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1

HED (FRATG) £TTHR A DA NVE V175 C(A) DFFFIRICO VT, A DKR
RILVHROBAT det C(A) A5 £1 1Tk B L v ) HHEHT, 1954 41T Eilenberg &
LoTHMENZ 3], LdL, EBICER [RA%R] +1 %550 %9 0T, -1
K2b &) BRRATERRETRIZE O P o Tk, 1980 £, H3METR
DEJREBRHEEZNAF Va7 27 SHCRE I NI, Z0fFFRico
WTHENEFE LB o 25BN H 50 TT T2 80 IR I IMTHIROMEIC oW T
WL, »3ETRICOVTHHIRMN 1 K2 LRTHLTWEOTRRVAIL
B, (MEREICIX, 83 4EIC Zacharia 2WKRAKIT 2 Db DI L THHIRATL 2% b
CEERERLTVWADT, b L»L75 Zacharia » Auslander OF NV —7 (%1
Zacharia t& Auslander ® V2% Brandeis KEDKZFERLE o 72) OFELIHHKOF
THHRMEAFBEICLTw o Lanzy,) HCLTOMEKLELEZDORT
AVADINV—TCHLZLICREENLREEFITHS, ALIIIC, wODRHIC
PRBIMEL LTT AV ADS VT PFEEB LD b0 [V—7FR] &
RiZh T b0nd b, ik, [Exti(S,5) #0 &hbHMME S Hhnid,
ETR A BERZKBRTES2] L5330 TH5. (AERTH 1980 FARAHPEIC
BEXAEAD, T AVADT V—F L, Jomsss cov—7FE%
BRLTVZ) LAL, ChBELAYT XV AOZ V=T OEDTHOHMLE]
LEDIZNTYZH L, EEE, 89 4 Igusa (Brandeis) 25k L7z & B ) FH#
R¥E—V 7z R¥D+ I+ —TH\: 7z Lenzing (Paderborn) i, & ™ & 3 %fi
Bbot )T LEEITHOTHo12E)THS, £ LTEDET 1968 4EIC
BELTVABRADERI SN —TFREHLITHLEVI T LEEELILD
Z &, BUE [ Igusa-Lenzing NEH | LI TW5, KT, 7])1/7"57 V175
REMETHEROMEL ., T VEOAOHEHREE R o TRV E S HOT
(FLOFETRZV), bLALLLTCEBLATRIMEIOBRH RSN
200, BV [TAFT7—2CHRIN] LI LITRIBELROND LR
W, LRI LD D, _
ARCHERESTRICH T 2175IRME L, 8] THRONLARD LY B 25
MBI UEhIc5MER L EBAT 5, S
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A% (ABRIT) $TRE L. Ko(mod A) . .m(())%%h?hﬁmémA
MFFED%$ AT T — D Grothendieck B, HREPSH A-MHEO LT H7 T —
O Grothendieck B & T 5. it X 280 K (?) o% [X] TEbLL, S1,...,5
 EVICHERBI 2 B A-JIBEE T35 L, Ko(mod A) W [S)](1 <i<n) ZFHEL
THEBT7 —AVBICR D, K(P(A) B [PG)](1<i<n) $FBEL+2HET —
NOVBEE B, ( P(i) REHUIBET P(i)/rad P()) = S; LR BbDTHB.) TDE
X MR BB Ko(P(A) — Ko(mod A) : [P] = [P], KHIET 27751% A DAL
SEHlE v C(4) TERDYT. 0%

(P, [P@)]) = (1S1], ..., [Sa))C(A)
t&%ﬁﬁﬂﬂ)‘_ t'(‘a"oé
wa/ﬁﬂfﬁ% kﬁkmﬁmtgmﬁmww&/ﬁﬂmﬁﬂfu1vbém?

Eilenberg 2+ 20 &£ L 22T 2 ORIEAT A ) 4 OBFRE RO CEEIC St
LicbBndt, BohTwaELBERNIL, EOL)RAE, LR LD NED
BRLTWied %k &5 L, Zacharia, Wilson, Fuller, Zimmermann-Huisgen' B & U'#
DEBDAEO DTN E v, RlER 220 PERAD B2 DREE U %00
PRGPLEV, THNFERCBREATY, HEQOILHEWS b 0)2)\56] LhT
\I\Z)F.R'C‘littw TRERNL T Oﬁﬁ*%o&%%ﬁrkh‘éﬂmt‘@\x% ’

T, A @kﬁﬂmﬁ‘ﬁﬁﬁ& i, & S; O projective resolusion. % l: 5 &:
Ko(mod A) OHT S; % P(j)(1 < j < n) ® (BHHEHKD) e LTEATE
5. 7% P(5) W, MBFIEZANIERRY S;(1<i<n) DML LTHBETES,
£z 'C‘W%‘@ﬂé‘%%tt&b'(‘ det C( ) +1 ’&ﬁﬁj-% twn ')ﬁ?fﬁ\ﬁ Eilenberg: 0).
Wi HETH o7z, Wilson % Fuller, Zimmermann-Huisgen FidH5&H0 b &
T+l WL TWA D7, Eilenberg OHE L PR E TR ZROBAIT L K
LA ARG O BIARE BT +1 288 L T3, — Zacharira RARKITA
2 DFAIOVT +1 FIRL TV AN, ZhEBHETREEERC OV To— R
LG RERE B0 TWA. D WERIERIKRRTARLRT, KRFKRITTH
2 DETRUHRIZIR YL % 5 (Dlab-Ringel) . I -HBEROEH (EREICIIESR
DEVRL) O—EH, AV Y175 0DH 25 (17) b BB L TR0 T (FF) 12
X5V ERERE G B, RUMBROAIN Y VTHIKRZ LV DTS
h, Liedio T, BRIZRIC WL T A VS VITHIROBMERERZ bOROTH
5. LaL, EREROBAH:, ww&/ﬁﬂﬁﬁﬁkﬁbru fis®> ( Eilenberg
nE ol FELHETL) kL) BB LT oL REo 7’:73‘?’#‘ (BEL S
LR ERDT, FHEERTREVH) CLoT 41 dHEHEND L ATH
2¥U0PNDE. COBATE, EREROD OMOMEIC L > T +1 %¥iF 2 & L



Dlab-Ringel {2 & o> TEEEN TS [6]. D% 1 Bernstein-Gelfand-Gelfand O X
AR EMHINS b OPFERFBERICH LRIZL T T, ThiFIfiTE50TH 5,
UTZoZeionwTiliML L), 7, EEEROEEILHET 5.

ARSTERET D, FRBLEMMBEOSHEE SG),ie] LB, bbAHAIT
BREBRESTHS, 2T I BRROUMEE AT L) RFAFESGLEET S !

(QH)  A-JNBE M ¥ top M ~ S(i1), soc M =~ S(iy) 2 AT &+5, TDLE
iy &y BHBTERVLD, j>i #D >0 thb jel HFET 3.

i CxF L top P(i) ~ S(3) ~ socQ(3) &% AEBAINEE P() L EBEAASHINE:
Q) #EFEx B, £ iIIXL P(i) OEBOMEET, 20 A RMBATF (composition
factor) H 5 S(j) (j <4) LRABI 2B LI RFZERKL2d DR LD, TORKIMFEE
AA(5) EFEDT. A= {AL(0) i €I} B, KHE AME As(6) 1 standard
module (% %\ id Verma module, Weyle module) & SiEhBETH L. N
31T costandard module E VI MMBEb EH LB, 2F b, ASTNEE QG) DEp
SMBET, TOLARMBET S S SU)(J <) KABIKE2 &) 2 BERKEbD
% V4(i) £%ED L costandard module & & B, V,4(i) = Hom (A 40 (3), k) 25K
DILOT ETERLTHRL. 12750, A &k k LOZITERT A% & A O opposite
ERHEBTHD. V={Vu()|iel} £BL. Afiltration 2 dOMEDK % F(A)
EBL. 2D MeF(A) Lk, M OESTINEEDT

M=M03M13...DM,DM,+1=U

T, BRI M/ Moy 7 A DHBTEERABIC 5 L0 ) WEE b OB T L
Tha. UEORFOS Lic, A0EH (KB 2KE L RMERMN) A7 L
%EILR A % ¥ER(RIR (quasi-hereditary) & \» ) (Dlab-Ringel, Soergel).

FIE 2.1 SR A OBMMBESEE {SG) |ie I} L85, 84 I FLofk#H
(QH) A7zl & A(l) DERBRF[/EC LS LEETS. 20L EROBY
BRETH S ;

(1) F(A) i 44 2&T,

2) F(A) = {X | Exti(X,A)=0}.

(3) Ext%(A,V)=0.

T, BE (3) i (AL VRIS LDOT) self-dual THD»bH, #
BERDERCEADKRIZ 2V, $ERERAKRRTERTH L. PIHFE
AGI%{1,...,n}) £BE, SH)<SU) bi<j trBEICLTBL. Dk
&, B M % Ky(mod A) DT

[M] = ([Sl]) tets [Sn])dl_mM



EEDbL n RKFIRZ MV dimM 2F 252 CT5E, M#E AG) 3T 55
R MV dmAG) & D FIRGE TS 0 REFTS dimA, B L0 I V() <
WY HFINRS M vdim V() & IR LT A 0 REFTH dimV 7B b6h 3.
Zhbit L BT unipotent T=AITHITH D LIERPLHNAE. Lo T,
{[A4QD)], ..., [A4a(n)]} i Ko(mod A) DEHEEICE S, ZDEJE% standard ba-
sis V), A M %, Ko(mod A) DHT stadard basis IZB L TH|~X2 bV
FRL-EED i BA% [M: AG)] TEDLY. R, IEE M @ (Jordan-Hélder)
MRS CBLn 2 BHINEE S() OBE [M:SG)] LEDLT. COLERBERA KL
WML, EA%ZLFIEVWLTHYRORDRILT 5.

Bernstein-Gelfand-Gelfand OREAR

[PG) : Ax(5)] - dimy End (A4()) = [V4(§) : SG)] - dimy End (V4 (3)) .

A k MRBIBAMETH B LT 5 LK dimy End (A4(5)) B £ U dimy, End (V4()) &
E1xL5D. F72 A5 V175 C(A) itdim P(5) * i FIBG L $ % n KIEHTH
ThHoHrhb, LROREARIL

C(A) = (dimA)*- (dim V)

WELONE, LLKETHBOTHIRE LT AN VTHIRATL THEZ E1Gn 5,

3

Pl Eead~7z 5 Eilenberg D& 2 TS b0 LHEREROUE L it
bOT, AEFCLBELNTVS [ER | HRITRXTCZ O/ ELES(bDTHS
(BEIWBR). &b, chbD [F2] #F D, Eilenberg KL 2HER S 54
LTVwRAWIEETUE, $XT—o0AXEBEAL TRLALZ EXGN S [8].
L7=25o T, ANVE VTR L TABRY, 4% TORZEIE Eilenberg /A2
DERLPEOLON TV Lo eTS2A5nb Lk, HHWiE, FOHBEATHE
TELON L, (72721, Wilson [7] DWIRDEZIZF Db DT, positively
graded algebra 2 YD L I KBI L v IFBLHCFCRTBY, BTTHAAT 2
AR S Wilson OB -4ER%2E L DD Wilson DEZFE2FAT 5. 1751
BEBELTWRE, ThECOMROFTRIFALZRLTHLLEE.)

A % basic ZTLHRE L, 1=, ¢; 2ERFBRFIETOME TS, T % radA
KEEINDEATTIVEL A%k ATEORRESG LTS, 2HTORFLXAL T,
PICIBT S BMIEEE S LRDb T I LICL, K020 %M: (C1), (C2) #E X B,



(C1) % i(<n) KMLT, Ie; 12 F(A) KBTS,
(C2) A DEITLX ML, [X]®1 € Ki(modA)®z Q 3 BARER

Iy (P(A)) ®7 Q — Iy(mod A) ®7 Q
DBICBT A5,
ZDEEA={L,....In} LB &, & (CL) XD
(Ted], .. [Tea]) = ([11], - -, [Im])A,

&4 (C2) &9
([5a], - .- [Im]) = ([Aed], - . ., [Aes])T

ERBIEFITH AT IEBONL, HNVs Y75k
(Aeil,. .., [Aea]) = ([Si), - - -» [Sa])C(A)
% B7: 1475 C(A) ThoHL, LizdaT,
([Tea, .., ea]) = ({S1], .-, [Sal) C(A)TA |
PELN, ESLRROBEHEIESID (LT E BN 2k SOBUAHET5) !
C(A/D) |

(dim Ae; — dim le;,...,dim Ae,, — dim Ie,)
(dim Aey, ..., dim Ae,) — (dim ey, ... , dim Te,)
C(A) - C(A)TA

C(A)(E —TA).

T 3.1 C4(I,A):= E— AT,
T 3.2 (C1), (C2) 2 &2 TH (I,A) 12X LTROERMNKILT S ©
det C(A/I) = det Ca(I, A) det C(A). |

R T oV TOROZOORITHAL 2 TH 5,
(C(A) C(A)F) E -T\ _{(C(A) 0
A E 0 E ) \ A E-AT)’

(CS\A) c(g)l‘)( 50 )=<C(A) -Gl c(;)r)

ENENTAOFTHIRE & hid,

det(C(A) — C(A)TA) = det C(A) det(E — AT),



det C(A/I) = det C(A) det Ca(l, A).
L7zdto Ty SOZ0ORXEHBL TRDMERIELNS.

BB LOEEE A QKRR IM LARMERE L T2V, KRATA RS
I, (C2) EBWTHBEMWLREZ2HEVH 5. SR

I ZFEORX,S. det C(A) #£ 0 %5 det Cy(l,A) = (det C(A)) " det C(A/T)
Ly, BARA CEFLEWEZ DT det C4(1,A) b filtration A IEF L %W
e, B. LrL, det C(A) = 0 DHFAIT det Ca(Z,A) 7% A KEKF LBV R
EIDRELEGP LR, :

COEBENPL, FETHLNTVS [Eh | FERFEDI I LTHLAL N
2T, Eilenberg DFA L EREROBEDA IOV THBAL THL,

3.1 Eilenberg DEIE

rad A OEMEAFH 5 % 5 filtrarion ¥# 2 %5. ADKRARTCRERTHLH LTS,
I'=radA L., L=radAe;, A={I},...,I,} £BL. COELEWHLNM (1,A) &
ZODREEHRIZTDOT, LOEEIRILT S, LA A/I(= Afrad A) 3B
MRS det C(A/I)=1. TLEREIN (A DKRRITGHHER%DT) det Ca(1,A)
HEHTHL., LidtoT, EROERE AN, X det C(A4) 1 1 TRiTH
ERHRVTENGND.

3.2 EREROGE

standard modules (Verma modules, Weyle modules) {Z & 5 filtration ¥# 2% %.
A ZHERIRIRE L. £ O standard module A(3) (0 < i < n) @ minimal projective
resolution %
0 = Py(5) = Ppey (i) = -+ = Po(i) = A(5) = 0

EBL (ARKRRTEBTHAC LIS, s s i KEETZ), cok
EHK0<j<siTHL IP() € F(Aig1,-..,AR) L% BT EDDRE (TOES
BR) DT, Cal,A) = (i) DEHF!L Y, EFDj <L ;i =0 L% 5. HU,
det Co(I,A) =1 BHL D THS. —F, REROEHEL Y A/ EBML O
TdetC(A/I)=1THb., LoT, BBI detC(4)=1 %15,

#) W8 0— N— P M- 0 % nonprojective A-IIB M @ minimal projective
resolution £ ¥%. CNEE M e F(AGR)U...UA(R)) %5 N e F(AG+1)U...UA(n))
Ths,
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Syzygy Modules and Minimal Injective Resolutions
over Gorenstein Rings

HKRE (EHXRE - #HF)

C OWEL T}, commutative Gorenstein ring ic B4 % Bass o {t 3
[3] ® non-commutative version ic>WT, BEB S hicfEor OFR,
BUSBIERTAINETHIILEEZEALTVABHEB YR L LW, Bass i
& 3 a B oE & o Gorenstein ring @ F % O JE a[ kK &, Auslander ic
0 20 FD EswiciRHEhTOAY, ZOWEBBAKCE LD
BiECch2, ABoRBEELELTR, 9B oBELS 54|, Auslander &
Reiten iz & % artin algebra O & O H %, £ 4 5 O noether ring
A~ O — it %k U noetherian O F & H O MM, ol T EBEL A
Th 5.

Notations and Definitions

BRexdlLT, 0> rR—>Ey > E — - > E, - - BEC
rAR® minimal injective resolution % %4 & ® & L, module Mic¥ L T,
% O injective, projective K U¥ flat(weak) dimension % & h & id(M) ,
pd(M), fd(M) T%+9. ®Eic, M minimal injective resolution i ¥ i3
3% n+1%% E*(M) ©% L, minimal projective resolution S # %4
% &%, Rk PP(M) &7,

E®/: BRic> 0T, id(rR) = id(Rr) =n © & %, Ro self-injective
dimension it n T& % & §\, noether ring Ri3z &R 75 self-injéctive
dimension % > & %, Gorenstem ring EEbh 3, QF—rmg it self-
injective dimension 0 @ Gorenstein ring ©% 5.

noether ring R, 2 n > 1 w>w<T fd(E) < i for any i
0<i<n-1)%2FLLTWBLE, R%left n-Gorensteinring &5 5,
right n-Gorenstein ring & G4k ic €& & ©v 5. 1-Gorenstein ring i3
ChIETQF3ring bt EbhT &, BEK, RER2ToOn>1kko0WT
n-Gorensteln T&% 3 & %, R*%* oco-Gorensteln &+ E 3.

n-Gorenstein ring O 213, Bass [3] ic W THE & h 7z T %72 Goren-
stein ring D FEAI#IR T, Auslander it & » THIH TEA & iz, Bass @
BREIA~NAMINLB boT, FoHFABKE2EI 203 BRD THRAR
CERDT, CRFOEREZRRTE L,




Theorem (Bass [3]) R*% w75 noether ring & L, {F&O%EA 77
W Picowt, id(Rp)<oo LIRETSE. Cok i, '

(1) injective indecomposable module E = E(R/P) with P € Spec(R)
cowte, ENFE; o EMEF & h(P) =

(2) fd(E;) =iforany i >0,
(3) id(R) < 00 ¢ Krull-dimR < oo, Z @& & id(R) = Krull-dimR,

JEAl D& ic b, n-Gorenstein property R B W B TELGX T
b5, ‘

Theorem (Auslander) noether ring Ric>\WT, RDELH REE
TdHd:

(i) Rix left n-Gorenstein;
(ii) RiZ right n-Gorenstein;

(iii) f£#& o finitely generated left module p X, {F&® k(1 <
R U Ezth(X, R) o {£#&® submodule Yricxt L T, Ezti(Y, 2, R
J <k

(iv) (iii) o5 ficBd 4 2 & .

kE<n)
) =0if

n=10EA& i3, Morita [23] BT Sato [28] . —AYDIBA DIEHI,
Fossum-Griffith-Reiten [11] ic$-> TW 3,

§1. Non-Commutative Examples

graded ring % F \» T, Gorenstein property % ¥ 4 % 5%, Roos
KE-THLNTWEDOT, TNERFIICARNS

R%xB, ¥ = {Z,| n > 0} % Ro additive subgroups ® ascending
chainl1 € £y C X, C - B¢ filter 45, R=J,,,En T, filtration
%% C Diyj for Vi, jFf s & &, (R, T) % filtered ring & v 3,
D& &, RO graded ring gr(R) = X0 ® L, /Zo @ Ly/21 & - 51 S
h3,

Theorem(Roos [27]) ‘

filtered noether ring (R, X) ic>Ww T, & ® graded ring gr(R)
HSE 1L noether ring ©, gl.dim gr(R) < co 2 54, gl.dimR <
T®H > T, RiZ co-Gorenstein & 71 3.



(1) K%k, A= Kz), -,z 2 n EHOFHEXNB LT 5L &, K-
linear derivations 3%1’ R 52—“ & zy,: -, zn i & % ring multiplication »s

BELHRELTAREALTED,

9 8 8 o

ziz; —zjzi =0, 92,03,  Ba, O=; =0 (i #J),
7] 7] o -8
L e =0(iL — i — P —— —
o (9&:_,' (92),‘ i (t ?é J)’ (9&:,' i i (923.’ 1

EVWHSHEX RS, BT, Iho 2nAORMEAKRTERENS
K-algebra %,

d 8
n(K) = T RS a0 T
A, (K) = K|z, z,] < 9z, os. >

©% L, Weyl algebra &0 3,

(Rinehart [25] and Roos [26]) {k Ko Weyl algebra A,(K) i
SN, o ' '

if char(K) =10
gI.dimA,,(K)={n if char(K) =0,

2n  if char(K) > 0.
#i, char(K) =077 5, A,(K) i1 simple noether domain .

b=, (1<i<n)&B&, a=(ay,,an), BueNEHLT,
9% =0,% 0,5, |a| = a1+t & T E,

Xk ={Z fa0%| fo € K[z1,--- ,24]}

|l <k

ik v, filtration & = {T4| k >0}, Do C B C---HAY, TRELS
graded ring gr(A,(K)) &, A Lo n ¥ HXRENR 5, #-T,
RoosowE®ic kb,

(Roos [27]) K»E¥ T4k 5, Ay(K) it co-Gorenstein .
Weyl algebra ¢k, FHAROWSEAREZEL LY, SERIEX

RIMEHEE A = K[[z1, -+ ,2,]] D52 H¥M & ¢ 3 K-linear differential
operators O p% ¢ & _ o

. .0
—.7,,(K)=K[[z1,---,zn]]< z )yt >
. 1 )

— 10—



PRk EAL NS, filrationbF L L > ICAD, KA KoEKXSENRS
¥, graded ring gr(Fn(K)) 3ALO nEKEHARE LB &i)u‘)f»D
gldim gr(Fo(K))=2n T& 3.

(Bjork [5]) K%ENMFTokstsLx, gldimF, (K) =n7T, Fn(K)
{3 oo-Gorenstein ,

Wi, A=Cln, 2} %, #ﬁiﬁ%ﬁom;ﬁmx&ﬁmm&.
A F o K-linear differential operators @ g% ¢ %

d 0
Dn:C{Zl)---,Zn}<a—zl’...’E

ftoWwT b, gradedring X A Lo n EREBHAR L b,

>

(Malgrange [22]) gl.dim D, =n T, D,z co-Gorenstein .

Roos ®5g® iz B\ T, graded ring o finite global dimension i3, finite
self-injective dimension it —f&{k & h 3%,

Theorem (Bjork [8])

filtered noehter ring (R, X) ic >\ T, % @ graded ring gr(R) #5 finite
self-injective dimension ® commutative noether ring 73 & ¥, Ri3 finite
self-injective dimension ¢, oo-Gorenstein ,

(2) RESBGBLOMMMEARR. CITl, HEEXRB0M LD non-
singular ZRYEHECEET 2. ERBOKOBEBERTOBHEL
EEsRL07C, RICEHUMD LiFs2&icd 3.

LT, ROBREDOTCiHELED B ¢

K: algebraically closed field of characteristic 0,

V: non-singular algebraic variety in an affine space A" (K) ,

A = O(V): co-ordinate ring of V, i.e. ring of regular functions on V,

A % ring multiplication i & » T Endg(A) OMAREABE S, &
D&%, AL Ao K-linear derivations it & » TH K & ©uic Endg(A)
DA THEE, VEORSERAREE (ring of differential operators)
LBV, D(V) T&Y.

e.g. Weyl algebra A,,(K): 4, V=A"(K) 43¢, A=0(V)=
K[Xy, -, X, #25, Dg(V) oxid B A £ o K-linear derivations
&Ly,

0 0
V) .
'DK( A<6z ’3:1: >= .A(K

H1t, Weyl algebra 23453 04 & L TEIET 3,



Dk(V)RBABLEOULRORVHBEZE > TW B,

Theorem(Grothendieck [13], Bjork [4])

KzE¥RoR¥IE#E&, V% Ko non-singular irreducible affine
algebraic variety &4 3 &,

(1) gr(Dk(V)) i commutative noether domain ;

(i1) Dk (V) it simple noether domain ¢, K-algebra & U CTHBARK ;

(ii1) gl.dim gr(Dg(V)) < o0}

(iv) gl.dimDg(V) = Krull-dimDg(V) = dimV;

(v) Dk(V) iz co-Gorenstein .

& & ¢, Krull dimension {3 Gabriel-Rentschler ¢ k& 2 & 0.

