk > THALT
B, COTSAXRBMEL >TNBEDTY.

W —D LG I MDA 76 e 25 B ERRAE#T 5 &9 5 & reflection
DEHICZDOHBAEES LhHh A, 250 HAFRZEAHO L S IERORE
ERF->TbE, e W LT, ZOTHEAEMNFE

e(z) = Y ez
DOMREOHEE ¢; ZROB LT, VICERTAIHRR TGO <e;:i€2> 2EL
LZEPTE, JOEMAICE T, HORBEREBETEXA I ENHBDTT,

Lrd ORGSO THAHAITE, TDLe BEMEINL HDITH - T
EEXR

FHE A=V v A VIO LI, V=0 OE. ROTEEZES I kg

TR I e € V, &V idempotent TH B MEADFEMHIZ< 2e;:1 € 2> NT 4 5 otk
HTHA



S TEE idempotent EHIEHIHTEER Y 4 5V ofEN I TRREALLOD

WK TWADTY. Lhb. central charge 1/2 Y 4 5 offEOERIIR L 3 -

TWHADT, V= Vg Vg yls
T 1 1 -1
e 1 -1

EEETHEINOHEACRMER LI EDPGFDVET.

EH Vo W EX <ee>=1/16 @ idempotent e;e = e ZFATWA E V T 2

DO HORBZRF,

ZHE < e, >< 1/4 £ TO idempotent 128 L TIFAICA L S DHRABOBIIE LT
WBDTERBIIDNEEZ ONE T, HKBL—V Y v A4 VIMBFEFTND &L <e,e >=1/10
@ idempotent ENHE 3 DITHBEFR L T E T,

754 ZREETAND EI EADED L H 1 idempotent H¥H Y, TDI LT, Vb
DHURABNE VXY —BHBHE TRESNE L) T EOHBICHATE I, T/,
LOACRBO 2 EHITE Y Ry —BBONMRIC B3 v I ABET 4y Y —
B - OBRICBEBLTHADOTREEONEEZL SNET.




Sklyanin Algebras I

HRERFHFEFER
# # 1 % (Takayoshi Wakamatsu)

1 F

A% <3 Sklyanin algebras @ F# & {8 % 7k ~, Frobenius algebras 28 & @ & 5 g
Ry 50 0RWAEZAFELLEST. EHHFELESCHEBLTVE ERVWALT WD T,
WCo b DMBERESR T3 EIIAECLETHOBROL T & T

Sklyanin algebras it Koszul #: % & - 7z augumented algebras ©& v, W3t algebras
BERENTENDBERKRITTD Frobenius algebras e 3 & W > DO NEH I ZMED & %
ECATY. Wt algebras I3, THA F7TNVOEREMEELIB LItk >Thd, ¥
72 augumentation TH i X S B HBMMEE K 2V T, EB,-ZO Ezt'(K, KY:LTovES
EhhEd. CO20DF#RNP—HTHE VIO Koszul o EHR O TH 4, Z OHIG
Hikid, PRBOb-¢EVI7FAEHLTHERAINEDDTHELIIcHATET. &
7z, Frobenius algebras & \Wo- T, 40 E A, 2OBE LT NI oA ICED
NEZHERHARENTVEE, —BRPNCHEEER L V- b0, KAMETE 2K
HEREBHONTWERTH A WL S IEHA $4. Sklyanin algebras @ 334 i3 quantum
determinant & MEiE 4 % multilinear map 2> 55K & 115 graded local Frobenius algebras
Thh, IhE—K{LT, RO gladed Frobenius algebras 3 ohn 5 & BR&E N
S

EHENBE T L, 13 L »ic graded Frbenius algebras 2§ L TBWT, FH 50D
BEFRBEiLd->T, LB E2EDIEVWEREO 7 5 2 LTEL 0
EWwH LT,

% & & & Sklyanin algebras {3 Yang-Baxter Ao @mo#m»r oBhrnibDT
45, ZHh it Artin-Schelter @ regular rings & IEE M 3 B4 0B WHE % 2 72 £ Al ik
25 —ROFINCBTS560THY, FURREEAORS & bMES W T T O REBMBH
I THET., DL D ENE & Frobenius algebras @4 MM & BB CBEE LT
kiR, FhRrPCOHAEAVERLSA T TN, &5, Kossul W Z 2252k E

—BOoMRICLENTE->T, TRl s2fiorto 9 —RENBEICER S

HLTKBEIIcEVETS.

FIRXRLZTHEOBERPLRIGE quver O EHF HIEER & L’C/» O RELT
EfoDTE D, quiver i TR F Sl algebras & IR » Frobenius algebras 7
EDIgE, quiver Bk B TH - T d relations S/ 42 %, relations % g fal il 5



DOERPLERCBE-TEEST. COEKTH, Sklyanin algebras o B3 EH T L - T
HEHZ I BAHFCERLSNET.

2 Graded Algebras

h K Fto2nH A= @i BEE AN = Ay 2RSS E SR EET
RThssewi, ABTR, Bic, A IR A 0L T A KL TERSNTH D,
dimg(A)) <0 TH DL FEES. BLHPORKER A=A CELTH3. Ak A,
EA THERESNETF Y AETRT(M) = A @A OATPOAY B oRRB LS.

R=Ker(T(A)) = A) @ T(A) 04 F7 A TH 55, bLIhh AP 0%z R,
ko THEREN BB, A quadraticalgebra TH B LV, COLE REEFRA
FTATHED, R=RORORD--- &BWaNT, Ay=AP"/R, &1 5. HRKE
Ny PRV OWEM Hom(V,K) 2 V* ck3. (VQV) SV QV* L33k b,
AL R, CVRV OERZEM BRI CV'QV 8ZAbhd, A A=K, A=V
& 72 % quadratic algebra ©H % & &, EREZ LHE

N =T(V*)/(R)

BEREINE. bbsA, (M)A BEKDI-,

FRDBE, A/@piAi 2 K TH 505, Ak augumentation A — K % & 5,
K SBSE A MBEEED, 95E0 9B @ Boty(K,K) BERTE S, h
K = Eatd(K,K) +© Est (K, K) ick > THEKEN 5 b 0%, A © Koszul 3k
oEeMETEALON S,

VoOBTFR K LOREe, e, en 238U, Thic ks V* OWHEBES €], e3,-+, €
&4 3. K LTorvy vBV'QV ebnT, Bfe=31€eQ¢; REEOEUFIC &
SF—FETHBENEIBENE, a5k, AOESEN ORFTEOWMHEDF » v
NVEOLEEEZT, (A) QA o (AL]) @Ay ~DEHELT, Rl oEHKe %
PFBLDELTERTS. $bb, fOME(A) QA 0iT&5%% L, f(e?) ®erm)
EEDE. Chicko-T, K (A)®AS BEsNEH, chit A o Kosgul ke
W3, ThERWCKRIRE NS [Priddy, Lofwall]

T8 1 quadratic algebra A K> WTROEZBREETH 5.
(1) Koszul 3tk (A')* A, ) 584,
(2) A & @i Buty (K, K) &EL, _
(8) @ivo Bxty (K, K) i3 K kT Batj(K,K) w k- a3,

toEBOEHE (3) 2ii/cd algebra i3 Koszul ©h 3 &0, ChiclL TIHRR S
54T W5 [Beilinson-Ginsburg-Soergel] .

w1 2 Koszul algebra 1% quadratic ©& 5.




#% 13 & Sklyanin algebras O EH A2 B R Z2 DI UBEREHEZ WL H>PB L TEL. &
K £ o augmented 72 % 5 — % LW A 2 id(Ap) < oo B LU 1d(4A) < 00 Bt & &,
IhZBIT idA) <oo THY. Ak, idA)=n BEABMMTAHKRTHE n TH 5
EARBEW®T S, WdA)=nTh->7T, ES5IEKRDOEM

0 ifi#n

Eut) (K, A) & { K e

% i1z 3 & &4 Gorenstein tha & > & W 5,
¥7:, A © Auslander ¥ ( Auslander oEE) &k, 0 oA ol —= 1, —» .- % A
OR/NMAFI (EEVFNTS) &35 & &,

fd(Ii)a <d

BHEILDVWTKDIL2IETH L. CORME, EROFMER A M M LERO
sy RnE N C Exth(M,A) st LT,

Exty (N,A) =0

BEIKJESODVWTHRIUT LI EC@ETH LI EBMoNTWS, gl.dim(A) < o0 T
» - T Auslander 2 A CTW5 & Tt A i3 Auslander-regular ¢4 3 & W 3,

3 Sklyanin Algebras

Sklyanin i & » T& % 5 h i algebras LR KoL 3B b0TH 5, HHihH £ =
ClZ®Zn) Lo 4bt—va YTHRVWEHTEE KHLT, 4 T

(1+a) + 1456
2 7 2
AE'H IS Jacobl M EEL,

EBL. Thimk-T, BEKX

oy =

041 +a2+a3+a1a2a3= 0

T B/°5 A ~5— oq, o, azg BERLNT, KROPHER

k3, v nEBXE C<zy,21,82,23 > OHAERELTCER EN 3 & o Sklyanin
WL DEBZH5NT algebras TH 5. 7L, %3 chEMNcELT, #51,2,3 1330
il & LTHEFRRT T bDEd 3,



RETREEINT, —fD n &t @ Sklyanin algebras SEE & h, Eiclixicd o
it 4 &5t Sklyanin algebras & IhTtws, n>3 &L, K 2R¥EHEST 2. o
EERDOF - - oETBPERENS. E 3 K LoKMMKRT, 0. F - FE 3EF
A (€ Pic(F) 2 FE 1z & % translation automorphism ©& 9, L& E LO®RE n @ line
bundle, V=H°(E, L) LTV B&RTtn O K ~2 t vZER &1 3. Ex E o divisor
Ay = {(p, e 2(p))lp € E} % %, ¥ 7z, involution (p,q) — (d%(g),c7%(p)) O EE &
OLekE M &%, Ex E o divisor D {3 ¢ @ involution ¢ stable ©& - T M {8
MEloEHETHENS & & allowable tH 3 & 05, coTw, R={finVQV|div(f) =
A, +D, D : allowable} & BT, T(V)/(R) &E®», Ih* nikmd Sklyanin algebra &
W 5 [Odesskii-Feigin] . Sklyanin algebras ic > W& H & h T % [Artin-Tate-Bergh,
Levasseur-Smith, Smith-Stafford %] .

FIB 3 A% nRto Sklyanin algebre &4 h1E, Koszul Td - T Auslander regular 13
#5—HB (gldim(A)=n) T 5, F7 A& Frobenius BT L2 3.

H£WHMIT A & 70 Koszul Wit A' ozZHE2[frsb0E LT, Beilinson-Ginsburg-
Soergel[5] 1z & %, derived categories OEEI M H 5. A #ER¥EfM &0 K £xige 5.
(M, 8) = (B ; M}, 8) i¥sft smBtoMtke, 6: M) - M7 &L, i 3¥kE LT
@2, jREEFEMPFELTORBERST SO LTS, CHA) TREMS & A B0
Wik (M),0) T0i gkl i+ <00es M =0&43b00+%T FE—BEXL,
D*(A) T quasi-isomorphisms it & 2 # 0 ERE 2 KS. Bikic D7(A) bEHES N 3.

£I8 4 A D Koszul ©&% % & & DY(A) = D((A)?).

rtoEEESAZEFER, (M) > (MQA)P,8) hroEhhizbn: LTEALS
ha, 2T, &3

5 (Mm@ X) =6(m) @A+ (=1)" Y me,® e}, m® X € M, Q(A)®
t

TH Y, (MA)P) =@y M QA)?P EL T B, Co#sRick v, Sklyanin al-
gebras 7% & o derived categories 25K R IC O k¥t & Frobenius £ D derived cate-
gories EBIEICBABRL TWE I L Gh 5, REH EMBEOE KD derived categories &
EE OB DA D derived categories & OREM L FHRBBE RS WY, EHIKBMS
Tt E ES,

4 Frobenius Algebras
A K LoBBRRTEILE A W Frobenius Tdh % &3, HicFRH

Ay &A%




MEBETHIEELTEREINE, MR ZTOBARBHLE LD TRV, REMTX
EXEA=O_ A OBEGIPLELVRITHE- T, UTk~<3L3Bb0& L
Tk ahn 3,

£9, Ao=K ©&% -, Jacobson REDM A radA =PBpihs L > TVBHEK
i, soc(Ap) =As THY, A b s ko TEIhELH AV oA X TE
EBELTONEDTERICREEINS., bbb, CoFEFEEZFAVWT A WEHEREN 3,
CHERFAEHDPTHAD. IO ER—AEDOKRES % Frobenius BB OB A~ LR &
3. '

AZERKRTO K 2B EL, 0 € Autg(A) T X4 BERMEET 2. 0 ZHVWT
X~ ARzt 322 tiiDEREINIHEAUMEEE X, THT. X4 & X,
CHEBTHBELT, 7: aXa > X, 27 0REERET S, ALtors vy vEERE
W Q TR IEElL, EADER

P AX,?d_' o AR
BRoOUHEEFE - >bD LY 5
P21 ® 2,0 - @2)(1) = p(z:® - ® 24 ® ¥(z1))(1)

Ho=(07p BLof#zsrdss, 20l AD) 7 vk Tu(X) =
ADXP X2 - OHMABE LTERS NS, 7, 0O X o Homypu 4( X0, A%
% oO(y)(2) = p(y®z) LT, Ri= Ker(¢"), R=Ri® R, D DR, DXV P ..
EBC. R TaX) ofifil4 #7reasnc, A(Q) = Ta(X)/R LEHRTE S,
Ry=FKer(p) T ah b, 2(X®/Ry)a @¥IMEE AG wEE T 2,

EIR S RMEKD I .
(1) A(®) 13 Frobenius % JH,
(2) KB K L o B BEK 1 IR BT & Frobenius £t d & 2 A(D) i [FH.

