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Artin I®

Kk ST
Mapss

BE

&4 FV% Artin BE Ulets, Zhid EARKRTSTRESH— B ORI
S#rtin 2T 5. XROBEMIL, HHAY Artin BTH 3 Quasi-Frobenius
B (QF-B) OMZRLEERE RS HFETERLANS, MBET 580 Artin
BAQERICHEEF %, REOW 21 OEBEBNTELTH 3.

FERBD T A PIVITEDHEY TH 3.
(1) Harada & QF-B&
(2) Harada B & frame QF-543
(3) Nakayama &®D classification
(4) HEEAE LD Nakayama B HTH
(5) F{E QF-BO#EkE Faith 78

—#&OHrtin L -TH, TORKRFOELRN, FRRORARKSHY,
41 1903 D Frobenius DRDBI PR ED—2IZ > T3 :

W. Von Frobenius, Theoriw der hyperkomplexen Groefen, Sitzung der
phys.-math. K1(1903), 504-538. 634-645.

CORYT, AEMNERELEEMERNFETH 2& LBHRKRTEZITHE (hypercomplex
system) I NA. ZDH#%, 19374 D Brauer-Nesbitt [9) T DHZTRD
BEEHLEREI N, 1939, 1941 FEDFH L7 Nakayama D Frobenius Algebra I,
II [45] IC2%E4h, COROEERNBAINL. JOBKIIHOWTIE, #l-
REDRBFII [46]. Nagao-Tushima [43], Lam [33]. Yamagata ® Handbook
[64] BB&hizi . Nakayama i3 Frobenius ZTTEBEFRGMICELSZ, €
DOHH T Quasi-Frobenius & (QF-B) 2 E&# L7, O Artin B, BRi->
TEMBEEADORELTE(ORBURELBTLTLEEY, 4HETH
MERRTATHS. EEOMIFLD, ORI, 2o kBRSO
T Artin BTHA 9. Nakayama {E Frobenius ZTLROBIEN S, [44] T
generalized uniserial B (Artinian serial ) & 3 H 93 —2D Artin Bb %
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ZLTWA. B TIE, ZOB% Nakayama BEFESIL A[#75 Nakayama B
i, 1 9123 Koethe B (TNTOMBHUEMBOETICHITIR) L)
bOTH5. AFOEE 3 T, ZD Nakayama BO#ER%, Harada BOWS
Atk b, BT QF-BLED skew-matrix ring 53 DO EEE UTEHT 3.

ABICABHEICH I LEE L < Frobenius TR & quasi-Frobenius i
(QF-Z27H) ORBERTH LS.

R % semiperfect & U, E(R) X EXFENFETOTLELGLETS. —
DD e fe BR)IIHUT,

S(eRz) = T(eRr)» S(rRe) = T(aRe)

MDD EE (eR; Rf) Zipair £V, KL, S(X)id X Dsocle, T(X)
i X/Rai(X) (TTT, Rad(X) X X @ Jacobson radical). R A%H @ Artin
BOLE eR;Rf) B i-pair 251, Fuller [16] DERM S eRp, gRf 13&D
{C injective IZ75 5.

BT, REAR K En &mgm‘f‘gt‘:?‘% R=uyWF® - --®u,F. RDOTa
KUT, n ROEFTTH L(e) & R(a) iLLB, ROBUZSOERIEL
5h5 :

a’(ulz et -un) = (‘U,], e )uﬂ)L(a)' T(ul: ot ;u'n)a = R(G)T(‘ul, e 1u'n)’

D L{c), Rla) TN EFhGEAER, EERIEFRENVID, HAEMNFT
S| PIZ&D PL(a) = R(e)P &85 L&, Cho0ERIAMBTHS LS.
Frobenivs ZTLR &1L, TXTD o IZHUT L(a) & R(e) HRMEICES I &
T& 3. Frobenius ZFBRICITN L DODERINHB. FDF3BL=2%C
ZTHNTS. REWR K LARRABTRET 3.

(1) R* = Homg(R,K) &3 &, R 12 (R, R)-bimodule i2725. R &
Frobenivs BB TH B Z &H, A, B MIE R-module EUT R R* TH 53
CETREMISND. DTS, (R, R)—module EUTRERODLEE,
REMHERREND, TNTO FERXFETT e 120 UT S(eRp) = T(eRR)
and S(rRe) 2 T(gRe) D& &, R ZFHHHBRTEEND.

(2) Frobenius £, R DFideal A &ZF ideal B i LT, RD%
BRI DI LTREMFITOh 5.
rl(A)=A, Ir(B)=
dim{A) + dim (r(B)) = dim (R), dim(B)+ dim ({(4)) = dim (R)
KL, (X)) r(X) BENEN X DK annihilator 1dea1 % annihilator
ideal, dim(X) ¥ X © K L&Jt.



(3) ROEZFEDRIENFET e 1T U T, s NFET f BH->T (eR; Rf)
Mi-pairiiEh, R OEBNSEDF T eRg LRBLLODEEE rRf (Bl
13 fRR) LEEZHDODMENHF LYY, &) LT, Nakayama i Frobenius
SRABERFET I 51 TREZ OO ICHETA58ER,
H DS D% T quasi-Frobenius ZTTBREEHTL /DM, DL HIUEFIC
T Hid Frobenius ZTLE S quasi-Frobenius FTTR SEDEANR I LK
5. ZLTIORMMG, 20 EORTHBRASTERE Artin BIC#A
T Frobenius 28 & quasi-Frobenius 37 (QF-38) NE#SIN/DTHS.
T. basic % Artin 2 Tid Frobenius 38 & quasi-Frobenius BORFIMNL 2
ICHEE.

QF-Hlid, Nakayama, Thrall, Ikeda, Morita, Tachikawa, Faith, Osofsky,
Harada EOWEEET, ORI ONTHEHITHS LI, Category The
ory, Homological Algebra DF&IZ L D FFEEFEBNLN > T -7 FF, 1948
4, Thrall [60] i3 QF BES24TL, Z0BD L OHET QF-1, QF-2, QF-3
ENDI=ZDD Artin BEHA LK ¢

& QF-1: & faithful module {3 balance module T# 5.
£ QF-2: A& indecomposable projective module @D socle {Z simple T3 5.
A QF-3: R OF injective hull i projective T 3.

QF-BRIZ DT, BERD & D LRHEAIRHETHS.
BE A ROFHREMETH 5.

(1) R: QF-&.
(2) R : 5 Noetherian, % self-injective.
(3) R : £ Noetherian, Z self-injective.
(4) R: &5 Noetherian 2R O%KHEH T ¢
ri{A)=A Y B ideal A, ir(B)=B VZ ideal B.
(5) R : Artinian 2 (4) O%H (a), (b) &1
(6) Hompg(*, R) i3HRER Z R-modules @D class LFRERK A R-modules
@ class DD Morita duality 5% 3. '
(7) TXTD F injective module i projective TdH 5.
(8) XTD F projective module {3 injective T#H 3.

. QF-BOWEIL, Zo0LIHICQF-BOBALERL, 2OMETQF-BOR
BTIEEZBRELENIRTANTERBLTHS. ZUTARBREI LR, 20
S BMEENMEREINE &, MEBOFICRETO LU EMEL>TATHED



DMERBRICE->TBE 3005 5. oL Xif, Nakayama P18, Faith F18,
FGF-FP# %. Nakayama ¥4 {20 Tid Chang Chang Xi [63], Faith T3E,
FGF-FAiZ20 T Nicholson-Yousif [47] &8,

REFRPEETHRERIESVRETQF-BEHRT S LB~ £DOEKRI,
QF-BOfEMT, HA3VRIZORBOETRR/EWRE L >1FETIRL,
COBROAEHELRICA UIHROEELANTHENFI T ETHAS.

QF-Ri3, BiR, BHRLUNOSEHTHARALGEODOL I THS. Lam [33] iITR
DL RBEBHILINTHS (BEXDEF):

Besides the connection to group representation theory, Frobenius rings ap-
pear also in other brances of algebra. For instance, commutative local Frobe-
nius rings are precisely the zero-dimensional local Gorenstein rings: these rings
play an interesting role in number theory, algebraic geometry, and combina-
torics. Frobenius algebras have also shown up in the recent study of Hopf
algebras and Koszul algebas. Today, the use of Frobenius rings has reached
way beyond the reaim of pure algebra and ring theory. For instance, some
applications of Frobenius rings to coding theory are presented in J. A. Wood’s
recent article. In topology and geometry, Frobenius algebras occur as coho-
mology rings of compact oriented manifolds and as quantum cohomology rings
of certain compact Kaehler manifolds, and they have also shown up in the re-
cent work on the solutions of the Yang-Baxter equation. In March/April 1996
I attended the series of Hitchcock Lectures on geometry and phisics given by
Chern Professor Sir Michael F. Atiyah at Berkeley, and was delighted to see
that one of his transparencies in Lecture 3 displayed the impressive equation

“TOP QFT (d = 1) = Frobenius algebra”
ZODEREFDIL, Frobenius ZILRE LU QF-BAEH, BRBATSTLILH

BEICDAL > TEESRTHS I LN THETELI.
XT, ThHoEXRBICABLD, FLHNEBRAZSIIOOTRTRTER-KIKD

H5.

List of Symbols

UTDoES%2HbELICERT 5.
Mp : R E® unitary & module.
E(R) : semiperfect ring R OEXZFIEXFFLOTLEEL.
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idyx, BOITEIC id: X O identity map.

J(M) : module M @ Jacobson radical.

J(R), B MZIEIC J: B R D Jacobson radical.

S(M) : module M D socle.

Sk(M) : & (resp. ) R-module M @ k-th socle

T(M): M @ factor module M/J(M) .

I(M): M @ injective hull.

N C, M : N {Z module M @ essential submodule.
NC.M: N il M D co-essential submodule.

N« M: N T M D superfluous (small) submodule.
rs(T) BMIBUZ #(S) : T O S TO 4 annihilator ideal.
Is(T) FMIBUC »(S) : T O S TD Xk annihilator ideal.
| X]: X @ cardinal.

(@)o,e,n © the skew matrix ring over Q with respect to (o, ¢, n).
{a}ij : (3,7)-entry 2% a THEDRS Y 0 743 matrix.
F(R): R © frame QF-¥453#.

dim (Vp) : vector space Vp ORKIT.

HiE

#2483, Nakayama E#, Algebra & U T® Nakayama ECRHEEH, &
& UTD Nakayama BECHEERE EIX20WTHE~RS.

R % K £EO Frobenius H#TTHEL, ¢: Rg = R* = Homyg(R,K)g &9 5.
E#® f: Rx R K, (r,8) = ¢(r)(s) {Z nonsingular associative K-bilinear
mapping T$H 5. Z I T “nonsingular” &id fa, A) =046l a=0DI &
T, “associative” &1 f(ab,c) = f(a,bc) Va,b,c € ROIETHS. HED
c€ RIZHUT, Suniquedbe R st. fla,7) = f(z,b) VzeR TDEE,
Ef17:R— R, a—bit RD K-algebra HCRABER/KIZTSE. ZOE/%E
AT, BTEHTIRELTOD Nakayama BCRBFHLEERT D
IZ, BLBELTOD R O Nakayama BT RBER &3 Nakayama BT F
HEHKIL, AFECRESERDOEVCERVNVT—ENICREZ Z EMFShTH
3. Nakayama HCRBE#{3, Nakayama BREFIERI T LW SEELH
MAFT 5. (Nakayama B#ICOVWTHRETHRBTS.)

KRiZ, BE UTOD Nakayama ECRBERIZ>DWTHMA%EXT 3. R % QF-
BREL, E(R) % E(R) = {eg}n ), 22U () i =k & ejRp = enRp,



(i) j#!=>e;Rp P eqRp EEZTI. TOESE, EH

en €21 ***  €ml

ex(1)1 Er(2)1 ***  Ex(m)
T, S(eaR) = T(exanR) Vi BT HONENS. 5, p(3) = p(o(3)) Vi
HE DL D& E, R % Frobenius BE LW,

( en o epy  c Emi t Empim) )
o1 't Ex(p(a()) "t Ex(m)1 0 Eatmlp(om)
% R @ Nakayama &S,

Z O Nakayama E#ICH LT, R OHCRBES r T1(ej) =e,q; Vi=
1,...,m, Vj=1,...,p(d) &IcTHD%, RDEELTD Nakayama BT
BIEH LS. —RiCiE, Frobenius ¥, & L TD Nakayama HCREE
B F572720 (Koike [27]). Frobenius ZITERTIZ, FBWE L TD Nakayama
HCOREE#IZ, BEUTO Nakayama BECRIBEERIZN Y, BELTO
Nakayama B REE{L, BB E LTOD Nakayama HCRIBIERIZHS
ERRBOLL. £DOEKRTIE, BELTO Nakayama BCRIBEE#/IE, 5T
B & LTO Nakayama HCRBFHESLLVERTOEEE UTHEAT 3.
L#, Nakayama HERIREHEWZE, BELTOD Nakayama HCREE
BEFTKRT 3.