(3) (Levasseur [21]) K %46 & 4 5. GL,(K) R#HAR K[X1, -, X
R U, K[X1, -, Xn] LofEA#RE Iz Weyl algebra A, (K) 720 5,
GL.(K) &

6g(f(Xl)"' 1Xn))=g6(g—1f(Xl) ’Xn))
for Vg€ GL,(K)and V6 € A,(K)

Kk->T, Ap(K) efFAALT WS, 22T, GL(K) oA Gic & %
Ay (K) @ invariant subring A, (K)S%Z % 3 & &% 3.

cee, K=C&L, G2 GL,(C) oEBRYAE &4 5 &, quotient
variety C" /G | @ regular functions ® ##4 Bk C[Xy, -+, Xa]¢ 1 5.
cotE, CIXi, Xu|CLoWatA®RRN A,(C)° whsrnpo
MNE+HEER, G BBAITTHA I pseudo-reflection Z2EF KW & T
b 5. 128, pseudo-reflection & i3 affine space @ & % hypersurface %
RECTIRBEEROILTEH S,

CHNSOREDOTT, RBKIULT S :

(i) An(C)% it simple noether ring with the center C ;

(i1) A, (C)€ o self-injective dimension i n. L # L, global dimension
BEERTH 3 ;

(1) A,(C)¢ it oo-Gorenstein ;

(iv) Krull-dimA,(C)¢ =n.

Z & ¢ ® Krull dimension 13, Gabriel-Rentschler € #%ic k 2 & D,

(4) (k—5#) R%: n-Gorensteinring £+ 2 & &%, REOFBEXRKD
triangular matrix ring & n-Gorenstein .

2 R o triangular matrix ring © 3413, Fossum-Griffith-Reiten [11] iz
BRONTWEY, ~HORPTREPSHTVLD - 12,

T, ChEHEUUOMET, Lecture Notes [11] miBiF s h T3
I1>DRRPBRDTHDE L EBRRTHELWL (HFHiI L 3HH) .




Proposition 3.11 (p. 50) it BT,

“M»BHE RLE o bimodule ©, SR tflat &4 3%, L, trivial
extension ring R X M 5 n-Gorenstein 7% &, Ri3 n-Gorenstein ©& %.”
EFRLTWEY, CORMELT, n=10BAERLUTIARLTHBL,

C%* 1-Gorenstein T 7\ artin algebra, X = C® D(C¢), A =
Endc(X), B = Enda(E(A4)) & LT, (B,A)-bimodule E(4,4) ic &
23 A x Bo trivial extension A = (A x B) x E(A4) %% 3%, X0
WY AHH»oS, Al domimant dimension > 2 %25, 1-Gorenstein 725
5, E(Ax) i3 projective-injective, Eic, add(X4) = add(E(A4)) #2H
5, 2508 B& Cit Morita equivalent ©& », Bb 1-Gorenstein T7i
{, pt>T AxBd 1-Gorenstein T3, T, —fiic, BREO
module Mic >WT, add(M) T, M% & mod(R) © smallest additive
subcategory 2 %%. 4, E(A4) 8 A x B-module & L T projective ©
BHELRPFOMENS, A 1-Gorenstein TH S L ERT. TDOLD
{¢, A% triangular matrix ring

Ao [ A 0]
BE(As)s B
&% %, right A-module % triple
(M4, Np, f: Ng — Homs(gE(AA)a, Ma)s)

TE5 X 3. Co&k, right A-module Q4 = (E(Aa)a, Bp, 1B) i&
injective ©, P4 = (A4, 0, 0) @ injective hull i&

E(Ps) = (E(Aa), Homa(BE(AA)a, E(Aa)a)B,1B) 2 Q4

ER B S, Quik A faithful injective right ideal & 2 & & bdh b,
Aix 1-Gorenstein ThH 5 & EMRE& N1,

(5) (Ekstrom) B Ricxt L T, R[z; p, 8] % ring automorphism p : R —
R& Rop-derivation §ic X 3 Rt @ skew polynomial ring &4 3. R
finite self-injective dimension ® co-Gorenstein ring 72 &, R[z; p, 6] &
finite self-injective dimension @ oco-Gorensetin ring T& 3.

(%) B, = 3¢, Be' it X 3 Riz; p, 6] o filtration T = {Z,| n > 0}
b 51 54 5 graded ring 12, gr(R[z; p, 6]) = Rlz; p] &1 3.



§2. n-Gorenstein Artin Algebra(Work by Auslander and Reiten)

Zo§Tir, Auslander & Reiten OHE]2 o—WEANT LN, BR
{34 artin algebra & L, D% Ro self-duality &4 2. ¥ FH#{#H& LT,

Proposition 1 R* n-Gorenstein artin algebra &4 3 & &,
(1) P#s projective T id(P) =k < n iz ¥, pd(E*(P)) =k;
(2) E#8 injective T pd(E) =k < n 72 5, id(P*(E)) = k.

Proof: (1) P® minimal injective resolution

.fkl

O—FP—PEO(P) 1 Ek l(P) I Ek(P)—>0

TBWT,
0 # Bath(BH(P), Im(fe-1)) & Bath(E*(P), P)
s, pd(E¥(P)) > k. —7%, R n-Gorenstein 72 5, (F&D k<n
et L, pd(E¥(P)) < kT, - Tpd(E¥(P))=k.
(2) Rp ® minimal injective resolution 0 - Rg — Ey' — --- — E,' —

clkBLT, FE0 i < nwdLT, pd(E') < i #H» 5, injective
cogenerator g D(Rgr) ® minimal projective resolution

.+— D(E,")— --- = D(Ey') —» D(Rg) — 0

wwH W, id(D(E;')) <ifor any i<n. £-7T, E® minimal projective
resolution 0 — P*(E) 245 ... ZL PYE) 2 E -0, kBT, k<n
£ 5 id(PE(E)) <k. —%, 0> P¥(E) = P*Y(E) 223 Im(gx_1) —
0 iz Im(gr—1) @ projective cover i 5,

Batb(Im(go), P*(E)) & Eoth(Im(ge—1), P*(E)) # 0
<, id(P*(E)) > k. #-T, id(P*(E))=k. 1

ST, ERoRRO B IicE > notation 25 % 5, Q% Heller func-
tor, 15, module MicxiL T, Q¥(M), Q FM) e, zhZh Mo
k-th syzygy B Uf cosyzygy modules 2 %3, X, B Ricxt L T, mod(R)
{2 finitely generated left R-modules @ category 2% L,

Q" (mod(R)) = {C € mod(R)|

J exact sequence 0 - C' — P,_; — - -+ — Py with P; projective},



Q7" (mod(R)) = {C € mod(R)|
J exact sequence I,_; — -+- — Ig — C — 0 with I; injective}.

&4 3. Eiz, mod(R) o subcategory Ciz 3t L T, ind(C) %= Cielgd %
JEE B! 73 indecomposable objects B & L3 3.

Theorem 2 (Auslander and Reiten [2])

R% n-Gorenstein artin algebra & 4 3,

1) kD2 ->0RE0MIl—1 OMENRS 5 :

ind(Q" (mod(R)))\{P] P is projective indecomposable of id(P) < n}
kU

ind(2"(mod(R)))\{ E| E is injective indecomposable of pd(E) < n}
COMIBOTT, REKDILD:

${P| P is projective indecomposable with id(P) = n}
= {{E| E is injective indecomposable with pd(E) = n}

kU

t{P| P is projective indecomposable with ¢d(P) = oo} _
= {{ E| E is injective indecomposable with pd(E) = oo}.

(2) #FEDk<nizonT,
0¥ (mod(R)) = {C| pd(E'(C)) <i, 0 <i <k}
T, Zhid extension itBiLTPHLTW 3,

Theorem 3 (Auslander and Reiten [2])

R#% n-Gorenstein artin algebra &3 2 & &,

(1) E#3 injective indecomposable module ©, pd(E) =k < n i 5,
ES By

(2) P #t projective indecomposable module ¢, id(P) =k <n i 5%,
P S PH(D(Rp)) .



§3. Gorenstein Rings — Noetherian Case

Co§Tit, 2 0 RRUS TR~/ Bass o RBEDOBEEL T
FJER] ik noether OB & KK I s h, TLT O LI HNHEBERES
EiohadahbieR~3b.

ZXATVWHHE
R % self-injective dimension n @ Gorenstein ring &4 %,
(1) Soc(En) #£072, 320wk b > & Soc(Ep) it Epic BT,
essential i ?
(2) Eno BRIRTF % ¥ 84T 5
#ic, E,oFROBEMERF Eic>wWT, pd(E)=nh»?
Eiz, &L R n-Gorenstein 5, & E;(0<i<n)oBEMEF
THREMTEIEENS D0 ?
(3) £ & @ injective indecomposable module Eic>WT, Eitd 3 E;
OHEHMRAFERDLH?

BE(1), (2 keowT _
ME Q)R Q2 i20T, ROMAWBIEREE 3.

Proposition 4 R% n-Gorenstein ring # - self-injective dimension
Bn LRETSE,
(1) BEpogg&oEEF FicoWwT, pd(E)= fd(E)=n.
- T, pd(En)=fd(E,)=n.
(2) Soc(En)#0.

Proof (1) exact sequence -
(* 0— Kn-1 — En_1 — Ep — 0 with E(K,—1) = By
lCiSL;'C, ECE, = En—l/Kn—lﬁb’ 5,
0 # Exth(E, Kn-1) & Ext%(E, R)
Li2b, pd(Ey>n. —%4, id(Rg) =n» 5, pd(E) <n Tk 3 (17,
Proposition 1.1]) . & » T, pd(E)=n.
®ic, fd(E)=n%Rd. EREBEHELTO—RBHEELRDRWSL S,
E=E(U), RURHEBRAER, &£&FbL TH . exact sequence (x) %, &
BERUCE,®E, /Ky 1icoWTHW3 &,
0 # Ezth(U, Kn_1) = Ext}(U, R)

/5, ¢, 0—- Ry — E()’ — . = En’ — 0 % Rro mini-
mal injective resolution & LT %< &, [[,2, E;' it cogenerator T, pU



HRERIED S,

n n
0 # Homp(Ext}(U, R), [] B') 2 Tor®(]] E, U)
i=0 i=0
~ TorR(E,', U)

%12, B oFEIZ, R n-Gorenstein th 3 &b o¥hh 3, R,
0—-U— EU) - EU)/U — 0 (exact) » 518§ 5>h % exact sequence

Tor,%1(En', E(U)/U) = Tord(Ey', U) = Tor{(E.', E(V))

wBWwT, fd(E,) < n (17, Prop. 11]) &b, Tor R, (E,', E(U)/U)
=0. —%4, Tor®(E,', U) # 0t 25h 5, TorR(E,', E(U)) #0.
ko, fA(EU)2n szt n, &R fAEU)=n%285.

(2) bLn=0%5%, REQFring Z» 5, UMFn>l& LTI\, %
T, Soc(Ep) =0 LiET 5&, Eg® - @ E,_178 cogenerator i s
255, Ea3[[(Eo® - ®FE,—) KEMEFELTHE®DAEHN S, CO
L, fd(E,) < fd(Eo® - -@®E,_1)<n&ixh, ChRFETH 5.

il BA (1) bS8 5 3R S :

Proposition 4 oftiic, Soc(E,) # 0 SEEHBIBE 2R ICIBT 5 :
(i) noether rings of finite global dimension ,

(ii) FBN rings,

(iii) self-injective dimension < 2 (Hoshino [15]) ,

(iv) Gorenstein orders in the sense of Nishida (Nishida [24]) .

T 2) lE o
Auslander-Reiten @ # % Theorem 2 {3 noether ring O & ic b RO
TR T 5.

Theorem 5 (E%) R% co-Gorenstein ring &3 2%, E fd(E) =k
1% % injective indecomposable left module 72 51, Ei Epic EMAF &
LctEbAEh B,

B (3) £EoWT

OB WTH, $RRBEALEDD > TR,

(1) (B%H [15]) self-injective dimension < 2 @ Gorenstein ring ic
DVWTRKRYLT 3.

(i1) R#5 self-injective dimension n ® n-Gorenstein ring 7% & iX, Propo-
sition 4 T X - T co-Gorenstein 72/ &, Theorem 5 2 FHHHK 3. * 7,
{£ % o injective indecomposable pEic >\ T, [17, Proposition 1.1] ic
b, fd(E)=k<n &ith, Theorem5ic k-T, B EyoEMEFic



EX. &ic, f£& o finitely generated R-module p M iz 5T, uniform
submodules Uy, - ,U; ¢, Uy @ --- ®@U; i M D essential submodule &
RBELONEHETS. Co&k, & E(U;) i injective indecomoposable
o, Eo, o, Ea0 Eh 0EMRF AR, £- T,

M CE(M)=EU)® - oE(U) = [[(Eo® - & En)

g, RXxOSET, Eo® -+ @ E, s finitely embedding cogenerator
ThdHIEERT. '

§4. Left-right Symmetry of Self-injective Dimension

self-injective dimension D EH Fftkic>wT, chETcrBoshTW
BRBREH>PBRRTHSB., TR, artinring e LTEATH S &
THAH5%, ROLIRHMBELIERTIERHRMNE 5.

BE

(1) noether ring Ric >\ T, id(rR) < oo & id(Rg) < 0?

(2) n-Gorenstein ring Ric 2T, id(rR)<n & id(Rr)<n?

BER
(i) (Zaks [33]) noether ring @ self-injective dimension HEH & 5 5 b
fFRIZOE, Thol—RT 5.

Proof: R*% noether ring & L, id(Rgr) =m, id(gR)=n & BT,
EE 5 ERERET 5. [17, Proposition 1.1] & b, flat dimension s
m @ injective left module ERHFEZE L, & @ & & Proposition 5 ic & b,

m=fd(E) <pd(E)<n. 1

(ii) (Hoshino [14]) R*% artin ring T, oco-Gorenstein & ¢ % &,
id(rR) = id(Rg) .

(iii) (Fuller-Wang [12], &k, E%) R*%* noether ring T, id(grR) < 0o
&5 LE, RIBEIE:
(1) id(Rg) < o0, (2) rFPD(R) < oo, (3) IFID(R)< oo .
T, k
rFPD(R) = sup{pd(M)| M is a right R-module with pd(M) < oo},
IFID(R) = sup{id(M)| M is a left R-module with id(M) < oo}

LED B, U6~ T, RAsfinite type o artin ring 72 & if, id(gR) = id(RR).



Proof: (1) = (2). M5 pd(M) = d @ right module 73 5,
Ext$ (M, X) # 0 &3 % right module XpEHEF 20T, 0 X%,
F— X — 0 (F free) % LTH I, exact sequence Ezth(M, F) —
Eztb(M, X) > 0%185%, -7, Extq(M, F)#0 &1y, id(F) > d.
Z & T, R noetherian #2% 5, id(F) =1id(Rg) T, &R pd(M)=d <
id(RR) .

(2) = (1). »FPD(R) = m, id(pR) = n &4 5% &, Rpd minimal
injective resolution

0> Rp 2% 114 - ﬁ"Ii_’IHl_’

wBWT, fd(;) <nforVi>0([17, Proposition 1.1]) & v, fd(Im(f;))
< oo. & - T, Jensen [18, Proposition 6] iz & v, pd(Im(f;)) < oo,
M5, ®EL Y, pd(Im(fi)) <m. #- T,

Extp(Im(fm+1), In(fm)) & Bat"G (In(frm 1), B) =0
& 13 b, exact sequence
0 > Im(fn) = Iy = Im(fru41) = 0 with E(Im(f,)) = Inm

Beplit 48 c&ichoT, Im(fngr) =0, M5, idRp)<m%2E5.

(1) = (3). id(rR) = id(Rp) = n &4 5. Nisid(N) = d o left
module %3 5 ¥, N ® minimal injective resolution 0 — N — E°(N) —
o > BYN) > 0BT, fd(E'(N)) <nforVi, X-7T, dimension
shifting iz & v, fd(N) < n ¢, Proposition 5 £ v, pd(N)<n %218 3.
% 2T, No projective resolution 2# % %5 Z &ic kv, id(N) < n
HBhrhsd,

(3) = (1). id(rR) =n, IFID(R) =m &% 3. {FE®D injective left
module E{cxf L T, % @ projective resolution

- i+1i"Ps'_’ L-)Poﬁ-)E'—>(]

22 5&, dP)<nforVi>0#£» 5, idIm(f;)) <oo. &- T,
R &b idIm(f;))<m. #- T,

Extp(In(fin), Im(fm41)) = Bzt (B, In(fmt1)) =0
&1 b, exact sequence
0 = Im(fim+1) = Pm+1 — Im(frn) — 0

wsplit$ 22 &icit-T, pd(E)<m, b, id(Rg)<m. 1



(iv) (Hoshino [14]) artin ring Ric> W T, id(gR) <1 & id(Rg) <1.
(v) R9EE (2) it artinring ic L T, HEMNTSH 3.
Proof: id(Rgp)=n b, Eg®- - @ E, it cogenerator T4 v,
ICr: Esthy(C, B)£0. %o,

0 # Homp(Ezt%(C, R), Eo®-- @ E,) 2 Torf(C, Eg® - - @ E,)
&~ Tor®(C, E,)

Ens07w, pd(E,)>n. —%, Rid artinian R0 T,
. n=id(Rg) = sup{pd(E)| rE is injective.} > pd( E,)

Lix-T, pd(Ey)=n. % - T, Rid oo-Gorenstein & 73 b,
id(rR) =1id(RR) . Il

§5. Nakayama Conjecture and its Surroundings

self-injective dimension it B¢ 2 B icit, duFHEEE B $ 2
bOoNHA0T, CofTRPILTFHEY K ohoTFHIEDVWTHRRS,

T, by,
Nakayama Conjecture(NC): R#s artin algebra ©, 2T E; (i > 0)
2% projective 13 5 i¥, Riz QF-ring »» ?

iz, Gorenstein ring icpi4+ 540 & L T,
Auslander-Reilen Conjecture(ARC): artin algebra 5 co-Gorenstein
135, % O self-injective dimension 1 E R » ?

CoFHE, diiFHEREBRZZo—R{LEhicBoduhiFHO
thiichiET 5.

left Generalized Nakayama Conjecture(IGNC): RS artin algebra o
& &, [l;>o Eiit cogenerator 7 ?

ChidREFEMETSH 5 ¢ Afinitely generated left moduleMic >\,
Ezthy(M, M®R)=0forVi>1 & 5, Mk projective i ?




GNCihEiMmWEoTHEL T,
left Strong Nakayama Conjecture(ISNC): artin algebra R |- o

{£ 7 @ finitely generated left module M # 0 &ex¢L T, 3i>0:
Eztl,(M, R) #£07

% { » 5 & % homological problem & LT, RREFLTEH 3.
left Finitistic Projective Dimension Conjecture(IFPDC): artin ring R
i22>WwT, IFPD(R) < 00? ‘

DEob->oFHREROL I BABMERICS 5
rFPDC —> ISNC = IGNC = ARC— NC

PDPFiccoifiEEX X9,

Proof of rFPDC = ISNC: rFPD(R)=n< oo &4 %, M% finitely

generated left module & L, Ezth(M, R)=0forVi >0 L{HET 3.
o,

R LN LRy NELNy NELNY ¥ Ny
%, & PSERERTH % & 51 MO projective resolution & 4 4113,
Zhic R-dual —* = Hompg(—, R) 2% C &ic & b & 54 3 sequence
* * fl. * fQ. fm+1‘ »* fm+2. *
0=M*>P*'— P> -+ 25 Ppp" = Im(fiag®) — 0
it exact ¢, & P;*z b finitely generated projective. & - T, Im(fn42")
O projective dimension 1 HFRTH 5 M, HEILID AR nLUTTH
25 5, Im(f2*) i3 projective & 12 b, fo* : P;* — Im(f2") i3 splittable
epi. ft- T, fi*il splittable mono & b, commutative diagram

fn**
P]_** Pott

| E

Pp — P
S

BT, fi*"id splittable epi & 72 24 5, fi b splittableepi. Chid
M=0%g%7%. R



Proof of IGNC = ARC* [l;5, Eil cogenerator T& 35, {E&

@ injective indeécomposable left module Fizf LT, F &, E; for some
t > 0. o, ¥E%E I injective indecomposable module 1 % R @
LR s, pd(E) < n for any injective indecomposable module E
E B n WEETS. #-T, id(Rg) < n ([17, Proposition 1.1]) &,
ElEgic id(gRR)<n t&bhh3. 0 ’

Proof of ARC = NC: £ T o E;# projective & {RE$ % &, Rit
oo-Gorenstein #2» &, finite self-injective dimension n(say) % # .
C® & %, pRO minimal injective resolution it BWT, BEH E, b
projective 7255, Chidn=0%&FKkL, Riz QF-ring. 1

§6. Another Topics

(1) Holonomic modules

R*% global dimension n (< c0) @ co-Gorenstein ring , M % finitely
generated R-module &4 3 &, Exth(M, R)#0 &3 j(0 < j < n)
BEET IS, TORNOKME j(M) KT, oL %,

Krull-dim(gRM) <n —j(M) < gl.dimR

MEKILT 3. £, j(M) =n &1 % finitely generated R-module M
% holonomic module & 1£5:, o &%, KrullldimM =0#5»5, Miz
finite length % #->. holonomic module B{EEE - R - A& It & 25T
RS FEAROHEAGTRABRAEREAG L CHERBHER T,

b L, rS# simple module 125, j(S)iR S — E; & B2 B/HhOES
jEEW%T 3. Bjork ik, R = A;(C) ® & &, £ T D simple R-module
it holonomic »? , &> EERESE L7, AL, Stafford [32] i,
ROE5L, —#0 A,(C) k¢ KrulldimM = 04225, j(M)=1&%53
finitely generated module-M & #m L TWw 3,

T, ikt R=A,(C) &4 3. M holonomic left R-module 73 &
¥, M! = Ezt%(M, R) & X holonomic right R-module ¢ b, (M)} &
MBI+ 3. #t>7T, M — M! i3 holonomic left R-modules @ abelian
category b 5, holonomic right R-modules @ abelian category ~ @
exact , contravariant functor & 75 3%,

BIEE: C ® X 5% functor it, & - &—A%ic finite self-injective dimen-
sion @ oco-Gorenstein ring L B WTHEELRVWH?



(2) dualizing module o 3t & # BX B

"Bk Tk, Gorenstein ring 2 & #4 & L T, “Cohen-Macaulay
ring” L WHSEERMBO class 85 b, MEEE LT “dualizing module” &
WHOSEBARCOBEEEMITZbOE L THREANT %4, Auslander-
Reiten [1] T3, < OJEAIHRR D artin algebra o3t L TEME TV 3
o7T, PLAMNMLTBL. MK, €8 5% noether ring LT & B R
5315 THILEBEHROEKRSIMBETH S LEbN 5. artin algebra
R#s Cohen-Macaulay ¢4 % & i3, R-bimodule gwpt, WoOL#E*%
et bOBERETEIETH S :

1) functors wg ® —, Hompg(gw, —) : mod(R) — mod(R) # adjoint
pair ,

2) Zh 5 2 oo functors i%, finite injective dimension ® modules K ¢
finite projective dimension ® modules ® ¢ subcategories D[ D equiv-
alence ¥ <, # T, I D%&M4%FK 17 bimodule % dualizing module
& 23 A .
COBER, ZRRORBGTEEDKRE R/ L “titing module”
CLEELTWALLBROERDPODOP B,

Proposition 6 artin algebra Rt @ bimodule pwr# dualizing
module T & 2 NE+SE&H, wi left RO right module & L T,
ROEZEBEEFTRITIETH S

(i) Extiy(w, w)=0{orVi>0,

(i1) id(w) < o0,

(i) £ o finite injective dimension ® module Mz 33 L T,

0+ X, —-—Xo— M—0 with each X; € add(w)

& 71 % exact sequence BEHET 3,
(iv) R > Endgr(w)°P canonically ,

BEHERELT,

Proposition 7 R%: artin algebra, gpwp*% dualizing module &4 3
& &,

id(pw) = id(wg) = IFPD(R) = rFPD(R)
MR Y Lo,

dualizing module % fJ \» #z Gorenstein ring O 8 ffi1y & L T,

Proposition 8 artin algebra Ric> W\ T,
R Gorenstein & gHRp#$ dualizing module ,

BifE: Propositions 6 ~ 8 %, noether ring ic KR KT VWD 2



) B Dr(V)igoWwT

Slicbswnt, K¥E¥So& T, Vi KL o non-singular variety o
Baww, Dr(V) eo vt~/ s, EEROEKRK singular variety i
D2WTALAIMATEL. 7, EHBooBELSALHIERRKR
RoEHRIE, FERoKicH L TRBEABRESVWOT, —BNEBEEE
EX50END 3,

K% a iR, A%xn#il K-algebra, M%* A-module & L, Endg(M)
KRDO XS LT ARk A-module oBEEAN S ¢

((a ®b) - @)(m) = aa(bm) for a, b€ A, a € Endg(M), m € M.

X, p: AQx A — A%, u(a®b) = ab 75 3 multiplication map &4 3 &,
Z fvi K-algebra homomorphism @, % @ kernel J i {1®a—a®1|a € A}
THEFKENT AQk A D ideal T4 3,

E#8 (Grothendieck [13]): n > 0L T,

D" (M) = {& € Endg(M)| J"*! . a =0},

Da(M) = | DA™ (M)
n>0

EED .

CDEE, REKRHID.

(1) DA™ (M) i3 Endg(A) ® A ®k A-submodule .