I L - T, EATE @ Frobeninus B %EB 203 (REMNEAKL), v2 74
b= (0,7,0) 52N EIVWI b, ~BOLOTHEMTH 54, fHH O local
BebDIKH>WTZOHNEEAR~2, A=K L4ahd, o=1d Thbb, A = K,
YEGLX) Thsb. <7 bAEBMX & yBEAibhE &, p: X% o5 K c&4

p(z1®Y) = ¢y ® v(z1))

AT bORRY L EVIMETHEE. 0T, pe®X® @) =0=2=0 03
#HHE (¢ ® non-degenerate £ &1F3) 2 6> bDLEPELTBVWTES TS 5 T & HE
hvohd, 2F0, COXKEEELSBVIEEGCE, pz@XCU ) =0 2 53R
€ X 02k Xo 3MAZEMERY, MREE X/Xo Licv 27 aBASH, Zhdk
55 543 Frobenius £ b D v AF A bBoNd b0 ERAETH L. & T,
CODEEBINE, o LT yYyRBRI=2—7ERBZIEBREND., 200, YR F A



EVSTHERBICE o PUHTIRTHBRELZIEES, -7, CoBEICIE, 5
ha&wEE Alp) ERTHHL WV,

X o KRigan&LT, e,eg, - 6, RELT S, o€ (X)) = (X)) c53
Mo, erel el AN EEE LT,

p =72 c(fejn) ®ej® - ® ey
fEF ’
Ehbhs, C7T, FegEa {2, -, d} po%s {1,2,: ,n} ~0EKoeEkEE
L, c:Fo K &%5% (c(f)eK). 230, o523 ¢l3c:FoK %25%5¢C
LIKEILTH B, #H-T, & p(z®y) =p(y®y(z)) 25 c OEXETHRRS 1iE, %
OEUEHIT AT T —DM {c(f)jer it L TR 2 bOBBELNE. B4 {2,---,4d}
o 1,2, n} ~DERLEE G TEL, g€G & 1<i<nico0T

Kd»>T g eEF #FH£ I 5. £/, feF LT

[r= ( f(12) Cj“(_d)l f?l))

ELTBL. &, 'y(e,-): 7 €5V !Cot’)'fﬁtﬁ%‘i EZEDTEL.

£ 6 LoiEDb L TRBEDILD.

(1) o B&BEFB LT 2D o(9,)=2,c((§;) )i &7 3 EHEM (R JgeEG &
1<i:<nig>0wT),

(2) & &2 @ 8 non-degenerate TH b 1c ik, nMo <27 b (-, ¢(3,), " )gea
t("',C(gz),"')geG, cee, t("',C(!?,,),"')geG O—hir 5 & BEME.

7R ZAETLERBENLSSVWECHFELTWL200 2B 0ICiZ, BE L3
LHDORESFRTBLRBINERSB V., o BEEZEZFKL L v GL(X) B4 58
CRIBE O E &, (¢,7) REGFEHLIMTHEIENS LT 5,

T8 T (0,9) BEMERTHEL, s€GL(X), 0K &4 hid,

bEUEBETHTH B, £, (07), (0,7) W non-degenerate 1554k % i 1o 4 ¢
»3EE,

Alp) 2 A(p) <= (9,7) = (ap-s¥,571 . q5)



-7, Gx{l,-,n} THRAFMTF ONA a7 xn BT M = (mg)seq; €20
T, ‘A/[* = (777'9‘1")_(/,5: g:' = (gi)* & L, .

V(y)={M € Mat(n™*,n) | M = M* - (y;,) }

LEDBEE, V(y) 0FAE» S (0,7) BEEZELT LB o BRED, 275 —{E0
EOBS - THMIET 2 ETBEAEARTOT, WEEM P(V(Y) o& A ¢ BHIET 2
ERLTEW, ChicBG(Y)={scGL(n)|s-y=v-s} W o p-s® & LCEAL,
% G(y)orbit & &I HREIHLEEZXBPHIET 5. BRI 0K kTR & © Frobenius
ZXBENET S & &E, 175 (y;) @ Jordan EREE L LTHBWT, ThoBEFME®
Wl NEREZEI LD RO TCBFTTEARMNICHENTE 3.
UERFEEARETH LD, THRE X®" > K B235#HEELT (d=n), %&
Hated M (det, ()" D) 2LEF T2 LRI DB OMEREVETIE TR D, —
fvic, &EE AT (@,7) LT, s €GL(n) W EDHEAT ¢ ZREWCT 5 & &,
o=@ (1®s@s?®@ ") LBFE p, bERMUEHLLTWE, ThiEdet WS 3
&,@f%%%w#%émﬁ%ﬁSﬂMTﬁof,sEﬂWﬂKahT%ﬁ%AwaJﬁ
Bond, det =detig it LT, Aldet) 3ABRBAX B &5, -7, Aldet,)
BABRBOZEELAZSN S, Chic>WTRERPEKD L.

TE 8 s5,t€SL(n) &4 5. BEEMEL TR,
A(det,) ¥ A(dety) =t =wg™' -s-g (g € GL(n), w" = 1)
BRI L, F 7o Aldety) R% i Koszul,

5 BleEER

local OE& R ->TdH, WES % Frobenius £xBOBRAE R, A(det,) b T
HEWAWAEELETE. PlAE X =K2&0LT, TOBEREARRI bV THETEE,
p: X%t 5 K %

(p((al by o dl)):det<a1 bl)(ﬁ dl)—f—a’et(bl 01)<d1 (11)
ay by ¢ dy ap by cy dy by c dy ay
TEH# 41T, Frobenius £t Alp) BB SH, <hid quadratic TR VWHB I KO LD
s relations OERGZ EL - THO, A((p)" Z quadratic ® & & L EHICELETE 5. WK
FEWC &, Alp) @& Artin-Schelter 87EE L TW 3 2 5T © regular algebra & {574 &
EThB. Cod S, quadiatic TRHC &b, ~FEOKRKEO b O TER SN2 relations
Z b o REAT & Frobenius £0H A oW A REAVWHS EEA SN, T/, BE
DTy A FTAORCBRPAFEEL L > TV L LOWEALETEOT, Thos W%
FARB LMK SN B,

INSEESHIC—RNIICELT, TEOKRESTE Frobentus 2B OWI M S £ (F
RCEBDEV-LHEEY, bLENNCTEZ 0 CTHNE, THhEOUMRED L ST
ERXBTHL2OpREBMVIVWEIATHS.
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Sklyanin Algebra icB# L/ 3Em#x — 5 — B

Artin-Tate-Van den Bergh , Smith-Stafford , Levasseur o {13
# KA i (ENA - )

Dlgid o, KAV FEAPCV )V P v HFERXSO0ERVUMS FTERX R R
HERREMBELE> MBS T, Sklyanin i 1982 £z,
“Yang-Baxter 175" & “Quantum Inverse Scattering Method” (& F
HMELE) o> &, Yang-Baxter FREAOBERBMICERT 2HMN
T, “Sklyanin algebra” 2 E& L, TOBE LRI H>VWTHREST 5 &
%3208 L7 [Skl, 2]. Sklyanin algebra i3 Bk % + € w ¥ —REM#%
BirE-Tw3, BAadhHEERELFEEHL TV BEEER, Sklyanin algebra
Bubw 3 “Koszul algebra” icii - tw3 2 &, %0 (Koszul) dual
algebra ( Yoneda algebra) 2Z 2 3L 70 x=9 2L BB EH T 5 C
ETH B [Sm-Std]. Thi3b-> & —BHUBRHCSFELIHARTH B
& 5 Manin [Ma2], Zhang [Sm4 BH] Hic & » THER &, BEEKEVR
BkELTWS, CDk 35ic, Sklyanin algebra H & b HEH W E NS
T&H % A%, Sklyanin algebra 5 F ClicfR &N T WAFER#E A — 5 —
BOEENR /7 5 2 BT < &5 Smith & Stafford [Sm-Std] iz & - CH5Hy
Ahfolticky, BB E@BcILKENS, D27 5 2 4d Artin &
Schelter [A-S] i & > CHEA&H, Artin, Tate, Van den)Bergh A-T-
vB1, 2] it & - THHZ M FE L2 “regular algebra” &, Auslander ic X -
TEA &N “FETj# Gorenstein B” Th 3.

COWMEETH, HFMIcLBEL I &HRVTE 28 & LT, Sklyanin
algebra SRS BETHR A — s —Bic>WTi~ 3, AfEr -5 —FOD
W& icBWT, “geometric data” & “algebraic data” & o BB EH N
BETH-1ho, FTHOBEr—~2 —RGEREITIE IO
( non-commutative analogue) BNE T F THIF LT hEWVWSI T &iciEH
4 3. % LT, Sklyanin algebra, Artin-Schelter ® regular algebra & ¢
Auslander-Gorenstein ring O ® B {%&ic > W TR, #ic, Auslander-
Gorenstein ring < B¢ 2 Bk H 2 E A2 &K > BN T 5.

F1WcR~NSHhTWAB &S, Sklyanin algebra i2FEajffe % — ¥ — &
THHW, TORPUIBEIENHBORMEMNIHE L& ICBEL
TW3, ChETOoORPEMBITHRE -y —ROoOBHREEREEL L THE
L, dicafix -2 —REIABEMEzERC LT 0EGPREMAINT
Sl Eho THBEAKEM|] tWwdticdhnid, Fakx—y -5
ORI TIEBRAREBEMN ] B25D0NEAINEIENETH
%, Artin 5 O icB W T}, 3RO regular algebra O 584 1 45 A
B & WD geometric data 2 W TIThbhTW3, Artin iz # D% b



FAEHx—27 —BicBlF 5 “non-commutative aralogue” ©F H ic 8% /7
LT (A, [Ar], [A-Z]), Eicid Manin i3 “non-commutative
geometry” 78 % & D EZIBL TW 5 [Ma2].

B EEURBOAENREVWVRE RS 2D 00, BHEHN
HEThEEEDNE, TAF 4 VROBEEFEZ S E, AR EIETHIL
bisyEo-TWwWa, 9, A7 70 YVEREBEFRECORHFROERE TS 5.
FHMMICIE, TR 7 v F 4 v B finite representation type {275 % @
X, 2 BHEFE (uniserial ring ) D& IR v, tame representation
typelic i aiasBOTESATVWS, LiL, ABROBERIEFRE
PR - T & B% 8 T 72 W finite representation type o fl2s b v, BiFE T
i W& & %, finite representation type D 7 V7 4 YEROSGEI A WE L
TEEBEARV. LhLl, 33— -BOBEEEALL L, Az —5—
BEOWTIHhETRBOMABERHERTCERCH LT, TD0EK
® & % non-commutative analogue # 7z i3 non-commutative version 7
L, S5 RBERAZRBLTCAZEICEDNS, ChizfzvnaA
FREWC ETRBWEASS I, ZT, AfEx—9 —BOHEL S IEA
F—F —BRTOMOV KA, »oHEKS 2ERERL LB TES
Mar&ELTAED

AfEx—5 -5 — FHaHx—5—R
regular local ring — Artin-Schelter’s regular algebra
Auslander-regular ring
Gorenstein ring — Auslander-Gorenstein ring

Cohen-Macaulay ring — Cohen-Macaulay property

LT, choFax—s—RBLTIhETRBOIWLEERE
OB THDEE, ROLIBOOWHS.

(1) Artin-Tate-Van den Bergh ([A-T-vB1, 2]) i3 3 (k5C @ regular alge-
bra =584 51 %Hic, Fh % free algebra K < X3, , X, >, n=2,3
OE|REE LTIA, %O relation ZFHMHBOEEEHVTIT>-TW5,

(2) REZHBEOMS EAZRB O i Auslander-regular ring 38 1 5.
Bl z2 1, Weyl algebra 2. ( [Iw2] 21R)

(8) 7774 vEEMC™OHIEARBE I GLa(C) BEA L, SLa(C)
ODEMRIMHEIC L B ALEHS B & LT Auslander-Gorenstein ring 258 1
%. ( [Lel])



ZITCUTTR, CO0LIRAEZERBANKY S, “Auslander-
Gorenstein ring” 2Ly — v RKIEZATCHEEZLED TV, COBEDODHRIR
LLITO@EDTH5 :

§1. Notions and Notations , o

§2. Artin-Schelter’s regular algebras ,

§3. Auslander-regular and Auslander-Gorenstein rings ,

§1. Notions and Notations

BYcEAL OBLSOFEHEE U notation 252 &5, EROWRICT 3
BiFEE L TcREMEEK K o positively graded algebra A = K@ A1 @
Ay @ ¢, Al K-algebra & LT Ay caAREh, &4 (B> 1) &
KEEBRRITLONZ b VERTH 2 ERET 5.