Artin 3 R A% Nakayama BTH 3 &3, R DTXTORERFETT e (28t
LT, eRg BLY grRe D% uniserial THEEZHIH. ROFBERIT L HS
hTua.

£E B ([45]). R % Nakayama BTHNIL, ¥XTDE R—module id
uniserial modules DEFITEENS. Fiz, ZOHFHKHILD.

CDERD S, Nakayama BZHERERBTH S L1580 5.

§5% 1: Harada 8¢ frame QF-891R

R-module Mg 1%, M #&LHEFED injective module @ small submodule T
$ 5 & % small module & & T, small submodule T7it & & non-small module
&9, TR, £E D projective module P &, P M ~®D epimorphism
Ficxt UT, Ker f 2% essential submodule TH 5 & &, M % cosmall module
& LU, cosmall T/ & & non-cosmall module &4v9.

ZhoOBE&% AT, Harada i3 [18], [19] TIhid o~ BH LI Artin
BOXLLD ROZODEBEEELTHA.
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(*) 9XTOD non-small &5 R-module i, 0 T7IL> injective module & 5.
(*)* TXTDnon-cosmall &5 R-module {, 0 Tl projective summand &5,

Harada (2, —H & DERHE% ideal BRHNHIRD & 5 I8 & T,
FI21.1. AArtin B RICDOWNT, ROFZBIIFMETHA.

(1) R (x) 5727

(2) eRp A% non-small module &L AEFED e € E(R) 12X LT, 3 n(e) € Ny:
(a) eR/Si_1(eRpg) {2 injective Vi =1,...,n(e)

(b) eR/Su(e)(eRp) 13 small.

EE1.2. £ Artin B R 1o00T, ROZBEFRETS 3.

(1) RiZ (%) 2477
(2) EE®D fe E(R)IZXH LT, e E(R) T eRp {2 injective v Jj € Ny :
fR=eJ L2300 ENS.

EE. FE1] £H7TH Artin 3B% A Harada REWFY, BH 1.2 257
94 Artin BR%EH co-Harada 33 & PR3

% Harada B &H co-Harada BAZO L HICERRT AN, BALI &
I, RIS ORIIFLBTHAZEARLTNA.

EI21.3. R: X co-Harada B «—= R: 74 Harada B
#-7T, R: X Harada 2 < R: £ co-Harada 1&.

Zh& D, & Harada BIIEMW Arin BTHEZ ENGM 5. ZOBELD,
HE5IZH Harada RO Morita HCXHENMBELS. O &IZO0TR,
BE2THELIBRNE.

Harada {2, 19704ED# D5 1980EDFDITMIT, TOH L1 Hrtin
% small modules, cosmall modules ZHWTRES B DEH, F U, injec-
tive modules., projective modules DFFDIF LK TdH S extending property
& lifting property DHE HIT- T 3. T SOEEN, #1Z Harada BROBF
RICBHERTYRLBALRE LN S, —F, IO extending property, lifting
property ZD L DDOHAIZEANDL { OFREFICL » THE X, HIER
—DOMEFRIFEINT 5.

COWHFMWEE, b3 LEL {B~XL . Harada T module M 12D
T.[ M OEFED simple submodule A 2%, M DOEFIHE FIC essential ITHLIR &
na),2FD.TMOEMFEM=A"BA" T. AC, A" %2BH1:THOhE

-7-



f15] &1V extending property &, ZTORNE LT, M OEFD maximal
submodule A &%, M OEFEFIT co-essential IZ lift EN3]), 2D, M
ODEFHGE M =A"@A™ T, ANA' K A* DD A" CA%(AITHO
HENB | EivD lifting property ZHR L T 5. TH 5D property iZH
VT, simple submodules, maximal submodules 23 XT® submodules - L
7o #8 % D module %, ZNEH extending module, lifting module & PR3,
BENiciE, Sh 5D module i Utumi [61] iZ3 4T “von Noumann regular
ring R %G continuous TH 3 &id, Rp #lextending module THB” &ER
ENTUT, extending module 2% explicitly iZf#EbN T 5. —F, implicitly
Ci3% 5%, Bass [7] T, “B R : semiperfect <= Rj : lifting” &3 BT,
lifting module 2ASKERIERINTI 5.

Harada @ extending property ¥ & UF lifting property {&, JSETHI/S property
TH5. LdL, BRI IcHFALES LS -T, B, MBERCKELEE
kb5 LTS, 1980 K SBEEICHT T, extending property & lifting
property ZB3 3RO 4 MOFNHEEIN TS T &N ORIL%E & { PiES.

1. M. Harada, Factor Categories with Applications to Direct Decomposition
of Modules; Lecture Notes in Pure and Applied Mathematics, 88, Marcel
Dekker (1983).

2. S. H. Mohamed and B. H. Miiller, Continuous Modules and Discrete Mod-
ules, London Mathematical Society Lecture Notes 147, Cambridge Univ.
Press (1990).

3. N. V. Dung, D. V. Huynh, P. F. Smith, and R. Wisbauer, Eztending Mod-
ules, Pitman Reserach Notes in Mathematics Series, 313, London (1994).

4. J.Clark, C. Lomp, N. Vanaja and R. Wisbauer, Lifting modules, Birkhauser
Boston, Boston (2007).

& T, %% Harada BICRZ 5. Harada id Harada Bt&, extending property
*® lifting property EDBMICDNTIIAHHMNTHRENWESIKELS. L
L. ROZOOEBERNE, BEBOS BIAAEERL T, £S5
EIEBOOE LR, (FRAISREREZIZ L THZH DR

EE14 BRIZOWT RiIFETHS :

(1) R 134 Harada BTH 5.
(2) 9XTD injective & R-module {3 lifting module Td 3.
(3) R i34 perfect BT, 3XTD injective & R-modules D7 5 X i small

-8



cover CHILA. 2% 0, EROLH RERR f: M S EIINLT, E
%% injective 12 Ker f « M {5, M b injective.

(4) TXTDEH R-module i, injective module & small module DEFNTH
5.

FE1.5. BRIZOWT, RIAMETHS :

(1) R {3 4 co-Harada 3 (X Harada B) TH 3.

(2) T D projective &7 R-module {2 extending module TH 5.

(8) FXTD projective &5 R-modules D7 T A i3 essential extension THA
U3.

(4) TXTDH R-module iE, projective module & singular module DEF
THI 5.

e

(a) % Harada 3id semiprimary QF-3 BTH 3.
(b) QF-RIZEMICE,H Harada RTH S A, Nakayama B bZE, £ Harada
BTH3 (EE1S50D Q) IH01EB).

EE1.6. ROFHRFAMETHS.
(z) R:QF-3H.
() FXTADE projective R-module {3 injective TH B.
(a') FXTDHE injective R-module L projective TdH 3.
Z @ Figure TOEH (b),(b), (c), (c') BRTRITBRE3%&H4TH 3.
TR 1.7. ROFZHFIIRETH 3.
(y) R: Nakayama .
(6) R {34 perfect ring 0>, FXTODE lifting R-module {3 extending.
(') 3N TDA extending R-module {3 lifting.
FHE1.3-FHE16 &Y, Harada BRICE L TRINWZB.

EE1.8. ROZHIFRMTHS.



(a)

projective injective

lifting extending

®)

Figure

(z) R:7 Harada B.
(c) TXTODAE projective R-module {3 extending TH 3.
(¢') FXTODEK injective R-module i lifting TH 3.

QF-#, Nakayama 3, J7{ll Harada BEMBERB AN, 0k S5ic&h
WEBIRICH S, A TTNHRNICE, KOS DFEETHENDLHIZ, =2B
o TES AL T3, $iZ, Nakayama 32, ‘Fi&i3 Harada BT, B2
IR QF-BRMH D, O/ QF-BRED skew-matrix ROFIARE L TH
BTEIMBICL - TH 3.

S5 2 : Harada IR & frame QF-E49IR
F ] Harada BiZ %% 3 & &, ZOBEEH Morita invariant TH 50 5, basic
BOBAXEZATI. JOEFTR. KOEEABNTS.

FE 2.1. R % basic indecomposable Harada B2& 9 3. RIZEH#AAL &4
3 QF-548 F(R) %85, E07 0y /RXOLMENHMARL LTHRKS
h3.

KFETHIFIE “For a given basic indecomposable left Harada ring R, there
exists a QF-subring F(R) of R (which is called the frame QF-subring of R)
and R can represented as an upper staircase factor ring of a block extension

of P(R)” &153.
UTT. F(R) &70y 7 HAD EBRREBKBICSOVTRHATS.

-10-



R % basic indecomposable Z Harada ¥ (= 55 co-Harada ) &35, HEN
*%ﬁwﬁéﬁg E(R) i1, E(R) = {6,'5};:._1;:} = {611, <=2 €)= 1 €mly -+ -,
emn(m)} Bt

(1) ey R i injective &5 R-module Vi=1,...,m,
(2) ein = e,',,-_lJ Vi=1, e, m, Vi =2, ...,n(z'),

2Bl TLIICENS. JOESICE S EE, E(R) = {65} 00 % welk
indexed set &i19.

£ 1 I LT, eqR 1T injective 7205, (e, R; Rey) A% i-pair 12785 s €
{1,...,m}, te{1,...,n(Q)} &hB. Thos t I—ENEFEZ0T,
o(@i) =s pi) =t ICXDZDODEH :0,p:{],...,m} > NDHEHTX3.
2E YD, (eaR; Resypy) (i-pair €L T 1 < p() < n(o(d)). RIS, o bt
{1,...,m} OEHIZHLBEE, R % type (f) £L38

F % basic semiperfect &L, E(F) = {e1,...,6,} EH K. Ay = e;Fe;
Vi,j, Qi=Ay; Vi&tBE FERHTERATS:

Au A o Ay & A - Ay
F = An An o Ay | _ 1An Q2 0 Ay
Ay] Am2 oo Ayy Avl .. Ay,y—l Qy

E(1), ..., k(y) e NIZHLT, FOT oy 7k F(k(1),...,k(y)) ZRD &
INEBHETS :Fi,se{l,....,y}, j€{L,...,k(d)}, te{l,....k(s)} IT¢
LT
Qi (i=5,j5t@&%),
Pjai=q J(Q) (i=s j>tDLE),
Ay, (i£sDEF).
Pil,sl Pil,.12 tee Pﬂ,ak(a)
Plis):= | P Paa o Paso
Pigiyst  Piriysz *++ Puk(iy,sk(s)

DED, i=sDEE, P(i,s) 3 k(i) x k(i) matrix

-11-



Qi o o O
CON I

J(Qi) -+ J(Qi) Qi
ZhE Q) &FK. i#s D&E, P(i,s) 2 k() x k(s) matrix

Aia T Aia
P(i,s) = e :
Ais e A:‘J

ST P =Fk(Q), ... k) %

P(1,1) P(L,2) --- P(l,y)

P(y,1) P(y2) - P(yv)

Q1) P(L,2) --- P(Ly)

P(2,1) Q(2) --- P(2,y)

P(y,1) P(¥2) --- Qy)

&3#{. F ¢ basic indecomposable semiperfect BTH 205, P b basic
indecomposable semiperfect B IZ7£% (matrix size (& k(1) + --- + k(y)).

F(kQ),-... k@) %2, {kQ),...,k(y)} <D FOTOy IHEKENS. P
%

( Puni - Pumqgy 0 Pugp e Pk )

Pirayn -+ Puar) 0 Pyt o0 Pk
P=F(kQ),...ky) = : : : :

Pyl.ll Pul.lk(l) Pyl.ul Pyl.yk(y)

\Praras - Paeraky =+ Py Purnaktn)

EEBTHIE, BEREDZIPTOTHASS.
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i=1,..,y, 5=1 ..., k&) KAHLT
Pi = (Lijis

BLE Pl f8 B P=Fk(1), ... k() ODEXRFETORELSIY
5. Ik B(Fk(L),....k(y) &6<.