(2) Da™(M) C DA™ (M)

(3) aeD(M) & (1®a—a®@l)a=aa—aa=0forVacA.
(3) it, Endg(M) ~d A®g A-action DEH i &, D4O(M) =
End,(M) 8%+ 2t 3WHbTH2. X, BROSEKY

D4™(M) x Dp"(M) — D™ (M)

*5X 507,
(4) Da(M) i3 Endg (M) o K-subalgebra
THHIEbbhd, £2T, IO MORBERABER &IF 3,
HIRRMBRILY 5 : :
(5) DA™ (M) = {a € Endg(M)| aa—aa € D, (M) for V a € A},
(6) X = {Ds"(M)| n > 0} % filter & L 7 filtered ring (D4(M), X)
» & graded ring gr(D4(M)) BB >4 3.




ZLTHEERILR, & KOBEBBTORBNWAKLT, ABKED
non-singular affine algebraic variety V @ co-ordinate ring o8& 12 i3,
Da(A) #8 A R A © K-linear derivations Derg(A) TR & 3 T &
T, BIcEH#LLDk(V) & —KT3,ThH3, 22T—Hkic, K2R
MM B, V% algebraic variety in A"(K), A % V® co-ordinate ring
43L&, Dg(V)=Dy(A) LKL, ChE VORSEARREITS,

moP TR, EREOEMHMIEXR variety 5 singular O & &,
¥ E T non-singular variety OB A OZR R UHUERLTWS,

Example(Bernstein-Gelfand-Gelfand [4])

V= (o, 2, 20) € €O 2304 2302 0]
&4 % &, De(V) i noetherian T2 ¢, algebra & LT b HMRARK T}
LWy,

Theorem(Smith-Stafford [31])
K: algebraically closed field of characteristic 0,
V: irreducible affine algebraic curve on K
42 &, Dg(V) i2 finitely generated K-algebra & 73 ©, noether ring
Th3b. Hic, ‘
Dk (V) # simple ring < Dg (V) 5 hereditary .
-7, Z0&x Dg(V) ik co-Gorenstein .

Theorem(Chase [10], Smith [30])

K: algebraically closed field of characteristic p > 0,

V: non-singular irreducible affine algebraic variety over K,

A: Vo co-ordinate ring
EFTnLE, Ay (n2>0)% {a?" | a € A} THEB &1z A © K-subalgebra
t45E, AR AEBT, REKILT 3.

(i) progenerator End,,(A)-A, bimodule A i k b, Endg, (A) i3 A,
iR HEEE,

(if) Dr(V) =UnZ, Fnda,(4),

(iil) Pk (V) i3 simple ring ,

(iv) gl.dimDg (V) = w.gl.dimDg(V) = dimV,

(—#%ic ik, Dg(V) id noetherian iz & domain iz & 73 5 73 \,)

BifE: togBicbd 38 E T, Dir(V) # co-Gorenstein & 733 Vo
FlERILRS &,
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On projective modules over group algebras of
p-solvable groups of p-length 2

Akihiko Hida
6 808 5 (44 k% AER ARAEAAR)

1.Introduction

Let kG be the group algebra of a finite group G over an algebraically closed field &
of characteristic p > 0. All modules are finite generated right modules. Let J = J(kG)
be the Jacobson radical of kG, ¢(G) be the nilpotency index of J(kG) and I(G) be the
augumentation ideal of kG. For a kG-module V, {(V) denotes the Loewy length of V
i.e. the smallest integer I such that VJ! = 0 and L;(V) denotes the i-th Loewy layer
VJi=1/V J'. Furthermore Pg(V) denotes the projective cover of V as a kG-module. For
a subgroup H of G and kH-module W, Vi denotes the restriction of V to H and W¢
denotes the induced module W ®ix kG.

Let N be a normal p-subgroup of G. Then any simple kG-module V is considered as a
k(G/N)-module. It is known that Pg(V) and Pg/n ® kN have same composition factors
where kN is considered as a kG-module by conjugation([1]). If G = N x H (a semidirect
pr‘oduct of N by H) it is easy to see that Pg(V) 2 (Pg(V))? = Pr(V)®k (kg )C. Suppose
that H is p-nilpotent group with Sylow p-subgroup D and normal p-complement @. Let
V = k (trivial kG-module). Then Py (k) = k(H/Q). Consider the filtration

PH(k)=WQDW13"'DW¢=0 V(t=t(.D))

W; = Pg(k)J(kH)'

The final version of this paper will be submitted for publication elsewhere.




Wi /Wig1 & (dimi I(D)' /I(D)1)k.

Then
Py =W oW o...owWf=0

W WS = (dimeI(D) /1(D) ) (ke)°.

In[5],M.Lorenz showed that {(Pg(k)) = t(D)+I((kg)¥) — 1. As remarked in [11], it seems

that the Loewy structure of Pg(k) looks like

(ki)
' (kx)€ ...

(ku)®

In fact we have the following formula (Theorem 1),

Li(Pg(k)) = @ (dime(I(DY /I(DY 1)) Li—j ((kx)F).

i20

Some examples are found in [3],[6],[8],[9],[10],[11].

2.The Loewy series and the Loewy length of Pg(V)

In this section we assume that N is a nomal p-subgroup of G.

THEOREM 1. Assume that G = N x H and H = @ } D where D is a p-group. Let V be

an irreducible kG-module such that Vg is irreducibleand projective. Then

Li(Ps(V)= @@ (dim(I(DY /I(DY*1)Li—i((Va)®).
0<j<t(D)-1

ProoF: We shall follow the argument in [5,§2]. Set

X =(Va)®

Y = (kno)® = k(G/NQ)



for m,n,I > 0. Then Pg(V) = (Vo) = X ®, Y. It suffices to show that
(X @ V) D XJ' @, YJ/ for i, > 0. We proceed by induction on i. Suppose
that V belongs to the block ideal B of kH. It is well known that B & Mat, (kD) where
n = dimyV (cf.[7]). Since V@, Y = Py(V) we have V@, YJ(kH) = (V ®; Y)J(kH) .
Hence (X ®: YY)/ D X®,YJ(kH) = X ®;, Y J’ and this proves the case i = 0. Suppose

i > 0. By induction we have

(X @ Y)W D(XT 1@ YI) T+ X1 ®, Yt

DXJ @Y J.

Let A be a finite dimensional algebra over k. An A-module V is said to be stable if its

Loewy and socle series coincide, i.e. VJ(A)" = Soc;_n(V) for any n > 0 where | = I(V).

LEmMA 2([4]). Let A be a finite dimensional symmetric algebra over k. Let P; be the

projective cover of simple A-module S; (i =1,2 ). If P, is stable and S, is a composition

factor of P , then l(P) < I(P2).

Now we return to group algebras. We set gr(kN) = @, I(N)'/I(N)'*!. Then G acts

on gr(kN) by conjugate. We state some results on Loewy lengths of projective modules.

ProPOSITION 3. Let e be an idempotent of kG such that J(k(G/N)) = eJ(k(G/N)).
Then

(@) = I(ekG).

LeMMA 4([5,COROLLARY 2.6]). Assume that G =N x H and H =Q X M where Q is a

p'-group and M is a p-group. Then

I(Po(k)) 2 1(M) + (N) — 1



and the equality holds if and only if gr(kN) is semisimple.

COROLLARY 5. Suppose that G = N x H and H is a Frobenius group with kernel Q) a
p'-group and complement M a p-group.

(H(G) = [(Pa(K))

(2) ([5, Theorem 2.7]) 1(G) = (M) +1(N) — 1 if and only if gr(kN) is semisimple.

(3) Suppose that Pg(k) Is stable. If V is a composition factor of Pg(k), then I(Pg(V)) =
1(G).

Finally we give some sufficient conditions for Pg(k) to be stable.

PROPOSITION 6. Assume that G = N X H and H = Q X M where Q is a p’'-group and M
is a p-group.

(1)([2][4,Proposition 1])If P is a p-group then kP is stable.

(2)Pg(k) is stable if and only if (kx)® is stable.

(3)If gr(kN) is semisimple then Pg(k) is stable.
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n

f(:v,y) = Za;(ay + b:l:s)i(c;p + dy)n—z

1=0
L[] 14 X585,
Wil m > deg f(z,y) +2 £EFBE fla,y) OEN (1) TH (2) THHFNESTE
Kz, yl/(z,9)" 2y - [(z,y)) BIFEXREHN EZTERTSH 5,
#i 3. EHE 4105
K[z, y)/(zy - (e + 2® + 4*))

P BHE TR I N ERBIT S TR TROEI OIS,
BTt > 7. g(z,y) € (z,y)8 F% (2,y) OBRELELSET S &

Klz,y)/(zy - (2*9® + 2 + v* + g(z,v))) + (F) + (2,)"
WBIEIEREUT X Z LB TH B 2 Ehbdh B,



4.2. 2EBOHEE., 2KROHEDPONELTIERPHT SZITTIRTH S 2 ENNREE J]
~NBEHETHESAMTE B, FERAEROICE T HRROFETH o

EH 4.2 f(xy) %ZE(@IE’&%’DHH&&\ BB fa,y) € (0,9)°T fa, l)¢(~‘l'=!/)"’<‘:'5'
b0 ZOK R = K[u,y)/(f(2,y)) liﬁﬂﬁéhtﬂiﬁﬁﬁ%%mffi)%o

% 4.3 (Zeng [11]). f(a,v) %: 2ROPFEFEOEZEFEA. AIH f(a,y) € (2,y)* T f(e,y) ¢
(0,9)2ET 3, ZOR R = Klz,yl/(f(z,) + (z,y)" (SEEDOHBRE n I D2WTIEKRE
fT&ZTTRETH 5,

5. ’rﬂl@fb%

5.1.‘ TH. Belzner a.nd W. D. Burgess and K. R. Fuller and R. Schulz [1] {Z & > TR D
& D ISR OIFERB AT S RAALTTROFIDIEN TIN5,

Ha, )/ (2% oy, ya™ 2 — 4%, vz — o)
5.2. :‘:Eﬁ_.ﬁ;i)\ 5 A HESSE] K[ 7] &Y rational singularity @ {) ERD L D ILHREIER
ZHLU T3 c‘:ﬁZ_T]ﬁb\ﬁ_o
K{z1,...,z.]/(f(21,- -+, 20)) ﬁ*ﬂi%ﬁéhf:ﬁ&zﬁﬁ%zm BThLNE+SEMEE

of of
fE(a—zl,.. a:E).Kll 1,...,.’Ln]I

#WITHETH S, HU. (7] TRILGRINICIEREN L URICHYT 28E% QH
(Quasi-homogeneous) &EZH L T 5,

5.3. MNEEFRETK GEUD 6] TN OIDWTRIEEL TS,
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Nakayama PH# & KREOOF—#F O HE 20T

BRI T2 A % KT B

C§L. Finitistic dimension F4 & —#{L&hk Nakayama T4

COHMETE 80 BBRVT AW K K Lo HREAZEZR LRET
3. AREeOF - CRHESFHULRLODHEHBEIZLTERY RO -
Finitistic dimension TH BHL< D2 Oh TV 3, IR

r Sup {proj. dim XA} < J
X € mod-A |proj.dim XA< ®

BEITE2EFTIOTHS. T mod-A XHEREM A-EME 280K
ZEREKRL, TZESOEIN A O Finitistic dimension DEHETH 3.
- —75 M. Auslander & |. Reiten & 19754F [3] i Nakayama Fifl
[10] DRD & > R2—#iL BFoTW 3.
FS 2EBOHEMR £ A-BEE L

0—>AA—>|0—>|—>|—>---—>|.—>~-~ (1)

1 2
2 NOBNAHABRET S, OB BHREH | BEELT Scl; ¥

BT 3. 1 ‘
KIBAWL 20 —HBlXhzNakayama FHH 8 Finitistic
dimension ¥ HhoHHOh I ERRFS.
IS HE A A-MBE S KHULT S ¢ i ¥i=0,1,2,..., &

RET 3. WBCnﬁEnk&Mw,W=OJJ“”,ﬁﬁﬁb(h%t

ﬁti%:tf@%w,ﬁmsu#ﬁﬁwﬁao,mﬁ@m)=mmwm)=

0 TH5%. WE 2
d d d

— e e— P J—»—» P1 1—» PO 0—»

] S —0 (2)

A
2SO BINIENR L35, KE & Q) OxeiLY

[dO’A] [dl’A]
-0 > [S,A] > [PO,A] = [PI’A] —. .. [PJ’A] —e e (3)

WELIITHS. BU [P A 1E Homy(P,A) BEHKT LD T 5.



EIZ[S.AJ=0 &9

[d,,A]
0 _’[PO)A]A - [Pl’A]A ... [P‘]’A]A e

efd. ®->7T proj. dim Cok [dj,A]ASJ' TdA5H, Finitistic
dimension ¥ BETHAEIRETHhIL, X5 B m I U T Finitistic
dimA, =m CEFB. ¥ Cok [d Al OBNHESBEEX LU
[d),AT W split 35, AP BN THINS, BU [ N] 2 B) &
MERW (2) & B3 d B osplit LTV B3ZERRE. Chid () ©
BMIREKUFPETSH 3. :

BFoUBRAKIXORERFHEEBZ DL, .

FA-mod @ HrEmBE (generator) AM LT Extl'\(M,M) =0,
Vi = 1,2,..., BELTHAEL M EHENTHE.
COREHOIEHEIEROLS>ZRENh S,

WA, (OFISop) Ik ADCA) = HomK(A,K) W A-mod @ A G54 RUNEE

(injective cogenerator) T»%. f->T AM O —D OAHSBELT

n n
1 2

AEBOW M, W M BERMBTSZEVSEED S HEHERY BD
En%mm=0,ﬁ=1J““mei?6tm5ﬁim6
n n
1 2
0 — 4A = ,[uM M1 — T,[M, DT — T,0M, D] —- -

BE2THZ. F& ,[M,0N0] = D00, N, BEEMNTS 305
IOT SN T R
nl n

00— A =T ,0M =T ,0(M) —--- <y

& A DAHSE, TUT M) RRhZEANFORUEOEY 2TO
B A-MBOAMUEOBRZ—HIZpTELN A HUT—#KILXhr
Nakayama ¥ OB OuTREDS. Fhid X AD(M) M A-mod ORE
BMBFECRZPEH, W5 M, 2 mod-A OEBMBLCRIDEDERRETSH
3. BEREThRIHRBEERC LY, M PHENTHIPEPEAETH 3.
BB Ext,(MM) = 0, Yi = 1,2,..., Rl EBMB M SHEHRE
E& A= EndA(M) WHUT—{kXh’ NakayamaFH &8 BT 32&en
FAET® 5. '
ZCTEHEBEUTRBZREVOUER2S (4) S



End A

End,(0(1),) DM =
BYT 5. ORI A H R mEE (<=> D(M)A B S i 2
(cogenerator)) Th<&d A Cresp. D(M)A) B FE (resp. A§IHY) T
hir 9%, Cf. Lambek [8], Tachikawa [16]. -

ETLik®D Auslander-Reiten O FHHIL BV T M = AA eAD(A) BT
2% (17l © XOoFH | ¥ Boh 3.

THochschild cohomology group H'(A) » ¥¥ Yi = 1,2,...
FRAE A BHEITORZI XS RR, b BCAHSIR
algebra), B AN A T EUTAHBTHS. 4

' . XU
(selfinjective

W 1 ExtpCA @ DAY = Exth(DCAY,A) = Ext/i\e(A,HomA(AD(A),AA)) g

Ext! (Adoh) BB TEDSTESE. 22T A=A, A Wt A O
A
opposite algebra T3 3. RBEHROBERL HomA(AD(A), A)) =~

Homy(\DCAY, DCDCAAYY) = DC,D(A) © DCAY,) = 4A @ A, DB WD .

DVLTR ARETONRDY AR KRHT £H [17] OFH 11
S IARETIONZIZAERREL, X RHEREM A ¢T3
Exta(X,X) = 0, Yi = 1,2,..., BhiE X GHEMBERS. 4
kBB, M=AeX rBUINERVIS>TH 3.
BesBoAx [91,[151,[17],[21] R k> THBEh TV R LD

FH I, 1| DREATOERRB A, 2TO# IR 2 I AR LOME X
HURICETEZICEE dEdbE D Nakayama®d FH
r 0—>AAA—>0,0—> Ql—> Qz—v —»Qj—v--- (5)

&ﬁMAmH¥MA®E¢AﬁﬂMt¢U,iwtmajwﬁ%mAm-
HENTHO HhIE A RETIORZIZASTXRIRRS.
METHAZELENEABETHS. Hb LVEBBRES &

FA-mod O2TD £/ -RKEE (generator-cogenerator) M RHUT
mmmm)-o,h 1L,2,0.., BT hET Mﬁﬁi%f&%ﬂ &

FA-mod DL TDHER- ‘!FEEIEﬂ[lﬁ M D ||[§|—.|§=ﬁ End M W b
Nakayama FA MBI T 3. |
EUFRETSH 3.

BAVLLVOREFCELHREEVREOFHH— ?uuﬁ&énfu
SHESTVWRELWSZETSHS.



M. A BR DOESG Alperin-and Evens [1], Carlson [4], Schulz

[12] 2 k> TFH || BBIPLLCEWY K—OHE TH3EE>TLL.

CO FHII UARHBAZTE A=A<DA) (HU A i RIEZ2RERE
‘(hereditary algebra)) OBEERRD, EFE [6] RL->THEIPA TV S .
FUTARIYV—HNRREEBEIBALDIETORADRKESZ KR O
tilting module &k % deformation B (El®5 tilted algebra) #EFEX 52 &
B EE RU EME CELU, B BHIEAE B O Stable equivalence -
[18], LW T derived categories M Morita equivalence DI
DRPWOTIT>TVBERBZIEDHTES, BREOEFBRBOLE [19] .32
OFMOERIEERBELTLV 3.

~ §2. Nakayama FH & EXBIEIR

— b X h 7z Nakayama PHRECBET 2 EENREAKSIIBERELVTHRD
Wilson [20] OEHEHEF A &Nk S !

FIEX¥{T 2R (positively graded algebra) A R U —ibEh
f2 Nakayama FHIUIIEL V. J :

CZTEBRFEVSIRUBEETCHS. Pk TRELTIE A B K-
MBEUTOBENS® A=A @A @A 0.0 A RS, B &R
rad A = A, @ A, ©...0 A, TEER AiAj c Ai+j EMEUTWEZETHS.
=%, 0§ CHRYE LI EM-REMMPE H 2HUT EndM 2EZ 3
&, Endy H XUT —M{LEThk Nakayama %’fﬁb‘ﬁii‘ﬂ‘hli’ End, M
WX U C Nakayama P8 T 3.

#-T Vitson @ TE O A L UTHEAREM-REBMEFE M O
EndA MEB&Y TFHU EndA M EXBIZRRIRAE EndA My
T Nakayama FH# BEZUTV31 &b, W5 End, (Ao D(A))
B EXREBIZR CRAWE, 2O ARHUT A0 P8 I MIEULL,
Th #7029 2%k A LOmE X [y S R VI End (Ao X) » IEX
B2 R umnwﬂ@%ﬁ||wxuﬁbrmibrh5ut&xi

ChBEBEO7A47547 THy, [TTRXBLT

P(rad V%= 0 EVSEROLETR ERO EM-RERMBE M O
Endy, M XU Nakayama PHUEBEULV. 3 ZEREWPULE. _

T MNP EH AME THEEE AW End, MO BEx 2 @R
S Endy M ZBGFTXSHhS. K ¥ REWEAKTH LT BEEx U EX
BEZTR End, M 0 F]X O FRESME CEISFEH/RELVTLL.
#-T Endy M R EXBHNERRET 3LDRE A 2 EXBEIETRERE
TALENSS.

60—



FITHATE AUL74F47Ddb&

CTREWEG EOERBNTHBRETE A 8RRl (rad A= 0 %
?ﬁt?‘tg H‘E(DEEH}Z ?Eﬁﬂ]ﬂﬁ At @ EndA M Lc_iﬁb Nakayama P At
EUW. § :

'&JWUTE&&O '

CEEW: Step 1) & (rad N = 0 @TF T |
FAﬁE&ﬁﬁ%mzn%<»Em“A®MM)ﬁE&ﬁH%ﬁ%g
RIEHEIT S, 2hit E@UR LS Vilson OFH kY AUEZHOT
T 38 | BEXBNRBHRETE ARHUBRIZLTVWEY ZERRU,

B AW selfinjective THARAZ &2 R2MHIT B ETHAB.
¥/ Step2) T W FH I OIEVWLWZ ERAHT S,
Step 1) OFEM : A KT AHEEDPS A D K-PE L COBEMHLBER
A=Ay ®A ®A & A ' (8)
CRAZEPHKRS. ZZT J=radA=A 0A @A THD, AAjcC
A 0<i,j<3, BEYLTWL3.

% A D Soc Ay DEMTUFRTHBEHEL TV,
ﬁﬁmba-%}a+%,aeA % Soc Ay D~ OQEﬁxtf%té
Yl € A ZHUT o (Y1t 0gYy = 0, o v € A2, o, € A &9 al 1—0,
oty ¥, =0, it 5M2uﬁbfav2-m ‘hT(%MZG%CM. T
o) 10y, 0y € Soc A BEAS. ®-oT ald &y 50,0l € Soc A, TR XM
Aoh3. B Soc Ay ® RSt 0 B—XOF KR, b A WCEULT
B2&v5. amtgAﬁﬂﬂ%@&%@%aeSwAAT@@O,am
KRB 1R 3REEUT ADOHULL KK (grading) # A REAT B &
WHEB. 22T LK A O EHAE (6) HMUT Soc Ay © EMT W
Ay D Ay WIETBERETS. ¥C (B) po¥hph 3 K-BEELTO
D(A) oBEfIL R

DCA) = D(A ) e D(A ) e D(A ) @ D(A ) o)
3 AN B EREA g nuﬂtfa %L%% D(A) = 0(Ag.iy)s 1 =
0,1,2,3 EUTHL.
& &Y

i+’

HomA(AA, A) HomA(AA,AD(A)) }
End,(\A @ D(AY) =~ | i ;“‘ |
HomA(AD(A), A) HomA(AD(A),AD(A)) J o

BRLYT S5, XKENXNBOMOMHBLERCKE (RORBEFLT) %
MATBZ LD Endy (A ®0(A) # X RBHETRET 52 Ltk 3.
#o>T Vilson OFERBERAT 3R UB AR CORBEANERHEZIE S D
EHRIPDEDENSD S .



=77 pHompCaAs qA) > 4 A, Hom (4DCAY; (DCAY) = A, Homy (A, \DCAD)=,D(A)
TH3H, ChEZEORABEHUVXRAOEDOMBLELOMBPFORKIT &L
—HUTL3CeBAN3. WMbED A8 © #ERMNHE WHh3 X8 &
2 TIEQEBEW L non negative) THB3EFT XD, o THRIZIEIAWE
Hom,(\D(A), \A) DXRBATHH ELR>TOIDEIDRHNIDEIZLTES.

ZZC Hom ( D(A), A) c e HomK(D(A) A) DEBEBDOTR
® Hom (D(A) WA, k) L‘.E‘d‘%ﬁ’&& k ROHBEEZEV TV EIERREFEL
i

&9,
XCT 0=¢ € Hom ( D(A), A ODREDP -1 THEHERELVLELD.

0, 4y (3 0)

L.(DB# ¢ li ¢ =9 ( )+ ¢ ’ ¢ € HomK(D(A3)9A_l)9

¢ Ve Hom (0(A), A 8P Hom (DA A, 837 € Hom (D(A, A,

EABERBN A =0 Tsahs o0 ummHETHS.
~HZOEWOMDTEEL L &SR Soc Ay DEMTE & Ay, Ay & BT S
QEUTWEDS Top 0N O EM5E W DA, DAY LEUTYV 3.

poT #L D=0 conug e=0 ruoEReRTE. 2 ¢ D=0
ETRU (g = K THEDS 6N 5 #(A DAY = A $(D(A)) =

A0 = ANy = A, BU dim DAY = ding A &V ¢ & FRSHHR
EBY $(0(AD) = 0 RT3,

B2 0= ¢ € Homy(,0(A), A) DRBA -2 UT & FIFDBRL.
725 8(D(Ag) + D(AD) = 0 &Y ¢ W FhHE WiRoTUEWHET 3
HOTH3. Fﬁ' End (Aea D(A)) W ERXRBRZRRTHSIENAAX
nhk. Hs W (A@A) =0, i=1,2,.0., DB ADTORNZ 2T ATH 3 Z
EREHE .

step 2) @ FFHH: A it selfinjective, (rad A)4 =0 ¢IRET 3.
O (6) WBWVWT J Ag = Soc ,A U B A-BETH 3.

BT M N g A= 0, M A3 mB
THB. T THMII M (At AN D AM 0 L*ﬁb'CML‘.:bb)‘%
(At ADM @ K-TiBE & br@ﬁbﬂﬁf-& Mgs (A1+ ADH BT3B AM O

K- ﬂuz’ﬁe: UTO #WimsEe M, AM R N, EBFE M KB MBEERS.

CCEELRVOW, MO £Hix % M RET3THOMB T EBHES
a;«s:aus% M0 RO LOK S RKEEEE N CEET 52 &
B—RCHEERL.