DL ERKIT ADBERKRILNZ bVEBED S, ARKEY 1 0HEME
OEERITE T 5. BB, Aidaffine K-algebra ¢ 3. #d X 5 7% alge-
bra iz K-~7 r 7R A; b oD tensor algebra T =T(4)) & 2314 F 7N
T X2BERTHY, 415 711k homogeneous elements TH Y & 1T
W3 : A2 T/I. Bic, augmentation A - A/(P;s, 4i) 2 K ic kv,
KuBzEb > GMBEEBRENE. B

DToHHcsWT, BELTAZHWES, Hitl ok ) ik graded
algebra 2% L, —fO0BicoWTBR2Z L &R, BoitBE L LTRER
EHWB I EiRT B.

B RBAH% L\ global dimension (resp. self-injective dimension)
2oL &, 20 % gldim R (resp. injdim R) t&#L, R-INE Mo
projective dimension , injective dimension, flat dimension % £ £+

pd(M), id(M) RUA(M) %4 it 3.

Gelfand-Kirillov Dimension
A % } i o positively graded algebra & L, Vn(4) = 3. 41F% A o
k=0

2@ & L, Ao growth function G4(n) %, G4(n) =dimg V,(4)
EEDD, CDEE, BB 1> 1iIc>o0WT, Gy(n) > " (Vn € 1)
R L TIE, A IX exponential growth 2>, #5 Tthirhig
subexponential growth 2¥->:Zbn 3. £/, 32HK K, t i
20T, Ga(n) < en? (Vn € N) B0 Lo & %, A3 polynomial
growth 2 - Ehbh 3. ChiddbsdpeR k>0, dimg 4, <nf
Va>1) BKodx>Z &AL TH 5. |

#l. (1) A=K < Xy, -, X, > free algebra ix &, G4(n) = Y s*
) k=0

725 5, A i3 exponential growth 23>,



(2) A=K[Xy, - X, BEEXBO L &, n>115

Galn) = Z k n s---1
k=0
725 5, Ga(n) i3 polynomial growth 2#->, L, s>1, n>4%4 5,
Ga(n)<n*Th 3.
(3) Weyl algebra A = A,(K) = K[ X1, -+, Xs; aaTl’ RN o
CREERE K[X,, -, X,] LABT, Ga(n)< 2n°.
A @ Gelfand-Kirillov dimension %

— T logn(GA(n))
nlgr;o log,,(Ga(n)) = nll’n;o (T

EE®, GK-dim(A) ¢%F. L, Ga(n) <enfizoid,
GK-dim(A4) < Tim (log, ¢+ 1) =¢

L5, 5, A D polynomial growth 2¥Tid, A @ Gelfand—Kirillov
dimension B3 ERETH B EBbh b,
Bl. GK-dim(K[Xi,---,X,]) =n, GK-dim(A4,(K))=2n,

Hic, BRAR AME M =Y Azjic>wT, %0 Gelfand-Kirillov

) 1=1
dimension %

GK-dim(M) = Tim log,, (dimg >  Va(A)z:)

i=1

EED B.

% 7z, positively graded algebra A I @ Z-graded am# M = P, 4 M;
@ Hilbert series %*

HM(t) = Z(dlmK M,')ti
i€Z

LEHT S, corEx, Hy@)=fO)1 -7, r>0, fit) € Z[t, t71],
f()#£0&FkaIhhiE, GK-dm(M) =r& % 3,

Gelfand-Kirillov dimension i3 a]# 38 0 114 @ Krull dimension @ non-

commutative version &# Z 5 11, W @ Krull dimension B84 3 #5 R
O Bk % % non-commutative version B8E S h w3, ( [K-L] )



Artin-Schelter’s Regular Algebras

ARROEHERI T EE, A% nRTO Artm Schelter regular
algebra (resp. Artin-Schelter-Gorenstein algebra) & 1EiFh 3 .

(i) A i3 polynomial groWi;h Ao, b, b2ERpcEDy,
dimg Ay < k? (Vk>l) bk}:jZD:ZO ;

(ii) gl.dim A=n<oo (resp. inj. dim A =n < ) ;

(i) Extiy(K, A) =0 (i #n), »> Ext? (K, A) 2 KB KR K4
KDOWTHED LD,

S (1) & (i) » 5, gldimA=n< oo &5, gldim 4 =pd(4K)
BELNE, EE, 0o 24— Ey— - — E, — 0 % minimal injective
resolution &4 % &, E,OFEBOHIME Mic>wT, pd(M) > n &
i ([Iwl]) . 8- T4 (i) » 5, gldim A =pd(4K) %215 3.

Auslander Condition

B REOHRERNE M, &0 j > 0& Exth(M, R) oF B0 %45
MEE Nicow, Exth(N, R)=0(Vi< ]) MR Y 3> & &, Auslander
condition = FKFT LW,

RDOFEHE I, Auslander 23172 Gorenstein ring @ non-commutative
version % A L 72 L 72 & © ¢, categorical 72 iF #{ 2% Fossum-
Griffith-Reiten [F-G-R] ic5EX 6 hTW 5,

E B (Auslander, 1970°s) % — 5 — B Ric 20T, RIFEMTH 5 :
(1) FB OB RER L R-INEE A Auslander condition % F 72 ¢
(2) EBOERERS R-INE A Auslander condition % 772 ¢

(3) minimal injective resolution 0 — grR — Eg — -+ — E, — -+ <
BWwT, f[d(E)<i(Vi>0);
4) minimal injective resolution 0 - Rp — By — -+ —» E,' — ... iz
y

BwT, d(E)<i(Vi>0).

% — % — 8 R», H M global dimension (resp. self-injective dimen-
sion) n 2% H, £ TOHRARK R-INEEH Auslander condition 2 F#:4 &
&, R* n kX5t ® Auslander-regular (resp. Auslander-Gorenstein)
ring & I35,



Cohen-Macaulay Property
GK‘ dim(4) < o0, Mo fF a@ﬁl!ﬁ_&,_bjz 13 A-module M#0icon 'C

§(M) + GK-dim(M) = GK-dim(4)

WO IL> & &, A3 Cohen-Macaulay property =724 & w3,
2@, J(M) i3 Mo grade T,

J(M) = min{j| Ext’, (M, A)# 0}

EED B,

Wx— 5 —BRERS self-injective dimension % Ci¥, Auslander-
Gorensteln ©&% 3. LU Tic, A @%A ic Auslander-regular ring ®
ubiquity 2R4Hl2BIFTE I . _

(1) (Roos [Ro]) =¥ 45 0 ik K £ © Weyl algebra A, (K) &
Auslander-regular ¢, gl.dim A4,(K)=mn.

(2) (Stafford [St1]) A 4% FBN graded ring ¢, gldim 4 < co 73 5
1¥, A1 Auslander-regular, » - Cohen—Macaulay property % 757 L
GK-dim(4) = gl.dimA & 11 3,

T, *—7% -1 R» FBN (fully bounded noether) ring & i3, R
DIEFEOHZAF TN Pic>0wT, KRR R/PD essential K4 770
BEEBTHRVEMA FTAEELIEEWVS.,

(3) Majid [Maj] 13, &F Yang-Baxter 5EA O SicxtL T,
quadratic algebra B(S) 2%t & ¥, % h % ring of braided matrices
EREAL, b L, SHEHM Lie ¥ g&ibd 32 HMNBEESIE, go
BFOKB U(9) 13 B(S) 0#RERGIIZS. g=shoR s HMTHE,
B(S) 1%, 4 &5 Sklyanin algebra @ degeneration {272 - T W%, (Majid)

R @ Bt Lie 0¥ g1 LT, Yang-Baxter 55 © multiparameter
iR SHEHAT 5. Le Bruyn [LB3] i3, T @ & & @ braided matrices @
I B(S) i3, Auslander-regular domain % - maximal order @, Cohen-
Macaulay property =724 & & 2/R L 2.

R DAL, Auslander-Gorenstein ring © ubiquity 2#1#4 % & © T,
SR ~NEMBTH L BN S,

fMifE. A % FBN graded ring ¢, injdim 4 < o0 &{EET 3. T
& &%, A3 Auslander-Gorenstein ¢, Cohen- Macaulay property % 75 7:
L, GK-dim(A4) =inj.dimA &7 % »?

Zhix, PI algebra @154 ( Stafford-Zhang [S-Z] ) Bt local algebra
D& (Teo [Te]) EFENTH 5.




Regularity of Sklyanin algebras _
& & ¢, Sklyanin algebra, Artin-Schelter regular algebra, Auslander-

LTI

regular algebra o [ o B % %

3 & 5% Sklyanin algebra
I
“type A” I]&9 % 3 IRt Artin-Schelter regular algebra
4

Auslander-regular algebra

4 & 5%, Sklyanin algebra, — Auslander-regular algebra

4
4 % 5t Artin-Schelter regular algebra

CHoOMEFEOEMICc>VWTRUT TR TG 3.

§2. 3 &kt Artin-Schelter regular Algebra
Artin-Schelter regular algebra i (IR L HAR O IEAHFHAL & L TEA

Ahtd, IhEFTciRERINIERK global dimension 2> % — 4% —
Bo£ D27 5 2 regular algebra ® 7 5 2 i@ L ¢ 3. Artin-Tate-
Van den Bergh [A-T-vB1] i3 3 (k5T D AS-regular algebra o 4y ¥ % ¥ H
B CBAE IR TR LTV S, COHTR, ZOMBERENL LS.
Artin-Schelter regular algebra ® | & L T,

global dimension 3% [} © graded order ,
Lie {03 @@J%ﬁzi‘,ﬁ,

Weyl algebra
DH5. B OHLIA L graded algebra & L ToF 2w, #3llo

E¥AEEAT T, grading B A 3. H 21X, Weyl algebra A, (K) ix

A(K)=K <X, Y>[(YX - XY —1)

EWVSHELTW5 R,

A=K<X, Y, T>/(YX=-XY-T* TX - XT, TY —YT)



REJMEEZEINE, degX =degY =degT =135 ,ickp, 4
i< grading WX 3. o & &, A3 Artin-Schelter regular algebra <&
v, Eic C*% locally T-torsion 7z graded A’-modules #» 5 73 % grad-A' @
Serre subcategory & i, grad-A'/C & grad-A'r 2 mod(A4,(K)) %
B3. it graded A;(K)-modules @ category & A;(K)-modules @
category BWEEICEHBLTVWA I LERT HDTH S,

# Kt o 2 &t Artin-Schelter regular algebra i3

K<X,Y>/YX—-cXY), 0#ceK

K<X, Y>/(YX-XY-Y?

0)2’)0)5’4’76qu5 SIRtoIga iR, %@ﬁ}iﬁﬂi@"oc‘:iﬁb< (XD
2o00REMEND B :

(1) 3 MoERILE 3 >0 2 REFEREHESIBE. T H i3 quadratic
algebra T4 5. #l& LT, .

K<X,Y, Z>)(YX+XY, ZX+XZ, ZY +Y2)

Bd B
(2) 2 EOARTEE 2 >0 3 RMEREHBE. BlELTR,

K<X,Y>/(X?Y +YX* 4+ XYX, XY?2+YXY +Y2X)

Whd, xORFMERELSOBEHMALTEH, Artin & Schelter
A-S] BaERT {X1, - , X, ¢BBRER i= =Ff, =0 0RO 2
BOHBIEERLTCWSE, ThbDEEHEA% free associative algebra

”
T =K< X, X, >0t1C, fi = S myX; & RLTH I, 7
i=1

= S Xemi; b % REHMEAL D 5, EGFIQ = [a] € GL,(K)

T, Zﬂhmu—zq]zfz =1, ,r)ERBbOBELETE. COFD

%Eﬁ’ﬁ: Standard algebra &I1E 3, X, (1) oB DL T Artin-Schelter
regular algebras % /v35 2 — 4 — L 4 % variety 3 8 (HOBEK KD 2D,
& & RKE VK I
A:K<X) Ya Z>/(f1) fz) f3))
fi =cZ* +aXY +bY X,
fo=cY?4+aZX +bX7Z,
fa=cX*+aYZ +bZY



2EUBSTHB. I, (a,bc) EPHK)—ST, SBERELETH 3.
ERESGEBRATILERR, lAda=b=c=1D& &, A poly-
nomial growth Z2#F i Wh o5 TH 5. 2D X I BE LRI degenerate T
bbHEEbhn b, Artin & Schelter i3, A ITRFE

Cs =c(c® —b®)Y3 +b(c® —a®)YXZ 4 a(b® ~ )XY Z 4 ¢(a® - ) X

CWVWIEOREIDOTTADcenter K@ 3 2 bDMELET A EERL
TW3,

Artin & Schelter 8 regular algbra 2E#H L /- 4¥0 5, ROEKMN I
MR o HE L THEIBE ATV,

988 (Artin and Schelter [A-S])

A % Artin-Sshelter regular algebra &4 3 & %,

(1) A x—5 —®E»?

(2) gl.dim A =GK-dim(A4)?

W4 HsE%. (Artin-Tate-Van den Bergh [A-T-vB2], Levasseur [Le2])

A % n R3¢t D Artin-Schelter regular algebra &4 3%,

(i) n<3#oid, Ax—s—8E7T, GK-dim(4) =gldim A =n
WER Y LD,

(i) A% — 2 —B7 GK-dim(4) =n <4751, ARREBTS 3.