EM. pyPp=p J(P)S! Yi=1,...,u Yi=1,...,k@).

. ®E2.2. F A basic indecomposable QF-BRU 5, P = F(k(1), ..., k(y))
{3 basic indecomposable type (#) & Harada 38 T, E(P) = {p,‘,j}i"=l,;=(=‘% n

well-indexed set iZ78 5.

& T, F % basic indecomposable QF-B& L, £ Nakayama H#%

€1 €y
€a(1) ' Caly)

EFB. P=F(k(1),...,k(y)) 21ED, i€ {1,...,y} =X L Ti-pair (e;P; Pe,s))
EEAB. S(Ay) = S(0idi) = S(4iq,) 8L ZIT, P(,0() DEAN
S(A;;) TTE 5 EREE (Q(3)-Q(o(?)))-subbimodule S(i,0(i)) ZRD L H i
fE5 :

(I) i=0(3) DEE :S(A4y4) 12 Q; = A DK, ideal & LT simple TH
3. 8i=8(Q) &BL. TDEE k(3) x k() matrix

Q - - @
J(@Q) - :

Q) = : . :
J(@Q) - J(Q) @
DFT P(i,i) OLFEERE (Q(i)-Q(3))-subbimodule S(3,1) = S(, o(i)) ZRD
EIifES
k

——
0...0

Sti)=| 0 S , k21,5=35(Q)

-13-



7 UBBREBAAREHTE4E3 1 BOS EL, BTSEVLEER

/0 e 0 \

S(i, i) = Ck>1
0o
\ 0/

HNAETHSE. S 2 Q DWeal H3M5, S3i,i) = S@,0()) & Q@) D
ideal IZ755.
Q@) = P(i,0(i)) = P(i,0(i))/S(i,0(i)) £FBE, TNERDIDICERTS:

Bt QE) = |

."'Qi)

(II) i §é 0'(1) 0)&: % . S,',(") = S(QiA"g(i)) = S(Aia'(i)qg(‘_)) &:1’5 ( . Sia(i) ‘i
Aiotiy D (Qi-Qosy)-subbimodule. £ LT, (Q(4)- Q(o(4)))-bimodule TH 3

Aoty *++ Ais)
P(i,o(1)) = ( k(%) x k(o (7)) matrix),

Aictiy *++  Aiol)
DHFT, P(i,o(i)) D S = Sigiiy 7 1 IVHRD D_ERFERE! subbimodule S(i, o(4))
ZES:
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Z LT, P(,0) = P(i,0(2))/S(i,0(i)) &%, PG, 0) #ROLHICERAT3:

RIZ, P=F(k(Q),...,k(y)) OB2ES X 220C5:
X(l)l) X(liz) X(l:y)
X(2,1) X2,2) --- X(2,9)
X= LAY cee PRy PRI !
X(yrl) X(y:2) X(y)y)
. X(3,9) (S Qi) X(,5) (€ P(,5)) ZRD&HIHES :
K= O UEoorE),
S(i,1) (i=o(@) D&ZE),

[
(K
r

Xej =l 0 UFd)OER)
SG.d) (j=ol) DEF).

SDEE, X3P = F(k(1), ..., k(y)) D ideal 1275 5. BIHRR F(k(), ..., k(y))/X
% P =F(k(), ..., k() DLEBRHMSBREEROTHS.

P =P, k) = [P0 FEE - FEO,
P(yal) P(y!2) P(yxy)
BT, P(i,0(i) % P@4,0()) TRERA, P=Fk(Q1),....k@)/X &b



(. PERDLHIZEALLS :

(P(1,1) o PQU,o(1) p(l,y)\
po|ren - T
\P(y,1) - o o Pl - Py

(I), (II) iK' 3 matrix IKEWT k> 1 THBHIEE P OIS P =
F(k(1), ...,k(y))/ X % basic indecomposable & Harada ]8T 5 Z &40
3. BiZ, S@G,0() HERBRRTHDI LD, K Haada B P = P, =
F(k(l), ...,k(y)), P,y PR,..., P, P = P @ oh, BRL E~NORUERRY
@i : Py = Py T Kery; 2% P © simple ideal iIZ7825 HDHHEN S :

PP R B 83 g BB =P = F(), ..., ky)/X.

M LTROEEERS.

SEI2 2.3. basic indecomposable QF-B FICH LT, FOToy 7K P =
F(k(1).... k(y)) OLBEREFIRE P/X 13 basic indecomposable & Harada
BRIZID, X512k & 975 basic 78 Harada RO BR7S surjective ERHLR]
& ¢; T Kernel 4% simple IZ735 bDMENS :

Bl 2.1. FELTRM QFREED, 7oy AR Q) 213

Q Q@ Q Q
_|J Q@ Qe
=177 0 0
JJ JQ
ZLT _
0SSS
00SS| .. ._
X=100 s s (SCT §=5(Q))
000S



B &

QTT7q
|7e2a
Quix=|75 53
J J JQ

i basic indecomposable = Harada R TH 5.

§l 2.2. F &UT, basic indecomposable QF-8& R T, E(R) = {e, f}

7

A% Nakayama B TH 5 LD%EEZ 5.

R= Q A\ _ (eRe eRf
“\B W) \fRe fRf}’

ck& ROTov 73K R(3,3) 2E5:

[Q Q Q A A A\
JQQ A A A
lJ 7@ 4 A 4
M&Q—.BB.BW’W w
BBBKWW
\B B B K K W/
X&ELT |
(00 0 0 0 S(A)
00 0 00 S54)
x-|00 0 00 o
oo sB oo o0
00 O 00 O
\0 0 0 00 0
2&EBH &

-17-



(Q @ Q A A A\

J QQ A A A
|JJQ A 4 A
R(3,3)/X = BBEBWWW
1B BB KWW
\BBBKKW)

{3 basic indecomposable Z& Harada BT/ 5.

T, XFEORMHEICEBRDOERIL

“R % basic indecomposable Harada B &35 &, R IIHMA E7I5 QF-5F
S8 F(R) 2%b, €070y 7#kO LEEREFARE L THRENS”

THold, ZHIIETBIZ, 9XTD basic indecomposable & Harada 5
HEOEEDIHIZULTHEINEZENIIETHE. ZOERDIERAIIHEL
id7au. & LU < i3 Baba-Oshiro [6] #28. I Tid, WBLMEEITT,
F(R) * RO EDHFITHIAZ DD, LI EERBICEEDS.

R % basic indecomposable £ Harada Bt & U, HXXFHTOTELES
E(R) = {eis}mit) = {en, ---1€1nq1); -+ 1€m1, -+, €mn(m)} % well-index set
L9535, TDEE {en,en, ... em) DBAFEE F={e),...,e,} BENT,
R37T oy 74K F(n(1),...,n(m)) O LEERPKRIZNS. 20T, Z0
FHIl—dThBI Lo, (IL,e)R(2 L, e) %, R D frame QF-44%
BESFU F(R) LRT

#12.3. R % basic indecomposable £ Harada B & U, E(R) = {eq), e12, €13, €21, €22}
% well-indexed set &:‘3‘5 Q,‘ = e,-lRe.-l, .].‘ = J(Q.), A= euRezl, B =
enfen £BC (1 =1,2). (enR; Ren), (enR; Rey2) At i-pair DEE, o,p:
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{1,2} =+ Nido(l) =2, p(1)=1,0(2) =1, p(2) =2 &14B. Zh&b,

1 @ O A A
PL)=|&h @ @&, P(L2)=|A4 A,
J I @ A A

P@,1) = (ﬁ : ﬁ) P(2,2) = (3: g:),
000 0 S(Ag.)
K1,1n=|0o0 of, K1,2)= |0 S(40,) ]|,
000 0 S(Ag,)
ca=(2 2 30, o 0
£oT
e (PO PO (KD K(L2)
R=p ”“(P(zl) P(z,z))/ (K(z,l) K(z,z))
Q& @ A A 00 0 0 S4)
Lo A Al oo o o s
=|an 4, @0 4 al/]loo o o s@)].
B B B Q Qf [00s®B o o
B B B J Q)] \00SB 0 0
Zhefaic
QG A A4
Ji Qi @ A A
hoh @ AR
B BB @
B B E J Q
EE;L. ZoEE,

F(R) = (%' C’;z) .

WIZ. (ennR; Rea), (enR; Reap) Bt i-pair &5 &



Qi Q1 1 A A Q1 @ @1 @1 O
h @ @ A A4 h @1 @ Ql‘iQ_l
Rl i @ A A|2|h W & Q)
B B B @ @ h A L @ @
B B B J» @ Jho4h L S @

LERENE, kT, FR)I=Q, TH3.

frame QF-subring OHBF% LoD TiZ, Z Harada RIZDULTOD Morita
OFEROHTIHEDORRER TH LS. £ Harada 3 = 4 Harada BTH
3 &R, MBRHICTSEHCIHEEFLTWA I Ed o, CORDHD
JCHHENK Y I>Z LTINS, Uh LRI Kolke [27] Ik » THER
BB Ehis. Koike i3 Kraemer [31] DFIEHWOTRAESZ T 5. Koike
1$& 6iC [28] T Harada BRIZA TN & F TIROHINVD! Simson [58) DF
BRD almost HTIMHZE DLV IBROBL T 3.

—fRIC Artin 34 Morita W 272213, Morita-Azumaya DEHEH
5, TOBRME, B IAEFBLEK injective cogenerator AT 5 Z L DRER
PHELILS. K Harada BidZE, AICB U THRERK injective cogenerator
RO, EICBUTIREE 12 20409, AIKBEL T almost BT
SO EERETES.

R *% basic indecomposable Z£ Harada & U, E(R) = {e;;}1n,1%) % well-
indexed set &9 3. &K e RITHLT

(1) Resgiyoiy/ Si—1(rBeotiyorsy) = I(T(gRei;)) Yi=1,...,m, Vi =1,...,n(i),
m 'n(:'
(2) Yo 219 Res(iyp)/ Si—1(rRespty) = I(T(RR)).
i= '

i=1

&oT, G:=I(T(gR)) {ZHMRLEK injective cogenerator TH D, T = End(rG)
EBL & BREKZE R-mod D7 5 XEHBRERSE T-mod D7 5 ADEIC
Morita duality 3% 3. —fRICIE RE T, 29 R BACKHTIIENDS,
RDERPNZS. '

5EI2 2.4. basic indecomposable Z£ Harada B R iZDW T, RIZRAETH 3.

(1) R @ frame QF-subring F(R) 3¢ Nakayama BCTRIE % H-.
(2) F(R) 2oL B3TXTOT Oy 7HAD LRERFIRRIL (#->TR
b) HOCWHHTH 3.



CDEEH S, QF-BY Nakayama HERE X 20 ESHHMEERLZD
XM LB Koike ICE W RFIEEZ Sh, Harada BiZ—RICIIHEESIHHT
BN EMNFMha TN,

EHE 2.3 (3 Nakayama BO HCRNEORRICICHASNE. SO &icD
WTHhTEI 3.

Nakayama B3 Harada B TH 505, Harada BT IBRIIZDEE
Nakayama Bz D T DI :

TR 2.5.

(1) basic indecomposable Nakayama B, #4814 L7585 QF-Nakayam #§5
B EiFD, 2070y /RO LEBEREFKRRELTERASNS.

(2) basic indecomposable QF-Nakayama 3%, Nakayama BECREEHERF
DS BCINHITSH 5.

ZDEIIZUT, EWEEADF T Nakayama RO B OXGHEDN, S8y HE
THERTE 5. 19804EfX, Nakayama B HCICH A MAEIZAL D, Mano [34],
Haack [17], Dischinger-Mueller [13] 45T L TU o D73, Waschbusch [62]
L&D, SNHREKROBXTRRINTVELENS YV avF VIV EHEN
Hoiz.

K. Amdal and F. Ringdal, Catégories unisérialles, C. R. Acad. Sci. Paris,
Série A-B 267 (1968), A85-A87, B247-B249.

ZLTHEECDRNDTATTENZE>THAEEL TS, Yy, &H
(2 Harada BORA & LT, B2 2.5 OB TERES A7 ([53), [51]). Heack
13 Nakayama BIO B #EERTZ EIIIRIH LD - 788, basic QF-
Nakayam 3% Nakayama HERIBEEFDEWIBRICIBRL TS, Fi
NFI7=ANPRIC, ZDENBRIUN/DTHAS.