] 7Y .
HomA(AA,AA) HomA(AA,AM) ]

End,( A8DCA)) = | |
HomA(AM, A) HomA(AM,AM) J

WBWVT Step 1) 2 sim< HomA(AA,AA), HomA(AA,AM) M OEREAA e
RRBCEIHIHTH S, —5 HomA(AM, A),HomA(AM, MO R IZD

WTRIMEEH 2507 WThO AL M OEBTEORR &> TR
EXNB. UDU AN OEME & M) WELTVR.  f#->THEOKRHKY
WhoE (ERREERTSHY) , &R End, (Ao ) @ EXRBRERRE T
25, BB OFHE I BT S.

XT B8 [22] WBWT K,y /oo oAREE R TV 3B
BUERBNETECHICERRUTVS. RoTZORRBHEIHE
UTWFHE I, 1| WBYT 20T 5.

RU B8 [0NARCEFEAB ML) & ROBHLETE B i
MRS EXRBEORMATZCEUTTHETHECERTHLTL 3.
b= K[xl’Xz’xsj/((xl'xz’x3)2' X1Xg = X5 Xg¥g < K] Xg¥p = X))
Wo>T BARES B W (rad B)'= 0 REPBHEXBETUS S & EWUT
HUErniEE»o H'(Be®B) =0 RA3%E i OFE (B Ik non-selfinjective
THEDPOCOEREE | BEETZWRT) 2L L UHERVDOTH 3.

Bif, EFE W Kix,y] © #ANGERIBHEZETE CHULT FH |
ORYYT B2 & (BRI BRER KIIxv]1 0 4F70 1 & (x,9)-
primary &9 3 &% A = K[[x,v11/1 W w'(AeA)=0, i = 1,2, CHhU
selfinjective THBHZ &) #WELTETVE. RERKBIHERTH 3
W, Bz £ 0 B BHE7TE BRHU H(BeB) =0 23 ¥ | © #E
EALCERHRZLORRZCERFELUTV .

BRRRUOUP|7LVTF ORUIBFROEMTCH 5D S

FREMEG EOEXRBMHTRETE A B84 (rad V= 0 %
WhitEd FREOEM-RERME AM @ End, M i2x$ U Nakayama ¥4 1
ELWV. 1 |
HEMEhTLIZERFELRL. $h EHXBNSTEREL TR
ERBORKH AR/ [11] 0322 FFLTHBL.



§3 Hochschild group H"(A®A) O & 3 BHABDHEHIL DOV T

WA hoR) (= Ext” (A AOR)) B A MIBE A © —DOHEAR
A : :

Lip % A (8)

LU , o o e L
WA, A®A) = Hom (Im d ;A®A)/{¥t|¥ € Hom (P ,A8N)} EUTFHEEHE .

BU cnd © P ANO EEHRTHS.

T Z T ﬁiiﬂﬂ (8) & UTHI standard AMEFHUTCUE > hEE
X2 %. Nakayama O FHWE T 2H# XU Ker d, &Eitﬂ‘_)(g'kbb%ﬁﬁ
XLLEABZDOTH 3. HELE (8) B standard *caam:r P y dy
BXokS>WBAHICEL NS !

' 'n+2 n+1

| | dn | IR

P,n=A®—A®...®A®A—+ A®A® ... @A=P

d (*08" ®...0 ®"n+1) 21( D! (*0“”‘1 ®X . A ',°"n®*

COX LB A 1 Py 4g®e _ n+1?'
£ =1 raam:r Imd = {x®u - x| x,u € A}, ¥ € Hom e(P0 yA ® A)=
, A ‘
End e(A ®A) , ¥k (181) ® Y2 &? image Wiko T—BHRWESHS.
A . .

X MOBE#EEW Hom (Ker d ,,A%0) @ 7, BS Ind 95 AA
. A ,

AD HBOS> BEM ASA - BAMEBIHBEXREF I EHNHRKS.
CORBILRIZ —DOFEEEULT H"(ASA) DEHR

Ae(Top Im dn,A®A) + {¥e|¥ € HomAe(Pn_l,A®A)}
CEETIORMARDOTHSZ50? A RKMWEE K Lo RAFRE
THEE TopImd & Kk O NIPLER EEX20 K- HREER
OB A HBEBoTVANETHS. LOBARE S H(AN) EERT
zEwRds. OB "SH'ASA) =0, n=1,2,..., B3 A OHERRE
#&” CLOIHBELAKNES 3.

CCT—oDFlEVTEHZEBORER [2] %< S H (A@A) DOFtHE R
BZROTRE>. A% BHSRHE, (rad ML= Pl -0 vy 3.
1P o k-gE R x4 PlisL2,.nn, 1P 0 KBE %



vt JPlish2, 81, 02 O K-BE 2 {vlk=1,2,0..m} EF 5,

(k) (k)
B xixi1= ....+Zai’i Vi r o XY ""J_'z'bi,,j'wk
(k) CORNCY) (k)
yixi= veedt D bj,i W ai,i'l"bi,j’bj,iEK EH L.
o Hl(ren) o WA fon o(Ton In dy,1%01%) + (¥el¥ € End  (hon))

BEAXATHED. %9 End e(AG’A) D x ¥ B

n { S . :
¥(181) = 1®h, + § x;®h, + ; yjofj + 2 weg &BL.
i=1 i=1 k=1
_ § ]
o . ox. ot B. . v, + SV W o
e IR I T N T PR TR T B I
f.=7T.1+ . . X. + v. .y. *+ 5. W ,
, S R B I A N B TE BRI
n ¢ M '
g m It Zomo x4 Zoa oy 4 Foe

W
R B B R B T s S T T B B

M=

U b =
0

1
R
-+

rERED. ,
T Wx8l - 1ex,) = x ¥(1el) - Wiel)x, € JPo)° L {RET 3.

{

‘P(xi®1 - 18x) = X ®hgt 2 XiX; ®h, + 2 X, iV ®f - 1 ®hyx,

gl
. n o n ; -
- E X. ®. x.- El y‘j&f‘jxi - Izl W ®gk i
k) L m (k)

- wel ?“k,i X X: + Elxk’JyJ x;}

s | % (k) é (k)

= a. - v + b, . §. -
, = ' k I’J J,kl '
(k )

1 k,J J |}wk®wk

M
=

=

i\ s
>~

1



EZ AT Hom e(Top Im d

1.~Jp®Jp) ~ HomK(Top Im dl.J"@Jp) Ho
A )

dimK(Hom e(Top Im dl,Jp®Jp)) = n m2

A

THID B,
Hom o(Top Im dy,0°e0P) + {¥1]¥ € End (AeM)} = 0, HIB
A

HomAe(Top In d),J%81P) c {¥e]¥ ¢ EndAe(A®A)} TH3H

mm2< 2(ntm BHIL U TV RGFhE RS RV, b FZRA m<2+2 n
283, B (rad V3 =0 BAW =0 THY m<2 £33,
BHThU

Ak e O s 0 mBERERRETS. &Rk din )/ =
n, dimg J2/JP = ¢, dimg P =m XY 3. ZOB SH(Ae N =0 mhl
m<2+2Un BEYXTS5. I

WoPRLOTERE L= 0 WATHRERL LRV, TARIEDD
SH'(ASA) =0, | 22, ODBARBELEBRULLOEIRINETS>ORLED
MEERE 0 —> 0 Bl b5 3.

84. Schulzd K Hl

AD BREGCLEO HE K OBE, FH || WRRSh TV 3.
Zhid Nakayama FH REITIH—OHEYTILLVRE W13,
Extic(M, M) o BAHA -5 —B WRoTWRZETETL. #ALTO
FEEBHCIL transfer map 38 PR WEBIHWTLWA3HEREHNAHLTHWES S
B —0 BUVONRZ a2V ASBTER REBETACERTARTSH S LD
TH 35 (BAE H) . —7 82, 83 THO-TLWIRUBBEOREFHLHK
BOHIRSSOTHALS P o k. AUHBROMOWEROM T Nakayama @
FHEEIZCEPLTULER TURVIERRT Schulz @ §l 2 EAU
& 5. Schulz & COF DbV PFPEBT AN —FLOoTOXRZy I AR
TW FH I BETIURVWIER B THULE. |
TONZ2YRAB & PLFYETUSEN 2RE CRRORLVOT, RO
FH I ORFIBRODPoERTERY. AU ZFALFUR & B27E &0
EOKZEXRRUYDUIHERTH 3. ‘

P AT ONZ 2 —ZABTEHE A LOMB H T Exty(M,M) # 0
TWHEN , 22 KHUT Extp(M) =0 ERoTWEHDN
FET S, 4



HEAR : TR K W o= 1, i=1,2,...., BBt p RABVET 3
(BlAW K 2 EEERE, p *UTZD EX 2T hiF i) .
ZFUT AW K £ FTHREBERTE KLV @ BRE KX, V72,2, ¥X-pXY)

&7 3. OB A BRF7ORZ29AZ2xkR 20, {1, x, v, xy}
B R WS, rad A= xA + yA, (rad V%= Soc A= xyA TH 5. {ELU
X, Yyt X, Y 2E8THAWET S,
XT M= (xty)h &9 3. MO BNHE I
d. d d
s A LA La Sy (9)

LY, d WEHS x + (- Dy ERFIECLIVB/ONG. '
REE, 0, B SERLSBEHE THEETRE &+ GG+ Gty
=0 Hd Kerd 5 (x + ¢-p)'YA =Imd|+1'CK§% —FH A OWEE &
0 (x+ COIA BEY (x+ ColvA BE 2 0 BFI AME,
ko MW ORXEHBT LY A/(x+ o) TIA =
(x + Co)VA . HIB Ker d; = (x + (-p)i'”y)/\ TH5.
x Pidl mal (x4 (- DIV + CoYly) =
x2 + (- p)lxy + Gp)lyx + (- p)'+J 2:q - (-p)j'(i”)}(-p)iyx#o .
M Imd, i 20, TAEThH O anihilator » BRZWE AW
FAUTHE. |

T Exty (M) = Hom,(lm d,M)/{f ¢ | £ € Hom,(A,M)}
BU ¢, " & TOTHWMBEA NG SHETHS.

Im di A
\
M

f € Hom (Im d M) W I d D top 2 M D socle WHEIT M
f(x+(p) y) xys,s(#O)eKtEH'% oT £ 8 £ 1 1ift
sn%:‘a@x\ﬁ‘?&#m KD 7t (=0) #Tb'c £7(1) = (xtyt RY
G Ex + Ge)'y) = xys , BB t(pt(-p)') = s BRUTZZETH 5.
BU i 22 O p OV Ao ERXBi#HRLT t & 49 FES 3.
foT i 22 BBW EXLLM) =0 . UHU i=1 0Bal Comn
LRIARS s RHUTOEELRG. BB ExtaM) =K =0 NEAL.
R Schulz @ 8 || © KB 2 GH LS.
IKZ2ETONRZ2—ABR AL OMBEMN T Yn21WUT
ExtA(M M) =0 W WRET AN HEN TURVIOREET S.

f’




AL KW TMBEET S, BUT p ik KO center @ 5t TH Y,
Yi> 0 U p'#l BERLUTVAERETS. Xo V'R FERT EU
AW RIBIOML K & % ¥ R TEMENS BHEE @ relation X5,¥2,
YX - pXY, cX - Xc, cY - Yo, Ve e K R MALTHOINZBET S,
ZoEEFH & A AW z%?n«\.ﬁnxﬁﬂf?—“c X, ¥y 2 X,Y &{—gt
T hd rad A=xA+yA rad A2 = xyA TH3. ‘

éTaeKw}&ﬁﬁLWO(HOﬁﬁKtHﬁ&fﬁ%?%th)
) = (xtay)A &£ T 5. MO BNIR T (9 EEUKRRSN, W
Emb(x+a(@y)&§f%$rﬁorﬁkon% @)@méﬁmﬁ
hfﬁm%tﬁtﬂbkﬁ%éh% ZFUTXROEELES AN S
Ext(MM) 0V|21<>1)MtiImd,lzllg#ﬂiféé
Eit)' 2) ¥s € K Cuiilj 3te€eKs. t (x + ay)t(x + a(-p)! y) xys,
Es at - ta(- p) = a/p;: ' .

ZZT (x+ah & (x + byA B SR f rﬁiraﬁaaﬁﬁz-mu
Icek-{0}, 3de¢ K s.t. f(xtay) = (x+by)c +oxyd,  f AR
TH 305 0= f((xtay)(x+ta(-p)y)) f(x+ay)(x+a( p)y =
(x+bydc(xta(-p)y)=(ca(-p)tbepdxy. #2 b=cac ', BB a & b
AHETHS. FTUT O @ﬁgczﬁmuﬁsna |

#oT REEEZRDEE K © KHEHEET 3 a ek 2RVET
ZENEFNERDTH 3. o

1)a & aC-p', i 211 K-{0} cgmv(;ictﬁ*cmn.

DFRTD i 20 &KL K>3t — at-ta(-p ) ek HLHTH 3.

—77 [5] @BV T B 9.1 L3t —— at-ta € L 2 246293
Tt a REDETHE L © FEBEIIh TV S, 2T KEUT
¥ T BT 3 Laurent HE OO B K LUT) REB. O KO
FRLOVZH 1D RY 2) R#ERT ac€k @ﬁfﬁﬁ%tmé.

%fzz%&UaTtiK-w}T#ﬁPﬁmb SRV, fERs d=
EdT GK-~w}kﬁUT‘W® mm{Jd 0} B, a BLU
aT' % ## TH W V@) -'v<a'r ) :bfﬁmvcmmmzmbm\bx
FOEO>RBUEZVH Rh@bf&%

R i=00EE Yd=3SdT WHU G =d, & BHE

at - ta=d TH3%. B i 21 OB Ydek il t=
ald v a 2gat! + 2302120 4 .. rrhwr at=d+aldar! 4

2da2T2i + ..., taTl = a7 ldatl + 2 2ga272i 4 ERY,
at - =d BT 5.

ﬁ:;@&oﬁﬁﬂﬂ%n ®¢kﬁrbﬁhutﬁ§2ﬂbmbﬂfﬁ5
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On the ranks of stable tubes

Susumu Koya
(Tukubo whivercity, graduated school )

1. Introduction.

Thoughout this report,we assume that k a fixed algebracally closed field and
A 1is a finite dimentional basic connected algebra over k.Then AZkQ/I,
where Q is an ordinary quiver and I is an addmisseble ideal.[4] The set
(Q,I) is called the bounden quiver of A,and it determines the algebra.So we
study (Q,I) mainly.Qo. is the set the vertecies of Q and Q. is the set of the
arrows of Q.

For a€Q, we denote S(a) the simple module corresponding a vertex a,P(a) the
projective cover of S(a),and I(a) the injective hull of S(a). We denote
mod-A the category of finitely generated right A modules,and I, the Auslander-
Reiten quiver (AR-quiver) in the category mod-A.Let T be a conngcted component
and 1 the Auslander-Reiten transformation.

The radical of mod-A is doneted rad(mod-A) and rad™(modA) T£1rad‘(mod—A).

In the components of AR-quiver,A connected component formed of ZA,/(r) is
called a stable tube.This r is called rank.In particular a stable tube is
homogenious when its rank is one.One way to study the rank of stable tubes in
mod-A is to compare it with the rank of Grouthendick group of A,which is
denoted n.In general, rsn for almost stable tubes.Stable tubes of r>n in mod-A
was known only when A 1is local,say n=1.[3]In case r=n)1, they have shown
some examples,which were all selfinjective. |

A. Skowronski has proved that r{n if a stable tube T of T, consists entirely
of modules which do not lie on short infinite cycles;that is, for any module M

from T, there is no MEmod-A such that M>X-»M in mod-A, where q,# € rad™

(mod-A). [ 71 For example, tame concealed algebras and tubler algebras satisfy

this condition.



2. Some selfinjective algebras having stable tubes with. large ranks in [a.

Now we want to show non local algebras having stable tubes of rank 2n in its

AR-quiver.
We will consider an algebra A=kQ/I which satisftesthe next condition.

(@) An algebra A is a selfinjective algebra,and socA=N.“::‘v_iln§I-_‘)‘S(i) for

some u22 and n=st, s2t21, where N is the Jacobson radical of A.
{b) For each vertex of Qo,exactly twe arrows start from-it and exactly two

arrows come to it.-
(C) For any path of length two of Q,there exists a unique path of length two -
having the same source and target but a common arrow.In addition, let the two

path be 8 and 7, then §-¢ € 1.

. We consider a two dimemensional complex from an ordinary quiver Q of an
- algebra A.That 0-simplices are vertices ‘of Qo 1-simplices are arrows of Q.
and 2-simplices are faces which are made by inserting them among some arrows
in a certain way. It is called the topological realisation of Q,and denote

lQl.

Lemma 1: An algebra AZZkQ/I satisfies (@) (b} (C), then Q| is a torus or a
Klein bottle of the next form.Here n=st.Qo={a\,}:si5s. 1515
(L)When [Q| is a torus,  bi=au:,Ci=a1, 14x
where 0=x=t—1, a+t looks as a. ‘
(2When Q| is a Klein bottle.Let s2t.bx=a;+ (1SkSt), be=a1, x—. (t<kSs),
C1=85-1+1, 1.
where we identify the vertices of the same symbol and the arrows
between them,and 2-simplices are the squares having, as edges, the -two

paths of length twp which form commutative relations of ().



a, 1 a; . —a;, —h,

i) i) ! i)
4, a227 —>az, —b,
i) i) 1 i)
i) i)
A4, 07 @i,y
) )
i) i) i) i)
asl—) a:Z—)"' a5 _’bl
i) i) i)
C1— Cy—>- —cC, [figure 1]

We call A a torus algebra when (1), and a Klein algebra when (2),
respectly. .
When A is a Klein algebra, the number u of condition (@) is even.

For any i € Qo P(i) is the form of figure-2,which consists of v* small

e — e square,
TR AN sl There is a commutative relation on
.« e — .- ithe diagonal of each square

I~ ‘ 1 from the left upper vertex to

the right down vertex.

AN 1] - :a vertex

c e - - 1l —:an arrow

11 el “.:a commutative relation
[figure 1]



The bounden quiver (Q,1) of A is the following type.
Qt):{al)}lélés. 1SSt leiall. Blj}lélﬁs. (- -

The ordinary quiver Q:

a5 a2t —a,, —an 01):a0 >, )+ (1818, 18j5t-1)
{ { { { an—an  (18ish)

az1 Az =22, —di: ari—ai-., 1 (tCiss)
! ! ! ! Bryan =i, (18i<s-1, 1€§5t)

a,,—*a=—|+;.\(1§i§t)

| |
—a,, a1y
| |
a4+, 71
l |
| | | |
a5 —>a;s:2 > —>as. ads-1, 1
| | | {
a,_l+1,.—*a,-1+z,1—*4' —>ds As—1+1, 1

[figure II]

where we identify the vertices of the same symbol and the arrows

betfeen them.
I is generated by a;,8:. y+1-Biyaiey, ; (18i88-1,18jSt-1), av i Brr—Brrtran,
(18i5t), 1 oBu. i—v=Bio@isr, (ECECS), @oyBs. 141=Bs)0amisy, 1 (AS5]SE-1),
Oy Baer, 1= Bs 054, ahd all paths of length vil except that it has a subpath
of the element of A. | ‘
Let A={av B, jor, Bry0uan, ) (1818s-1,185St-1) 5 0y Buv, Brr @i,  (1SiSE);

OB -G Bt (EGCS) ;5 a5y Be, s, Bas0ssy, 1 (18SE-1);

«slﬂs~l,lﬂslﬂsl}




Lemma 2: There are some cycles of form (X) such that 7.7:+, does not belong

to A. and the number of them is (s, t).

®a,Ba, —a,Ba,, e —a.I%a, a,€Tq, 1.6l
**YIf 1, is fixed, 7, will be determined uniquely by the condition (b).
"Since Qo is a finite set,7«=7, for some k22.Let m be the minimal one.
The latter can be shown by simple calculation. jn|
Thorem 3:Suppose 2v=u24 and (s,t)=1, contains stable tubes of rank 2n.
[proof]Because (s, t)=1, the sequence (¥) is unique except order.So we put
7:=4,, in II.let M(a,) be a uniserial module of length v+l that the top

is S(a,) and the socle is S(ay.,.).

The projective resolution of M(a,) in modA is
------ —P(az:)—>P(ai) (@)~ 0 in modA
and this A dual is
------ —P(a,,)*—P(a.)* —Trd(a,)—>0 in modA°"
L I Il
------ —1(ay)°"—1(a qy)°"—>TrlM(a,) >0 in modA°",
where ( )* is A dual and ()°° is a left A module.

Therefore M is also M(ag+.) for some ® and its socle is S(a.:), since
TrM(a,) is a uniserial left module of length v+l.Therefore t°M is
isomorphic to M(a,g+:).That means M Z= ("M for some p2l.We can put p be
the minimal one.When p=2n,M lies on the mouth of a sable tube of rank 2n,
by HPR Theory[ 51.1In fact, suppose ¥ lies in T which contains a projective
module P, then the form of I's(the stable part of [) is a stable tube since
it contains periodic modules and A is of an infinite type.The almost
split sequence having P in its middle term is the next exact sequence.

0—radP—P PradP/socP—P/socP— 0

This radP/socP is indecomposable,so radP and P/socP lie on the mouth

of T's So M(a,) is not on the mouth, for radP and P/socP are not on the -

orbit of N(a,).



Zl(r“H(al)) =2n(vtl), so EII(r“radP)<i2n(v+1) because the sum of the
length of the mouth modules 1s the least among the sums of the length of

same r-orbit moduleg in I. but,By calculation, the sum of.the length of the

modules of r-orbit. containing radP is larger than 2n(vtl).

3.An example
We c0n51der A=k{x, y)/(xyx yxy, x*-y?).This A is a Klein algebra.
Let M =xyA € modA. Then N EA/xA.[" r.ann\M =xA] The projective
- resolution of K is

— A —> A—M—0

A . A

VXA xA :
Therefore 1M =yXxA, since A is symmetric. And T =M,M belongs to a
stable tube of rank two. [n=1, r=2]
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Derived Categories & KBl
RREERE EY—

bHETROZRERARD LTHOZTROXRF L WL S TERL L FHRO—D
{Z. Happel-Ringel @ tilting theory &) b DFH 5, Zhik, Z20ETROZ I
TROMBED % 7 T) — DI torsion theory ZiH/= T =20 h 7T —%Fh
FNEz, k7T — 9 LO category equivalence % tilting module 24+ L TE
ABBDCHD, 20OH, HKHBLTSESEFRNFT) -0 LTO
equivalence A% & h’f:o S ZTIRED—WRERBNT S
k %4k, D=Hom(-, k), A,B,A I, 24 BRI k-algebras & §5, mod A & HBRAERK
HAMBEOLTT) -, T, € modA KX LC, add T, % T, OHREMOENAEF T
EREND N T T —, P, THREBGFEANBED Y 7T %&b T mod A
12, objects % A-HNEF, morphisms % X, Y€ mod A {23 L"C Hom (X,Y )/ HNEE %
TS morphisms) & L7220 7 1) — & 8 { (stable module category & FE.5), £TH
A FHA-MBEM ISR LT, AKM TAD MIZ X 5 trivial extension % EH 3,

§1. Classical Tilting Modules ,

T, ASROFH £ #7-3 & X, classical tilting module & \» % (Happel-Ringel)o
OpdimT, <1
(1) Ext'(T,T) = Ofor all i > 0,

(2) there exists an exact sequence 0 > A—> T, —> T, > OwithT,, T,Eadd T.

Z @ classical tilting module & AXDA & \2 self-injective algebra @ stable module
category DMICBRYH B Z & 2 XTI, BRWEAKRD & H IR L7z,

Theorem KT —A#% [4])
T, % classical tilting module, B = End(T,) & L7=& &, RAWLY L2,
mod A XKDA = mod BXDB




§2. Tilting Modules -

A % additive category, K “(A) (resp., K*(A), K (A),K %(A)) % A @ complexes (resp.,
bounded below complexes, bounded above complexes, bounded complexes) 25 % % 7 7
T)—%REIE-YL—alTHlolh 7T —L§5h, EHIZ, A AT abelian
category D& &, K “%A ) (resp., K "4 ), K A ), K **(4 ))%* homology 452 TOD
D*A),D(A),D¥A) L, K™A) (resp., K*(A), K (A), K"’(A )) D K *%A) (resp.,
K*™A), K*%A), K*(A)) I~ X % quotient category T3 5 [7],

(0) pdim T, <
() Ext'y(T,T)=0forall i> 0,

(2) there exists an exact sequence 0 > A—» T, = ... > T —>O0withT,, .. T,€EaddT.