3 &t Artin-Schelter regular algebra @ 43 ¥

[A-T-vB1] it B W T & & h 3 Rt D Artin-Schelter regular algebra @
SOV THBL L.

n+ 1 {H 04T E > free K-algebra K < Xg, X1, , X, >lcB W
T, R¥dox fi3

Z a,-l...idX,-lX,-Q s Xid
tFR&h, 2o f» 5 multi-homogeneous form f*
Z ail"'idmil(l)miz(Z) T mid(d)

CEHZEINSE., o0&, [ multi-homogeneous TH 5 Eh o, f*
BP,(K) x - x P (K)ic 13 % hypersurface 2% %,

—
d times



%, A% 3 R5GOD Artin-Schelter regular algebra ¢, Eigo (1) @ 4
TEd B, B, ARIRK fi,fo, fsickn, K<X\ Y, 7 > /(fl,fz,fg)
EVWIEELTWS., ok, triple (1% f2*, f3*) 14, Po(K) xPy(K)
o subvariety '+ &<, I'ik fi* (i =1,2,3) oL@ EH D locus ¢ &
5.((2)0s 1470413, 'CP(K)xPi(K)xPi(K)<d5.)

w1, wp %, EHRIZHEE Po(K) xPy(K) = Po(K) &9 5 &, RORRA M
Bohi: :

r

mr ./ N T2
P2(K) < P2 (K)

IITik, EIER (2, Y2, 22) Y B8 (a,b,¢) 2, BEZR (21,1, 21)
KB 35 (a,b,c) KETERTH 5.

., I'dmimoMoRBEEESD, Bic, (i-m)([) = m(l) 2
BYiLo. X-T, (i-ﬂ'z-ﬂ'l—l)l.,rl(p)liﬂ'l(F) OoHOEREE5Z 5.

EHE F=m() R, I'PoBoni-EHCEMe: F— E&, em-
bedding o : £ — Py(K) 248> THATVWE D TH 3. algebra 4
i, 'PHEREBeD 75 7t - TWw5 & %, non-degenerate +* EH
hs,

E B (Artin-Tate-Van den Bergh [A-T-vB1])

3 (Rt @ Artin-Schelter regular algebra & i3, non-degenerate standard
algebra © & & Th 5.

PUEoZRICBIT2BARNIRERI, BHHEE £ L Fo translation ic
X % HO & oKk ¢ embedding o : E — Py(K) @ triple (E,0,a) 8 A ®
MHEICERBCRKBLTWE WS 2T, (F,0,a) & algebra 4 & D>
B, AoWMMRGNHEZRE > L4252 &, AHRERTH 3.
#eic, T 3 R 75 @ Artin-Schelter regular algebra % — % —8@TH 5] &
WHTLEDFHRI O LIk > THEEKRE > TWS,



§3. Auslander-Gorenstein rings

Sklyanin algebra @ 2 5 X & ¢f 3 ¢R5C @ Artin-Schelter regular algebra
D75 AEZUIEAN X — 2 —RoME & LT, Auslander-regular ring
% 7z 13 Auslander-Gorenstein ring I AMRE & LT O~NA BB S 3
bDL¥MiTE 5, < o§Tik, & Auslander-Gorenstein ring i<Bi L C,
SROWRCBVWTHEZ SEILTS ML LHFBII2HBERRT
BREIC DWW TR K ).

Artin-Schelter regular algebra & Auslander-regular algebra

- L oBi&

Artin-Schelter ic & % 3 IRITT R U 4 IRt @ regular algebra & Auslander-
regular algebra & ©Bi{%ic > v ik, Sklyanin algebra & & ® §1 i
mMle, “RRRTOBERRBILBIEAEDP>TOVRVDOT, EEKT 5
NEMBELETOMOGNBEEERRTEBI .

f9f&. (1) Artin-Schelter regular algebra i3 Auslander-regular #» ?

(2) Artin-Schelter-Gorenstein algebra i3 Auslander-Gorenstein % ?
i,
(3) positively graded Auslander-regular (resp. Auslander-Gorenstein)

algebra 13 & A 1 & D & & T, Artin-Schelter regular (resp. Artin-
Schelter-Gorenstein) 12 7% % 7» ?

CHIRELT, BEETRBONTVWEIRERIROBD TH 5.
HBIHRE.

(Artin-Tate-Van den Bergh [A-T-vB1]) 3 ik 5t @ Artin-Schelter regular
algebra ¥ Auslander-regular ¢ 5.

(Levasseur [Le2]) (1) A 4% Auslander-regular algebra <, polynomial
growth % # i, A it Artin-Schelter regular algebra ¢ & %,

(2) A 8 n &kt ® Auslander-Gorenstein ring 73 & if,

Ext' (K, A)=0ifi#n, »> Ext?(K, 4) =K

MEL D Lo, Hic, A M polynomial growth % # i, A i3 Artin-Schelter-
Gorenstein algebra T# 3.



Duality over Auslander-Gorenstein Rings

#iym~=9 2R R FOFRAEREME &G ME oMk, R-dual
—* = Homp(—, R) ©5% 5h % duality ¥%FE T 5. < h% Auslander-
Gorenstein ring PR LA b 02 FERL LS., Jhic>WTiE, Al
1z Gorenstein ring @33 & 13, Fossum [F] % ¢* Reiten-Fossum [R-F] ic
& - T, Sklyanin algebra @38 & 1%, Levasseur-Smith [L-S] ic & % #& &2
by, BiHELUoERE LT, Miyashita [Mi] 53 5.

Rex—5—B, M2ERERKR-MBEELL, Mo grade j(M) %

§(M) = min{j > 0| Ext,,(M, R) # 0}

EEHTSH, coLE, (M) <pd(M) BBk ILo.
ROERABHEL RO S, THRxEn Y -HOFTHEEANE
"ohsb.

HE1l., Rzx—s-—1, M2ERERBT R-N#EELTE. j>1K

stLT, B —fi* i>Po ﬁ)M——-)O’@E% P EBRERTH S & 5K
projective resolution & L, X; %% f;* : F;_1* — P;* (xi3 R-dual) ©
cokernel &4 %,

5L, Exth(M, R)=0(Vi, 0<i<j) 5,

0— Ext';z(Xj, R)y—- M M M Extjgl(Xj, R)—0

ERBERFNBEEST . I I T, emit evaluation map ¢ 5.
ZoRELT,

% 2. rRMzHRAERE B-met<c, j(M) 21&32. CoEs,
BIRAERE R-MB XpT, M = Ext' (X, R) »- pd(X) < j(M)
ENRDBLOVELET S.

KOG grade 0FEERLTWVWS,

M3, REx—5 -, ME2ERAERR-NET, j(M)>1ob0k
+3. Zo&E&, Ebinjective ho fd(F) < j(M) 72 58, Homg(M, E)
=0&7 5,

HEH., Vi<nixlLz, {dE)<jM) 25, Z2it&D

0 = Tor;foy) (X, E) 2 Homp(Ext'{")(X, R), E) = Homp(M, E)

15,1



Z 27T, B R» Auslander-Gorenstein T & 111,
f i 4 (Bjork [Bj2]) R% Auslander-Gorenstein ring , M % &[R4 5%

Rmite+s. cox, j(Ext'P0(M, R)=j(M) i o,
5EBH. Auslander condition ic & - T,
Exti(Bxt'™) (M, R), R)=0 (Yi<j(M))
MWD LoD 5,
Ext/M) (Bxt’ M) (M, R), R) #0

EREE LV, FF, (M) =00& &3, M™* =0, M* =0 &

f
BA, 22T, j=jM)21ELKESS. 0K - P_1 - - >
Phb > M — 0 25257, & LPEBRAERD > projective 15 & @ &
5. Rdual 2B 5 Z &ick v, T2

I ;
0= P —>... - j—l* ——)Kj*—>Ext;Z(M, R)—0

BEENBED D, TOWARART 0 - In(f*) > K;* — Exth(M, R)
— 0 ic Homp(Ext,(M, R), =) 2fid &, ROZEL7:

Hompg (Ext}, (M, R), K;*) — Hompg(Exth(M, R), Ext),(M, R))
— Homp(Exth(M, R), Tm(f*))

=85, 45, K j* R ERAR» o torsionless 725 &, Auslander condition
ik b, HomR(ExtJR(M, R),KJ*) =0 b:EJZIQ_Tf_o TWab, £» 7T,

Homp(Ext)(M, R), Extiy(M, R)) 0

2 5, Homp(Exth(M, R), Im(f*)) # 0 %18 5. #-7T, %250 —
PR*— - > P > Im(f*) - 055,

0 # Exth(Exth(M, R), Im(f*)) & Ext},(Exth,(M, R), P*),

Hi5, Ext)(Exth(M, R), R)#0 &% 5. I



PIF, R*% Auslander-Gorenstein ring , M= HRAER R-INEE &4 5.

. . 1 Ji-1 11 fo
i=iM)yeE, b, - P, — - — P —M—->0% Mo

projective resolution ¢, & P, EREKRK b D ET B, CoLk &, RO
27

f * f"
0— B —— - — P;_1* — Im(f;)* — Exth(Im(f;_1), R) =0

BEohn s, 7, Exth(Im(fi-1), R) & Exth(M, R) ¢&-7T,
Auslander condition iz & v, Exth(Exth(M, R), B) = 0 (Y i < j)
BRI ->TW5B, Fic, Im(f;)* 3G BRAER» > torsionless ¢, Im(f*)
CE2R'RoT, LoxedroRoABRKASELSN S

h1

PR — Py ——s M — 0

El El UM‘[
f ok . .
P P** — s Exth(Exti(M, R), R) —— 0

(BITRERTHS) . o7, HRULER
om : M S Ext! M (Ext!M (M, R), R)
BESN S,

Utdro, RFRahi,

EH 5. R#% Auslander-Gorenstein ring, j > 1 &9 3, Con& %,
ERZAETEL

on M BExt! M (Ext!M(M, R), R),

WL, M5 M — Bxth(M, R) i j = j(M) <& 36 B4 KA
EHINEE DO © bijection 25 % 5.,

Ry Auslander-Gorenstein ring ¢, % @ self-injective dimension #3
nCHbHETH, Bjork [Bjl] ic kv, HRAR R-NEE Mz, j(M)=n
D& %, holonomic tH 2 ¢T3, n=00D& %k, RE#H# 7o~
SvZRBEEILONBRTH LS, IOEERR2TOFBAERME
%5 holonomic ©H 2 Z &icit 3. n>1 o4& ic, holonomic module @
Koo %285,



SEHE 6. R*% Auslander-Gorenstein ring ¢, % @ self-injective dimen-
sion n>1&L7C, 0-pR—FEy—---— E, —0%pR ® minimal
injective resolution &4 3. o & %, HRERLE R-MBERM # 0
SWT, RIZEMETSH 3 :

(1) M % holonomic ;

(2) M = Ext}(Ext%(M, R), R); _

(3) M 2 Ext}(X, R) &2 26BAERSG R-N#E XpBEES 2 ;

(4) HOI’I’IR(M, EO DD En—l) =0 .

., (D)=2) ke "S5, 2)=03) kH», 3)=(4) 14 3.

4)=1): %9, M* = Homg(M, R) C Homg(M, Eo) =0, KRic,
Vi(l<i<n)wexl<c, T£H0—->K_— E_;— K —0(AL,
E(Ki—1) = Fi—1) » 5, 5%2% Homg(M, K;) — Exth(M, K;_1) -0
BELNhBE, T, HomR(M, K,) - HomR(M, E,) =07#»s, 0=
Exth(M, K;_1) 2 Extif(M, R) &% 3. £-T, Exth(M, R)#£0 T
% % . ( [C-F, Theorem 2] ) 1

Z O EHE & [I-S, Proposition 4] » 5k %28 5.

% 7. holonomic module {35 R 72 MRk %2 &>

Hi (resp. H,) %4 T ® holonomic left (resp. right) R-modules ©
v 52&3BE, LRRoFER6(3) £113% 3 »5, Hit extensions
submodules , factor modules it L T LTWA I &b b, F 1,
M e Hiiz o, Exth(M, R)EH, kv iL>, Bic, ARLEFR

o M = Ext}(Ext}(M, R), R)

W& 55, functor F = Ext}(—, R): mod(R) — mod(RP) i3 H &
H, Do duality 25 %, F&s Hi(or H,) LT exact TH 5 I & d»
TdH 5. Hic, M © projective dimension ¥ n £k co THH ( [Iwl,
Theorem 2] ), & L pd(M)=n % 5, pd(Extk(M, R))=n &2 5.

wiw, 0>gR—Fy— - - FE, 20Kk 0—>Rp > E) - - . —
E,' - 0%zhZhrR, Rr® minimal injective resolutions &4 3 & %
E,& B, OB#BEAMEI>WTZEATAHS, B, 0BMHIMERLST
holonomic T& v, S F, 0 H#HEIHMSMEER 5>, Exth(S, R) i E., o
BELER D INBE 78 5.



E¥ 8. R*% Auslander-Gorenstein ring ¢, % O self-injective dimen-
sion% n &3 %. Zo& %, holonomic module Mict LT, HARBKEH
M 5 Ext® (Ext(M, R), R) 8L+ 5.