Nakayama B4t QF-Nakayama B SIS &I &R T, Nakayama 3R
DBERDHES D TITAV. QF-Nakayama RO S 1 %4347 LT, Nakayama
BOSELOMEER D Atin BTHAENWHI &%, RBTRS I LT 3.

§5%8 3 : Nakayama IRD classification
Nakayama D BEEFLTHIERO IS IZL > TH3.

TR 3.1.
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(1) basic indecomposable Nakayama Bi3, frame QF-8f2BRO7 v 7K
DLERBHARELTERSh S,

(2) Nakayama fE#:7¢identity TZIL> basic indecomposable Nakayama QF
Blid, JHPT Nakayama B E®D skew matrix ring ORIRBITLS. Th&
Y, frame QF-£84 5D Nakayama f #2145 identity T7Zt> basic indecom-
posable Nakayama Bid, R Nakayama 3 E®D skew matrix ring 7
Oy 7HARERBRFKREUTEREINAS.

(3) frame QF-E54B24% identity THIL> Nakayama EL#% b D basic inde-
composable Nakayama i3, X S5ICEH#E, R Nakayama R ED skew
matrix ring OFKBRITL 5.

(4) basic indecomposable Nakayama B R T, £® frame QF-32E At
identity T» 5 Nakayama BE#%EbD& &, FARM R/S(R) &, B/
Nakayama 3 E® skew matrix ring ORIKRE L LTEHRIN 5.

(5) basic QF-Nakayama BRiZ Nakayama HCRBEHK%#FD.

(6) Nakayama BHIBCWMHITSH 5.

(1), (5), (6) ITDWWTITIHEARKA. (2) & (3) RN, Nakayama BRDEK
%, JGPT Nakayama B E®D skew-matrix ring TH A I &3 5. ZOFEE
IZ¥51} 5 skew-matrix ring & QF-Nakayama BD % 1 FiZ 2 vTH LKA T 5
2%, B#flid Baba-Oshiro [6] ZZR & ki,

HH D matrix ring Z—ARIL LD B skew-matrix ring TH5. £OHAD
HiZ, QF-Nakayama BOD % 1 Il THr %3 3.

F % basic indecomposable Nakayama QF-¥8& L, e,F,...,e.F % F @
Kupisch series &9 5. D&Y, e;F D projective cover 2t e,y R Vi=1,...,
n-1 <{HShTWAESIT, F D Nakayama f#t iz, $3 i HH-T

€1 €2 - CEnuiql en—i+2"" €n
€ €&iy1 €n € et €y
&5, TDE%E, R % KNP(1 - i)-74 7 LRI KNP(1 = 1)-9414 7,
KNP(1 = 2)-#4 7, KNP(1 = n)-7 14 THEETH 3.
EE 3.2. Q=81F€1,F=F/S(Fp) C‘:*J‘(

(1) &ie{2...n} IKHLT, FRKNP(1 = i)y 7456H, Fit
KNP(1 = i —1)-# 4 7D Nakayama QF-BTH 5.

(2) F % KNP(1 = 1)-# 4 7725, F 12 KNP(1 = n)-% 4 7D Nakayama
QF-BTH 3.
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(3) F D KNP(1 = n)-5 4 7155, ce J(Q) & o € Aw(Q) 35T, F
3 Q £ {o,c,n} I2Bi4 5 skew-matrix ring 1218 3.

(4) 1<iT FA»AKNP(l =4)-74 7151, KNP(1 = n)-74 7O basic
indecomposable Nakayama QF-B#% > T, F IZOBROBARLIEOE
REELTERENS.

EE. (3)KBB ce J(Q), o € Aut(Q) 2RO BDIZ, KNP(1 — 2)-
SA4TERNE.

ET(4) $HEHE3L1OD (3) HREINBZDTHAB.
EIFH T 5% KIC skew-matrix ring IZ-DUWTHBAT 3.

Q 2RETAS. ceQ o€End(Q) 2, a(c)=c o(g)c=cg VgeEQ %
B7:TETS. RE, QDLERSFET S nxnfTHlOL4KLETS :

Q . Q
R=
Q e Q

R ICHIEBEOFTHONT, BERDESICEHTS. (ca) (va) € R It
LT,

(zik) = (zax) (yix)
IIT oz BROEHILHDOTH B :

zix = 3 Ti0(yjn)e + Z Tijyse + Z Tiype (< kDEX),

2y = ’i z:;0 (Yix) + g_’j«:c,,a y,k)c+ E:c,,y,k (k<iD&=).
ROEHIKBBLTHEI:

{@)i; (Bt = 0 (i#kDLE),

(ac(®))x (jSk<i DEXE),

(ao(B)c)i (k<j<i Fd j<i<k DEE),
(@)ij(b)sx = § (ab)ix (i=j D&ZF),
(abc)ix (i<k<j D&LEF),
| (ab)ix (k<i<j Feld i<j<k DLE).
BRIEZ—TEETH B, FokA

(25 ) (2hm = ()i; (W) ix{2)na)
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MEDILL, RIBBICALS. ZOB%, (0,c,n) IKBiT 3 Q LD skew matrix

ring & BFTF,
Q - Q
Q Q e

Fid, BUS (Q)oen TET. o N EEBR idg Te=10&E, (Qidgin
RBEOFFIRTSS. UL, (0,c,n) DRDFT, BHEOFTIREIZE -
}{ BT B.

B 3.1 Q%M o=idg c=0&,TBE

0 - --- 0
=9
Q - Q 0

i3 R Dideal TH Y, R/I BBHOL=ZAFTHARLAMIILS. hEDE=
ATHIBIT Nakayama BRTH D, FELT I D & J I skew-matrix ring ORIFKR
RELTEAZINAS.

EE3.3. R=(Q)sen K2V TRHBELDILD.

(1) @ BERLSIL, R I3 basic indecomposable semiperfect ring T$H 5.
(2) Q A Artin (Noether) B 5id, R b4 Artin (Noether) BTH 5.
(3) Q@ DRAFQF-BT ¢ € J(Q) ¥ 5, R i basic indecomposable QF-BT

e ey - €n
€n €1 ‘' Ep-)
¢ Nakayama @it &5, T2 T, ¢ i2i-B0D0 1 TIENMI 0 1L 51751
(4) B r:R—R,

T T12 ' Zip Tnn Znl o Tnn-1
Tz T22 -+ T2 — 0’(931n) 0’(211) o 0’(-’51,n-1)
Tnl Tp2 ' Tpn U(xn-—l,n) U(xn-l,l) e a'(a:n-l,n-l)

HRMEETSS. Bic, e Auwt(Q) L5 7 € Aut(R) TH 5.

(5) Q »HPFT Nakayama BT cQ = J(Q) "5, R I Nakayama BT
BEH r 252 KNP(1 — n)-¥ 1 7D basic indecomposable Nakayams
QF-BlcL 5.



AT, IITHEAEDELKET. 20 (5) D#EMHAS. DFD, basic inde-
composable KNP(1 = n)-# £ 7@ basic indecomposable Nakayama QF-B2i3,
ZD& 57 skew-matrix fing (Q)gen ELTEEINEDTHS. T, (5) %
AT, 3XTOD basic indecomposable Nakayama QF-E24% Nakayama B ©
FABHEF O LNTINT, RL4DRMMS Nakayama RO B
PHERTEZ0THAS.

skew-matrix ring {3, 19754%® Kupisch [32] T VPE-ring & U TRH#EH T
W3, LdL, LBRERBPRESLETEREINTI S, “skew-matrix
ring” DL HITRRAL. S I T, 1987 £D Oshiro [51] IZ# - 7.

PUERTEAEED, Harada BIZEFT QF-BO ok, Nakayama B
{3 Harada BEHAAE L, BHRRER QF-BOF M VRIS - TINB &
EAXT LU Nakayama B3, EKEENLTHOCRENWEOD Artin BRTH 5.

ITROFEETIE, Nakayama BROMEHR ORISR LD Nakayama &%
TRNOICRE8NT 3.

§ERE 4: KEBAE LD Nakayama BEZTR

E®E 32 T, 4k K E® indecomposable Nakayama £t R T, €O
frame QF-5f4 8 F(R) @ Nakayama BROMESERTUVHOR, B3/
Nakayama Z7CH Q L O skew-matrix ring (Q)gcn PRIRBELTRATE
BILiMot. K BMUBEHLEOBEIR, 0 QX Kla)/@*) (T
A1 Q DHMBAIDES) EMAT, Livb o=idy EHB. E5IC F(R) O
Nakayama B#OMEEEHOBEE S, R Q = K[z]/(2?*!) LD skew-matrix
ting (Q)idg.en PEIRBREL UTERTES. CORFOHIORAZHRAT 3.
(8 U < 1% baba-Oshiro [6], Hanaki-Koshitani-Oshiro [30] 25 H.)

Q %tk K EZIBRE L, skew matrix ring

R=
Q - Q oim

XD IIT, c IREFBER. K 2ROE/RT ROFSBRESS

k 0 v 0

k— 0 :
. 0

0 0 k%



ZOEE, RVWAS

(1) n=10&%, R=Q.
(2 nz20ts,

R:K EZTHR <= o: K-algebra ERMER, ie., a'(k)‘= k Vke K.

T, MRS K 2R¥EMELT 3.

8 4.1. Q *# K L/RPF Nakayama §7_ﬁ'ﬁ€:‘§‘5. J=JQ)=cQ &F
%, d+1% QoM FIOExLTA. 2D, JI£0, JiH =0 ZDEE

(1) Q= K[z)/(=")

(2) o X Q D algebra BETCRIBERT, o(c)=c, ag(@)c=cq Y€ Q %H&

Q - Q Klzl/(z**?) -+ K[z]/(z**")
(Q)idq,c,n= ver = . ‘
Q Q.. \KEVE - K,
ROEBIL, Nakayama BERLBROWAFICENTEETH 3.

EE 4.2. R % Nakayama BRMEEZERTH S K L basic indecom-
posable Nakayama QF-BZ7LB & U, e R,...,e;R % Kupisch series &3 3.
Q=eRe,,Q=Qc ¢FZ%, d+1% Q DHBFIORZLETE. Ttk

(1) Q = elRel o ezRez =,.. enRen o lel/(zd'!-l).
(2) ij-BR& % ij-BSHB T algebra epimorphism p = (p;;):

Q --- Q eiRe; --- eRe,
(Q)id,C,n= — R=
Q - Qf yem enRer --- exRen

T, O Kernel H#

0 - 8(Q)
Kerp =

5(Q) 0



Klal/(*) - Ksl/(z*) 0 (2)/ (@)
- / "
K@/ K@) [, \@@)/e) 0
K/(@*) Klel/(@) - Kial/(s?)
e | Klol/(a) 2 :
: 2 Klal/(s%)
K/ - KBl K&/,

EE 4.2 ZCA U T, SEFRBPRARIOE T 2 A OB L TLER A Nakayama
ERLBRICEIFEDITHNERERTH LS.

Nakayama group algebra iZ2\ Tid, RRPHROB{OWEFICL-T
- EEENTHS (BRI, Osima (48], Morita [38], Brauer [10], Dade [12],
Higman [22], Murase [41), [42], Michler [36], Isaacs [23] %). ZDEHIZD
\WTid, Kositani [29], Puninski [56] 28 H.

GEZRRBLL, K 2BHp OB LT 5. R L<{HShIBRTH3B.

FIE 4.3.

(1) ( Maschkke [35] )
p ORI G DN |G| 2B 574y = kG : semisimple.

(2) (Higman [22], Kasch-Kneser-Kupisch [25]) p >0 Tp 2 |G| 253 &
& KGHERERYTH S «— GREEro—pHaBELD.

#->T, KG A Nakayama ZTLBRTH A HICE, G ERE S o— 545
BEROILMWSETHB. ERECEEE . KGOTny7 B UWHRERR
THB > B D “defect group” AKEBTH 5. ( Alperin [1]. Benson [8])

G 2HBHE px FYETS. G ODEMRBFBED descending chain: G =
Hot> Hit> Hyp> - Hy = {e} T, Hi/Hyq 2 p-Bf, BN p-BE (e, p
B Hi/Hia | #BIST) EHBBDONHBEE, G % p-AIFEEE (p-solvable
group) &3,

ROFBIEETH 3.
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SEIE 4.4. (Morita [38], Isaacs [23]) K %#{\¥PAtk, G % p-mIfEE LT 5.
ZDEE, cyclic defect group /2 KG D7 0 v 7% Nakayama ZTTRT
»H5.