Happel i3 tilting module & derived category & DB34%% :545 L. finite global dimension
O algebras 128 LT, %D, Cline, Parshall and Scott 12 & = T —#® algebras 1=kt
LT, RO K REREML

Theorem (Happel [2], Cline-Parshall-Scott [11)
T, % tilting module, B=End(T,) & L7z & &, RV I2,
D¥mod A) & DP(mod B)

& 54T Happel tX. Grothendieck and Verdier 2352 L 7 derived category ®—f4t:
L7 triangulated category &%) #/& T, Frobenius category & W 9 %i ’Eﬁo T.
sell-injective algebra @ stable module category 75k z. 5 Z & 2R L7z, Tz 1’L 20}
RN T 571, 126 | :

additive category 7 A% triangulated category T& 5 & i, autofunctor Ty =g
(TX % X[i] L&) & XDy Sz X)) EF, Cht mangle LIFR)DHFT VS
(i?ﬁ'ﬁ" SIZE L TW5 triangle % distinguished triangle & FER)ASFFFE LT, Dﬁ(@%ﬁ:
27 N |




(TR1) distinguished triangle & [FI%172 triangle i&, distingushed triangle T#5 o

xH x—o0—=>Xx[1] i, distinguished triangle T& 5, H£BD XSY HLT,
X5 Y>> Z"% X[1] £\ distinguished triangle PHEET B o 7
GM)X%Yhz%muﬁmm@mmhm@k&ew‘YLz&muﬂnﬂ%
distinguished triangle T 5 | .

(TR3) distinguished triangles D FIIZK D X 5 22 #2% morphisms 2552 b T3 &
X, hZ->2Z %5 morphisfn AREEL T, hv=vyg f [llw=wh Z#T.

X5 yDHz5 )
L F s { M
x4y S 2% X

(mmXeYez=Xaz&5mWMmumni‘X»YeZaxm,
XaZaJM»muYez»xu»nnZ+rar—awu&&mmwmm
tnangles WHERTE, TROTHRERX S T

Y[FH1]=»X =X
4 o
X[-1]—=Y - Z - X —-Y]|[l]
N
Z > YV > X - Z[1]
o
X[11=X[1]

additive functor F:7 — 7" %%, g-functor Th 5 k ix,
(1) FT, é T.,F |
() K&)C s,
ZHICT L EI WV, CDfunctor T equivalent DFF, triangle equivalent &\ T,
7 L 7&%<o‘ “
A % abehan category, E E‘ % 0) exact subcategory (m the sense of Quillen) & 3
Z)é Dk &, £ ¥ Frobenius category 'C%Z) &k,

(1) £ has enough projectives, and enough injectives,




(2) projectives coincide with injectives.

T L&V,

g = the category consisting of all projective objects £ 8 &, £/ WERD LI IZ
autofunctor & distinguished triangle % %8 % & triangulated category {272 o T\ 5, -
(1) TX has an exact sequence Q =X — [ — TX — 0, where / is an injective object.
(2) X - Y —=Z' - TX isadistinguished triangle, provided we have the following

commutative diagram:

0 0
Voo
0—-X Y —-»Z7Z-0
(A
0= =Y —>Z >0
) !
X =TX
oo
0 0

, Where all rows and colomuns are exact.

ZHIC XD, A% self-injective algebra & 9% & mod A, D%(mod A) 13X triangulatéd

categories & L TEX bbb, Z T Happel & AKDA @ Galois covering Th % A =
l.- I.. 0
~ ADA
A DA
0 - L)
D'mod A ) DREBREZLTD X H R L7z

AR self~injecﬁve algebra @ stable module category &

Theorem (Happel [2]) ,
fully faithful 72 functorD"(modA) —>mod A LT, gldimA <»w THET'L L
D¥modA) « modA HRMETHS,

§3. Tilting Complexes
Rickard {&, Happpel 295 L7z tilting module "C5| X = X3 derived categories 7
triangle equivalent % —REDFEITHEIR L . tilting complex & W) &R LAz,
T BSROGEM L3 L &, tilting complex & \» ) (Rickard [S]),

—81—



O T "' EK(R),
(1) Hompy ooy 1T T “[i) = O for all i # 0,
(2) add T " generates K"(Q‘DA) (there is no-proper full triangulated subcategories of _K"(EDA ,

closed under isomorphisms, that contains add T °).

Theorem (Rickard [5]) RIZFMETH 5,
(1) DXmod A ) & D’(mod B),

(2) DAmod A ) & D’(mod B),
B3) K(P,) = KBy,
(4) there exists a tilting complex T * in K*(<P,) such that End(T *) = B .

% 7=, Rickard i3 tilting complex T#& X 5 = & IZ X o T triangle equivalent % trivial
extension {Zx L THRINB Z LR L7,

Theorem (Rickard [6])

D¥mod A ) & D’(mod B) 72 & &, DP(mod AXDA ) L D’(mod BXDB )

% 512, Rickard i self-injective algebra @ stable module category % derived 'catc'gory
@ quotient {2 7% - T\ BZLERL, a gebras @ derived equivalent 2 &> stably equivalent
MHIERZENDLZLER L,

Theorem (Rickard [6]) )
A % self-injective algebra L7z & &, R exact sequence 2¢O N5,
0—K{P)— D mod A)>mod A—=>0

Corollary 1 (Rickard [6])

A, B % self-injective algebras L7z & &, D%mod A) . Dimod B) 72 & iE,
modA & modB.




Corollary 2 (Rickard [6])

D¥mod A) = D'(mod B ) 72 &, modAXDA ¢ mod BXDB.

Corollary 3 (Rickard [6], £ [8])
T, % tiltingmodule . B=End(T,) £ 35 &, modAKXDA &mod BXDB.

Corollary 3 2B L CIRFEHEE S MBI W27R L7, tilting module, tilting 'Cémplex it
projective dimension 2*5 B3 L HEE VI HlRATOVWT WA, BERKILZ D&M
2T LT BHOAMEMSHH L, wivial extensions of algebras @ stable module
categories %Y equivalent {275 Z L R R L7z, TOHTHREBNLEELRICEITHE
L <1281,

T, BSROFZH £ W79 L &, generalized tilting module & V> 9 GF5AS [8])o
(1) Ext(T,T )=0forall i >0,

(2) there exists an exact sequence 0 — A —> T, ] T, 4 T, % . such that T/€EaddT and

Exty(Imf,,T)=0forall i= 0.

Theorem (Fr42 [8])
A % finite representation type @ algebra, T, % generalized tilting module, B = End(T,) &

B &, modAXDA =mod BXDB.
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Cohen—MaCaulay Apprdximatiohs :

HABE AL HHUE (Yuji Yoshino)

§0. Introduction «
Cohen-Macaulay approximation (Bt F CM £l & & < ) 2 Auslander-Buchweitz
[ABlic ko TH D THASNEBEETH B0 ChBEIK, 2RTOEEBHBIHLT
i3 Auslander IIBN EBRLONTBO, TP 2 RATOBEORFARICREN L RE
BRSO EBMON TV, CMERR C @ Auslander MBOFERTLE LTEL
SNEbDTHELEI LHOL. SOHCABRBRCEORTREER >O M i,
Ro% D LRBWEITHBo ECHBCMEROBARMBLTRONS #1s RER
‘ﬁﬂmﬁ@4?7meﬁ£mk%ﬁﬁ%%ﬁoc&#ﬁﬁorgru5 it\%ﬁ
WMUAOBTCOF VI REBBRUSBEBW(2hBESTH TV S, :
FABERICMEMKMEATIhooREORREANTIIEE2HNE T 5, §1'Chi
FOEHFS [ABl kB 5-TEX 3, —kKEXZ T3 HRBFTEN canonical module
%% > Cohen-Macaulay RTHA MWW ERNTEZD0TH M., LI TREHO DI
Gorenstein Bic B \WTESED 3. B/PNCMALloHEE L — a{éti $2TtHBzioh 3,
FRFNVIAEBOERETOBBMIBE RS VT, TITHIRT 20 §3 TRE/AN
CM Efl o BAMBEBRER VT, BEMSNT WS 3 >DHEERANT 3,
ML CMEploBRoRATH 3, 7 §4'Ehi7][l§¥7’h weakly liftable ¢ & 3
LODHEREEF VI AEREF-THEER G P TRANVIFERBOET TEM
hypersurface T4 2 C L 2B MA P 2 B TE2 LW Ding 0B R E2HENT 3,
¥ 86 TR2RTOBEICBOZKE (quasithomogeneity ) A 4 ¥ 7 4+ o CM
EHEBEL TV 3o TRIZVWNAE WS Auslander D FAB > WTRIE O £ R %
RE, BEOFTR. HECM L oM & BB FEIZ T WA, mé&ﬂﬁkok"(@
Auslander—Relten FHRORILE2WT [ADS] sl w3 o & %%u}ﬁ‘d‘ 50
BEL 1993 EEE T CMJEMkEﬁ‘é‘%%*%Iﬂ“c‘:ZHﬁTR( EHNTVWB 6D
THAH3EEL B, L;’ﬁlﬂ‘ainbﬁ?ﬂkx_'\tat 3 CM sl oMk Gi%@i%ﬁ’ﬁﬂ’]
BHREZR-EV SR THNOTERTIOOTHBEEEI D LS f&ﬁr_]@%*%ﬂit
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HMEXNTOWHE VW, AEE2EIT AR oS EREEE2 L. BABo=RicPLTH
FEBELTVWAELEF AR OEADERTH %,

§1. Definition
PITciRE8 oz ic (R, m k) % Gorenstein Z{ BB &4 %0 £/, R-mod ¢
BERAER RmBoEE&RL. ¢, F 2¥Th¥n R -mod o full subcategory ©# A CM
m#oE ﬁl‘ﬂﬂiﬁxdﬁn‘.@’f]ﬂﬁmgk‘d‘% R;b>Gorenste1nI§‘C‘i’i)Z;&k\?{ﬁﬁi»b\
MeERmMod B MECTHBLHOUE+FHRHR Exth(M,R)=0(3>0)Ts2
CEEHEBLTBC 5 . COEEMTEM $iabb M g reflexive T4 %,
ROBRRERS CMMBCHT s BT OBTRTIENTES, [Y] 2BHL
TiEL W, .
ProposITION (1.1).
(@) NeFiroMeCisid Exth(M,N)=0(@>0) Tk 3,

(b)) MeCnNF izoid M i free Tk 3,

(c) xﬁfUO—PA—PB—DC—Din%Z,&g\ SR o
A Ce€ — BecC - ' oo,
B, Cee: = Aee: - :

(d) R BCik U % 1nJect1ve cogenerator Th 5 “9"&195 gEOD X EC h_id L'Cm:
éﬂO—nXeRLAXH40U>OX%Nﬁ#ﬁ&?% ElEImE X, RK»X
28 mmlmal Thrhs X {- X o (ﬁrst) cosyzygy & W\ ) 1(X) &i‘%a"o

g_n 5 DOHEER R L /1% CM approximation @ﬁ{%%'—*}x_& o -
DEFINiTION (1 2) M et c;ou\'c\ xéﬁﬂ

(1-2-1) o‘ Y — X T M —0

(FriEH ) Gi?;'zfti: D.¢ e e, Y € 3%iﬁt“g"& EMo CM iR (CM approx1ma.t10n)
&V 9,

(122) - 0 —— M —Y » X' —— 0

X eCYeFrgrteas M O)ﬁﬂﬂﬁrjﬁ,&ﬁ (ﬁmte pIOJeCtlve hull) c‘: W

REMARK (1.3). M % CM,&M (1.2.1) %3‘%}0&% FEo ZEC LT (1.1)(a)
X b Exth(z, Y) 0)chrdb, ﬁc;ﬁﬁkmﬁfﬁ Hompg(Z, X) — Homp(Z, M) i3
2HTH 5, nk\mxnzi{{a@Rﬁﬁ,E,{gZ—»Mci Z-Xi hftj—z,@*c&sz,o
gnﬁiméﬁu(lﬂ)&CM EM&D?5‘|33§T3559 o L
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REMARK (1.4). #h;212 R % Gorenstein _Iﬁ't*;}j%, LEELLEDOT LD D RNEHRDLE
b simple L Ebh 2, —fFic R CMBEoBics CMIENUSEL bW I NZ OB
HE SRR LEDAHRTCEROMBOBTS2ET208EYTH 2, [AB] 2R &,

§2. Existence, Uniqueness and Delta Invariants

;@ﬁ"'ﬂiﬁ!%(l?) TR <t CM iE {lgli)W\o'CﬁﬁEL'C » - minimal 7z CM
HEPRERZBRVWT—BHTHEIEEZTEHLL I FTELEDL S,

THEOREM (2.1). (Auslander::Buchweiti [AB])
FEOMeRmodicd LT Moo CMENEERHEBRBELEET %,

PrOOF: t =depthM o WwTo kb0 RETTRIt=dmRo s, MeC
THEEILH X =M Y =080 CMELBELET %, if._\X@cosyzygy&H)l
3% ((L1)(d) o5e£5) sERMERBEE5X 5,

Kict <dimR E{EET 5, M o first syzygy 2 (M) L HC ERLH0 = QM) —
R* > M- 0452, depthQM) >t ez cco QM) cRUEOERELLE
REFHEO > YM) oY > X" >0 (Y €8, X' € Q) AT B, DL &L
:h,lpi)xb&@ pushout dlagram %X Do ) L

[
X! '_=_)XII' '

T

0— ¥ — X — M — 0

I [

.0—>Q(M)—‘—>R"—>M—¥U

[

0 0

COFE2NIBRETHEIEH S X ECHE I, itYE&"tﬁof“i)ﬂo\J:@%Z{T
WMo CMEMEEX 2 EBLD 5, RIKID X O cosyzygy X' = Q‘I(X)EQ:
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2ELXTH O X > R™ > X' - 0%m|b, Ko pushout diagram %% % 2.,

0 0
| |
X' — x!
I |
0 , Y , g™ ., Y - > 0

o I

0— Y — X — M —— 0

| i
0 0

gg'C“YEK&%Zﬁb‘mﬁ'@i%;tb‘bY'E%bfﬁéjoJ:O'CL@%:;EJ?P
OHEBRHEHBEEXEX 5.1 ‘
Ric—BUEEZRTLDCHBEEZABLTB %

LEMMA: (2.2). ' '
@)méﬂoay_hxaAmqokamrM¢ana#a 6L¢EEMM)T
PREREIOT- o=TE2RET L6085 3% oif, Ker(r) o HI T WER SN

BHX cCXoMEAFLREZ 085 5,

(b)) %2F0->MSY 5> X 50wt M#£(0) &4 %0, bL Y €End(Y) T o
BEREP-o Y- i=i2BETI2b085285.Y oHHTRVWHEIMBY' ©
Y'NiM)=0) oY 3 X =Y/i(M) OBMEAFIXZ6DM5 5,

PROOF: C Tt (a) 0B 2TWT 5, W A %2 Endp(X) ot R & pick-TH
BaEnsd RRKET 5, $4b5 A=R[p] CEndp(X) Th 3. A dAMETEH 3
ERERBLL I

9 Abnonlocal TH B EEFTES, EBOL A plocal KX, 2 oBAA F
7 rad(A) =VmA LB FCE B, ¢ REETH WO T A Odi T non-unit ¢
BBo LEB-T " EMA L RBHARKn BB, T3 & ¢" =T aip’ (¢ € m)
LEPBZOT, RELD

T=1-¢"=Y aimet = (Y aj)m C mx
i i

ERDPNORHBEL S T=0 L BT LI WEFRFFET 2, ChTAHR non—local T
H5IEMBTFdoT,
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4+ 2 & RPEHBFFE (4 Hensel 51) <& %» 5 A it nontrivial idempotent e
Efo.thbbecMNel=ce# 01tz etdbb,e= }';Ob,-go" (b € R) &
BEWTHBGELUEENSNITedRbhicl—e2EXLTe=200b ER—m (¥
BKbbcidunit ) LRELTHDLDR V. FTEL RELD T - e=cT THED 5,
X'=Ker(e)=Im(1—¢€) &< & X' CKer(n) Tthv X' 3 X oBEHNEFTEH 2, 1
DEFINITION (2.3). M € Rmod o CMERO0 Y - X S M -0 eBwT®
% right minimal , $ % b5 1 o =7 &% 2 ¢ € Endp(X) BERE., v > &#
Rt &, co CMER %@/ (minimal) T 2 & W5, BRkicE RN HE
0 ME5Y o X' 5 0icpwcidleft mnimal , ¥ 5 bb $p-i=i &3
P € Endp(Y') B &EE, &hoé’z#’&ﬁﬁti‘&éx COEBEHEMEERNTH B &
W Je

BHL2D)ikE-THEELLE M o CMERSBNTHEERE, (22) kKkb Z0ER
2F o HETRVWENMEA F X splitoff 2, oL > HEMEATEROBR VLS
RETRVRBUOM O CMERTE S, bLIOMBBPTRINRIE, T4 (22) &b

BEAETFSH3. COLIBBRELEVEL TV EREIR M o/ CM iE {4l
KEETOIRT TH D0 CNICL>TROEHOHFELEOHAMIEH S uteo
THEOREM (2.4). (([AB]) F&® M € R-mod ic>wT M 031&/]\ CcM ;&(L,U» (Hi%,
BRwT) —@bicFHET B,

ProOF: —BH 2R Yo 2 20EHELRWNI-Y1 X1 oM -060-Y, - X, —
M- 053t Momph CMEEMTH-7c &t 5, S0 &% (1.3) i@ kT RO ER,
AT el P BEH B, :

6 —Y) — Xy — M — 0

[ B

0 — ¥y — Xy -ﬁ-M—_'so"
Lol
0 — Y, — Xy —> M —— 0

T EBIMERL-T Y p L o P REATR XY, X; 0 LOHEARNERTE Y hIE
5V, &oT Krull-Schmidt 0 §8h 5 ¢ REIBE/H &R b, toZ-orERELY
ELTHBE TS 20 1 '

EXERCISE (2.5). FREBEBEC>VTS CMiEfoEEEELLS BN & DM
—BNEET SRR X, B LR (24) 0FZWHE LKA L, 11T OW )

BNCMELS L CBPNERBERELR-BNCFELET 20 5ROL I KIS
PBBELTBLONENTE 3,
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NOTATION (2.6). {£&® M € R-mod kS{]‘L’C # ot/ CM ﬂﬂitﬁd\ﬁﬁﬁﬁfﬁ/
?&E%%ﬂ%ﬂﬂ@i?kﬁ?‘o

0__’YM——>XM » M 3 0

R i M L YM XM

(X, XM e oy, YM eFrohooteBininvi dic)

MeR-mod et LT kg & 5 i Xp EBEE 5L T &-T M 0 mvarlant
NEBRTEL, BTHBEELLS invariant ® — - % & ’C%x_’tifo«_ %%@Labh_\—‘
ivicimE X € R-mod »$ 85T 72 \» free direct summand %ﬁi wweE . X % stable
MR ik L& S, 72 R-mod it Krull-Schmidt category o ¢, X € R- mod ic
20T f-rank X %2 X 12 & ¥ 1 3 B A D free direct summand @ free rank & L TE#
TBHILMNTES, X distable Th 5 Lt frankX =0TH 5 ELEETS %o

DEFINITION (2.7). M € R-mod h.i‘}L’C&(M) —f-rankXM LB &, Ln% M o7
JV9TZ,E§<‘:H¥$,OL®<‘:3XM~X€BR6 ) (X : stable)rgaz,_o :

i B4 72 ?;v&T\gE@ﬂtHkoL\TT'\Tkg Yo
LEMMA (2.8). M€ R-mod e LT

HM)={f(X) f: X > M i RINBOBHTH-T X i& stable CM }][]ﬁ}i :
LB COEERODERNBWILT %0
§(M) = p(M/7(M))

BL.pR RMBEOBR/NERTOERER T

PROOF: Xy & X @ R? (6 = 6(M)) B &EXLTH < AL X i1 stable © & 3,
g Xy EXOR - M bpechacete (X)) Cr(M) TH22 b5
62> p(M/T(M)) L1325, ~

BORERXEZFEH L & 9o M 55 Noether B TdH 5 2 &2 5., B stable CM
BY CRMBOBRG:Y - M 55T (M) =g(Y) BB EHBHDBa (13)
KEoToDgirh: Y—)XMkhft‘d‘?oo '

XuSXQR 2 M — 0
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Y sstable TH 3 &b 5 h(Y) CXOMR TH 5o LoTRE M/g(Y)+ mM =
M/ap(X)+mM 58 5o Licis>T p(M/1(M)) = p(M/g(Y)) > p(M/7p (X))o T D
HNE S HELWC EARER L Vo ZORDICR Ty b 5B NBER R — M/mpy(X)
A minimal free cover tH % C & %ﬁ:mig: Vo b Ly N minimal e WEIRES
% & R® o basis element 0 & e T 1rM(e) = mp(z) for somez € X & 132 b0 B
55,32 Xy XOR 0 (e,~7) THKEN ZHHMB R Xy o free direct
summand ©& b, Tp(e,~—z) =0 &35y BBNCMENEEL S EKT
%5011

COROLLARY (2.9). R-mod u%li 5éﬁ~1M—» N 5% 5 EREST S & 6(M)>6(N)
THbo

ProoF: 2§t M/1(M) — N/7(N) BHELET 3. 1 :
ROBERE S CMELBEBASE> 2K T 20EHATH 50

CoROLLARY (2.10). M € R- mod 0) CM MU—»Y—»X —»M—»[] Q;OL\'CJ{(D
oo%#mﬂﬁrﬁao '

(a) i3 M o CMEHBT & 5 o

() X & X' @F (F: free, X' : stable) amznnas rszb ipnag@
F—PM/W(XI) i3 minimal frée cover T 3, -

ProorF: (a) = (b) R ic Lemma (2.8) o EHO B TRENT W %,

(B) = (@) : THHBBNCMIEY TRt EERELTAE 50 $5E Y C X HHiE
SEMEF L(#0) 28t LRY oEfiRFELTLEF. —H X o EMETF &
LecLéCehato. (L0 ickoTLizfreeTh 3, x_a)Lcir(L)_O%af*
?‘75”9\ x_ﬂbﬂp (b) b)hjZDJZf\.fAL\x_ <‘:75>£r}7’)>6o | I

ﬁ/]\ﬁl‘ﬂﬁiﬁﬂ&ﬁ%ﬁof b7 /M?T\EE%EET PR &3¢ tbxiﬂbn'cln Zw

LemMA (2.11). EROHRHEERE) > M oYM S XM L0 et 6(M)
p(YM) — p(XM) spip Lo

ProoF: BEX o h - HRHMEBESBITH 2 LFEELTHDLR V. M o/ CM iR
BlER U Xp © cosyzygy C = Q7Y Xy) 2835 (cf. (1.1)(d)) %’cﬂ%ﬂdﬁo)& ) ik
5% 5%,

00— Yy — Xy y M ——— 0

00— Xy —— R* —— C —=0

Xy, CECho Yy €FTthdoXy—MEXy S5 RVizk-THRD XS 13 pushout
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diagram 2# % %,
| 0 0
| |

Yu — Yy

! !

0 > Xm > R" » C > 0
l -

0 > M 74 y C - 0
L
0 0

FFn=p(C)+6 TH B LAERTNALE=6(M)Th %, Xy = XOR® (X : stable)
LENT B <o X O freemodule ~p /N xilBHAL (cf. (L1)(d) 2 X CR™ &4 5L,
XM XOR e thon=m+§THy, 1720 >X > R™ - C — 0%
BB, TX distableTH 3t p o XCmR" BT, p(C)=mTHsILhs
BB, HEED n=pC)+6 BB oteoTHbb LORKL p 2 RHOV 2R W
Hh b,

STLRORAROEITOELKBWTIWEF o CEC LS, Chik Mo
ERHEBRBLEEATV 3, LEd-T, CoZELTIRBNEREERE L BWHLT 0
BHEB->TVWEDELL, COFRSDVWTERE=p(W)—pu(C) 2758 E+HTH
3, chicit Litoes RMOT = R* . W 5 minimal free cover T& % & & %R
BEHRW, 2T, Ch¥ minimal THVWEHEELTH LS COE ELORAD DS
YMZ MR ¢ 2, &ABhiBYy 8RO f;ee direct summand 2 &4 2 & %
B L. >T Yy it X o free direct summand 288 - & iwh 2, chIRBEFOF
0-Yy 2 Xy oMo 0BBNPNCMELTHELERLFET 5. SO TEHBK
boto

COFRELTEShIROEERRCAWSON S,

COROLLARY (2.12). F&® M € R-mod k> WTR®D 3 £HEREMTS 3.