®ic,

(1) x5tz M — Ext}(M, R) 1%, left holonomic modules & right holo-
nomic modules ® [ @ bijection 25 % % ;

(2) #1ic, projective dimension 75 n @ holonomic modules i3 1 % 1 i<
ML TW5 ,

(3) B,oBEm A MEEs B, o BMMEHME G, S — Extp(S, R) «©
oTlxliedBLTns,

Auslander-Gorenstein ring ic%t3 % Ore © &4

— iz, |12 Gorenstein ring @ ¥ ( full ring of quotients ) i
o=y 2BlcR-TWVW5%, Hlb#yo~x=9 2D order Th 5.
ECABETROBEICR, F— 7 -—RIEHLTOZOBHBEBNELET
ERIBLBVY, ZOFEREITCED T, ARBEOHUNEDL IR E &
KR 2 A2 ERT LI EREERBEETH 5.

FTRL MM RHEBEKZRELL LS.

RifE. (1) Auslander-Gorenstein ring i3 &0 k& 5 BE&HFDO T iy v
Nz 2B order it B, '

(2) A 7 noetherian graded algebra ¢, gldim A < co 251, A
85 » > maximal order » ?

#ic, Auslander-regular algebra @ & &3, R (2) w4 2 ROER
BdH v, WL regular local ring W EIH TH 2 & W BE DI AWK
EHEAB.

EH (Levasseur [Le2]) Auslander-regular algebra A 3 ¥i & 5.
W-T, ARRXR—9 —BELELOoHEHEERE-.

AR, Cof#ERicbWwWT, graded algebra A=K 9 A DA, D---
K-algebra & LT, AiTHEREINTVBE LV RERBT RO, AZ T,
THF 4 vRELTRE LD I ATHR, F/x—-5-RELTRITS
5] {% (g)] (Z 38\, pid#£EK) M hereditary ring ¢, Auslander-
regular < & % 4, 45 TR,

BH# 3 55 R

1. (Artin-Tate-Van den Bergh [A-T-vB1]) Artin-Schelter regular
algebra A 8% — % —| T, Gk-dim(4) = gldim 4 =d < 4 51,
ARBETS 5. '




2. (Stafford [Stl]) R%{k k® % — 5 —1 £ 50 ¢ Auslander-regular
&3 5. R» Cohen-Macaulay property 2757z L, ¥ iC stably free 72 5
3, RRBIE, »oBRERTH 5.

T, R stably free ©d 5 & 13, B DOHRAKN projective mod-
ule Picst LT, PORM = RMeip mn BSEHTHETHS.

3. (Sato [Sa]) R#s, 1 kot Auslander-Gorenstein ring , » -
Soc(R)=0% 5, RI#E 7o ~=v XBoDorder ic’2 5.

4. (Levasseur [Le2]) A X% — 2% —, » > Cohen-Macaulay property
%F7 L, injdim A = n < oo, GK-dim(A4) < co &{RET 5. <D
L&, RIEMETSH 5 :

(1) A i3 Auslander-Gorenstein ;

(2) FE® i< j=j(M) L EEROHRERT A-module Miz >\,
Ext’ (Ext), (M, A), A)=0»BKR0I>.
COREREEDET, ARTIVF 4+ YEBROD order 5.

Bi#%ic, graded algebra SRR OB VW—MOFHEHE A — 5 —BOBEIK
DVWTHERRTHB IS, 2 — 2% —B RWER D self-injective dimension %
> & %, R % Gorensteln ring & FE 35, self-injective dimension 5 n ¢
% % Gorenstein ring R® minimal injective resolution 0 — g R — Ey —

= E, = 0BT, E,» cogenerator ic7% % & &, Rt injectively
homogeneous ¢& 3 & Ehbn 5 ([Ha]). {HL, [S-Z] T3 injectively
smooth LIMFATVWS, JOXIBEOME LT, BERZ LR Z[(G
Ofts, b & —AkicPH [Ni] 2EZ L 72 Gorenstein order 8% 5. I h
B L ¢, Hajarnavis [Ha] 3RO ERE2E TV 3,

(Hajarnavis) RAs injectively homogeneous 7% Gorenstein ring ¢ & 9,
Z @ center L CHMBAERBMBER S, RIEZo~N=v 2BEEHEL
LTH.

CDRERICBWT, center ETHBAKE WHIREZRL I & WA
BN, JITRROMBEERHBLTBIS. ,

RifE. R*% injectively homogeneous 7% Auslander-Gorenstein ring &
THEE, RIE 7 a2y 2REFHRELTHFE>H»?
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WILD HEREDITARY ALGEBRAS 1

Tosiko KAITA

The aim of this note is to introduce some results in [G].

1. Wild hereditary algebras

Let K be an algebraically closed field. A quiver Q= (Q,.Q,) consists of a set
of vertices Q, and a set of arrows Q,. If « is an arrow, s(&)e¢ Q. denotes its
starting point and t(a)e Qe its end. A non empty path of length r from x to y is a
sequence @, --&, arrows with s{a,)=x,t{(@,.)=y and s(ax=1t(a;) for 12i =r-1
Additionally there is the empty path e, (of length 0) for each vertex i,

For a fiefd K and a quiver Q, we define the path algebra KQ as being given by the
K -vectorspace with basis the set of all paths in Q. As above the product of two path
is the composed path if possible, and 0 else.

Note that the path algebra K Q is finite dimensional if and only if, first of
all, Q is finite that is Q. and Q. are finite, in addition, there is no oriented
cycles that is cyvclic paths of positive length. Remark that a finite dimensional K —
algebra A is Morita equivalent to a finite dimensional path algebra KQ. A is called
connected if Q is connected.

Only finite dimensional connected hereditary algebras are considered here. Hence the
word quiver always means a fini te connected quiver without oriented cycles, and algebra
ineans a finite dimensional connected hereditary K-algebra.

Let A be an afgebra. The category of finite dimensional left A-modufes is denoted
by A-mod. The word module always means a finite dimensional left A-module.

Given a quiver Q= (Q ,Q ), a representation V= (V; Vo, ieQ,.0ecQ, )
of Q over K isgiven hy finite dimensional K-veclorspaces V , for all vertices
iin Qo, and linear maps Vi :Ve—V,; ,for all arrows « : i —j. Note that, for
each quiver Q, KQ-mod can be identified with the category of representations of Q
over K.

Let A be an algebra, let D=Hom(—, K). The Auslander-Reiten translation 7 ==
DExt(—, A) is a left exact functor on A-mod, 7 =EXt(DA, —) is right exact.

Let X be an indecomposable module. X is projective if and only if X=0Q. If X is
not projective then 7z X ~X. Similarly, X is injective if and only if 7X=0.
If X is not injectivge then 7 7 X==X.



For an indecomposable module X, (1) X is called preprojective if 7" =0
for some m=0, (2) X is preinjective if 7 ™X=0 for some m=0, 3) X is
regular if X #0Q for all me Z. '

for an algebra A which is Morita equivalent to a path algebra KQ, A is calied
wild if a quiver @Q is neither of Dynkin type nor of Fuclidean type.

Let A be a wild algebra, and [a denotes the transiation quiver (its vertices are
the isomorphism classes of indecomposable A -modules, its arrows are irreducible maps).
Then Ta has exactly one preprojective component, exactly one preinjective component,
and infinitely many regular components. Remark that all regular components are of type
Z Aw.

fefinition: An indecomposahble regular module X is called quasi-simple, if the middle
term of E  of the Auslander-Reiten sequence O —7 X —F —X —0 s indecom-
posable. '

Definition: For A-module X,

(1) X is brick if End ( X) =0.

(2) X is stone if X is brick and Ext(X, X} =0.

(3) X is partial tilting if Ext (X, X) =0.

(1) X is tifting if txt (X, X) =0 and n {(X) =n (A),

where n (X)) is the number of nonisomorphic indecomposable direct summands of X

Proposition: (1) If X is brick, then X is indecomposable.

(2) If X is indecomposable and Ext (X, X) =0. then X is stone.

(3) If X is partial tilting, then there exists a module Y, such that X@Y is tilt-
ing . I[n this case, the Y is called a tilting complement of X,

(4) 1T X is indecomposable and preprojective(or preinjective), then X is stone.

Definition: If 47 and % are full subcategoris of A-mod, the pair (7, F) is
called the torsion pair, if

(1) Hom(X, Y) =0 for all XeT and Ye¢'F .

(2) Hom{X, Y) =0 for all Ye'F implies Xe¢97.

(3) Hom(X, Y) =0 for all XeT implies YeF .

Let T he a partial tilting, let F(T) denotes {A-module G : G is generated

by T3, % (T) denotes {A-module F : Hom(T. F) =0}. Then (3(T),
FCT) ) isa torsion pair in A -nod.



2. Elementary modules

Only wild algebras are considered in this section.

Definition: A regular module E+£Q is called elementary if there is no short exact
sequence O —U -—E —V —0 with U, V both nonzero and regular.

Next lemma follows from. the definition.
Lemma: (1) Elementary modules are bricks.

(2) If E is elementary, then all the modules Z'E with i€ Z are elementary.
(3) Each nonzero regular module M has a filtration

M:'\40 > Ml > b > Mr > Mr—f\ :O
with M /M elementary for i =0,-,r
Proposition[F.Lukas]: If an algebra A has at least three simple modules, then there

exist elementary stones.

Jreg (X) denotes {regular module Y : Y is generated by X).
add(X ) denotes {the direct summands of X" , ne N} .

fhoren[6]: Let A be a finite dimensional connected wild hereditary algebra over some
algebraical ly closed field K. For a regular stone [ there are equivalent:_

(1) E is elementary. _

(2) Each short exact sequence QO —U ——9En—>V —50 with neN and U and V
regular, splits.

(3) There exists an integer N with Jyeg ( T'E) =add(Z'E)  for all i=N.

(4) There exists an integer N such that for all =N the module z'E has a pre-
injective tilting complement.
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WIiLD HEREDITARY ALGEBRAS |l
Susumu Koya
Throughout in this paﬁer let A=k Q the path algebra of a finite
connected quiver Q without oriented cycles over an algebracally closed
field k.And A-modules mean left A-modules. A-mod is the category of
A-modules. A-reg means the subcategory of A-mod consisting of the
regular modules.t and 1™ is the Auslander-Reiten translat'ion.n(A) is

the number of the simple modules of A.

0. Introduction

For a hereditary algebra A of infinite representation type,its
Auslander-Reiten quiver consists of the preprojective component, the
preinjective component,and the infinite many regular componeﬁts.

?P_———— R Q

L

R

Hom( R, P)=0 Hom( @, R)=0 Hom( @, P)=0



P : preprojective Q : preinjective
R : the family of regular components.

When A is tame,The regular components are pairwise orthogonal stable
tubes,and the forms of the regular components of any two tame hereditary
algebras are different from each other if there quivers are not same.

But in wild case, the forms of regular components are all Z A*[6].

Then there is a bijection preserving Auslander-Reiten translation
between the sets of regular _components for any two wild hereditary

algebras[4].In addition W.Crawley-Boevey and 0.Kerner have constracted

a functor which induces this bijection[2].In this paper we show this
functor.

1.Perpendicular categories

Definition. Let S be a module class of A. S*:={ME€mod~A | Homa( S, M)
=Exta( S, M)=0} is called the perpendicular category.

Lemma 1-1.(D.happel, J.Rickard and A.Schofield)[3, prop. 3]



1f n(A)=m and X is a module whose distinct indecomposable direct
summands are Xo, X1, ", X, where Exta(X:,X;)=0 and X, is in X;* if i{j,
then X* is>equivalent to mod-A for some finite-dimensional hereditary
algebra A with n(A)=m-n-1,and the fully faithfull functor mod-A —>
mod-A is exact.l

Lemma 1-2.(D.Baer)[1](H.Strauss)[8]

With the same notation to above lemma,if X is an indecomposable module
and Ext(X,X)=0,then A is connected and has the same represent-type as A.l

In paticular,when n(A)23,we can choose a quasi-simple regular module X
without self-extension, say, Ext(X,X)=0[6].In this case X* is equivalent
to a module category C-mod with C connected hereditary and n(C)=n-1,
moreover if A is wild,so is C.For some projective generator Y of X%,

C=End(Y)°" and a functor H=Y{) .—:C-mod — X* is an equivalence.

2.Some functors

in this section we assume A is wild with n(A)23 and keep above




notations. Then we identify C-mod with X* by the functor H.
Let 0-1.X2Z-X-0 be the Auslander—Reiten sequence ending X.
Then it is clear that Z€ X* and Z is quasi-simple regular as C-module.
Moreover T:=X)Y is a tilting module,so it induces a torsion theory
( F, G) with G=gen(T) and F={M|Hom.(T,M)=0,and torsion radical gr.
Note that there are natural embedding functors
C-mod(X*) — G (gen(T)) — A-mod
Next we define a functor 15: G— G as 1cM=gr1.M.
We have a natural map f6=t.1c™: M 2 1.1c™M, for MeX*.
This follows from Homc (N, M)=DExtc (1c"M,N)=DExta (1c ™M, N)=Homa (N, 1a1c™M).
Lemma2-1.
| f MeX* then the natural map f§:1cM - 1.M has image 1M and kernel
isomorphic to (1.X)®,where s=dimExt(M,X).There is a short exact sequence
0-(1aX) S 1 M1oM-0. B

Lemma2-2.