T, n<5 D4, Bl p OREMEK K & n ROMEREE S,. XHRE A,
EDBBITHE H Nakayama BTTRICL > TWB & &, TN 5% skew-matrix
ring TRELTH5.

EE

(1) Klein B2 SUHBH Y 00— 2-HBABRERERTEDS, 42 n i
UT, KS. KA, {3 Nakayama BFTERTITE .

(2) p=3 D&%, S A3 Si A RREI-Yo-FL4RELOHS, BB
44 &0, KS;, KAs, KS;, KA, i3 Nakayama BTTERTH 3.

(3) As (% non-abelian simple THADT, As, Ss i 3-AIBEF T

KS,, KA, OHEEMAICE, RERBRILENSHD:
(1) 7oy /38 KG=B,®---® B,

(2) % B; O simple submodule D% A 7.

(3) & B;, BLUZD simple submodule ® K-IRIT.
(4) AShTVWB3EROFIA .

LHL, COT7NTY XLEETTIORENIZEZ L IRENWESITHAS.
TRERTEROBEEA, EMHROEKREADHNDL ETORETH S.

[1] p=2D L&,
(1) KS, {3/R3P7 Nakayama BTLHRT, K S, = K[z]/(z?).
(2) KS; i3 Nakayama TR T, KS; = K[z]/(z?) & Ma(K).
(3) K As % Nokayama BRET, KAs = K[z]/(z%).
[II] p=3D&E:
(1) KS; {3 basic indecomposable Nakayama £TBRT, Rt 1 D=2D
simple modules %% 5

.. (@0
A=A (@ Q)

SIT. Q=K[a/(=*). Q=Q/((=)/(=%).
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(2) KA; \3/RPT Nakayama BEHR T, KA; = K[z)/(2%).

(3) KS; i Nakayama BT, £E0T 0y 73 KS, = A0 (K):®
(K)3. ST, AR I (1) KBTS A

(4) KA, {2 Nakayama BTHRT, KA, = K[z]/(c®) & (K)s3.

(5) KSs it Nakayams BTLHIT, €070y 7 3BiE KSs = Bi®B:®B;.
ZIT B, & B iiRAET, TDORITIE 42T, KITH1,4 =D simple
modules % D.

By = (K)e (FTRIERD),

QQQeX
Qe QeX
Bi2B=|Q QQ QX
QQQ QX
YYYYT

(1
(1
A

(7 7

i3, [ (1) ® AT, Q=cde. T=fAf. X =eAf. Y = fAe

a4 {10y, (oo
eret. o= (3 0).r= (3 9

(6) K As {3 Nakayama H7LBT, K As & A®B,®B,®B:0B,®Bs®Bs®B;.
CIT, AR (1)D A B; & B, & B, = By = By = KJ[z]/(z°).
Bg = By = (K),.

[II] p=5DE&EE,

(1) KSs D7y 73R KSs =2 B1®(K)s ®(K)s: “ZT, By DR
12707C, 1,1,3 DRITD 3 2D simple modules % b>. By ITRTT 35
DEBRFABIHY, Nakayama BITHER T

(2) KA;s D70 v 758 KAs = B, @ (K)s. B REREHRBIH,
Nakayama ZTTRTILH 0.

ULk, <5 #ED Nakayama KS,, KA, BRI, n>50&&IT
E3THAID. HA3ETHIIERBICKELTNWETHAHH.



§538 5: BT QF-IRO¥E/ & Faith Fif

Harada B & Nakayama BB QF-BUERIIL TS, ThwX, K
7T QF-BROFERNEHLURANEE 3. /BE QF-RIL, QF-RICMT 284
7 Faith T & QMM THRPT~EBH QF-BITH 3.

Z O TR Faith PRO—EEH S, REAIRO—ROBKEICSWTH
M9 5. (B < i3 Kikumasa-Oshiro-Yoshimura [26] £&H.)

EHOBETHENICLI IS
R: QF-B® <= R: % perfect ring ™2k, self-injective ring

&S Osofsky DERNH L. TOHERIKITDEE, BD self-injective %,
K BI7E0F D self-injective TR EBRZ oL, &) K <A Sh/fED
$%. Faith (IHEDOEH [14) T, semiprimary BT OMBREENIEAS
EFE LI, Tht Faith PROHEHRETHS. Faith FARIL, B semiprimary
BT Jacobson radical 3 B¥ ODDFETHLRBRTHS. €6, Z0ES
PRERENAET-KICHERIINWAEETHASI.

Baba-Oshiro [6] DIRDERIS, Faith TRICHETIHERTH 3.

£ 5.1. semiprimary 3 R %A self-injective TdH B /=D DMHE+ 5 &4
i3, R 2% simple-injective THB I &THB. §FIC, Jacobson radical 3EY¥
O® semiprimary BB R 2'A self-injective TH 3 72 DHE+ S 5413,
J?2 B, BB LT simple TH Y, J DEFEDOBAR submodule M IZH L
TdaeJ\J?:aM =0 EHBILETHA.

ER . R %A simple injective &id, R D7 ideal 5 R @ simple submodule
~A® homomorphism {2, R 25D homomorphism IZHBTEE &L TH3.

8T, J, #0, J3 =075 5/FF semiprimary B R &2t L& 5. D=R/J,
S=2 T=J/S £k, “DEE, T, St (D,D)bispace TH%. KD
ZENNWRB

(1) RA QF-BOD & &, graded type EFIEN B # UL Jacobson radical 3 &
YoORMm QF-BR T N, ROLSICLTHENS :T:=DxJxS. TOD
pr L= (d])ahsl)x ta = (Cbz,ag,Sz) @ﬂ'%

tits = (dids, dyag + ayd, dys2 + 8)d; + aja2)

ERBTIE, J(T)=0xJIx0, JTR=0x0x8 JT)P=0 (—&
i3 RET(R)).



(2) R H'% injective 754t QF-BTHR W S, dimpJ =dimpJ > dimTp =
0.

ZHh oD% b £IZ, Jacobson radical 3 ¥ 0 D/FFT semiprimary & i
2T D Faith FAEDSHFE, Jacobson radical 3 ¥ oD QF-BO—RAIH
BRIRIC DWW T~ 3.

D % divisionring &L, pVp % (D, D)-bispace £§5. T = DxVx(V@pV)
&H<. IO (D,D)-bispace T DIT t1 = (d1,v1,21), t2 = (d2,,72) DEE%
ROXHIKEETS .

tity = (didz, d1v2 + v1da, d1T2 + 21d2 + v @ v2)

COD& &, Tid Jacobsonradical 3 ¥ O DRFET semiprimary BIZIE 3. J(T) =
0xVx0, JT)?=0x0xV®pV, (Dx0x0), (0xVx0), (0x0xVepV)
ZhEh D, V, VepV LRI—8L. T=T=(D,V,VepV) &H{.
DEE, RYVRS.

#nRd 5.2.

(1) VepV D (D,D)-bisubspace I &%, dim((V ®p V)/Ip) = dim((V ®p
V)/pD)=1, vD@pV ¢ I, VepDvgl 0£WweV £akt L,
[} T O ideal £72D, J(T/I)? = S(T/I) 12, £% LTH T/I-module
& LT simple &7 5.

(2) dim (Vp) BFBRRITT, 2 (1) D (D, D)-bisubspace I RFETHIZ,
T/I i Jacobson radical 3 f¥ o DFFT QF-BREL 5.

pD % 1 RJC#H D-space &L, p # D DECHAEELTS. DDRET d K
HUT dp = pp(d) LBETHIL, pD 13 1 RITE D-space 1T 5. D
(D, D)- bispace % pD? TELY. V* =Homp(Vp, pDp) £k &, V* RER
i< (D, D)-bispace IZ71 5.

ZZTROZEENEDIUD EEET S.

R5E A: V & V* OMIC (D, D)-RIEE# 0 b 5.

veE VIZMULT, v =08(v) &EL. VXV = pD?, (v,w) — v*(w) 72
554, £~ bilinear (D,D)-BEHRICKES. #-T, ERA: V@V =
pD?, Yiui@wm Y, vi(w) (3 E~D (D, D) RRARER LIS, EBILH
PBEIIC, KerA 3 T D ideal. FIRB T =T/ Ker X % R'= D(V,6,p,pD*)
TET. s=21(p eVRpV &k & RIFVZA.
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B’ 5.3,

1)J=JR) =V, J?’=Ve@pV=Rs=sR, *=0.
(2) S(R) = J?: &, & simple ideal.

(3) R: A self-injective.

(4) R: QF-&# < dim(Vp) < 0.

ZDOEELY, Jacobson radical 3 ¥¥ 0DFAET semiprimary BIZDNTD
Faith PARIZ, KO LI KT ]I 6N 3.

Problem : RO%&MH%H7-F division ring D & (D, D)-bispace V (3%

TA30:
dim(Vp) =00, pVp=pVy ((D,D)-isomorphism)

COMBOERIIBARTHS. LL, —TRBLTHS L4052 &72H,
7cb5 % B pathological MWRIICHEL TL 3.

Faith FARIIELL. ULHL, EFICREDL (A0, EROZHrH S, Fx
i, RWEQF-BROMKICHT 5 —FRELHBIENURIDTHS. REICC
D EERNTS.

ROSKH%A729 division ring D & (D, D)-bispace V 2FET 5 &9 5 :
dim(Vp) =n <oo.  pVp & pVp ((D,D)-isomorphism)

D&%, dim(Vp)=n &0, 32y,...,2, €V: V=D, ®..-® Dz, =
2, D@ ®z.D LB, OEXIS, BRERER ¢ = (0y): D = (D)
£=(&;): D= (D) BT, 0, £ IKDNT, ROBFER () MERD IS
ENGhB

(e ld)) = d (k=iD&E),
,Z C) {0 (kAiDLE)

oeld)) = d (k=i0D&¥),
,Zg"‘( (@) {o (k£iDEH).

i, BELEICRLT, (D, D)-bispace V{zy, ..., za;0) & pDfF %X, Lk
OBFEHESNT o = ((ng) : D — (D)n & § = (&j) : D= (D)n AHH-
T, pby=o0iy; £ET5. ZD&EE, V & V* =Homp(Vp, pD?) ODMICEHRL
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(D, D) FESRIMENS. KB, & IHUT, o€ V" = Homp(V, pDf)
%x
a"'::l:]dl +--- +zndn '_)pdn

K-> TEETHHE, pV* =Dy @ - @ Doy ERHER
6 :pVp = pVp, dizi + - +dpTn = dyay + -+ +dnay

{E (D, D)-bispace RIBE®RIZILS. #-T, &t QF-B D{V,0,¢,6", p,pDP)
DHENB.

B2, € LT o BENBBER, BARWIC p =idp &30, BET QF-
B’ D(V,0,0,0°,idp,1 D) DEB. ZOEMELSH DO EBRBTRLTA
&3,

#l 5.1. d % divisionring &L, Vp=z2:.D® - - ® 2,0 % D £ n KT
space £ T 5. 7% D OBRAEFALL, ROLSUBREFBER ¢ = (0;;),
§=(&;) ZBA5:

m(d) 0
c:D— (D), d— ( )

0 7(d)
7~1(d) 0
£:D— (D), d = ( )
0 =1(d)

0o €ICBUTHMER (f) BRI, n2¢, = oy BZB. o TRAT
QF-8 D(V, 0,€,6°,72,pD™") HHEN 3.

§l 5.2. CE2EEMGKEL, V=2C0z,C % C L 2K space £T 3.
Ef

. b
c:C—=(C)y, a+bi (; a)

REEENERT, o, o iKBILT (§) BKDILD. L-THEET QF-B C(V,0,0,8%, idc, 1CH)
RMEN3B.

Bl 5.3. k 20#kE L, f(z) =2"-a€klz) % o ZMELETIBLHBHER
&%, D=k(a) £¥E, nRTspace V=Y &zD 2EX5. Ffho



ao aa aa? - apet?
. aG10™! @ g e apga™?
o:D = (D), Y ama' —
i=0 ap0? na
ama  aa? an-1a”™! ao

LRBmIhE, o BREFNERT o, o KELT () BEHILD. Lo,
B QF-8 D(V,0,0,6°,idp, 1D"0) 24En 3.