(a) 6(M)=0

(b) X it stable CM BT 3 %,

(c) EBO ZEF LHERDRMBOERe: M > Z e Lt Im(p) CMmZ TH %,

ProOOF: (a) & (B) BER X VI S,
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=0 ERHFERBO>M SYM S XM L 0epuc Y™ eFchsboiE
o MCwmYM pipzg, Lredso p(YM) = u(XM) 545 3, #5ic Lemma (2.11)
L0 §(M)=p(¥M) - u(XM =0Tk 2,

(@)= M- Z(ZecFHBELohTWBELTE,(13) LTI D @i}
Yp:YM 5 Z EEY B, & T Lemma (2.11) & (a) iw &>T p(YM) = u(XM) &
Rebo. BIERHERELBVWT M CmYM vtV BlEXD
(M) = ¢(M)§¢(mYM)§ mZ &Ry (c) WREhtz, 1

§3. Constructions

fificREAchimMBELMLTE OB/ CM & Mb)ﬁ&‘é‘ég_&m&%?}tﬁ)
COMTRENSEREBREOKRICBRLASIVODEEZEATHL 3o

(R, m, k) i3 i #i & B4k Gorenstein Z{ffEFEcdimR=d & ¥ {,

(I) (Auslander o % [AB))
— i ic M € R-mod & E¥ i icxd L T ith syzygy % Q'(M) tHdo T kb b
QM) =M &527

0 — QM) — Fioy — Q7YM) — 0

KX-TRPpRILERE N B, BL Fi1 — Qi“l(M) i3 minimal free cover & %, |
BMBCOMMBOL siciki<0ico>0wTd (1.1)(d) iz k-T cosyzygy V(M) 25
BaNd, CoLEsic V(M) CMMBETHD, & 5ic stable ©H 2 & & ik
BE Lo

ETM€ER-mod WEEIREAGHhIEE QM) rvwoTd CM MBI 3 DTy
% D cosyzygy 2 EX B LW TE B, %*Ed(@&ofaméﬁﬂﬁlbfaéjiﬁliﬁwﬁﬁ
$TEHEIEMNGD B,

0 — Qd(M) - F44. - -+ = F - M '—> 0‘
=1 T 1 v1
0 - QM) - G — . - @1 5 M) - 0_

ITYREFLORHTRIZV, £ & T free cover p : RS — M/Tm(y) % &-T\
Xu=0UM)OR tu55p tptrbinduce shaEHT: Xy > M E2EL
5, &5z Yy = Ker(r) & BVTELR7)

(3.1) 0 » Yy > Xpp — M — 0

BB 3B,
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_tuE,'@_Jiﬁimu#ob‘ % diagram chasmg Gx-JZ')'C ZeCk Rﬂuﬁ@g& 7 M
BEASHEE ZD QM) kb riyohs tht@t&']ﬁﬁﬁuﬁmz,o Zh
poEic Ext(Y,2)=0(Z € C) s@gmrh, {tsTY 7 finite injective dimen'sion ( X -
< finite pro_]ectlve dimension ) %, M- (3.1) | ‘M & CM FEHIEIE->T WS o

& iz free cover p : Rt — M) Im(¢) # minimal <3 5 & ér b G:t (3 1) {iﬁ/]\ CM iF
pEEITWSC &b’ﬁg“—ﬁb‘%o : :

(IT) (Ding o K8k [Dl])

C T M & codimension r ® CM M TH 2BAE2EALL e $HhbbdmM =
depth M = d—r &*J‘Z:ogoc‘:érExtr(M R)’&MV L&, MY bif._codlmensmn
rOCMMBETH-T. MVVNMc‘:néu_c‘:i?ﬁﬂbh'Ch\% it Ext*gM R) =

0(i#r)Tchso

& T MY o rth'syzygy %%z.%o

(32) 0 — Q(MY) —— Fop —— o —— Fy —— MY —5:0
CORRIOWHE E-TROFRFIEE 5o

0 N FOV e — F,}/_1 SN Q"(MV)V , MYV > M 0

ST Xy=0" (M), Yy =Coker(F)_, —» FY|) + & < & XM c;t CM nuﬁfas
b, Bic L o522¥]H» 5 Yy ik finite projectlve dl_mensmn ¥, koT. ELH

(3.3) r '0—>YM—>XM—>M—>0

Mo CMEETH 5,
F 7. b L (3.2) 45 minimal free resolution ©% 2% & ik (3.3) k M (Dﬁ/j\ CM &
M%%‘K.’C‘«‘Z)o

(II1T) (Herzog-Martsinkovsky o glueing construction [HM)]) ,
ZZTH M it codimension r ® CM N Td 34250 M & MY @ minimal free
resolusion 2K Dkt 5 X %,

Ky : -+« — Kj » Ko > M — 0

Ly ¢ -+ » I » Ly >MV—>0

LY =Hom(L,,R) £ % 3,

LY : 0 » Ly >y —— LY > LY.y
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= o homology 1 Ext4(MY,R) woT'LY 1t LY oo s 0 <7\ honology %
B, SWikx 5 & LY[-r] it complex K, & quasi-isomorphic T % @ T  quasi-
isomorphism g : K, — LY[—r] 8HEY 3 ey

gr,l. ‘ o gol .
0 s LY — o s LY ——s LYy —— -

&T. & O g © mapping cone Con(g) % 3 &

(Con(g)) (d(;{_ g;)

S K@ LY. K @®LY , — ...

n—i—1

mapping cone D FHH SKD & 5 & méﬁ'] BEH B,
(3.4) 0 — LY[-r] —— Con(g) — K.,[-1]] — 0

% T 7; % tth truncation functor & L &9, ¢ R bbb, . 5L ohf complex b L\'c
2D i1 ROFEHSHEMENV B CIMEFETH 2, T2T (34) 2D K L& »T
truncate L T. ’ . :

(3.5) 0 —— 7iLY[-r] — 7iCon(g) — 7K[-1] —. 0 .

b3 complex OELFIAEXL L LB B, 1>0D L &I (3 5) 0)& complex I3 i
ZHicBWTOS 0 TR homology 2626 Li-T (3 5) D homology % <‘:o'C

(3.6) 0 — Hy(nLl[-r]) — Hi(TiCOn(g)) — Hi(TiKo[—ll)-f? 0.

BRMBORETTH 5. (BLI>0:) I TEBLL->THBMOHR VT
HimiK J[-1]) 2 QY M) cb 5, BEicEdoHic oW T ik Con(g) A% exact complex
THHIED L HEED nitoWT Hi(riCon(g)) it 5 2 MBFD nth syzygy ic 72> T W
ZoBIcENE CMmMETS 3. muzgi#.#o)lﬁuomrm LY z»ngx b T I,Eki’oh'cm
2Tk 5 &M S HirLY[—7]) it finite projective dimension % # -,

5 (3.6) it O Y(M )O)CM FEUEESE X TWS, ¥ 7. B¥ O free resolution K.,Lo
» minimal ©& 3 & » 5 (3. 6) BN CMENESAD L bEBIEIDP B0
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FE (3.7). i>0 0 55227 (3.6) R OHM) oBNCMERES X 50

MY LTtk &R L'C’c@syzygy o &/~ CM M’S::k#)z"b‘i L, ¢ K, o
FtED SROZHBE SN B, '

% (3.8). L& E# M 5 codimension r ® CM MNP TH 58, ROBIENS 5,
Xﬂi(MV) = (an--c'(M))V (1 S 1 S 1‘)

TR IE M it LT 8(M) = §Q(M)) LB <@ § &5 invariant it
Auslander BEH L bO T ABREAVEE LR S T & BRAD LT &1, (§4
BB CITRLERDO(38) AV ROX I BWMMHBENE S LRI EERT BiICE &
% & So

ProPOSITION (3.9). M #8 codimension r ® CM M#TH 2 & & . ROSE R WKL
150 . ‘
§H(M) = §"=H(MY)

#ic (k) =8%%(k) T %o,

§4. Application 1 (Lifting Problem [ADS])

TR TCEHELEFVIFRERBOGHE L TNED lifting MBXELTH &
30 LT (R, m, k) 12 LLdiT & G # Gorenstein 2Bl s L. 2 € R 2 BRF.
R=R/tR &4 5, $/- NER-modicf LT N/axN=N®rR% N t&L o &2
)

DEFINITION (4.1). M € R-mod #: weakly liftable (w.l) <& % & i, B N €
R-mod sFZELCz B N LEABRTFr> M 3 N oBEMRFTH S & & %05,

ROFERMOATVA L. 2LHODEOLERTS 50
FAcT (4.2). M€ R-mod kLT D 3 £HEREFTEH %,
(@) M wl ©55, '
(b) QR(M) = M & QM)
(c) FI(M) = (M) @ (M) (i20)
LeMMA (4.3). N € Rmod it 0T e B N ERRETTH5LRESF 5o Hic N
® R Ecof/hCMEMNKRO LS KEABATVSEF 3,

(4.3.1) | 0 — YR — xR » N » 0
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corE, lofik QpRRE2BLTEALhE3KROFMIE N o R Lcoiw/h CM El% 5
%%

(4.3.2) 0 — Y — X — N — 0

Proor: YR € F®) v> XR€CR) ts2sh5> A3 BN o CMEMESEL
Bo f/MER (43.1) oBNES SES B
CoBBEEBVT. bLM BN oH *u@?fxati\XﬁGiXﬁwﬁfu@?'Msé
CEBBB B, THDODERORKES N,

COROLLARY (4.4). M € R-mod # w.l 72 5. XM b¥ewl ThH B,
LEMMA (4.5). M€ R-mod S wl Th2 L{ERET2LROEANBKILT 3,

Sp(M) = bg(M)

PROOF: 6 = 6p(M). § = 65(M) LB <,

<613 &]XM=X€BR5(X¢:sta.ble)a§<uki»'c§50)'c R g o
si7T: XoR =XE - M3ss,cccX RRMBELTstable Tk 3 ki
HE L & 5 (Homp(X,R) — Homp(X, R) = Homp(X,R) #2HTH 5 T &b 5o)
Fie pM/FX)<b6Tchshd, (28) icx-TI<ETH 3o

(6<bm3c&] (44) & (42 RE-TROBRNS 3,

Q(X3p) = X35 & Up(X31)

L@Eﬂ@%zﬁlisyzygy%é:o’(k\é@'cfreesumma.nd%@ifal;\g_é:h_éa
LJ:%?‘?’A%)BELMX'G)R (X' i stable RIMB) LB EMTE B, o<
OLXE)ZoR 68132, £ ATRD L 5> 544

¢ QR(Xf) = QR(XE) - X — M

BEETEOT, (2.8) ik k-T 6< p(M/p(Z)) <6 T8 501
DEFINITION (4.6). F& D M € R-mod 3t L T

Ar(M) = 3(~1)'8h(M)
120

EEHRT B i>dDE &tk OF(M) it stable CM g7 0 ¢ §5(M) =0, L 72 %5-
TLOMBEBMTHE I EEFEBLTE I 9

ETWVWEWEFERERRK 5
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THEOREM (4.7). [ADS] . :
MEerdmwlT%é&ékﬁAMM)—Ofﬁéu

PROOF: {f&0D 1> 0 G‘_OL\'C&@J: 5 73 RJ:OE/J\ CM & {u%%zéo
0 — Vi — Xt — QF (M) — 0
T5& (‘4..‘2).(c) & (43) iw&koT, RJ:OE/J\ oM .M#{%bhéo.
s T T () @ ) — 0
:n&oiéOm&%ko%ﬁﬁ@Bnéo
(4.7.1) §H(M) = &'-(M) + 64 (M)

;;rmus&atfxou&uﬂ_00>@m&bio@r ﬁibeMM)
SR(M) —65(M) &1 %, COBEAB 0B B au(45)r,Tu_°|

Srhzégm? oLrEicik, E%nﬁﬁ
k=R/m —— m/gm —— m/m?

ik split mono RO, HRkkRIwl CEEIEBYH . COHEELSRDI &%
RTCEWTE D,

THEOREM (4.8). (Auslander) R %5 Gorenstein and non-regular ©& % & & . {F&®
i>0 o0t §(k) =0 BKH I, :

PrOOF: ROKRTicM 4 2 BMETRT RPAtin RSB EHL», REER
GEELT, Lokiceem—m? 2|3, 93 kikwl Boc, (4.7) oEHb 0%
RM@TY) Bk RS>VTRIT 50 RROWTORMEOEER LD, Z0EDIR0 T
5505 i>00e & Sh(k)=048hh5,i=0 A Lemma (4.5) & Rk ©
RKELSHS. 1 .

§5. Application 2 (Index of Local Rings [1;)1])‘
COFTHREBEL & S (R, m, k) it Gorenstein BB ET 3. £ 72 ﬁﬂﬂni%
AERBRILDER R l:tIEE‘]F%lPﬁﬁTﬁ\\&‘é‘Za EFTRD &ILEEL & Jo '

REMARK (5.1).
(e) 6(k)=0
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EE RHPERBHFRTR VI & 5. HY TR L stable CM nt M #3072 ¢ & b —
OREAET D, COLERAM > M/mMMsks 07T, (28)icksT 6(k)=0
Tdh %01

(b). ﬁﬁmm&noxpﬁﬁw6(R/m")>0(n>no)bxﬁzmoo , L
=41 a&R@n‘a—xy 4%7»&#5&R/amﬂa‘ﬁldzmﬁﬁﬂrasabxb\-‘-

06 — a — R > Rja ——:0

liﬁ/J\CMﬂ{u'Cdbé %Lé(R/a)—l'Céséu_&ivé}in% %u_'Cno%:m"“Ca
LBk RBNIE, n>nofAZ>nLok\'{h&éﬁjR/m"—)R/ab)&%@T (2.9)
i&-T.6(R/m™) > 6(R/a)>0TH 3.1 -

Tl oEBRRL-TROBICIndex 2 ERTEILENTE B,

DE'FINITI‘ON (5.2). index(R):_'inf{h] §(R/m™) > 0} , |
Rk it R HSTE “Elle&L\&{liﬁL'COf:’:bf\EEII'C“ZB%&%&.‘ b ORBRUAMT, £

DB iz it index(R) =0 ©& %, o
d(@ﬁﬁkoto'(mdex it édbéi:ﬂﬂblﬁﬁ:?‘é AN &75\6}75‘60

LEMMA (5.3). k BWEBATH 5 LRTET 5 LRORERNNKIL Y 50

e(R) Zindex(R)+emb(R) dlm( )—1
> index(R) -

ProoF: B2 0 R EX R AP EABHRTCRVOEPSHSL, 1 OLRER%
T fodic. m @ minimal reduction a 2 & h. n 2 M C a & RBE3B/NDOEHARK
L4 5. (5.1)) oEHEE AL n > index(R) TH B EXNAS B Lo
n<e(R)+dim(R)+1—emb(R) TH 5 LE2RBITHV, CHIKBRKRDO LS4 F
TANOFIEEX B, ' o : ' - -

amcm™ M tamc--ccmditamcmitram=m’cmCR

STTROMD LMD AW +am/mt fam) > 1 (2<i<n) ThBo %t
£(m/m?) = emb(R) T % b b HRLR/am) > (n—2)+emb(R)+1 578 505, —
% T L R/am) = £(R/a) + £(a/am) = e¢(R) + dim(R) TH 2 » 5 FHFEORBH 5, N

CoROLLARY (5.4). €(R) = index(R) 72 5 if R i3 hypersurface ©& 2, °
PROOF: (5.3) & b emb(R) = dim(R)+1 T 5o 0
COROFEOHIUT B EBDinglcd-TRERLT WS,
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THEOREM (5.5).. (Ding [D1]): -

R #3 hypersurface 73 & i¥ €(R) = index(R) 255k D 3L D%

COREE bl —ROROEEN SEI NG,

THEOREM (5.6). (Ding [D1]) (S, ms, k) % Gorenstein BFHE. z € mg ®» D ¥
REFEL.Eic R=5/zS LB cn & EERO M e R-mod LT, &L
g€ mgAnng(M) 2o, FBOi2 0> T (M) =07Th %,

COEEOFERH R Shamash o FE & Wbt % free resolution 4 2 £ R E NE
ET 3, 2CTR, (5.6) DEHEEABRPOAR—2BRVOT, AKEOH 551
Ding 0@ X % CETE L, EEBGOH Bco B8 boBoha i3 2EELTSE
23 ' : R
& L R # hypersurface %z & R = S/2S (S : regular local) ¢ #<{ C &M% 3, {H
LRE R regular tRVWEEELTVWEZDTzEM? TH 3, 3T RoOEHEE ¢(R)
keryste=supfnzemi} vz hicsems myliuzoT 1<i<e
mBzieHLTM=R/m LT (5.6) L S(R/m) =045, chkb
index(RY> e T&% %, 1 ' ‘
DEFINITION (5.7). M € R-mod iz L T. % ® Loewy length (M) 2%k D & 3 i«
ERT 5o

Y(M) =inf{n| m"M =0} -

R ¥ 0 ®xmrxortaxicidsLcomBir CM i o 7. index(R) &
inf{n| R/m" isfree R-module} wHE L v, hHBFEi LU(R) TH 5, £-T
index(R) =£4(R) TH 5, ~BIRTO L EILBRERDO I EBEX B,

THEOREM (5.8). (Ding [D2])

ROREFERABERD Lo

index(R) < inf{¢(R/xR)| x is a s. o. p. for R}

PROOF: n = indéx(R) t+ B, EHLD S(R/MY) >0 Th2,x% Rosop. T
n>UR/XR) 3560, LLd cots&m ! CxRthsdhoehst R/m ! —
R/IXR 353, — 4 Tindex OFH LY §(R/m* ) =0csrsh5.(29) kot
S(R/xR) =025, L LA S R/XR i3 finite projective dimension % & > ® ¢
S(R/XR)>0 &3¢ TH 3, (cf. Lemma (2.11)) LEd>T D L3R x REE
[PRAUAPAS | .

PROPOSITION (5.9). R s hypersurface @ & % ic it (5.8) D RERRERXTH 3,
PROOF: D& & (5.5) it &»T e(R) = index(R) Th 3, —A X % m @ minimal
reduction &4 2 LRORERX» oKD ZHEAMBBOh 3,

index(R) < £4(R/xR) < {(R/xR) <e(R) 1
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R s Gorenstein 5 WIB& RSPV T index 2 EZ B3 ENTE B, D& % index
& Loewy length ico Wt oBEEHmEVWERAS D2 kR oh 3,

§6. Application 3 (Auslander Conjecture [YK])

2 2Tt (R, m, k) i3 2 kot © normal hypersurface ©& % & 5 BEHREHBE T 5. H
L. HIERIBE%K 12 Rit non-regular t4 2 L {EiET %0, +7HbE S = k[[m,y, z|],
femi LT RBR=S5/fS c&£&n3,

oL &l Rid Gorensten B TH 20T ROLIBEIRINS 5,

Ext'(m, R) & Ext?(k, R) & k

IHIRD & 515 nonsplit BELFIBEMEZRVT—EOCEETEIIEEBHKLT
W5,

(6.1) 0 » R > A m > 0

CohREFEbhA RMBEARCMMETSY, PROYEARERVT—ENESE 2
e B, D A% R o Auslander it & v 3,

5225 (61) 3§l ko MmO CMEUAEATVEIEKEBLLID TROSE
A=XnTdb s, -

& T R % quasihomogeneous ©% 3 & i, @, ¥, z K BM T RMH W % FoT f %
homogeneous L HEHRA L TE 2L &E VI, FVRA S L R i Euler 85 &1Fifh
% ¥ 5k 72 derivation § BEET B L TH 20 THbb k-derivation R > R TH-T
§(z) = diz, 6(y) = day, 8(2) = dsz (i EN) 2R T B DHH 3,

& T R @ the universally finite module of k-differentials % Di(R) & %4 C &ic
%, ( Dp(R) & R o Kahler #5 m# Qc(R) 0 A BEL TS 5 0)

LEMMA (6.2). R # quasihomogeneous 3 & ¥ R @ Auslander gt A it Di(R)** ic
BETH %,

Proor: R » quasihomogeneous ©& % & &icit. = @® Euler # 4} 6 i3 R-linear =
#e: D(R) > R%%{, Euler 5 0B H S Im(e) =m ¢ & %, & R-bidual %
LT e D(R)™ > R s 5 h B0 <0 & & Ker(e) & (A2Dy(R)* <% b, < 0
A7 i: R o canonical module L BRI TH 20T lree ThH 2. HicROELVINEH %,

L1

0 — R —— Dy(R)* — R

STtmCIm(e*)CRTH3M. bLIm(e*)=RTd3L323&. LORLFH
split U T Dg(R)** % free &->T U % 5, Dp(R)* #5free TH % & & R i3 regular ¢
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59 & T4 (Zariski-Lipman F48) 13 hypersurface @B &I RIE L W & MEE

B & ©L T W3 (Scheja-Storch) o Lo THADOKRFE TR O REIDER VI &M

Db koTtIM(e*)=mTh s, ERLOELILD AZ D(R)"™ B850 3. 8
éTg@mem@ﬁb&i?%Tbév&?ﬁénTméo B

AUSLANDER CQNJECTURE (6.3) A D (Rt 315 ¥R qua.51homogeneous
TdH5 o

COFHK SV THEBOATWAEEONTROEVEREELNEDORES
& o Martsinkovsky ic X 3 6D T&H % 3o

THEOREM (6.4). (Martsinkovsky [M1])
f=z"4+g(y,2) LW oL itk Auslander %*ﬁc;ﬂE Lo

REMARK (6.5). Martsinkovsky li%@ WX [M2icsunT Auslander %’Lﬁi— (hyper-
surface DB SIC) BRKTHLAZEFERE LTV IR, FORIXCRIERTBYI N H-
TETHIELWERBDZbF IRV, ,
bolP¥LCED & [M2) @553 ~— vdishifsy© QLA 28 4 x 4 75| 7 © Cokernel
tEIH. B To&F 02, 3,455 8 R Lo derivation 5% 3L 351 Tt&3%&FE
BLTWBEMAIC gap B5 b0 CNNAETH 2T . Diy(R) 3 o DR THH
R12B g Di(R) = Dp(R)* iz &»T Di(R)*™ @ minimal generator »— i 1T W
BLOWSRALAMTHD I EHNTEWUTE 3, CoRKE0 b Lk [H] K &-TFR
ELword, Ml csuwiHicEshTvi L ic, %*ﬂ@{&ﬁbm@a’e#%vg
CHESIHEVS CEBEBNBOTY, (MEVOS2RXICREEMI & 90)
bl omX M2 BEELLEV bDEEALT LV,

40 & A Auslander FHEico>WT iR, FER f B85 % bnm:t %m._ou\'c%
BHERD LD LABIDHBENTEB LI K H-Tco EE[YK] KBV TRD
EMRENTWV B, : _

THEOREM (6.6). f BROFEOFEBROVWTFHATH S & &icid Auslander- F18 i3 IE
LW,

(a) f=2"+ g(y,2) (Martsinkovsky’s case cf. (6.4))
() f=2aP+y?+ 2" +2yz (cf. Behnke [B] or Yoshino-Kawamoto [YKaw])
(C) f =g+ H(g) where g= z? + yq + z"‘and H(g) 1s the Hessmn of g.

LN LH b —RMBFOEENLEMMLON, KKOME LI WD Fomar
BMiFrev, Ao s 2353 [YK] 2R TT& W,
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§7. Addendum (Nakayama Conjecture)

Auslander %12 # DX [ADS] o ¢, RLE XK BT 5 o il[F 48 ( Auslander-
Reiten F18) ORI ERL TV o, CARBMLTHY Y XYY ADBIKEHK (‘ft(&
K) KA DT, ST OEHOMBERE L THE LV EE S, ’

u’F R ’&T}ﬁf&‘mﬁ”‘ﬁpﬁiﬂ A% R ED (SHFL {)_J}“’th\) Noetherlan algebra
L+ 3, {z1;z9,... m,.} 2 Rowik4 77 Voo A regula.r sequence Tk

5b0&F 5, %L’CI‘ A/(ml,mg, . m,.)Aar;,(D o

DEFINITION (7.1). M € T-mod i L /Ko 2 &f £k + N € A mod, pr—
2 & & M % liftable & Wi, N 2 M o lifting & v 3, ‘o

(1) M=T @ N
(b) Tor®(T,N) =0 (i > 0)

oo (b)) R {z1,22,... ,2n} B N Lo regular sequence T& % & & LE{ET
bbo . MBOIELTHIN i TR wea,kly liftable & v 3 @43 . < @ liftable
EVHIHEED L TH B, : '

aT—eEALshNE M el -mod - hfta.ble eI 8:75>F‘iﬁh_7‘a Zao
ROLIBHHEEBHONT VS,

LEMMA (7.2). & L Exti(M, M) = 0 72 51 M 1 liftable TH Bo

L Chi [ADS] icsFH BB RN T W BN, BE 5 deformatlon @Euﬁ:@ *"{Sé: L.
LB B LM O TV bDTH B & B o (EK. homology V) az)mmunm@’
e icat$ 3 obstruction 25X5 60T, ExtF(M M) i hftlng 0) obstruction % .
¥t Extr(M M)y=0DEFEDb &T ExtF(M M) i % o lifting o — ##: extd 3
obstruction ’5_—‘—?;{_50)

. & T M €T'-mod 7 liftable v, N » % o lifting t& 5 & &, P, {—N@AJ:'CO),
projective resolution &4 3, & (7.1)(a)(b) & T Pots M 0) L J:'Ca) prOJectlve ‘
resolution 25X 5 L2 BHKL TV B, HFie pdp M <pdy N TH B hd 3:75>5}75>5o
Ltc->TROFHEABRE NI, :

LEMMA (7.3). A #s finite global dimension %# - & & ExtF(M M) =0&¢&RB{E
Bo MeTl-mod it L T. de\M<oo75=lﬁDiO°
Chi orﬁmﬁﬁbm‘én%o | ‘

THEOREM (7.4). A T l:.tJ:EE.'@LD é:‘é‘Z; éﬂph_A i3 finite globa,l dlmensmn ’F_—Ffo b
DET B (FRbET RESRXETH S,) TDEE, Ext} r(MeT,MeTl)=0(i>1)
%2 t4 M €T -mod it T'-projective T & %,

PROOF: Extd(M,M) = 0 cs 2355 (13) K koT pdr M < 00 & B0 —K
Extt(M,T)=0(i>1) Tb& 55 5 M it I-projective ©& %0 I
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Ten Phases of Gorenstein Rings

Kei-ichi WATANABE

Introduction

The origin of Gorenstein rings lies in the duality theorem of Grothendieck
[Gr]. Then H. Bass noticed the condition of having finite injective dlmenswn
and also unified the results of several authors in [B].