For MeX* and n))0, there is an isomorphism t¢"tc™"M = 16" 1" "*I M
which is induced by 4.1
Definition2-1.
So we can define a functor W:X'— G by
W’(M)=11E(M4tc"tc‘“M).l
Let U be non—-injective indecomposable iri G but , then there is a universal
exact sequence 0-1,"U2157U-X"~0, r=dimExt(X, 1,"U).Here 15 UE G,but 14~

is not a fﬁnctor.However 1o "tc"U=U, for m>>0 and Ue G.

Now let N be indecomposable with 1c'*'N#0, then there is a short exact
sequence 0-1,"1¢' *'N21¢'U=X"20, r=dimExt(1c'N,X) by previous statements.
Definition2-2.

By application of 1»~',we define a functor ®: G— A-mod by

¢>(N)=!_i‘m(fA—’fG'N"N).I

Lemma2-3.



For UeC-reg, P¥H(U) is a regular A-modufe. B
Definition2-3.
F=®dWH:C-rege~>A-reg 1
Because W H(U) is a factor module of H(U) and ® WH (U) is a submodule
of WH(U),the next statement holids.
Theorem.
There exists a full and dence functor F:C-reg— A-reg with the
fol lowing properties.
(a) F1c=14F
(b)The kernel of F are the maps factoring through add(1'Z|i€Z)

{(c) F(U) is a subquotient of H(U).X

3.Example
In the last section we show that there is a functor which we want
between the regular parts of any algebra having n(23) simple modules and

another algebra having n-1 ones.To make it be generalized,we give an



important example.

Let kQ? be the path albebra over k,where Q? is the quiver
1 2— .3

- —
-

and X.(r21) is a module with dim«X,=(0,r+1,r). 1t can be easily
shown that X, is a quasi-simple regular module without self-extension,

seeing A is a one point extension algebra of the Kronecker algebra.
Then Y=X.+.fP,..,where 0-P,,-P,,2(X,)"*2-0 is a non-split exact sequence,

and dimiP,.=(1, (r+2)2, (r+1) (r+2)).[Since the quadratic form q(P.,)=1,P,,
is indecomposable.] And dim.Z=(r+3,2(r+2),2(r+1)).

H(X.*)=C .-mod, C .,=kQ . where Q. is the quiver

—
n—.)n

r+2 a_'?rows

4.A functor between regular modules
Lemma. [5]

Let A and B be hereditary. A-reg ~ B-reg holds if and only if B




is concealed of tape A.(in other words B =End(T)°", for some tilting
preprojective A-module T.)1
From this lemma for any path algebra A with n(A)=3, A-reg ~kQ?3*-reg.
Fdr any path algebra A with n(A)>3,usi.ng repeatly the functor F. ofi
the theorem,there exists a full and dence functor from kQ?®-reg to A-reg
whose kernel factors through some t1-orbits.This induces an equivalent
functor F.:kQ?%-reg/ <V >—>A-reg where kQ’-reg/<<V> is the factor
category of kQ?’-reg,and <<V > consisits of modules on some 1-orbits.
Moreover for any path algébra C.(r21) of section 3, there exists
an equivalent functor F¢, : C.-reg/add(1'Z|i€Z)—kQ*-reg
Corollary.

For any two finite dimensional connected hereditary algebras, there is
an equivalent functor between their regular modules except modules on

finite many t-orbits.
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ON THE RECENT RESULTS ON THE DIMENSION SUBGROUP PROBLEM

Ken-Ichi Tahara (HJE B—)

Aichi Univ. Educ., Integr. Arts & Sci. (BRHAIHHEANFE. LE4HE)

The third International Conference on Theory of Groups was held at Pusan in
Korea for 8 days from August 18th, in 1994, and there Narain Gupta gave a com-
plete solution for the dimension subgroup problem. So I will here give a summary

on the solutions for this problem.

§ 1. The Problem

Let G be a group with the lower central series G = 71(G)2 72(0)2
7(G)2 -, and 2G be the group ring of G over Z, the ring of all rational
n

integers. Ve denote by A(G) the augmentation ideal of ZG, namely, A(G) is
the kernel of the augmentation map &: Z6 — Z defined by e(Ya g)=Ya ,
g g

and so A(G) is a free Z-module with basis {g-1| 1+#g€G}.
Now, we consider important ideals

ANGY=AW@) - - - AW (n times), n=]

and we define the nth dimension subgroup of the group G by

D ()= 6 NA+A"6) = (g6 1 g-1 € A"))

Then firstly we have DI(G): 71(G)= G, and secondly DZ(G): 72(G) by using
. 5 .
the isomorphism ¢ : 71(G)/ 72(G) — AG)/A (G) defined by
2 2
¢(g72(G))= g-1+A (6) € A/ A (6, g€71(G)= G.

Generally we have 7 (G)C D (G) for all n=>1.
n = n

Thus the Dimension Subgroup Problem is, to identify the structure of

D (6)/ v (G) for all n=].
n n

— 109 —



D

2)

3)

§ 2, History (50-60 years)

In 1937, V. Mégnus [11], O.Grun [1] and E.W¥itt [24] proved independently the
following called Magnus-Grun-¥itt theorem, by using free derivations; If F is

a free group, then D (F)= ¢ (F) for all n=1.
n n

Free derivation is the first method to contribute for this problem, and this

fundamental theorem is now generalized as follows; If ¢ (G)/ 7n+1(G) is
n

torsion-free for any n=1, then Dn(G)= 7n(G) for any n=1 (cf.[181).

In 1955, G.Higman [8] and D.Rees proved

D3(G)= 73(G) for any group G.

In 1968, I1.B.S.Passi (13, 14, 15] gave a light outlook for this problem by

2
~using H (G, Q/Z) at that time, and proved that if G is any p-group, p#2,

4

5)

6)

b

then D4(G)= 74(G). This is the second method to contribute for this problen,

and could make us go up one step to the degree 4 from the degree 3.

In 1970, S.Moran [12] proved D (G)= 7 (G) for any p-group G and
n n
for any n with 1<n<p-2. This result was extended to D (G)= .4 (G) for
n n _
any n with 1=<n<p-1 by J.A.Sjogren [19] and further D (G)= 7 (G) for any
n n

with 1<n<pt2, p#2, by N.Gupta and K.Tahara [6].

Untill 1970, many people had conjectured D (G)= 7y (G) for any group G and '
n n

for any n=1, which is called the Dimension Subgroup Conjecture.

On the other hand, in 1972, E.Rips [16] gave a counter-example for the con-
jecture, namely, he constructed a 2-group G such that D4(G)#= 74(G), and

K. Tahara [21] also constructed infinitely many counter-examples to D4(G)=

74(G) containing the Rips' counter-example as the smallest one.
In 1974, G.Llosey [10] proved exp(D4(G)/ 74(G)) | 2 for any finitely generated

group G, and the result was reproved by K.Tahara [20], I.B.S.Passi [15] and
J.A.Sjogren [19].
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8)

9

10)

1D

12)

13)

In 1977, K.Tahara [20] determined the structure of D4(G) itself for any
finitely generated group G.

In 1979, J.A.Sjogren [19] proved that there exist integers c(n) such that
exp(D (G)/ 7 (G)) | c(n), here
n n

2 n-2

n-2 n-2 n-2
1))
c¢(n) =b(l) b(2) « + « b(n-2)

with b(k)=,Q.c.m.{1, 2, -, k}.

In 1981, K.Tahara [22] improved the above resulte for n=5;

4
exp(Ds(G)/ '75(0)) [ 31!, where c¢(5)=2 -3, and T) and 8) and this result
gave the third method to contribute for this problem, namely, to consider

n n+l
the relations between A (G)/A  (G) and ¥ (G)=
n
a_ -’
i
hX &)& Sp (7. (/7. EG)), where Y runs over (a ,a ,--,a ) with
i=1 i it 1 2 n

n
)31 ia =n, a =(0. This method could make us go up one more step to the
1= 1 1

degree 5 from the degree 4.

In 1984, N.Gupta, A.V¥.Hales and I.B.S.Passi [5] proved that, if G is any
finitely generated metabelian group, there exists an integer n0=n0(G/7 (6))

such that D (G)= 7 (G) for any n=n +1. In particular,if G is finitely

generated metabelian and G/ '72(G) is elementary abelian, then D (G)= ¢ (G)
n

n

for any n=1.

In 1990, N.Gupta [3] gave counter-examples for all n=4 in the conjecture,

namely, for any n=4, he constructed a 2-group G such that D (G ) #
n n n

7 (G ).

n n

N.Gupta [4] opened that, if G is any finitely generated group, then

exp(D (G)/ vy (6)) |2 for all n=4 in the 3rd International Conference on

n n

Theory of Groups in Korea in 1994. In particular, if G is a p-group with
p#2, then D (G)= ¢ (G) for all n=1.
n n
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Thus we have the following complete solutions for the dimension subgroup
problem:
If G 1is any group, then

D (G)/ ¢ (G) for any n with 1<n<3

n n

exp(D (G)/ vy (6)) |2 for all n=4.
n n

Moreover for any n=4, there exists a 2-group G such that exp(D (Gn)/7 (Gn))
. n ' n n
=2,

Therefore we might say that the prime numer 2 is not a prime number,and a lim
it of all odd prime numbers p.
§ 3, Outline of Proof of the Gupta' s theorem

Let R »» F —» G be a free presentation of a group G. Then we have

easily

D (G)= RD(n,R)/R, vy ()= Ry (F)/R nzl,
n n n

where D(n,R)= F(\(1+AH(F)+ZFA(R)).

Now, assume that G is a finitely generated group of class n-1=2, and of
solvability length JZ Then, for k=1, the k-th derived subgroup 6k(G)

admits a pre-abelian presentation of the form

6 ()= F /R
k() k/k

where Fk:[Fk~l' Fk~1]: (xkl, xk2. I ka(k)> is a free group of rank m(k)
and R = (xe(kl)E ’ Xe(kZ)E o xe(km(k)) RO with (ki) =0,
k k1 k1 k2 k2 km(k) km(k)  k+tl
e(ki) | e(kj) or e(kj) | e(ki) for each pair (i,j), £ € [F, F ], and R =
ki k k k+l

R , F 1.
NIF, F

Then we have
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ZFkZX(Rk)== Z&(Rk)4AZ§(Fk)Z§(Rk)4AZFk+IZk(Rk+1l

Now,

2
DR )= F A A+ ARITATE N A"E)

2 n
= + AR )+ A(F +ZF R + F AN (F
Fk('\(l A ( k) A ( k)A(Rk) kHA( k+1) A ( k)/\ ))

2 n
-+ F + F R )+ZF R +A (F F
Rk k(\(l JAN¢ l()A( k) kHA( k+1) ( k)fjA (F))
Al
2
A (Fk)

2 n
= «([F, F + F RO+ZF AR +A (F AN (F)).
Rk q " k]n (1+ A( l()A( K K41 ( k+1) ( k)ﬂ (F»

,R
G(n k)

On the other hand, since

DR =D(n.R ) DRI D~ 2 DR, )= 1

so any element ¥ & D(n,R) can be written as follows:

V= rlgl 'I‘282° : 'rlg,Q

= e , TER, G(n,R ).
rglgz gjL € gké n "

¥e have

Theorem. 1 Any element u é‘Z&(Fk)Zk(Rk) has the form

2 n
dulo ZF ROACUF , F D+A(F R ZF
modulo kzx( k) (L . k]) A( k)ZX( k+1)4‘ k+1zx(Rk+l)4~zx (Fk) NAL (F)

where
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(x ~D(x -D—b  (x -D& ~D, X —xe(ki)
i G Kij ki ki ki ki

u
i ij ki ki ki

9 T1=i<d<n(o) kij

1 2) 1 (nK))
o =z a D" Pa P P Me e
3 k1 k2 kp kp km(k)

with c(i)=0, c(p)=1, c(D+ec(2)+ -+ + clok))=3.
' 2 n
Theorem 2. Any element vE A (Fk)f]A (F) has the form

() £(2) f(m(k))
v =% b{(gk-1)+(xk1—1) (sz—l) (ka(k)_l) }

modulo A(Fk)A([Fk. Fk]), where gke[Fk. Fk]ﬂvfn(F). f(1)x (k1) +

f(k2) ke (k2)+ -+ f(km(k))x (km(k))=n, with m(ki):max{qlxk,ey (M1

2 n
h 3, F F, - F R D+ R +
Theorem or wké KRN 1 € A( k)A( k) A( k+1) A (Fk)ﬂ A (P
th ist R d h F, F F that
ere exis rké kil an ke[ i k]/\yﬂ( ) such tha

wrh—1=(- D+ x_-D(y D
Kk k % kn

lspzsm(k)

& .
d ARIAUWF, F D+AF IAR I+ AF F, F
] (k) (L K k]) AC " A(k A( k)A([ K k]) A (B

ak.. ak. —bk ,
1] 1p Pl
vhere = IT [ , X 1, = 1II I

T =i =a0 f Kk M o igob ki poit ki

Theorem 4,

a . b
kij k
(g . v x 1=1[x ., F .

ij
d R F, F .
i i ki i 1 mo k+1([ " k] 7n(F))

Now, for w = r glg2 gﬁe D(n,R), we have
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= 2 2 d Ry (P
v = gl 82 gl mo 7’n

and
a a
2 _ e )9 e p B
= ) X y X
gl( i<j ki kj i<j ki kj
a b .
mle 1M n £ U0 by Theoren 4)
= . X X €o
i<j ki kj i<j ki kj
BT bk"
1] 1)
=1 (x , R N | O ' S ]
i<j Kkj ki i<j ki kj
2 Pepi
~nx, née P
P kp i<p ki p<j kij
- Oix , v 1 (P,
p kp ykp € 7n
and hence
2
g € Ry ().
k n
Thus

2
v € Ry (F).
n

Main Theorem.

exp (D (6))/ v (G| 2
n n ‘

¥e wish consider some useful applications of these solutions for the dimen-

sion subgroup problem in the field of low dimensional topology.
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§ 4, Lie dimension subgroup problem

The Gupta's solution on exp(D (G)/ 7 (G)) contributes for solutions of
n n

another Lie dimension subgroup problem. ¥e define Lie powers of A(G) as

zx(l)(c)::zx(c) and inductively zx(n)(G)::ZG(ZX(nél)(G). A(G)), where

-1
(zx(" )(G). A(G)) 1is the Lie bracket defined by

(n-1)
(a, B)=aB-Ba, a€A (6), BE€ A6,

and define the nth Lie dimension subgroup of D( )KG) of G by
n

Dy @= 6N wa®en=teecie1ea™ o).