5l 5.4. HENINPDATTEEEL, 4 RiTspace V=0, HO 2,H S
stex4H %%ié- g&

a b cf dk
¥ a dk cf
¢j dk a b
dk ¢cj b a
RRBRERBEGTHD, o, o IKBLT (f) BEIVIAD. &-T, A QF-H
H{V, 7, 0,6*, idy,; LH") 2EN 5.

c:H— (H), a+bi+ci+dk —

Bl 5.5. E &Ik 7% E OHCARSHT, RKEBLTHOETS :
(1) TI'2 =idE.
(2) @B € E:am(a)+fr(f) =0 = a=04D p=0.

ZIT, EELD2RiTspace D=E@Ei={a+pPi|apf€E} %D,
i?=~-1&L,a€E &iDf%,

ia = m(a)t
EEHETABILICED, D id division ring 12755 ¢
(a + Bi)(m(a) — Bi) = an(a) + Br(B)

CIT a+Bi#0SHE, an(a)+Bn(B) #0 HBDILE, D D center At
K:={a € E|n(a)=0a} &ii3.
V=x,D@z,D % D LD 2 R space L L, REFEUEHR

o:D = (D)2, a+fi ([‘; iz)
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EEZD. ZOLE, o o KBUTHER (f) KDL, /B QF-&
D{V,0,0,6*, idp, 1L Do) i}*f’ﬁﬂ?’a .

RiZ, KT QF-B R T, £ center K 24k%73L, R K EHRKITT
PlEfES.

§l 5.6. E % division ring T, €® center K .k infinite dimensional 753

bDEL, 22 £ -1 Ve e ERNBENBETE. ZDLE, E LD 2 KT
space D=FE @ Fi={a+fi|a,f € E} %Z,

i’=-1, da=ai YaeE

BLATEVNS. Zhickd D BREICAY, Uhd division ring 1S3 2 &
HEMD ST AB.
RIS, V=x,D@®z,D % D ED 2 RIT space &F 5. 54

0:D— (D)2, a+pi = (gz i"')
RRERMNERT, (f) 2479 L-T, BT QF-B& D{V,0,0,6%,idp, LD¥P)
PN 5. '

ER . EORIKKT B divisionring E i STHEET 3. FIRIL, KH&k
LOB¥E L = R(z) 28X, F~OD monomorphismo : L — L, f(z)/g(z) =
f(z?)/g9(z?) 2%, Lly;0] % o &5 skew-polynomial ring &4 &,
DB non-commutative domain T, classical quotient %% 5, €4 division
ring IZ% 4. ZO divisionring % E £, ZOD&E, E D center iR T,
E i3 R EO infinite dimensional space TH5. a?# —1 V0#a€ E bRY
3.

10

PERTE:LSIC, QF-B, Nakayama B, % U T Harada RI3#MR:3
Artin BTH D, B QF-BIERIKL-TNS. 2LT, KELOFRRET
BNEHT QF-BIWC STHENSE Z L2 - 7. Artin ROMARHEZTH
PERRAETREBIANEREITZEN Y TERIN TV > T I ittR
OFENLEBJERE > TS, HFRERASARICKITZEEN Artin BOEERIK
ETHRINIEE, RBBBERICHT. ¥ 1 Braver-Thrall TR FRRT
ZTROBPA T Roiter (1968, [57)) Kk » TREI N, —RD Artin ROBE
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{2 Auslander (1974, [3]) i &> THROT L ERINL LNV EIL, TOR
BMTHS. :
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BGP REFLECTION, TILTING MODULES AND TILTING
COMPLEXES

JUN-ICHI MIYACHI

In this note, we review the transition from the notion of Bernstein-Gelfand-Ponomarev
reflection functors to the notion of tilting complexes and triangulated equivalences.

1. QUIVERS AND PATH ALGEBRAS
Throughout this note, k is a field.

Definition 1.1. A quiver A = (Ag, Ay, A, t) is an oriented graph, where Ag is a set of
vertices and A; is a set of arrows between vertices. We use h: A} — A, t: A — A,
the maps defined by h(a) = j, t(a) =i when @ : ¢ — j is arrow from the vertex i to the
vertex 7. We denote by A the underlying graph, that is obtained from A by forgetting
the orientation of the arrows. Moreover, we often write A = (A, 2)when we give an
orientation 9 to A. For z € Ay, let

zZ = {a € Alh(a) =2} 2= ={a € Ajt(a) =z}

A vertex z in A is called a sink (resp., a source) if 5 = ¢ (resp., 22 = ¢). A quiver
A = (Ag, Ay, h,t) is called a locally finite quiver if #z2, #2< < oo for any z € A, and
it is called a finite quiver if #4, #4, < cc. A path w = (bla,,...,a;le) : @ ~ b from
the vertex a to the vertex b in the quiver A is a sequence of ordered arrows ay,..., 0,
such that a = (), h{c:) = t{ais) (1 €7 < 7~-1),h(a,) = b. In this case, a (resp., b) is
called the tail ¢(w) (resp., the bead h{w)) of w, and r is called the length of a path w. For -
every vertex i, the path e, = (a||a) of length 0 is called the empty path. A non-empty
path w is called an oriented cycle if h(w) = t(w).

Definition 1.2. Let & = (Ag, Ay, k,t) be a finite quiver with Ao = {1,---,n}. For
X = =z, Zuhy = Y1, - s Ua) € Z30, we define a bilinear form, a quadratic form
and a symmetric bilinear form:

<X,¥y>a= Z Tiy: — Z Ze(a)Yh(e)

i€Ao a€dy
xa(x) = Z ¥ - Z Zt(a)Th{a)
icdo a€cly

(%,Y)8 = 5xa0c+) — xa(x) = xa ()

Definition 1.3. Let A = (Aj, Ay, A, i) be a quiver. The k-linear path category kA of
A is an additive category consisting of finite direct sums Gqea,a®™ of vertices a € A as
objects, matrices of which entries are k-vectors spanned by all paths in A as morphisms,
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and compositions of morphisms are defined by compositions of paths
(cletsy - - -, Crg1]b) © (bl ..., a1|a) = {c|a,, . . ., ar]a).

For example, the Hom-set kA(a,b) for vertices a,b is the k-vector space spanned by all
paths ¢ ~» b from a to b:
kA(a,b) =< w|w:a~b>;

Similarly, the path k-algebra kA is the k-vector space spanned by the set of all paths
in A together with the multiplication induced by compositions of paths.

We often simply write ar...q; for (b|a,.,'. .o ana).
Remark 1.4. If #A, < oo, then €z =1 in the k-algebra kA.

Example 1.5. For a quiver

€A
a B

A:l—2—3

we have .

€1kAe; =< e; > exkAey =< a >y e3ke; =< Ba >,

€1kAe; = 0O e2kAe; =< es > eskAe; =< 8 >

€1kA€3 =0 €2kA€3 =0 €3kA€3 =< €3 >

xa(X) =28 + 23 + 2} - 2,27 ~ T273
Then we have

k0o
kA= |k kO
kK k k
Example 1.6. For & quiver '
a
Al .2
8
we have
eikAe, =< e > ekAe; =< a, 8 >
€1kde; =0 €2kde; =< e3 >
xaix) =23 4+ 23 - 22,2,
Then we have
k0
(4
ok [k" k]
Example 1.7. For a quiver
A: 12 :)ﬁ
we have
e1kle) =< € >r €kle =< a,f"alne N>,
erkde, =0 ekle; =< €3,0%| n € N >,
Xa(x) = 2} — 212,
Then we have
o~ | k 0
ko & [k[:r] k[:c]]
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2. REPRESENTATIONS AND BGP REFLECTION

Definition 2.1. Given a quiver A = (Ag, A, A1) (= (A,Q)), a representation M =
(M@3); M(a)) of A over a field k is a family (M(i))ica, of k-vector spaces together
with a family (M(e) : M(i) = M (j))i 2ea of k-linear maps. A representation M =
(M (3); M(a)) is called a (locally) finite dimensional representation if M () is a finite di-
mensional k-vector space for every ¢ € Ay. For a finite dimensional representation M, the
dimension vector of M is dimM = (dim; M(2))ica,-

For (M(i); M(a)), (N(i); N(a)), & morphismn f : (M(i); M(a)) — (N(i);N(a)) is a
family (f; : M (1) = N(i))ica, of k-linear maps satisfving that we have a commutative
diagram

M) 22 M)

fil | 1
wei) 2 wG)
forany i = j € A,. . ;
We denote by Rep; A or Repi(A, Q) (resp., rep; A or rep (A, (1)) the category of rep-
resentations (resp., finite dimensional representations) of A over k.

Remark 2.2. It is easy to see that Rep, A (resp., rep, A) is equivalent to the cate-
gory Funck(kA,Mod k) (resp., Funci{kA, mod k)) of k-linear additive functors from kA
to the category of k-vector spaces (resp., finite dimensional k-vector spaces). There-
fore, Funcg(kA,Mod k) is an abelian category with direct sums and products. Let h° :
kA — Func,{kA,Mod k) (resp., b, : kA — Func; (kA% Mod k)) be the functor defined
by h*(z) = kA(a,z) (resp., ha(z) = kA(z,a)) for any z € A,. We often identify Rep, A
with Funck(kA, Mod k). We often write Mod kA = Funci(kQ, Mod k).

Definition 2.3. Let A = (29, A1, h,t) (= (A, ) be a quiver ¢ a vertex. We define the
representation (5,,S,(a)) by

kifr=a
Sofz) = {0 ifr#a Sua) =0

We define the representation (Pu(2), Fo(r)) by kA(a, ) € Funck(kA,Mod k). In other

words, for any vertex z P, () is the k-vector space spanned by paths from a to z: Pu(z) =

kA(a,z) =< w] w:a ~ z >; and P,(a) is the k-linear map defined by Pi(a)(w) = aw

for any arrow & : ¢ — y and any path w : z ~ z. Moreover, we define the representation

(Qa(?), Qa(e)) by Homy(kA(—,a), k) : kA — Funci(kA, Mod k).

Lemma 2.4 (Yoneda's Lemma). Let a,b € kA and M € Funci(kA,Mod k). then the
following hold. .
(1) We have the bijection 6_ : M(a) — Homua(kA(e, =), M), where 0_ is defined by

(B)®)(S) = M(f)(z) for A € M(a), f € kA(a,b).
(2) We have the bijection 6_ : kA(b, a) — Homya(kA(e, =), kA(b, ).
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Example 2.5. For a quiver

A: 12223

kA =< e, e3,€3,, 8 >k A representation M of A over k is the following
M) 2, pr(2) EE m(3)
By the standard technique of linear algebra, all indecomposable representations are up to
isomorphisms the following
M=P:0-0k—0 My=P:k—=ke=0 My=PFP: 0oke—k
AJ‘ Q2 k—!kﬂ—k I"15=Q3 0—!0(—k A’[g—Q] k—'O'—o

M. 2

/\/

M,

\/\

Example 2.6. For & quiver

A 1E—2-2a3

kA’ =< e, e3,€3,,8 >, A representation M of A’ over k is the following

N() E2 Ny X8, N(3)
By the standard technique of linear algebra, all indecomposable representations are up to
isomorphisms the following

=Q2: 0—~k—0 Na=P: ke—0—=0 Na=Py: 0=0—k
Niy=Py: ke—k—k Ny=Qa: 0—k—k Ng=Q: k=k—=0

\/\
/\/

Definition 2.7. Let A = (A, Q) be a locally finite quiver, and a & sink (resp., a source)
of (A, ). We define the new orientation o,{ by reversing all arrows which are connected
to the vertex a. We call g, the reflection. For a sink a in a quiver (4, 1), we define
the Bernstein-Gelfand-Ponomarev reflection functor (the BGP reflection functor) o} :

Rep(A,Q) — Repy(A, 0.Q) as follows. For a k-representation M = (M(i); M (oz)) of
(A, ), let

0= o M(a) £ @,c0x M(t(e)) 222 M(a)
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be the canonical exact sequence and

tMla) if z=a Ba f a€a?
FALL) == 4 T ML + -
o M(z) {M (z) if z#a oz M(a) {a if adga?