Thirty years have passed since then and the concept of Gorenstein rings is
now quite familiar among commutative algebraists and even among algebraic
geometers. We would think that we can produce any examples. of Gorenstein
rings with a given condition (if they exist), or, given a ring, we, commutative
algebraists, would think we can determine if the ring is Gorenstein or not in a
due time. In another words, we think that the condition to be Gorenstein is a
“computable” property. (Of course this is not quite true in many cases. But,
generally speaking, to find a condition for a class of rings to be Gorenstein is
not so exciting as it used to be years ago.)

On the other hand, it seems that non-commutative Gorenstein rings have
been studied for a long time. So, I thought it might be fun to exchange the view-
points of commutative algebraists and those who are studying non—commutatlve
Gorenstein rings.

So, the purpose of this note is to show how we would produce examples of
Gorenstein rings from numerous situations or how we would distinguish Goren-
stein rings from non-Gorenstein ones in various circumstances.

All rings considered in this article are commutative Noetherian with identity.
All modules are unitary. Since Cohen-Macaulay or Gorenstein property is a local
one, we are mostly interested in local or graded rings.

0. Preliminaries

Let (A, m) be a Noetherian local ring of dimension d and let x = (z1.... ,24)
be a system of parameters (s.0.p.) of A. First, we will give characterizations of
Cohen-Macaulay rings. For simplicity, we will write CM for Cohen-Macaulay
in the following,.

(0.1) A is a Cohen-Macaulay ring if the following equivalent conditions are
satisfied. (cf. [G-H], [Ma], [B-H])
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(1) (=z1,...,zq) forms an A-regular sequence.

(2) Ezty(A/m, A) =0 for every i < d.

(3) The ideal (z,...,z;) is unmixed for every i, 0 < i < d.

(4) Hi(A) =0 for every i < d.
[f RCAfora regular local ring R, A is a finite R- module ]

(5) Aisfréeas an R-module. -+ .
[If A= S/I for aregular local ring S, |

(6) dim S =d + hdsA (where hdgA is the projective dimension of A as
an S-module).

(0.2) A is Gorenstein if the following equivalent conditions are satisfied.

(cf. [B], [G-H],

(1) (z1,...,zq) forms an A-regular sequence and generates an irreducible
ideal. CL '

(2) Ezti(A/m,A) =0, (i < d) and Ea:tA(A/m A) = A/m |

(3) The ideal (:vl, ,) is unmixed and each primary ‘component of it

is irreducible for every 1, 0 < 1< d.
(3") The ideal (z1,...,z4q) is irreducible for every s.o.p. z.
(4) . Hi(A)=0for every i < d and HS(A) is A-injective.
(5) inj.dima(A) < oo (resp. inj.dim4(4) = d).
[If R C A for a regular local ring R, A is a finite R-module,]
(6) Ais R-free and Hompg(A, R) 2 A as A-modules.
[If A= S/I for a regular local ring S
(7) hdsA=s:=dimS —dim A and Ezt}(A,S) = A as A-modules.

(0.3) If A is CM, then the following numbers are equal and is ca.lled the
“type” (or CM-type) of A and is denoted by r(4). :

(1) The number of irreducible components of (z1,...,z4),

(2) dim 4/ Ext4(A/m, A),

(3) The length of the socle of HZ(A).
[If R C A for a regular local ring R; A'is a finite R-module]

(4) The number of minimal generators of Hompg(A, R) as A-module.
[If A =S/I for a regular local ring S|

(56) The number of minimal generators of Ezt%(A, S) as A-module, where
s§ = hdsA =dimS — dim A4.

(0.4) Thus a Gorenstein ring is a CM ring with type 1. If z € m is an
A-regular element, then A is CM (resp. Gorensteln) if and only if so is A/zA.
Also, we have r(A) =r(AfzA)in thlS case.

1. Inverse system of'MaCéulay

If A is an Artinian local ring; A is Gorenstein if and only if A4 is self-injective.
If A= R/I,Ris apolynomial ring, the injective envelope E'= E4(A/m) of A/m
is calculated in terms of inverse polynomaials and, conversely, we can construct
a Gorenstein ideal I as the annihilator of an inverse polynomial.
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To be precise, let R = k[X1,...,X,] be a polynomial ring over & field k.
Then the “graded dual” S

R* = Homy(R, k) ="' @ Hom(R k)
n<0

is the injective envelope of R/(Xy,... ; X,) (cf. [GW- 1]). If A = R/I, where
IC(Xy,...,Xn ), then E4(A/m) = Hompg(A,R*) = annihilator of I in . R*
(where m= (Xl, , X7)/T). Thus we have

(1. 1) If A R/I as above is Artlman local, then A is Gorenstein: 1f and only
if [0 : I] = A for some ¢ € R* or, equlvalently, I = Anng(¢) for some ¢ € R*.

(1.2) It is convenient to write an element ¢ of R* by an “inverse polynorrnal
”  Namely, we denote’ X% ... X7 the k-linear map sending the monomial
X“1 +++ X% to 1 and all other monomials to 0. In this manner, the set of all
inverse monomials forms a k-basis of R* with R-module structure defined by

(P b (KT X o

n

) = { Xlljl—ﬂl f"val"_a" (a1 S:bl;-_-; »Gn S bn)
“lo (otherwise):

Example (1 3). (1) I¢=X; %X, %, then Anng(¢)
= (X{'\”L.l , Xan ¥y producing a complete 1ntersect10n ideal.

(2) I ¢ X-1Y~24 273 then Annpg(¢) = (X2 Y3, XZYZ, XY?— Z3)
and A = R/Anng(¢) is an Artinian Gorenstein ring,

Interested readers are recommended to make lots of examples of Artinian
Gorenstein rings by this method or to find ¢ such that I = Anng(¢) for a given
Artinian Gorenstein ring A = R/I. ‘

2. Free Resolutions

If A= R/ais a local ring with dim A = d, wheré R is a regular local rmg
with dim R = d+s, we have the equality ‘

(2.1) hdgA + depthA =s + d

(where hdg A is the projective dimension of A as R-module and depth A is the
maximal length of A-regular sequences in m). In particular, A is CM if and only
if hdgA = s and when A is CM, A is Gorenstein if and only if Ezt} (A R)

as A-modules.

In another words, if
0o F—=Fyo..oFFK=RoAS0

is the minimal free resolution of A as R-module (which is unique up to isomor-
phisms), t¢ > s in general, A4 is CM if and only iff =3 and 1f A is CM A s
Gorenstein if and only if rank Fy, ="1.

Also, if A is Gorenstein, then the minimal free resolution F, is self-dual.
(Namely, the two complexes (F,) and'(F}) (the dual complex) is isomorphic.)
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There are some structure theorems for the case s (= embedding codimension

of 4) is small.
Theorem 2.2. (1) (Hilbert-Burch; [Bu],[N]) If s=2, Ais CM and if
0o R'AR" SR> A=R/I—0

is the minimal resolution of A over R, then I is generated by the maximal minors
of ¢. (We can think ¢ as n x (n — 1) matrix being a linear mapping between
free modules. )

In particular; a Gorenstein ring with embedding codimension 2 is a complete
intersection ([Se]).

(2) (Buchsbaum-Eisenbud, J. Watanabe; [BE-3], [WJ]) If s = 3, A is Goren-

stema.ndlf
0> R—-F,= R"—>F1 - R*" > R—A=R/[ -0

is the minimal free resolution, then n is odd, we can choose bases of F; and
Fy so that the matrix of ¢ is alternating and then I is generated by the n
(n — 1)-Pfaffians of ¢. (cf. also [BE-1,2].)

_ For example, the corresponding matrix in the first example of (2.3) can be
chosen as

0 0 —zx vy 0
0 0 0 - —z
z 0 0 22 P
-y z —2z2 0 0.
0 =z —y2 0 O

(which is alternating) and the Pfaffians obtained by deleting 1st to 5th row and
column are zy? — z%,4%,yz, 22,2 respectively.

Example 2.3. Ten years ago, it was not practical to compute the free
resolution of A over R. But nowadays, thanks to “Macaulay”by D. Bayer and
M. Stillman or “Cocoa”by A. Giovini and G. Niesi, it is quite practical to decide
if a given (graded) ring is CM (or Gorenstem) or not. Let us see some examples
of calculations by “Macaulay”.

In the following, the map F; — F;_; is shown by a matrix. So, for example,
the third matrix of the first example shows that rank F; = 5 and rank F; = 1.
In the following, an explanation about the commands are showed in italics.

% ring r

! characteristic (if not 31991) ?

! number of variables 7 4

! 4 variables, please 7 xyzw

! variable weights (if not all 1) ?

} monomial order (if not rev. lex.) ?

; largest degree of a monomial : 512

% ideal I  (This ideal is the one appeared in §2.)
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number of generators ? b5

)

1 (1,1) 7 x2

' (1,2) 7 y3

! (1,3) ? xz

1 (1,4) ? yz

' (1,5) 7 xy2-23

% res I p (“p”is the resolution of I)

; 1.2..3..4..[126k].5...6...7...
; computation complete after degree 7
% pres p  (showp)

)

This computation shows that k[z,y, 2]/I is Gorenstein since this resolution
has length 3 = ht I and rank F3 = 1.

% ideal I (A=k[X,Y,Z, W]|/(X,Y)N(Z,W).)

! number of generators 7 4

P (1,1) 7 xz

' (1,2) ? xw

b (1,3) 7 yz

' (1,4) 7 yw

% res J pi

; 1.2,

; computation complete after degree 2

% pres pi

; 00 -y -w
; "y 0 0 z
; 0 -w x O
; xz 0 0
; ~Z
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i 7Y

Thz.s shows that A 1s not CM since dimR —dimA =2 < hdRA =3.
% ideal J2 . :
! number of generators 7 4

1 (1,1) 7 x3 :

' (1,2) 7 y3 : ‘ oo

v (1,3) 7 23

' (1,4) 7 xyz

% res j2 p2

; 2.3.4..5...6... :

; computation complete after degree 6

% pres p2

; yz 0 0 -z3 0 -y3
; 0 -xz 0 0 -z3 x3
; 0 0 xy x3y30
; X2y2-220 0 0

; 0 z2 -y2

; z2 0 x2

5 ¥y2 x2 0

; 0 -y 0

; - x 00

; 00 z

Thzs shows that A = k[X,Y,Z]/J, is CM with r(A) = 3, since hdRA =8
= ht Jo and rank F3 = 3.

3. Canonical (Dualizing) Modules

If A= R/a, with R Gorenstein and dim R = d+r, the module Ezt%(4, R)
is called a canonical module (or dualizing module) of A and is denoted by K 4
(or wa). This does not depend on the presentation of A and is compatible with

completion and localization. (Namely, if A is the completion of a local ring 4,
K ; = (K4)" and the canonical module of Ay is (K4)p.)

Local duality theorem is essential in the theory of CM or Gorenstein rings.
Local Duality. (|G-H], [HK- 2]) If A is o CM local ring of dim A = d with

mazimal ideal m, then for every 1 and for every A- module M,

(3.1) [Betiy (M, K4)) = HE ‘(M)
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(Where (Y = Homa(, EA(A/m)) taking dual by the 1nJect1ve envelope of the
residue field.)

" In particular, we have (K 4)" = (H4(A)) and T(A) = the numbBer of minimal
genera.tors of K, as A-module. ' -

(3.2) By local duality, if A is CM with: the canonical module I\.A, we. have
inj dim4 K4 < co. H. Bass asked the following question
" Bass’® Conjecture If there exists a finitely genemted A-module M ;é 0
with:inj dims M < oo, then is A CM 7

..'This was answered affirmatively by Peskme—Szp]ro Hochster and P Roberts
and K 4 is.characterized as a CM A-module of “rank 1”with finite ln_]ectlve
dimension. (cf. [Ho-2], [PS], [Ro])

If this is the case, every finitely generated A-module with ﬁrute mJectlve
dimension has a resolution consisting of ﬁmte sum of K 4 by the followmg pro-
cedure.

(1) fMisa ﬁnltely generated A- module with inj dlrnAM < 00 a.nd depth

= d, then' M = [K4]™ for some n.

(2) If depth M < d, make an exact sequernce 0 — » N = [KA]" - M =0
and then wé have dépth N = depth M + 1.

Using K 4, we can restate the definition of Gorenstem rmgs as

(3.3) " Ais Gorenstein if A is CM and K4 = A, 7

In some sense, these two conditions are independent and A is called qua81-
Gorenstein if K4 = A. If A is “generically Gorenstein”(the localization of A
at every minimal prime is Gorenstem), then K4 is isomorphic to an ideal of
A. If A is normal, then K4 determines an element of the divisor class group
of A which is called “the canonical class” of A. In this context, to check
Gorenstein property of A breaks up into ‘

(1) AisCMornot and

(2) Calculate the canonical class. o .
In the followmg, we will show how to calculate K 4 A in severa.l situations.

4. Graded Rings

(4.1) Let R = EB R, be a Noetherian graded ring over a ﬁeld k= Ro We
denotem = Ry = GB Rn, the unique graded maxnnal 1deal of R. Then we have
Er(R/m) = R* = EB Homk(Rn, k), the graded k- dual of R and in this case,
taking E-dual'is equwalent to taking the graded k-dual. Namely, we have

(M) =Hompg(M, E) = _. : EB Homk(Mn, k)

for a graded R-module M = @ZMn). (cf. [GW-l].)
ne

(4.2) Also the local cohomology groups and the canonical module have the
structure of graded R-modules and we define the invariant a(R) of R by

(4.2.1) a(R) = max{n € Z | (HY (R))n # 0}.
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This number plays an important role with respect to CM, Gorenstein prop-
erty or rational singularities. For example,

(0) If R is (quasi) Gorenstein, then I\R = R(a(R)) as graded modules
where, in general, R(n) is defined by R(n); = Rpyi.

(1) If Ris (quasi) Gorenstein and if r|a(R), then the r-th Veronese subring
R(r) = 69 R,n is (quasi) Gorenstein;

- (2) The “Segre product” R#S = EB Rn ®. Sy of two graded rings R and

S is CM if both are CM and a(R), a(S) are negative. Also, R#S is quasi-
Gorenstein if so are R and .S and a(R) = a(S). For example, the Segre product
of two polynomial tings k[X1, ..., X,]|#k[Y1,...,Yn] (where, n,m > 2 and we
set deg X; = degY; = 1 for every i, j) is Gorenstein iff n=m. (cf. [§W-1, Chap.
34])

Attached to R and a graded R-module M are projective variety X =
Proj(R) and a sheaf M on X. But the converse is not so simple. The sim-
plest way is to take the homogeneous coordinate ring of X embedded in some
PN (projective N-space). In this case, R is generated by R;. The next method
is to take a pair (X, L) of X and an ample invertible sheaf £ on X. But this is
not enough to construct arbitrary graded rings.

(4.3) If Ris normal, R corresponds to a pair (X, D) of a normal projective
variety X and a fractional d1v150r _

Z Pv
(the sum is taken over irreducible subvarieties of codimension 1 of X) such that
ND is an ample Cartier divisor for some positive integer N, by
(4.3.1) R = R(X,D) = ®n0H"(X,0x(nD)).T" C k(X)[f], _
where k(X) is the rational function field éf X and
HY(X,0x) = {f € k(X) | divx(f) + nD > 0}

(divx‘(f) is the divisor of X attached to f).

(4.4) If D is an integral divisor, R(X, D) is quasi-Gorenstein if and only if
Kx ~aD (that is, Kx — aD = divx(f) for some f € k(X)) for some integer a,
where Kx is the canonical divisor of X. If this is the case, we have a = a(R).

But if D is fractional, we have to count the “ramification”

~1
4.4.1 D=S"¥"y
(4.4.1) XV: .

R(X, D) is quasi-Gorenstein if and only if

(4.4.2) Kx + D' ~ aD for some integer a.
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Also, if this is the case, it turns out that ¢ = a(R). (R(X,D) is -CM iff
HY(X,0x(nD)) =0 for every 0 < i < dimX and n € Z.)

Examples. (4.5) (1) If X = P" (n > 1) and H is a hyperplane of X, the
invertible sheaf Ox(nH) is usually denoted by Ox(n). Also, it is known that
Kx ~—(n+1)H.

If we take D = H, R(X, H) = k[Xo,...,Xn] is a polynomial ring in n+1
variables and we can see that R = R(X, H) is Gorenstein with a(R) = —n — 1.
If, instead, we take R = R(X,7H), we see that R & (k[Xo,... ,Xn])",. the
r-th Veronese subring of the polynomial ring. Thus R(X,rH) is Gorenstein iff
rin + 1.

Since every divisor on X is linearly equivalent to some rH (r € Z), the
Veronese subrings are the only rings which is described in the form R = R(X, D)
with D an ample integral divisor. But there are lots of graded rings R with
Proj(R) = P™ other than those. , 7

(2) Let X =P with k(X) = k(t) with divx(t —a) = (a) — (c0) for a € k
and put ‘

1 1 1
D= 2(0)+ =(~1) = =(c0).
L)+ (1)~ 3(e0) |
Then it can be seen that R = R(X,D) = . H'(X,Ox(nD)).T" is generated
n>0

by :
1 6 1 10 1 15
2(t+1) V= parrl 2T mriyp
with the relation z® = y® + 2z%. Thus R(X,D) = k[X,Y, Z]/(X° -Y® - Z?). In
this case, we can take Kx = —(0) — (—1) and D’ = 2(0) + 2(—1) + $(c0) so
that we have Kx + D' = —D. Of course, this equality corresponds to the fact
that R is Gorenstein with a(R) = —

5. Poincaré Series, Hilbert Functions

Let R = @ R, be a Noetherian graded ring over a field ¥ = Ry. Then R,
n>0

is a finite dimensional k-vector space for every n and the formal power series

P(R,t) = dimi Rnt"
n>0 .
is called “the Poincaré series”of R. In fact, P(R,?) is a rational function of ¢
with pole of order dim R at 1 and if R is CM, deg P(R,t) = a(R). In the same

manner, we can define P(M,t) for a Noetherian or Artinian graded R-module

M.
The following duality was pomted out by R.Stanley ([St-1}).
If Ris CM, then

(5.1) P(R,t™") = (-1)*P(KRg,t),

where K is the canonical module of R.
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In general, we have,

62 P(M, ) = Y (-1 PUELM)) Y

i>0

for every .Noétheria.n graded R—rﬁc;dule M.
Using this formula, we have ([St-1])-

Theorem 5.3. If R s Gorenstein with a = a(R), .th.en .
P(Rt7Y) = (D)% P(R,1).

Conversely, if thzs equality holds fo'r some integer a and if R is « CM ‘integral
domain, then R 1is Go'renstezn

Example (5.4). (1) Ifz € Ry isan R—regulaf element, then we have
P(R/zR,t)=(1—-t™)P(R,1).

In particular, if R = k[Xl; oo s Xda+r|/(F1,... , F}) is a complete intersection
with deg(X;) = a; and deg F; = b;, then we have . :

(1—t%1). . (1 —¢b)

e R (N

2 LetA—kXYZ F) with deg(F') = 3 and X,Y,Z have degree 1.
. &
Then-P(4,t) = (1 t)a =143, 51 nt" Now, let R = AfA be the Segre
product of A and A..Then we have .

1+46t+1282 —¢3
P(R,t)=1+9Y n?" = = (1+_t)3 ,

n>1

and we have the equality P(R,¢™!) = —P(R, t)+2, which corresponds to the fact
Kr = R (as graded modules), H: (R) = 0 for ¢ = 0,1 and that H%(R) = k2
(2-dimensional k-vector space situated at degree 0). (cf. [GW-1])

6. Semigroup Rings

For a finitely generated additive semigroup H C Z* and a field k, we define
k[H] to be the subring of Laurent polynomial ring generated by the monomials
{th |he H} (t* =ttt it h = (hy,... b))

(6.1) ((HK-1]) Ifn=1 (or dim k[H] = 1), k[H] is Gorenstein if and only
if H is symmetric (i.e. Z\H =c~H :={c—h|h e H} for some ¢ € Z, if
Z = H — H, or, equivalently, if GCD {h |h€e H} = 1).

The sumla.r result holds for higher dimension. (cf. [GW-2], [T H]. Unfortu-
nately, Lemma 3.3.8 and Theorem 3.3.3 of [GW 2] are not true, as pointed out
in [T-H].) ‘
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Ifk[H ] is normal we have the followmg results of M. Hochster and R. Stan]ey

Theorem 6.2. (1) [H 1] If k[H] is normal, then it s CM.

(2) [St-1], [St-3] If H = o NZ™ for some convex rational polyhedral cone,
then we have Kk[H] = k[Int(o) N Z"], where Int(o) means the relative interior
of ¢. Thus k[H] is Gorenstein if and only if Int(a) NZ™ = hy+ H for some
ho € H. ‘

Example (6.3). Let H = 00Z2 where o = {(z, y) € R2 | 0 <y < nm}
where n is a positive integer. Then we have

CInto)nzt= ) (Li)+Hif n>2,
. ST 1<i<n~1 Lo o
which means that if we put R = k[H] = k[X'Yj | (4,5) € H], then the canonical

modulé Kp is generated by {(XY7|1<j<n— 1} as an R-module and hence
wehaver(R) =n=1ifn > 2. (Ifn=1, then R = k[X, XY]and K = X2Y.R.)

7. Invariant Subrings of Finite Groups .

If (A, m) is a local ring and G is a finite subgrodp of Aut(A) whose order is
¢ unit-in A and if :

B = AG—{a€A|a(a)—~a(forVa€G)}

is the invariant subrmg of G we have the isomorphism of local cohomology
groups .- - : S .

L HB) = (EL ),

where we put.n = m® = m N B. In particular, if A is CM, so is B and when
A is not CM, we can- Sometlmes find G which annihilates the middle local
cohomology of A so that B is CM (cf. (7.3) (3)). : :

If A is (quasi) Gorenstein, the action of G on the generator w of K Al deter-
mines a character x by

(72) o(w) = x(0)w

for every o € G By (7.1), we have K & [KA] and B is (quasi) Gorenstein
if and only if [K 4]¢ is a free B-module. Thus B is (qua31) Gorenstein if x =1
and the converse also holds if A is vinramified over B in “codimension 1”. (That
is, if there is no prime ideal p of A with ht(p) = 1 which is fixed by some element
o # 1 of G and that the action of o on A/p is the identity.)

Note that we can discuss CM and quasi-Gorenstein property of B separately.

Example (7.3). (1) If A = k[[X1, ..., X,]] (or E[X;,...,X,]) and if G C
GL(n,k), x = det and, consequently, B is Gorenstein if G C SL(n,k). The
converse holds if G' does not contain a “pseudo-reflection” (¢ € .GL(n,k) is'a
pseudo-reflection. if rank(c — 1) = 1). ‘ ; i
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-(2) - If Ais acomplete intersection, x is given as a ratio of two determinants.
Namely, let A = k[[X1,... , X:])/(f1,..., fr) with dim(4) =n - 7. If 6(X;) =
Y. aijXjand o(f;) = Y bijfj, the we have x(o) = det(ai;)/ det(bi;). (cf. [W-1],
[St—2], [Kh], [FO])

(3) Let R = AEB be the Segre product of A = k[X,Y, Z]/(X? +Y* + Z*)
(with deg X = 2,degY = degZ = 1) and B = k[U,V,W]/(U? + V* + W*)
(with degU = 2,degV = deg W = 1), where k is a field of char(k) # 2. Note
that R is normal with dim R = 2, quasi-Gorenstein with a(R) = 0 and not CM
with H2(R) = k2.

Let G =< o > be a cyclic group of order 2. We define two actions of G on
R «

(a) I o(X) = —X,0(U) = —U and if all other variables are invariant under
the action of o, then [H2(R)]¢ = 0 and R is CM. (In fact, the generator of
Kp is invariant under o and RY is Gorenstein.)

(b) ¥ o(X,Y,2,U,V,W) = (X,-Y,-2,U,—-V,~W), then [HZ(R)|® =
HZ2(R) and RY is not CM. We can also check that R® is quasi-Gorenstein.

8. Face Rings of Simplicial Complexes

Commutative ring theory includes topology !?

Let A be a simplicial complex on vertex set V = {z;,...,z,} and k be a
field. We define the face ring k[A] by

B1)  HAl=MXy, Xal/ls, La=(X, |0 ¢ ),

where we denote X, = [[,c, X». This ring is called a face ring (or a
Stanley-Reisner ring) of the simplicial complex A. As usual, we denote
m = (X1,...,Xn) (the unique graded maximal ideal of R).