Then we have easily

7(G)C D (6) CD(6) for all n=1.
n = (n) =

The Lie Dimension Subgroup Problem is to consider the structure of D( gG)/7 (&)
n n

for all n=1. ¥e review the solutions for the Lie dimension subgroup problem.

1) In 1972, R.Sandling [17] got the first result for the Lie dimension subgroup

problem, namely, he proved that D( )(G): 7 (G) for all n with I1<n<6,
n n

and if G is metabelian group, then D( )(G)= 7 (6) for all n=1.
n n

2) In 1991, T.C.Hurley and S.K.Sehgal [9] constructed a 2-group H such that
n
D (H)D)#y _(H) for any n=9 by modifying the Gupta's counter-examples for
(n) n (n) n
the dimension subgroup problem, and so the problem remains open for n=7 and

8 only.

3) In 1992, K.Tahara and J.Xiao [23] proved that, if G is any finitely gener-

ated group, then exp(D ] (G)/‘G(G))I 2.

(D

4) In 1993, N.Gupta and K.Tahara [T] proved that, if G is any finitely gener-
ated group, then

D (G)=7(G) for n=T and 8.
(n) n
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Thus, we have, for any group G,

D (6)=+v(G) for any n with 1=n=8
(n) n

exp(D (G)/y(G))|2 for any n=9.
(n) n

Furthermore for all n=9, there exist 2-groups H such that exp(D _(H )/ (H )
n (n) n n n

10.

2.
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B2 Auslander-Reiten components
( Erdmann O#ERDHEMN )

THBA ORI RS BEET)

G % BB, k% EHpotke L, kG=BDB,D -~ @B, *WBIG D
Ty 2 yEed %, T (B) TB O stable Auslander-Reiten quiver % 3. © 21 .(B)
? AR-component &35 &, (treeclass EIHIND)7F7 7 THHFELT, OZ7F 7
OFE LTIE ZT 723 ZT/x (An € Aut(ZT)) L 7% 4. Erdmann & [E3] T,

Hmo7ay 27 B wild THhL tree class T i A, TH 5

TERRLE. ARTREOTHOMME R~ L EANET S,
7272, &#\2i%, Erdmann @ preprint [E3] %55 t-MR Y, 18 &k 25809 A D
b L IEENILFEETE AR IT5EE, [Bnl, 2331Z2R)0HE LAEFTE L
o 72([E3] 12id, [Bnl] iC X W EOILKREEZ 2 NE, —BOKRTOIRILT S EHFEH
nTwd), #hwzicZ 2 Tid, Erdmann OFRIZOWTHERS & Z12id, K ki
FBRBAER(D L RZBER) EIRE L.

1. ThITOHE

LT, #25 kGBI TS CHMERGNEE +5. BIBAG 0K 70y 2 B
WX LCARREEWENS GO p-iaHNETAH, Thi dB) £ELZ EIZT 5,
Ty B EZORTE 8(B) SHELMENSH Y, Bl ITHEBEY kG-I M B 7oy
7 BIBLTVIUE, &5 kS(B)-NBEN AL T ML N @5, kG OHAET & L
THNBE (FRBEDEY 25 —FKBIZ2W0 T3 [N-T] 28). HICEBRIZO W TIERD
FHE(1.1) b5 hTwa([El] %280) :
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(1.1) B: finite representation type <> &(B): cyclic ;
B: tame representation type <> p=2 T §(B)E{dihedral, semidihedral,
generalized quaternion} ;
B: wild representation type <> &(B)é{cyclic, dihedral, semidihedral,

generalized quaternion}.

SR TR WEEER kG-INFE M 23 LT, M @ Auslander-Reiten sequence
AR-#N): 0> M > m(M) > M —- 0 % AM) TKT. 2T, 71id Auslander-
Reiten translation DTr %#F&¥4%, BB kG WAHETHRE O T 1= Q% (Q it Heller
operator) Th 5.

© 2T (B) » AR-component & ¥ 4. [H-P-R]IZX5 &, vbw3 subadditive
function d: ©, > N (ZZT O, 1 © DEANER)PHFATIUE, O D treeclass T i,
Dynkin #* Euclidean %X i infinite Dynkin Ae, Aes, Do, Booy Coo D ERLHITH
Mahsb, £IZAT, Bffd:0,— N subadditive function & i3 RD %M (i), (ii)
BT HDTHSD .

(i) dQ’M)=dM) ;
(i) ©@ DT

QM M

AR
22 =2
N

t

#5 AR-51 o (M) 1A L TV, d(O*M) + d(M) = ZL; a,d(N).
(ZZTa &, M OREEmM) 128175 N, DEERE)

Webb id cohomology D ¥ % # - ¢, #7- Okuyama, Bessenrodt, Erdmann-
Skowronski 513 (1.2), (1.2°) ® X 92 L THERD AR-component 2 additive
function %#WK L7225, Zh b5 AR-component DI DV TOER (1.3) 2157,

(1.2)[O1, Bs, E-S] © % I'(B) ® AR-component T tube Tid e\ & ¥5. V%
V=1V (=QW) 25 kG-MEEL T 5. O BT 5L EEHMEE M I3 LT

Hom, (M, V) =Hom, (M, V)/P(M, V) # 0 THAH L $5H. (22T, PM,V) i34t
W% B89 %5 kG-hom. &K 2 TS ZEMEERT. )
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ZDELEO LDEHdY
d(X) := dim, Hom, (X, V) (= dim, Ext;s(X, Q"‘V))
TEDNE, did O Lo subadditive function & 7 5,

(12)[01,Bs, B-S] (1.2 BWT, O BT 5 HEAMEE M % 0L T 5.
G DHSHEE P %, M, (M %kP-IEE & 27 LSRR ) ASEPRA0IT % & 2\ & 5 2
HRAORET D, Y E M, OBRETFTHEHTER DL L, Vi= Yo (=Y @G,
FUIB) LB, COLE, kG- Vi (L2) OREL BT, i, (1.2) ol
BT LD % VRTFET 5.

(1.3)[W,01,Bs,E-S] BBERIGHT7uysel, © % I'(B) D AR-component
E+s., ZDLE O Dtreeclass TiE, KD ENM,ICED @

D A, (dB)rcyclicnr s, »orDrECRYRDLNL) ;

(i) A,,, B, (3(B) # Cline four group & &, »o2n& i) Hbh o) ;

(iii) Aos ( 8(B) #¢ dihedral % 7zi+ semidihedral ® & % i=Bbh 2) ;

(iv) D., ( 8(B) #* semidihedral » & % 128ibh3) ;

(v) B, Cw ;

(Vi) Aw.

(LAEE () k 2RBM B TH L, tree class THE B,, Boo, Coo Tl 1.
(i) B 7f infinite representation type ¢ © %* t—periodic kG-INE% &HiE, ©
& Z A../(n) (tube) VCZF)%([H P-R]).
(ii)) © D Z As/n THhud, 8(B) i Cline four group Ta % ([E-S]).

DEDZ s kFREBAGTTT Y 7 B wild THE T (B) O AR-
component Dl Z Ao, Z Aco/(n) (tube), ZAs;, ZD,, ®EN#HTH 5. Erdmann
DIEFR T 51213 tree class & LT AL, Do WHEDRZWI EXFZZNITL WV,

(b L<iE, bL ZAS 2 ZD,, D% L7z AR-component 257§ 1id, 8(B) i3
dihedral #* ¥ 7213 semidihedral T3 5 Z L ASRENIT L, )
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2. ZAZ, 7D, izon<T

ZAZ D% L7z AR-component 2D, »¥#% L7z AR-component :
: : o1 o1 o1 o1
272N 22N /AN /AN \ / \ / \ / \/
ol o1 ol o} o ol o] ol
NAN AN AN A N A NYIA NN NV
o} o] o} o] o) 02 02 o
AN AN AN AN AN /AN AN /N
o] o] o] o] o) o) o) o)
N AN 2N AN A NN AN AN
o]l o] ol ol o2 o2 o2 o2
7N 22N /AN AN AN N AN /N
ol ol o] o] o2 o2 o2 o2
NN AN AN A NN AN AN A

ZZC, AOHIZECEFIE B Z’  additive function D{ETH 1,
—RiCR I hoEREL 25, Bb, ZAS D% L7z AR-component Tl additive
function & constant T Y, /- ZD., D% L7z AR-component kTl additive
function (& “¥i” 123 5 HEKRWT constant T 5 ([Bnl] F£H). $HIZKRK Y L.

2.1 BEHBRGHO7uy sk, © T (B) DAR-component T Z A % 7:
BZ Do D% LTWAHBETAH, B,C% OIZBT 5 EEEMN KG-NEET, O W Z DD
FLTWBEXCEB CRIIMICEMEBELTVRVWETS, Z0E X (1.2) TR
kG- V 13 L TCROFEXPRY LD !

dim, Hom, (B, V) = dim, Hom,,(C, V) ;

dim, Ext;o(M, Q" V) = dim, Ext3(M, Q" V).

g:B— C % irreducible map £ §5. g lFHHEPE/ZELFTHL. KOFE
(2.2) i AR-component DFEEHIET 5 L Z1ffibhb. (2.2) Tk g3t KET

05, HEoL &iE “k-dual” 2F2NE I,

(2.2) [E3, Prop.1.5] BEHRKGOD7uy &L, ©13T(B)» AR-component
TZAS ¥73ZD, o LTwsET 5. B, C% OIET 5HEEM kG-IEET,
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irreducible map g: B — C T&4i% b DIMFET 555, ROZELF)

(*):O—)AL)B—%C—)O (ZZTA=Kerg)
12 AR-FITIEE 2 VET S, (15 O $ZD ol LTwnsk 2zt B, CicidfrE L tw
BVETE) SO L EROEMV®D, (1-1,2) 2RSS X9 % kG-IIBEV ALV
wd V=1V (=Q'W); ’
Yo (I-1) A 25 VADEED kG-hom. X HH Tid v ;
(1-2) Ad»5 Q'V (=QV)~® kG-hom. § T, BE TR HD
BT @EB L2V OFFEETS.

(2.2 DEEBR) Sty 2z & O % kG- VIFHET L LET S, (11-2) & (1.2)
kb, O LoEMHfd*%

d(X) := dim, Hom, (X, QV) (= dim, Ext;4(X,V))
TEONIE, d i3 © Lo subadditive function & %5, 2 Q.45 (O »Z Do
BrLTwak&Eicid B, C £ICHICHEEL TV 2VL2L)

(**) d(B)=d(C), H% dim, Ext,g(B,V)=dim, Ext;;(C,V)
B LD, -

STEF| (%) 2 HEH» NS KRD long exact sequence ¥ E X 5 |

A

f* f
0 — Hom ,(C, V) — Hom (B, V) = Hom 5 (A, V) — Ext s (C, V) = Ext 1o (B, V) = Extp (A, V) --

Wi g:B— Ciiirreducible map 20T, (II-1) &Y f* 32§ TH5. L oT (*¥*%)
Mo fAIE0-map & o TLED.

L 25T [0] # [0] EBxtls(A, V) IeonT, ¢IEHTIEEY, g: B> CH
irreducible map % T, Iy € Hom, (B, Q7'V) BHFEL T =Ffy- Lt 123 :
A I’ B LA C

o1~y
Qv

ZHid [0] €EIm fA FERT 55, fA120-map kDT [0]=[0] £k h, FE. |

BROBESIT EPREWEAAK Ty 7 B2 wild THIUL FS(B) D AR-
component NI Z Ao, Z A/ (n) (tube), ZAZ, ZD,, oEnd»ThHbE, roT
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Q2 DiHEER LB ERDIENERLS.

2.2) k RBEAATHERO 70y 7 BHF wild THsE$5. T(B) D
AR-component © 122\ T, (2.2) D&M 1), (1I-1, 2) 272 kG-IEEV S FHET
i, © ? treeclass i A, TH5H.