Then 0} M = (o} M(i);07 M(c)) is a representation of (8, ¢,£). Similarly, for a source b
in a quiver (A, §2), the BGP reflection functor o5 : Rep, (A, Q) — Repi(A, 6452) is defined.

Theorem 2.8. Let A = (A,Q) be o locally finite quiver, and a a sink of (A, Q). Let

T {resp., Vo) be the subcategory of Repi(A, Q) (resp., Repi(A,a,fY)) consisting repre-

sentations which don't have S, as a direct summand. Then the BGP reflection functors

o} : Repi(A, Q) — Repi(A, 0.0) and o7 : Rep,{A, a,;Q) — Rep, (A, Q) induce the equiv-

alence between T, and ¥,. A similar result holds for o : rep, (A, Q) — repi(4, 0,9) and
5 11ep (B, 049) — rep,(4, Q).

Proof. By the construction of BGP reﬂection we have the canonical functorial morphisms
orcol — lRemg_g ) and Lgep (&, ,,m — ¢of oo, For arepresentation M = (M(t); M(a))
of (A, ), it is easy to see that M € 7, ifand only if 3, a2 & is an epimorphism. Similarly,
N €Y, if and only if (@)acqs is 2 monomoxphxsm for a representation N = (N(1); N(a))
of (A, 0.9). For M € T,, we have a short exact sequence

(03 M(a})a M(e)
_—

0— orM(a) Doeax M{t(a)) L——* M(a) —0
Then we have Im(o} .7,) C Vo, and 1ge,, (3,0) = 04 © 05 |r, is an isomorphism. Similarly,
[m{o;|y,) C 7o, and 05 0 07 |y, = Lgep,(A.0eny IS &1 isomorphism. )

Definition 2.9. Let A be underlying graph of a quiver A = (A, Ay, b, 1) with [y =
{1,--+ ,n}, and (-, =)z the associated symmetric bilinear form. For a vertex a of A and
x € Z", we define the following reflection of Z"

0a(x) =x — 2(x,e,)z€,

Here e, is the a-th fundamental vector. For {a),--- ,a.} = {1, ,n}, ¢ = 04,04, -+ 0,
is called a Coxeter transformation. Moreover, we define the group generated by reflections
W3z = {04, '+ 0ufr 20, 04, -, 0, are reflections}

For x € Z™, X is called positive x > 0 if x # 0 and ; > 0 (1 < ¢ £ n), x is called a root

if xa(x) = 1, and x is called a radical vector if xz(x) =

In the case that A is Dynkin, Wy is called a Weyl group.

Definition 2.10. Let A = (4, Q) be a quiver with. A sequence of vertices {a,--- ,an} is
called an absorbm,, sequence (resp., diverging sequence) for (4, ) if a;y1 is & smk (resp.,
source} of (A, o4, - -+ 04, ) for any 0 < 4 < n. For 2 finite quiver A which does not contain

oriented cycles, we have both an absorbing sequence and a diverging sequence which is
coincides with the set of vertices.

Corollary 2.11. Let A = (A, Q) be a finite quiver, a a sink and b a source of (4,0),
and M an indecomposable representation in rep, (4, Q).
Q) IfefM =0, then M= 5,.
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A"12§ﬂ D”[Aar:n
a
1 |
Bs 3%+ % E 3
4
P Y S—— P
Bsxz 5 6 T 6

FIGURE 1. Dynkin graphs

(2) Ifo¥M #0, then dimo} M = o.(dimM) end o;0F M = M.

(3) [foy M =0, then M & S,

(4) If oy M #0, then dimoy M = ob(dimM) and ooy M = M.
Example 2.12. In Exaraples 2.5 and 2.6, A’ = (A, 0202), and we have the BGP reflections
oF :reppA — rep A’ and o3 : repy A’ — rep, A such that of My = 0, 03N, = 0,
o3 M; = Ny and o3 N; = M; (2 <1 £ 6).
Theorem 2.13 (Root System and Weyl Group). Let A = (A, Q) be ¢ quiver such that
A s a Dynkin diagram. Then the following hold.

(1) The Weyl group W3 is a finite group.

(2) There is no radical vector except the zero vector 0.

(3) For any Cozeter transformation ¢, cv = v implies v = 0.
Corollary 2.14. Let A = (A,Q) be a quiver such that A is ¢ Dynkin diagram. For
any indecomposable representation Mrep,(A,Q), there is a absorbing (resp,m divery-
ing) sequence {ay,--- ,as} and some vertez a such that M = o} ..-0}\S, (resp., M =
o, +-055)

Proof. Let Ag={1,---,n}, {a;,---,as} an absorbing (resp., diverging) sequence with
{a),-++,an} = {1,--- ,n}, and ¢ = 0, -+ 0,,. Since Wy is a finite group, there is an

integer r such that ¢ = 1. Let v = Y [_ ¢'dimM, then ¢v = v. By Theorem 2.13 (3)
v =0, and therefore ¢'dimM ¥ 0 for some i. According to Corollary 2.11, we have the
statement. 0

Definition 2.15. Let A = (A, Q) be a finite connected quiver, and a a sink of (4, Q).
Then we have the canonical exact sequence in Rep, (A, 2):

0— P, ﬁp @ FPia) __’:aa(a) Te—0
aga2
We define the representation
T=T.ePr
byta
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Proposition 2.16. Let A = (4,Q) be a finite quiver, and a a sink of (A,Q). By
identifying Rep, (A, Q) with Mod kA, then the following hold.
(1) The functor o} is isomorphic to the functor Homa(T,—) : Modk(4,) —
Mod k(A, 0,02). _
(2) T = {M € Rep,(&, Q) Ext} (T, M) = 0}

Proof. (1) By Yoneda’s lemma 2.4 we have the following isomorphism between exact
sequences

(e M(c))a Xa M(a)

ot M{a) Saeaz M(t(a)) M(a)

b L I

Hom(Ty, M) 22Za?@M) 4 (@eacos Putayy M) om0, gom(P, M)

(2) Since 7, is the subcategory consisting representations which don’t have S, as a direct
summand, M € 7, ifand only if 3", M (o:) Oacaz M(t(a}) — M{a) is an epimorphism if
and only if Hom((h“)m M) is an epimorphism if and only if Ext!(T, M) = Ext!(T,, M) =
0.

Definition 2.17. Let C be an additive category. For M € C, We define Add M (resp.,
add M) the full subcategory of C consisting of objects which are direct summands of
coproducts (resp., finite coproducts) of copies of M.
Proposition 2.18. Let A = (A,Q) be a finite quiver, and a a sink of (A,Q), T a
representation of Definition 2.15. Then the following hold.

(1) pdim,, T < 1.

(2) Extia(T,T) =0

(3) We have an exact sequence 0 — @ ep, Pe = TP = T' = 0 with T°, T" € add T

Proof. By the definition of T', we have the exact sequence
0— @P,—»( @ P,)%(@Pz(a))-"Ta—"o
z€do z€la\{a} aca
Then the statements (1) and (3) hold. If 7, has P, as a direct summand, then so has
@acaz Fi(a)- This contradicts in @ being a sink. Therefore T, does not have P, as a direct

summand. By Proposition 2.16, we have Ext!(T,, T.) = 0. Similarly, Ext!(T;, B) = 0 for
b # a because P, does not have P, as a direct summand. 0

3. TiLTING MODULES

For a ring R, we denote by Mod R°? (resp., mod R°P} the category of right (resp., finitely
presented right) R-modules, and denote by Proj R°P (resp., proj R°?, Inj R°P) the category
of projective (resp., finitely projective, injective} R-modules.

Definition 3.1. Let R be aring. A right R-module T is called a (classical} tilting module
provided that the following hold.
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(1) There is an exact sequence 0 — P, — Py — T — 0 with £, Py € proj R°P.
(2) ExtL(T,T) =0.
(3) There is an exact sequence 0 —» R — T% —» T — 0 with 7°,7" € add T".

Lemma 3.2. Let R be a ring, X a right R-module with S = Endg(X), and X' € add X.
(1) Home(X',Y) S Homg(Hompg(X, X'), Hompg(X,Y))
(f ~ Homp(X, f)) for allY € Mod R°P.
(2) Homp(X, X")@s X S X' (f@zw f(z))
(3) X' = Homg(Homp(X', X),X) (z'+ (f — f(z')))
Proof.  Let q,-- : X' = X and py,--+ .00 : X — X’ be morphisms such that
S pigi =1 Then the following are the inverse of the above:
Homg(Homp(X, X’), Homp{X, Y)) = Home(X',Y)(¢ — 25, o(pi)ai)
X' — Homa(X, X') @5 X (2 30, 21 @ gi(a’))
Homg(Homp(X', X), X) = X' (¥~ 3L, pi¥(a:)) a

Lemma 3.3. Let A be a finite dimensional k-algebra, M, N € mod A°P. Then there exists
a morphism f : M — N such that Hom(M, f) : Homa(M, M®") — Hom (M, N) is
surjective. '

Proof. Since Homs(M, N) is a finite dimensional k-vector space, we can take a k-basis
fro--- , fa of Homg(M, N), and then f = (f;,---, fu) : M®™ = N. 0

Definition 3.4. Let A be a finite dimensional k-algebra, T4 a tilting right A-module.
We define a pair of full subcategories of mod A°P

T(T) = {X € mod A : Ext!(T, X) = 0},

F(T) = {X € mod A°® : Homs(T, X) = 0}.
For any X € mod A%, we define a subobject of X

) =D camatr B
and an exact sequence in mod A°?

(ex) 10— tr(X) 25 X = fr(X) — 0.

Definition 3.5. A pair (7, F) of full subcategories in an a.beha.n category A is called a
torsion pair of 4 provided that the following conditions are satisfied:
(i) TnF ={0};
(ii) 7 is closed under factor objects;
(ili) F is closed under subobjects;
(iv) for any object X of A, there exists an exact sequence 0 = X’/ = X — X” =0 in
Awith X’ €T and X" € F.

Proposition 3.6. Let A be a finite dimensional k-algebre, Ty o Lilting right A-module.
Then (T (1), F(T')) is a torsion pair of mod AP such that T(T') is the category of finitely
generaled right A-modules which are generated by T,
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Proof. 1t is clear that F(T) is closed under submodules. Since Ext3(T,-) =0, T(7T) is
closed under factor modules. For any X € mod A°, we have an exact sequence

0 — Hom(T, ¢r(X)) = Hom(T, X) — Hom(T, fr(X)) = Ext!(T, trX)

Since Ext!(T,tX) = 0, we have Hom(T, fr(X)) = 0, and hence t1(X) € T(T), fr(X) €
F(T). For any Y € mod A%, we have an exact sequence

0 — Hom(T",Y) — Hom(7T% Y) — Hom(4,Y) — Ext'(T",Y)
IfY € T(T) N F(T), then Hom(T?,Y) = Ext!(T",Y) = 0. Therefore ¥ & Hom(4,Y) =
0. 0O

Proposition 3.7. Let A be a finite dimensional k-algebra, T4 a tilting right A-module
with B = End4(T). Then the following hold for M,N € T(T).
(1) We have an ezact sequence --- =+ T}y — Ty = M — 0 (T; € addT) such that
-- — Hom4(T, T1) = Homa(T, Ty) is a projective resolution of Hom (T, M).
(2) Torf{Hom4(T, M),T) = 0.
(3) Homs(T,M) 8 T = M.
(4) Ext’,(M,N) S Exti(Homu(T, M), Homx(T, N)) for any i.

Proof. By Lemma 3.3, We have exact seqﬁences 0 — M., — T: - M; — 0 such that
My=M,T;,€addT and M; € T(T) for any i. Then we have exact sequences

0 — Hom(T, Mi;1) = Homa(T, T;) » Hom4(T, M;) — 0

Therefore, the resolution T, — M satisfies that Hom4 (T, 7.) — Hom (T, M) is a projec-
tive resolution. By Lemma 3.2 we have a cornmutative diagram

Homs(T,T.) ®s T —— Homu(T,M)®p T

| |

T, et M
For N € T(T), we have an exact sequence and an isomorphism

0 — Homa(M;, N) = Homa(T;, N) = Homa(Mis1, N) — Exti (M, N) =0
Ext/;{"! (Mg, V) & Ext}}(M;, N)
for any 4,5 > 0. By Lemma 3.2 we have
Ext} (Homy (T, M), Hom4(T, N)) & H(Homg(Hom, (T, T.), Hom (T, N))
& H'(Homa(T,, N))
o Hom,(M,N) (i =_0)
Extl (M, N) & Ext,(M,N) (i >0)
0

Proposition 3.8. Let A be ¢ finite dimensional k-algebra, T4 a tilling right A-module
with B = Enda(T). Then the following hold for M € mod A°? end N € mod B°P,
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(1) 0 — Homa(T, M) ®p T < M — TorP(Ext}(T, M), T) = 0
Ext}(T, M) T =0

(2) 0 = Ext4(T, Tor{’(N T)) — N = Homy(T,N&pT) = 0
Hom(T, Tor(N, T)) =

Proof. By applying Homa(—, T) to the exact sequence 0 » A — 7% — T — 0, we have
a projective resolution of p7: 0 = @) = Qo= T — 0.