The local cohomology groups of R = k[A] is described by the cohomology
groups of “links”of A (cf. [Re], [Ho-3], [St-3]). For example, the homogeneous
component of degree (0,... ,0) (R and the local cohomology groups H (R) are
graded by the group Z" in a obvious manner) is described by

(8.2) [Hi(R)o,... 0) = HY(AK),

where H7 (A, k) is the reduced cohomology group of A (admitting the empty
set as a (-1)-dimensional face).

To be more precise, the homogeneous component [H;«.(R)](a,,...,a") is 0 if
a; > 0 for some ¢ and if a; < 0 for every 7, then we put I = {i|a; < 0},

(8.3) linkj(A)={reA|INT=¢andIUT € A} and we have

(8.4) [Ha(B)(ar,. an) = H 7 (link1(A), k).

Example (8.5). If Ais a manifold, then every proper link of A is a sphere.
Hence by (8.4) the middle local cohomology groups are annihilated by m since
[Hi(R)]a =0 if a#(0,...,0). In this case, R is a Buchsbaum ring.
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If, moreover, H'(A, k) = 0 for i < dim A, then R is CM and 1f Hd(A k)=k
(d = dim A), then R is quasi-Gorenstein.

In general, CM property of R = k[A] depends only on the topological space
|A| and not on triangulations (cf. [Mu]). But Gorenstein property does depend
on A. While, for example, every tlfia'ngulation A of a sphere gives a Gorenstein
ring.

(8.6) Asa typical class of examples of A, we can make an “order complex

"A(P) from a poset (partially ordered set) P. Namely, A(P) is the set of totally
ordered subsets of P. We denote k[P] for k[{A(P)]. If {X4 | « € P} is a set of

variables, then we can check that
(8.7)  k[P] = k[Xa |a € P]/(XaXp | @ and § are not comparable in P).

Given a cell decomposition of a manifold M, we can make a poset P such that
|A(P)| =2 M. In this manner, we can make lots of Gorenstein rings starting
from a triangulation of a sphere (cf. [St-4], [W-3]).

9. ASL (Algebras with Straightening Law)

Although the examples of §8 are interesting, they almost never are integral
domains. The concept of ASL (Algebras with Straightening Law) is defined by
giving an order to a distinguished set of generators of an algebra (they form
a poset) and many nice rings including determinantal rings, Pfaffian ideals,
homogeneous coordinate rings of Grassmannians and Schubert subvarieties are
among ASL’s.

Definition (9.1). Let P be a finite poset, k be a ring and A = @pezAn
be a graded k-algebra given an inclusion map P C A so that k C Ay and every
element of P is homogeneous with positive degree. In this situation, a product
of elements of P is called a “monomial”’and a product ajay ... a, is called a

“standard monomial”if the set {ajaz2 ...y} is a linearly ordered subset of P.
In this terminology, we can state the deﬁmtlon of ASL. : '

The k-algebra A is an ASL on P if the following conditions are sa.tlsﬁed

(ASL-1) A is a free k-module with the set of standard monomials as a
free basis. :

(ASL-2) If @, € P are incomparable elements of P and if

(9'2) aﬂ = Zc,-mi

is the unique expression of aff as a linear combination of standard monomials
(¢i € k,ci # 0, m; are standard monomials), then every m; contains an element
¥i € P such that vi < «, f by the order of P. (We agree the right-hand side to
be 0 if the sum is empty.) '

The fundamental theorem of ASL to deduce the CM or Gorenstein property
from that of k[P] (which is defined in §8 and is sometimes called a “discrete
ASL”) is the following,.-
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Theorem 9.3. (cf. [Es|, [DEP], [BV]) If k[P] is CM (resp. Gorenstezn), 30 18
any ASL on P over k.

As for CM property, .CM property for k[P) and any . ASL on P are supposed
to be quite near so that there is even a conjecture

If Ads a CM ASL on P over k, is k[P] also CM ?

N. Terai showed a partial result concerning this conjecture (cf. [Te]) and
we don’t know a counteréxamiple. But about Gorenstein property, the property
“k[P] is Gorenstein”is a much stronger property than an ASL on' P over k to
be Gorenstein. Co

But since A and k[P] has the same Poincaré series, we can use results of §5.
Namely,

(9.4) If A B are two 'ASL’s on the same poset P (1nclud1ng the degrees
of elements of‘P)., B is Gorenstein and A is an integral domain.then A-is
Gorenstein, too, by (5.3), since. A and B have the same Poincaré series.

Although the reduction from A to k[P] is a considerable simplification, the
situation is yet complicated in general and some new tool is necessary for this
purpose. Then there are notions of “shellable” and “wonderful” (or, “upper
selmmodular”) posets to deduce CM-property for k[P] (cf. [St-5], [E], [Bj]).

- The most important family of posets in this line would be the ones defined
by the “Bruhat Order” of Coxeter groups. Using the concept of “lexicographic
shellability”, the Coxeter groups, as ordered sets by the Bruhat order (with:their-
cosets by parabolic subgroups) are proved to be Cohen-Macaulay (cf. [BW]).
‘Using ‘'this result; the homogeneous- coordinate rings of “Schubert Varieties”
G/ P are proved to be Cohen-Macaulay (cf. [DL], [LS], [BV]).

Example (9.5); Let § = k[X;; |'1'<:i<m,1<j<n](m<n) We
think these mn variables (X) are entries of an m x n matrix. Now, let R be
the subring of § génerated by all the maximal minors of (X). Namely, R is the
homogeneous coordinate ring of the Grassmann variety Grass(n,m) embedded
via “Pliicker embedding” in IP’"‘" !, Let P be the set of maximal minors of (X)
and then we have

"’I(n m) _{11, .,im|‘1<i1<i2< <n}‘
=5,/(5(,...,m) x S(m+1 ,n))
and R is proved to be an ASL on P via “Plucker relatlons” (cf [BV]) T}ns P

is easily seen to be “wonderful”, which proves that R is CM. (In fact, in this
case, P is a distributive lattice.

" The homogeneous coordinate ring of a Schubert subvariety of Grass(n,m)
is deﬁned an element TE I(n,m) in such a way that

(951) —R/IT, whereI (fEI(n m)|£27‘)

Then, R is an ASL on, the subposet {a € I{(m,n) |.a > 7'} by (ASL- 2) (In
general a subset I of a poset P is an ideal of P if the condition “a € I, B <
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o = f € o”is satisfied. An important feature of the axiom (ASL-2) is that if
Ais'an ASL on P and if I is an ideal of P, then A/(a |a € I) is a.lso an ASL
on the poset P\ I.)

It is easily seen that the subposet {a € I(n,m) | & > 7} is also a distributive
lattice implying the Cohen-Macaulay property of R, (cf. [BV] for more detailed
discussion in this line).

(9.6) In general, to show the existence of a “good” ASL on a given poset
(for example, an ASL domain) on a given poset P is not easy. But if P is a
distributive lattice, or, equivalently, if P & J(A), the poset of ideals of a poset
A ordered by the inclusion (cf. [St-4], Chap. 3) then we can define (cf. [Hi})

(9.6.1) R[P) = k[Ty | @ € P)/(TaTs — TavgTang |&, 8 € P)

for any field k and show that R[P]is a normal domain. (In fact, R[P] is a normal
semigroup ring.) Using (6 2, (2)), Hibi also showed

Theorem 9.7. R[P] i3 Gorenstem if and only if every mazzmal cham in A has
the same length (where P = J(A)).

Since every ASL on a poset P has the same Poincaré series, by (5 3) we can
assert that

. (9.8) An ASL doma.ln on a dlstrlbutlve lattice P Pz J(A) is Gorensteln
if and only if every maximal chain in A has the same length,

In the case of “Schubert subvarieties”, the corresponding poset A can be

easily computed and we can easily know the Gorenstein property of R, in (9.5).

10. Cyclic Coverings

_Given a . CM ring A, can we construct a Gorensteln ring B from Ain a
“canonical” way ? The theory of cyclic covers answers to this question under
certain condition. Also, this fact suggests that non-(quasi)-Gorenstein rings are
sections (or phases) of (quasi)-Gorenstein rings. This concept . is also related to
the concept of “canonical embeddings” of projective va.rletles '

Let S = ®iez, Si be a Z,-graded normal domain (5;.5; C 5’,.,.] for Vi J € Z )
and put R = .Sy. In this situation, we say that Sis a ﬁmte cychc cover of R.
We assume that R is a local ring.

Fix an element u # 0 in S7 and let f = u". Then each S; can be descrlbed
as

(10.1) : i = R(D).u!
in terms of the divisor D = Tdivg(f) =Yy %V (cf.‘ [TW-2]), where we define
R(E) = {f € Q(R) | divr(f) + E 2 0} (Q(R)is the quotient field of R)

for a (fractional) divisor E of R. In general, D is a fractional divisor. If D is an
integral divisor, we say that S is an integral cyclic cover of R.
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If D is not integral, the divisorial ramification of R < S is described by the
fractional divisor D' =}, g—V Using this D', the canonical module K of
S is written as

(10.2) Ks = ®iez, R(Er + D' 4+ D).,

where g is a divisor of R defined by Kr = R(€g). Hence

(10.3) S is quasi-Gorenstein iff g + D' ~ iD for some i (where, we write
E ~ F for fractional divisors E and F if E — F = = divg(f) for some f in the
quotient field of R).

If the class of canonical divisor ¥g has finite order in the divisor class group
Cl(R) of R and if rég = divr(f) (f € Q(R)), where r = ord(fg), we define a

“canonical cover” of R by
(10.4) S = S(R, D, f) = ®icz, R(itg)u with u” = f.

Then by (10.3), S is quasi-Gorenstein and S is CM if and only if so is each
R(¥g) as R-module.

In general, we can’t expect the canonical cover S to be Gorenstein even if R
is CM. But there are family of rings whose canonical (or integral finite cyclic)
cover is also CM. ' _

If R is a localization of a finitely generated algebra over a field k of character-
istic 0, then there is a notion of “log-terminal singularity” with the implication

log-terminal singularity = rational singularity = CM.
Since the property of being a log-terminal singularity is preserved under finite
integral -cyclic cover (cf. [KMM]) (and also, by definition, the canonical class
has a finite order), a canonical cover of a log-terminal singularity is Gorenstein.

If R contains a field of characteristic p > 0, M. Hochster and C. Huneke
(resp. Hochster and J.Roberts) defined a remarkable class of rings called F-
regular (resp. F-pure) rings using Frobenius map on R (cf. [HR], [HH-1])!.
Note that F-regular implies normal and CM. (Gorenstein F-regular local ring is
characterized by the property “Eg(R/m) is a principal R[F]-module generated
by its socle”, where R[F] is a (non-commutative) ring obtained by “attaching
the Frobenius map F to R” (cf. [Y])).

These properties behave well under taking cyclic covers. For example, if
R is strongly F-regular (resp. F-pure), D is integral and if (p,7) = 1, then
S = S(R,D, f) is also strongly F-regular (resp. F-pure) (cf. [W-4]). Thus we

have

(10.5) Let R be a strongly F-regular local ring of char(R) = p > 0. If the
canonical class of R has a finite order r in CI(R) and if (r,p) = 1, then the
canonical cover of R is Gorenstein.

If the canonical class of R has infinite order, we consider
1For our purpose, the notion of “strongly F-regular ring” is convenient (cf. [HH-2]). In

general, strongly F-regular implies F-regular and both concepts are equivalent for Gorenstein
rings.
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(10.6) S = ®nxoR(—ntr)U" C K[U],

which we call an infinite anti-canonical cover of R. This is a Krull ring and if
S is Noetherian, we can prove that S is quasi-Gorenstein (cf. [TW-1], [GHNV]).
Also, if R is strongly F-regular, S is strongly F-regular and hence is Gorenstein
(cf. [W-5]).

We have seen several phases of Gorenstein property in 10 acts. Of course,
there are more phases and if I am to proceed, the topics would be Resolution
of Singularities, Rees and Associated Graded Rings, Invariant Subrings of Al-
gebraic Groups, and so on. But now, I am afraid this manuscript has become
too long and I am stopping here. '
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MODULES OF FINITE ENDOLENGTH

Shinsuke TAKASHIMA

§0. INTRODUCTION

In this report, we will study the paper "Modules of finite length over their endomorphism
rings" written by Crawly-Boevey, especially after section 8. He proved in the paper that

THEOREM If A is artinian C-algebra with C artinian commutative local rings having
radical m, next condition (C2)-(C4) are all equivalent. If field C/rad C is not finite field,
then these are equivalent (Cl1).

(C1) Mod A has infinitely many non-isomorphic indecomposable objects of some
fixed length. . '

(C2) Mod A has infinitely many non-isomorphic indecomposable objects of some
fixed endlen.

(C3) Mod A has an indecomposable object X which has A-C[T], . bimodule
structure, and it is finite length as right C[T] - module.

(C4) Mod A has an indecomposable object X with infinite length and finite length
as End(X)-module.

For the proof of the above, he used the technick named "lift pair". So, to begining with, we
shall study lift pairs in the first section. In next section, we shall study length and endolongth
in the lift categories following Crawly-Boevey. And we will give the proof of above theorem
in the last section.

§1. LIFT PAIRS AND LIFT CATEGORIES

DEeFINITION ~ We say pair (R, &) is a lift pair, if R is aring, and & is a short exact
sequence of R-R-bimodule of the form :

E:0>M—>E—->R—-0

DEeFINITION ~ Let (R, &) be lift pair, we difine a category §(R), called the lift category of
(R, &), as follows.

(1) The objects of &(R) are pairs (P, €) ; P is projective left R-module, e is section for
surjection T, :E®, P> R®, P=P (ie. mee=1,).
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(2) The maps of &(R) are difened by :
Homy (P, €), (Q, D) = { 8 € Homy(P, Q) | f8=e1,®, 0)
(3) The composition of &(R) is composition as left R-homomorphisms.

DERNITION ~ Let (R, £) be a lift pair with £:0 >M — E — R —0,and let Ibe an
ideal of R . We denote &, be the short exact :

E:0—M/MA(E+IE) > E/(El+IE) > R/1 -0,

and define a natural functor p, : §(R) — &(R /1) which sends an object (P, e) € E(R) , to
oy((P.e) :=(R/)®; P, &), where € is the composition :

ER/DBGRPSR/NQEQP-E/EI+IE)®, P,
and sends amorphism 6:(P,e) > (Q,f) to R/)®,; 0.

DErNITION ~ Let (R, &) be alift pair with §:0 > M - E - R —0,andlet N bea
subbimodule of M. We denote & be the short excact :

En:0>M/N-DSE/N->R—-O,

and define a natural functor o, : §(R) = Ey(R) which sends an object (P, e) € §(R) , to
ox((P,e)) :=(P, €) , where € is the composition :

S:PSE®PE/N)®, P.
Next, Let X =(P,e) be an object of &(R). We difine a lift pair (Ry, &) : aé foll;)\&;. “
Ex: 0 — | MX - E, - | Ry - 0
I l Pull Back 1B
0 » HomyP,N® P) — Hom,(P, E ®,P) —Homy(P,(E/N)® P)— 0,

where R, :=End(X), and P sends 1 to €, and difine natural functor T, : £4(Ry) — &(R)
which sends an object (Q, g) € £4(Ry) ,to (P By, Q. €) where e is the composition ;.

e:P®, QP& E ® Q- P® Homy(P,E®P)® Q-E®PS& Q

THEOREM Let same arguments above difinitions, then following holds.
(1) If T is left T-nilpotent and MI=IM =0, then p; is representation
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equivalence.

(2) o, is faithful, dense, reflects isomorphisms.

(3) 1y is fully and faithful, and Im 1, =0, '(Add(X)) , where Add(X) is all of
summands:of sum of copies-of X .

DeFiNTION et R be semiperfect ring. We difine lift pair (R, €,) as follows"
(32 500-3 113 2103 9o
0 A 0 A VO A -

where J =rad(A). And we difine funcotr v, : ELR) > Mod A as follows :

(1) For an object X =(P,¢) in €,(R,) , U, sends X to:

‘OA(X):ECok(A(AO)Q P;) (AO)® JE®;, P (AA)® P

(2) For a morphism (-) (P e)—) (Q f) in !’;A(RA) ‘DA sends 0 to:
0,(6) :=Cok(,(A 0) ®,, 05 ,(A0) &, E®, 6 ,(AA)&,, 0)

ProposrmioN  Functor v, is full and dense.

§2. LENGTH AND ENDLENGTH

DIFINITION  Let (R; €) be alift pair, and X = (P, e) be an object in {(R). We dlﬁne -
lengh X as length P/ rad(P) and difine endlen X as length P/ rad(P)g, .y, -

REMARK Under the hypotheses of previous section, functor p, and o, preserve lengh
and endlen of objects.

PrROPOSITION  If (R, &) is alift pair with R left perfect, and N is subbimodule of the first
term of & M . Then if an object X in &y(R,) has finite length and any summands of X
has multiplicity 1 in X, for any object (Q, g) of &4(R,) following inequation holds.

(1) lengh (Q, g) < length 1,((Q, g)) < length X-length (Q, g) .-

(2) endlen (Q, g) < endlen 7, ((Q, g)) <endlen X-endlen (Q, g) -

Proof. (1) Since R is semiprimary and X has finite length, R, is semiprimary. Thus Q
is direct sum of indeconposable projectives, 5o we may put Q = @Rxe where e, is
nonzero primitive idempotents, Then P' is isomorhic to @ P1,(e;) . Thus,

lengh (Q,g) =X 1 -
< %, length (P / rad P)tx(e)
= length (® P/ rad P)e,
= length 7,((Q, £)) ,
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length 7,((Q, g)) = Z, length (P / rad P)7,(e,)
o <X length X
= length X-length (Q, g) .
(2) We use same symbols in proof of (1), and put F=End((Q,g)), then

endlen (Q.8) = length R / rad(R,) ®Rx Qr
endlen T,((Q, g)) = length P / rad(P) g, Q-

Thus for any sim_ple right Ry-module S,
length (S ®; Qp < length R} / rad(R,) ®, Q; = endlen () .
Consider the composition series ef P/ ra’d(P)Rx , then sinee length P/ rad(P)Rx =endlen 'X ,
endlen T,((Q, g)) =length P /, rad(P) ®Rx Qr<endlen X-endlen 1,((Q, g)) .

Finally, by assumption, Ry /rad(R,);, is direct sum of non-isomorhic simple left R -
module. On the other hand, since P/ rad(P) is sincere as right R -module any s1mple left
Ry module appears the composition series of P/ rad(P)y _, thus.

endlen (Q,g) = leng'th.Rx /rad(Ry) ®Rx Qp <length P/ rad(P) ®Rx Q= endlen ‘c,;((Q, ).
]

LEMMA If (R,&) is lift pair with R left perfect, and X is an object of &(X) with
finite length and it is direct sum of non- 1somorph1c 1ndecomposable object, then for any
decomposition X=® X,

endlen X = X endlen X,
DerINTION ~ We define Biheight N for R-S-bimodule, as follows :
Biheight N = min { k | rad(R)Nrad(Sy =0 forany i+j=k}.

ProposITION Under same hypotheses of previous propo'sitionj for any sincere object (Q,g)
in &,(R,), either endlen (Q, g) < endlen (7,((Q, g))) , or Biheight M as Ry R -blmodule
is not larger than Biheight N as R-R-bimodule.

Proof. Assume endlen (Q, g) = endlen (7,((Q, g))) . And put n —lengthR /rad(Rx)R ,and
denote primitive idempotent decomposition of 1, Ry [0 1, -Zf Since (Q g) is sicere, for
any simple right Ry,-module S, S® Q#0. Then,

length R, / rad(R,) ®;,, Qy = length P/ rad(P) ®; Q. =n.
< length Ry / rad(Ry)g, = length P/ rad(P), =n .
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Thus, if we denote X to be summand of X associate with i, endlen X, = 1 by above
lemma. Then Pf/rad(P)f is simple right fFf-module. So fF/rad fF appears in top of P/
rad(P)RX . Thus P/JP is semisimple F-module by length of top of P/ rad(P)Rx >n. Hence
it implies that rad(R)-P o P-rad(F) . Hence by M, = Homg(P, N ®, P), assertion holds.

|

DerINITION  Let A bering, and M be an left A-module. We define endlen M as length
of M as right End(M,)-module. '

LEMMA If A is right artinian, then for any left A-mudule M, there exists object X
in £,(R,) such that v,(X)=M, endlen X <endlen M-(length A, + 1) .

Proof. Let I': Q' > Q - M — 0 be projective cover of M ,and I =rad(A). We consist X
= (P, e) as follows :

le ®Q > M
1o

P={Q'J,e:P—)P®E=[
Q .

Put S =End(X), then all of homomorphism in sequence I become A-S-bimap. Since T’
is projective cover, Q/JQ=M/JM, so length Q/JQ, =length M /JM, . Next in the same
ways, length Q' /JQ's = length Ker(Q — M), / I-Ker(Q — M), . Consider

QoIQoJFQ>o> 0.

Any term of this chain is R-S-bimodule, and all of it's factor are semisimple as R-module, so
as R-S-bimodule. Thus Ker(Q — M), / J-Ker(Q — M), is embedded to & JP/J*'P .
Hence ®JP/J™'P is generated direct sum of at most length A, 's copies of P/JP as right
S-module. Thus endlen X = length Q /JQ; + length Q' /JQ' < endlen M:(length A, + 1) .

O

§3. MAIN RESULTS
Throughout this section, we assume next.

(*) (R, &) is finitely generated over C, and R is artinian C-algebra over C for
some commutative local artinian ring C with radical m and residue field k. i.e.
R is finitely generated C-algebra, and both term of & is finitely generated as
C-module.

Under condition (*), we prove next theorem.

THEOREM For any lift pair (R, &), next condition (CZ)-(C4) are all equivalent. If field
k is not finite field, then these are equivalent (C1).

— 162 —



(C1) E(R) has infinitely many non-isomorphic indecomposable objects of some fixed
length.

(C2) E(R) has infinitely many non-isomorphic indecomposable objects of some fixed
endlen. .

(C3) &(R) has an indecomposable object X = (P, e) with P/rad(P) has R-C[T]
bimodule structure, and it is finite length as right C[T], o-module.

(C4) E(R) has an indecomposable object X with infinite length and finite length.

mCiTy”

For the proof of this theorem, we use after lemmas.

LEMMA If M is semisimple left R-module, then (C2)-(C4) are equivalent to &(R)
has infinite representation type, (R, &) is-said to be infinite representation type if there is
infinitely many isomorphism classes of indecomposable finite length object in &R) . If in
addition k is not finite field, these are equivalent to (C1).

LEMMA If N is maximal subbimodule of M, and if (R, &) has infinite
representation type, then (R, &) satisfies (C2)-(C4). In addition k is not finite field, (R, &)
satisfies (C1).

Proof of theorem. It is easily to seen (C1) = (C2), (C3) = (C4). So it is sufficient to prove
(C2) = (C3), (C4) = (C2), and (C4) = (C1) in case k is not finite field. .

(C2) = (C3). Assume (C2), we use induction on d at statement (C2) and Biheight M. In
case M =0, then E(R) =Proj(R) can't satisfies (C2). So we may assume M= 0. Let N be
a some maximal subbimodule of M containing Mrad(R) + rad(R)M . If (R, &) has
infinite representation type, then by above lemma, (R, &) satisfies (C3). Next we concider
case it has finite representation type. Let {X;} is non-isomorphic indecomposable objects
with endlength d . Since (Ry, &) has finite representation type, we put {Y,,-,Y.} a
complete set of isomorphic classes of indecomposable objects. Thus 6,(X;) decompose :

O(X) =Y, ™1, Y M

Weput Y= {Y;Im;;#0 forinfinitely many i}, then o\(X;) isin add(Y) for infinitely
many i. After we concider only such index. Then forany i, thereis Z € &,(R,) such
that X,=14(Z ). Hence (R,,&,) satisfies (C2). On the other hand, there is infinitely
many disjoint finite subsets J, of indexies {i} such that add(®;_, Y;) contains Y. Thus
forany k,®,_, Z aresincere. Hence by previous section, either endlen(®, ., Z) is
strictly less than endlen(®, _, X,), or Bibeight M, < Biheight N < Biheight M . If in second

iel
case, by induction, (Ry, &) satisfies (C3). Then since by result of previous section, (R, §)

satisfies (C3). Next if second condition is not true,then for any k, endlen(®, i Z) is less

than endlen(®, _ , X)) = d*J, . Hence since Z, is non isomorphic each other, endlen(®, . I8

Z)=2%,_; Z;. Sothereare i suchthat endlen(Z) is strictly less than d foreach k. Then

ie )y

(R, &) satisfies (C3) on same ways.
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after two implication is proved by the same method of above.

CoroLLARY  For artinian C-algebra A , next condition (C2)- (C4) are all equ1valent If
field  k is not finite field, then these are equivalent (Cl).

(C1) Mod A has infinitely many non-isomorphic indecomposable objects of some
fixed length.

(C2) Mod A has infinitely many non-isomorphic indecomposable objects of some
fixed endlen.

(C3) Mod A has an indecomposable object' X which has A-C[T], ¢rbimodule -
structure, and it is finite length as right C[T]r-module. .

{C4) Mod A has an indecomposable object X with mﬁmte length and finite length
as End(X)-module.
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