3. pEHOBE

ZOHENE, B GH p-FENBED Erdmann OFER (3.1) DIERHOBRE & BB &
EWKFTH, Gotp-Hebid, WIRELG 3 local TEREHTT Oy 7 EeoTHY,
COTRRENG) 3 G TH b, 72, k BREWMKET 5.

(3.1) [E3, Chapter 3] kiRENAEET S, GEpBEL L, kGidwild &7 5
(A%, G & {cyclic, dihedral, semidihedral, generalized quaternion}). ZD& &
I (kG) D1E&E D AR-component © o tree class ¥ A, TH 5.

(3.1 DEEEBDOHEHE) O %% t-periodic kG- % &©IX, O i tube % D T(1.4(0))
© X 1-periodic kG- EFT L VE LTV, T Q0 0ROWMEEM L LTk Z A,
ZAS, ZD.,, DERD»TH 5B,

OIETAHHEBYMEB C2ROEHICESD .

i) 4§7% irreducible map g : B — C W"HFHET 5 (B4 04 “k-dual”
BEZNTLIW)

i) (*): 054 —CBiC—)O (zZTA=Kerg) FAR-FI TR,
ZDLEZELEH () BHELTVEREVDTA BAFH (=§EM) Tlkzwn, XoT
Dade, Carlson ®#5% (2 & T variety Difaa 2 9 O Tk B3REBMNHAETH 2 LEH
»%. [Bn2, 11, Cor. 5.8.4] B8) 5 32) "B o5

(3.2)([Dade, Carlson], [Bn2, II, p189]1£H8) 3 E (G DERTH p-ERa3E) &,
3 H (E @ shifted subgroup ) PHEELT, A, (A ZkH-INFE & A7 L7zHIBRMEE) 13
SHZ Tl v,
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R E=<x,x, -, x,>0tE&, o=1+a/(x -1)+a,x,-1)+-+a(x -1)

(Fa 3 kDT EBLE, kOBENpEhL P =1Ek5. <o>3p oL
ANV RICIE <> G), T <a> & E O shifted subgroup & I8,

(3.2) THIEHMRIE & 17z shifted subgroup H (Z ® H 123 LT A, 13309 Tid
ZUIEBRT A, k280 % kH-MBEENL, HPEWCHBEIERLTWwWA)E T4, V
=k @ kG EBL. TOKG-IIEE VIZ (2.2) D&t (1), (1-2) %723 = LI3ES
WHEPOONA, LoT, VI (I-1) 2@, ADS VADEED
kG-hom. IZHETId i 5i), O O treeclass i3 A, EEmIIToNS. DT
Claims 1,2 25, H2681 ‘p=242A=V (=k®,kG) %BVT, Z0O Vs
(2.2) D&M AI-1) b7 EIRENS,

Claim 1. $»2%H nizowTdim, QA >IG1/2 251X, © O tree class 1 A,.
" HERE) B,CoORYIZQ"B,Q'C%koTH, i),il) "Bz A .
i) irreducible map g': Q"B — QY'C 3£,
ii) 0—)Q"A£)Q"B£) QC—H0(ZzTQA=Kerg') &
AR-FITIE 2\,
&T, dim, QA>1G1/2 2 I1Gl/p =dim, VLY, QA»L VA DEED
kG-hom. ZHE TIZ v, Lo T VHF (2.2) D&My (I-1) b7, |

Claim2. “p=2»2A=V(E=k®,G) Tkwibid, O O treeclass i3 A..
) HHEH nIZOVTdim, QA>IG/2 %561, Claim1 XY © O tree
class i3 A, TH 5. FEOEKn ZOVWTdim QA= IGI/2 LT5%. AD
minimal projective resolution ## 2 1if dim, QA= 1G1/2 =dim, V (Vn) T, p
=2&%5. LoTQANS VAD KG-hom. ZPHH 2 b XEBMERE %5, LrLA
E VEDOTA DS VAOEED kG-hom. ¥4 Tz, |

UEDZERS, “p=2h2A=V (=k@®KG) THVELIE, Vi(22)
D5tive (), (I-1,2) %i7: L © O tree class i3 Ao, ThoEbH5 (22°). koTK
D (3.3) BREIUE, (3.1) DIEMIETT5
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3.3) SETH-oCEEF 2R TN I LTS, dLp=27ThD, 5
shifted subgroup H "FFE L TA =V (= k®,,kG) & %> Twiid, G i dihedral
»F 7213 semidihedral T3 5.

(3.3 DEEEA) B O ZA, TREVWILZRT I b L ZA, ThHIUE
Kerg=A=V=QViZ ZA, OWIABT 52 L2545, Zhid © 29 periodic %
Hholilhy, FE. LoTOORIXZAS 2D, Liz5. ,
ETC, (1.2) 75 V (=A) i3 © @ subadditive function 25| &# =3, AL, ©
+LoBgd% |
d(X) := dim, Hom, (X, A) (= dim, Ext;,(X, A))
TEDONIE, did © Losubadditive function & %2 5. #i2 2.1) 5 (O # ZD ok
ZLTWwAE &2 B, CHISRIZIRME L TWiRWAL)
# d(B)=d(C), HBIb dim, Ext,s(B,A) = dim, Ext;g(C,A)
ALY SLD.
&R (¥): 0o A —j:B —;gC — 0 76 RD long exact sequence A5EPN D |

A

I* f
0 — Hom ,(C,A) = Hom . (B,A) — Hom 5 (A,A) — Ext 55 (C,A) = Ext 15 (B, A) > Ext o (A A) -
WX g :B — C i3 irreducible map % ® T, Imf* = Rad(Hom ,;(4,4)) TH 5. (#) »

b dim, Imfr=1%t%%, oTImfA=<[ul> B L, [U] € Bxtlg(4,4) iR A
D AR-FIAA): 0 A > m@A) = A -0 1L Tn3,

Claim 1. kG-hom. @ : A = A PPHEE TR ITIUE, [@] =[0] 2 L <X [¢] X AR-
5 A(A) 1A LTV B,

") g : B — C i3 irreducible map 20T, Iy & Hom, (A, A) B"HFTEL T
O=fythr. £oT, [¢] €Emfr=<[ul>. |

Claim2.  dim, (Extg(A,A)/<[p] >) =1, dim, Ext;g(4,4)=2.

") Soc(A) = Soc(k ®,, kG) i simple TH 5. & >T @, ¢, € Ext;4(A,A)
WAL T de €k AFEL TQ, — c, FHE TR B, LoTClaim1l &Y ¢, - co, €
<> . |

&, Frobenius DAHEH L D

—126—



Hom (4, 4) = Hom ok @,,kG, k&), kG) = Hom; (k, (k @,5kG)y )
TH5H%%, Claim?2 L Y
#Hh  (k®,,kG), = 2k @ (projective)
5. —F, Mackey O3 fEEH LY
W) (k@ kG)y = ® eprors(k @y kD), )y
THHA, (#H) & (HHH) 2 BLT, KD 1),il) 2% .
) 1EI=4,; ii) xECLE) 50 dxEE.
X o T, G i% dihedral # F 7:1% semidihedral <& % ([G2, p41], [G1,5.4.5]). |

4. pEIOVWTOHLEE

COETIE, G pHEL, KT HBEWRAKL IR 2v)EehE §5.
(3.1) DxHE L, oKk DOEE ([Bnl, 2.33]) 5, K @1 FEx5

(4.1)([E3]) GdpBLL, kdsekhets, bLLG*G » ZAS, ZD.,
ZB., %7213 ZCy, TH A LX) %% L7z AR-component ##Tif, G it dihedral
2 F 7243 semidihedral T3 5.

&2 AT, G & dihedral, semidihedral @& &, EEH kG-MBEEZFhFh
Ringel, Crawley-Boevey iZ & Y 7 ST 5 ([R], [C]). SOHFEICENE, bW
% string module M FFEKLETERSNHDT, dim, End,(M)/Rad(End, (M)) = 1
L9 ([0-U2]), £hwzil ZB,,, ZCuid T (kG) ® AR-component & L CHhbh
AHZEERw. #£oT;

4.2) GupBEL, kidmeke+5. 2L SHB G ZB., 721
ZC., D% L7 AR-component #7272\,
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5. —ROABRHOLE

ZOEITIE, —#HKOEREE G %4 Erdmann 0% (5.1) DFEEROKEEL %
WL, 2L, k 3mehkET s,

(5.1) [E3, Th.1] k WEeAEL$5. R G 070y 2 B it wild &35 @b,
d(B) & { cyclic, dihedral, semidihedral, generalized quaternion } ). Z® & & T'(B)
DIEED AR-component O O tree class (3 A,, TH 5. ‘

(5.1 DEEBADHERRE) © %% periodic W# % &L tube DT (1.4 (i), © it
periodic M#FZE T hvE LTI, Ko RKDEE ([Bnl, 2.33]) 26, k3%
ke LTbdv, koTODRIZZA,, ZAS,, ZD,, DENPER B, O =
ZAZ £7203 Z D, ERELTFBEREL,
[O-Ul, Th.] &£ h kD&M 1),il) 234 5% @ OERRS 757 T ¥ehnbd .
iy ZT' =7A., CO;
iy I’ M -M,-M,— =M — - iZBVT, TTD vx(M,) #¥F L\,
(22T, vx(M,) Z M, ® “vertex” LIFiEh3 G O p-iHEELERT)
Lo i) TROG: GO pEiaiEE Q £ 8. N:=NJQ) (Q DIEFLEE) & L
“(G, Q,N) IcB8¥ % Green {IE” % f & B, ZD& & M, D Green 3ILFE fM, (i
=1,2,3,-) W T(kN) © % 0 £ 20 AR-component A KK&Fh T3, © =
ZAZ ¥7:13 ZD,, 2D TA=ZAS $723 7Dy, & 725, fM, EDET 5 KN O
7uy % B LB, §B) € { cyclic, dihedral, semidihedral, generalized
quaternion} & v, 8(B’) & {cyclic, dihedral, semidihedral, generalized quaternion}
ThbHIEDVLZAD.

—7, M, ®» “Q-source” S, (i=1,2,3,--) &) LT, S, EIT,(kQ) D
bBHUVEDND AR-component AZEEh, T : S -85, -S,— =8 — - HADE
B2 57T, ZT” CALBoTw3b, O=7ZA7 $724& ZD.,, DT
A=7A ¥7:13 2D, £7%57, Qi pELDT, p=2 T Qi dihedral % 7213
semidihedral T& 5% (4.1).

KIZ N OIEHEIEE QCLQ) ©E 2 5. H:=0C Q) £ BL(CLQ) 1 Q D
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LALED. kH-DIEE S, @ kH DEBMEF L, (i=1,2,3, )% T NE, L, Eid
IkH) D&% U & 2D AR-component Z iZ&INTW5E. LEDET S KkH D71y
2 b EBLLE, 3(D)=0 Tb & kQ it MoritalffE & % ([E3, Lemma 4.1]).

G B T M -M,—~M,—— M~ CO=ZAZ Xt ZD,
N B’ M, —fM,— M, ~-~fM —- CA=ZAL Xt ZD,,
H b L-L-L ~~L—- CE=ZA; XZD,
Q0 k@ T7:§-S8-8---S-+ CA=ZAZ 7D,

4-, O & dihedral » ¥ 7-i% semidihedral 2D C N/H & 2-#TH 0, B’ it b %
“cover” LTWA®DT, B’ & k&(B’) i& Morita A& %2> Twab, L»L k(B i
ZAZ 7213 ZD,, D% L7 AR-component ##7:7%\> (3.1) DT, A DFFFEIC
FE. |

72T (B) ® AR-component DEBIZDONWTRAPHSN TV 5 |
5.2)([E2)]) HRGo7uy 7 Bidwild £95., 2Dk & I'(B) & tube K U*
Z A, D% L7z AR-component % ERERD.

6. ZB., ZCx i T

tree class & L Tinfinite Dynkin Ao, Aoy, Doo, Boo, Coo 28D L5 %7
BIIFETET 5 ([C-R, Introduction]). & ZATHIE kG (D71 v ¥ B) OBFAITIE,
tree class & LT Ao, Aoy, Do E2 b DI3#EfEL (1.3), Erdmann O#HRIZ LY (K
k 32k o) 70y 7 OFRRETRES T ON/2([E3]). $£7- B, X2V THHE

LT [02] 22 DI dERoNTwS, Ll ;

(6.1) G IIEMEELL, Rk 3EERETH. COLEAHIRIG X ZC,, DE*%
L 7= AR-component {ZFF7z 7%\,
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(6.1 DOEEEADMERE) I (kG) ® AR-component © DD ZCo, LARET 5.

T: M, % M -M-M M-

* O Dtreeclass £ $5E, O=2ZT. L->T[O-UL, Th] b O 2B Y 5EEEY kG-
D vertex TN TH LW, #hE Q LB, M,® Q-source S, (i=1,2,) & M,
? Q-sources S;, S,” 9 T ehiE, S, Eid T (kQ) DdH 50V & DD AR-component
ALEENT,

T’ :8§, -fl_ S, =8, = 8 =

Sy’

EBY, A=ZT £ TE5. T QW p-B&0T, semidihedral TH2. L Z A%,
kQ-hg¥ S, #EHD ZD,, D% L7z AR-component B L TV 5 Z L 2 EFERICANT
dim, S, %38+ 5% L, dim S, # dim, S,” &% H(JO-U2), F/A&E. |
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