(1) Let M — I* be an injective resolution and F' := Homu(T, —), then by Proposition
3.7 we have the exact sequence

0= F(I')®s Q1 — F(I')85 Qo — F(I')@s T — 0
By Proposition 3.7 we have F(I°) ®g T = I°. Therefore we have the exact sequence
0— F(M)®e @) — F(M)®pQy = M — Ext}(T, M) ®5 Q;
- ExtL(T,M)&g Qs — 0
(2) Let L. — N be a projective resolution. Applying Hom(—, L, ®pT) to the projective
resolution 0 — £, — Py = T —, we have the exact sequence
0— HomA(T, L.®p T) — HOID.A(PQ, L. &p T) — HomA(Pl, L.®p T) — 0
Since Homu(T', L, @p T') & L., we have the exact sequence
0 — Hom 4(Pa, Tor?(N,T)) — Homu( Py, Tor2(N,T)) = N
s Homa(Fo, Le ®p T) = Homua(P, Le ®5T) — 0
a

For a finite dimensional k-algebra 4, let Sy,---S, be a complete set of simple right
A-modules. Let F(A) be the free abelian group generated by isomorphism classes [X] of
right A-modules X € mod A°?, R(A) the subgroup of F(4) generated by [Y] — [X] — [Z]
for all exact sequence 0 — X = Y — Z — 0, and the Grothendieck group of A is
Ko(A) = F(A)/ R(A). Then Kg(A) is generated by Sy, - - - S, and hence Ko(A) = Z™. For
M € mod A%, we define dimM := (#S;-composition factor of M);.

Theorem 3.9. Let A be a finite dimensional k-algebra, T4 a tilting right A-module with
B = Ends(T). Let F = Homy(T,-),F’ = Ext}(T,~),G = - ®5 T, G’ = Tor?(-,T),
and X(T) = Ker G, Y(T') = Ker G’ Then the following hold.

(1) (X(T),Y(T)) is a torsion pair of mod B°P.

(2) F and G induce the equivalence between T(T') and Y(T).

(3) F' and G’ induce the equivalence between F(T) and X(T).

(4) FG'=FG=0and GF'=G'F =0.

(3) 8T is a tilting left B-module with A°P & Endp(T).

(6) Let f : Ko(A) — Ko(B) be a function defined by f(dimM) = dimF(M) —

dimF'(M) for M € mod A%, then f is a group isomorphism.

Proof. (4) G(N) € T implies F'G = 0. By Proposition 3.7 G'F = 0. By Proposition
38FG'=0and GF' =0.

(1) By Proposition 3.8, N € X(T') n Y(T') implies N = 0. By (4) and Proposition 3.8
(X(T), Y(T)) is a torsion pair of mod B°P
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(2), (3) By Proposition 3.8.
(5) Applying (-)** = Homg(Hom(—-,T),T) to 0 - A = T° = T! — 0, by Lemma
3.2 we have a commutative diagram

00— A — 41‘0 » T} - 0
T
0 —— A oy O s Tler » ExtL(T\T) — 0

where all vertical arrows are isomorphisms. It is easy to see that the composition 4 —

A** 5 Endg(T) is an anti-ring isomorphism.

(6) For an exact sequence 0 = X — Y — Z — 0 in mod A°P, we have an exact sequence
0=FX)>FY)-FZ)=F(X)-F{Y)=F(2)-0

Then f(dimY) = f(dimX) + f(dimZ) and f is a group morphism. By Lemma 3.8,

f is an epimorphism, and rank K¢(A) > rankKy(B). By (5) we have rank Ko(A°P) <

rank Ko(B°P). Therefore f is an isomorphism. 0O

Theorem 3.10. Let 4 be a finite dimensional k-algebra, Ty a tilting right A-module with
B =Enda(T). Then the following hold.
(1) For M € T(T), idim F(M) < idim M +1.
(2) For N € F(T), idim F/(N) < idim N and Extj(F(=), F/(N)) =0 ifidimN =n.
(3) For a right injective A-module I, we have a functorial isomorphism Homa —, I)|xiry =
Ext)y (F/(=), F))xmy-

Proof. Let0— M — I° — ... — ™ - 0 be an injective resolution.

(1) Since any injective right A-module belong to 7(T') and 7(T') is closed under factor
modules, we have an exact sequence 0 — F(M) — F(I%) = ... — F(I") = 0. F(AY) &
TV implies idim F(AY) < 1. By F({) € add F(A"}, we have idm F(M) < n + 1.

(2) Assume that idim N <n. Let 0 - N — Q@ — K — 0 be an exact sequence with Q
being injective, then we have an exact sequence 0 — F(Q) — F(K) — F'(N) — 0. Since
idim F(Q) <1 and idimF(K) <n—1+1, idim F'(N) < n. For M € T(T), we have an
exact sequence '

Ext}(F(M), F(K)) = Ext}(F(M), F'(N)) — Ext3" (F(M), F(Q))

By (1) and Ext}(F(M), F(K)) & Ext} (M, K) = 0, we have Ext3(F(M),
F'(N))=0.
(3) By Proposition 3.7 we have a commutative diagram

Hom (K, I) ———— Homa(Q, 1) Hom (N, 1)
A
Homp(F(K), F(I)) — Homa(F(Q), F(I)) —— Exth(F'(N), F(1)) — Exth(F(K), F(I))
Since Ext}(F(K), F(I)) = Exty(K,I) = 0, ay is an isomorphism. |

0

Corollary 3.11. gldim B < gldim A + 1.
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Corollary 3.12. If gldim A < 1, then (X{T),)(T)) splits, that is
Exty(X(T),)(T)) =0

Lemma 3.13 (Bongartz’s lemma). Let A be o finite dimensional k-algebra, Ty a finitely
generated right A-module such that pdimT < 1 and Ext}(T,T) = 0. Then there ezists a
finitely generated right A-module T such that T ® T is g tilting module.

Proof. Let ey,--- e, be a k-basis of Ext}(T, A). Consider the push-out diagram

Prei: 0 — A®M — @X; — T — 0
L
e:0 — A — T — TO" — 0

then we have an exact sequence
Homa(T, T®") 4 Ext}(T, 4) — Ext4(T,T") — 0
By the construction of e, 4 is an epimorphism, and hence Ext}(T,T') = 0. Moreover we
have exact sequences
0 = ExtL(T®",T) = ExtL(T",T) = Ext} (A, T) =0
0 = Ext}(T°", T') = Ext}(T",T') — Ext} (A, T') =0

Therefore we have Ext}{(T © T',T & T') = 0. It is clear that pdim 7T’ < 1. Hence T @ T"
is & tilting module. ]

Theorem 3.14. Let A be a finite dimensional k-algebra, T4 a finitely generated right
A-module such that pdim T < 1 and Ext}(T,T) = 0. Then the following are equivalent.
(1) T is a tilting A-module.
(2) The number of non-isomorphic indecomposable modules which are direct summand
of T is the number of non-isomorphic simple A-modules.

Proof. (1) = (2) By Theorem 3.10. (2) = (1) By Lemma 3.13. a

4, TRIANGULATED CATEGORIES

Definition 4.1. A triangulaled category C is an additive category together with
(1) an autofunctor £ : C = C (i.e. there is ! such that S0 S = B0 T = 1¢)
called the translation (or suspension), and
(2) a collection T of sextuples (X, Y, Z, u, v, w):
X =Y S Z355X)
called (distinguished) triangles. These data are subject to the following four axioms:
- (TR1) (1) For a commutative diagram of which all vertical arrows are isomorphisms

X H‘Y \-"Z IDE(X)

ll ’ Iﬂ Ih IE(I)

Xl_";.yll,zr_"",z(xl)
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if (X,Y, Z,u,v,w) is a (distinguished) triangle, then {X",Y", Z,
o', v, w’) is a (distinguished) triangle.
(2) Every morphism u : X — Y is embedded in a (distinguished) triangle

X4y 5 2z%5(X) Z
my ‘x
X————Y
(3) For any X €C,

X3HX—0-3(X)

is a (distinguished) triangle
(TR2) A sextuple

X5y L z55X)
is a (distinguished) triangle if and only if
Y 425 5x) 2 ny)
is a (distinguished) triangle.
(TR3) For any (distinguished) triangles (X, Y, Z, u, v, w), (X', Y", Z/,
', v, %) and & commutative diagram

v

> 7 —» (X))

Yy Lo 70— B(X")

-there exists b : Z — Z' which makes a commutative diagram

X ——Yy—Z7—5(X)

N

X e yr Yo 7 B(XY)

(TR4) (Octahedral axiom) For any two consecutive morphisms v : X — Yand v :
Y — 2, if we embed », vu and v in (distinguished) triangles (X, Y, Z’,u,1,1’),
(X,Z2,Y',vu,k, k') and (Y, Z, X', v, 5,5"), respectively, then there exist morphisms
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f:2' =Y g:Y' — X' such that the following diagram commute
X —tey —s 77 s B(X)

}
v \f ||
| v
X—2+z Y —5(X)
) ;9 lt{u)
v i \
X! X' (YY)
5 Jy::(i):"
5(Y) =2 5(2")

and the third column is a triangle.

Sometimes, we write X[i] for £'(X).

Definition 4.2 (8-functor). Let C, C’ be triangulated categories. An additive functor
F : C — (' is called a 0-functor (sometimes ezact functor) provided that there is a
functorial isomorphism & : F¥¢ = ¢+ F such that

F(x) =2 p(v) 2 F(2) 229, 50 (F(X))

is a triangle in ¢’ whenever X = Y 2 Z = ¢(X) is a triangle in C. Moreover, if a
d-functor F is an equivalence, then F' is called & friangulated equivalence . In this case,

we denote by C é c.
For (F,a),(G,8) : € — C' d-functors, a functorial morphism ¢ : FF — G is called a
O-functorial morphism if
(Bed)oa=PFodLe

We denote by 8(C,C’) the collection of all 8-functors from C to C’, and denote by
9 Mor(F, G) the collection of d-functorial morphisms from F to G.

Proposition 4.3. Let F : C — (' be a O-functor between triangulated categories. If
G : C' = C is a right {or left) adjoint of F, then G is also a O-functor.

Definition 4.4. A contravariant (resp., covariant) additive functor H : C — A from a
triangulated category C to an abelian category A is called a homological functor (resp., e
cohomological functor), if for any triangle (X,Y, Z,u,v,w) in C the sequence

H(E(X)) = H(Z) - H(Y) = H(X)
(resp., H(X) = H(Y)— H(2) = H(Z(X)) )
is exact. Taking H(Z'(X)) = H'(X), we have the long exact sequence:
oo = HHY(X) = HY(Z) — HY(Y) — H{(X) ~ - -
(resp., -~ = HY(X) = H(Y) = B(2) = H*'(X) = -.)
Proposition 4.5. The following hold.
(1) If(X,Y, Z,u,v,w) is a triangle, then vu =0, wv = 0 and Z(u)w = 0.
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(2) For any X € C, Home(~,X) : C — b (resp., Home{X,-) : C — 2Ub) iz a
homological functor (resp., a cohomological functor).
(3) For any homomorphism of triangles
X Yy 7 72 2 5X)
bbb
x 2,y 2,z ¥, 5x)
if two of f, ¢ and h are isomorphisms, then the rest is also an isomorphism.

Proof. First, consider the following morphism between triangles
X — Y —/— Z — I(X)

I
.0 r M M—5
(1) Teking M = Z,0 = v,7 = 1z, we get the statement by (TR1) (3}, {TR2), (TR3).
(2) Take g with 8¢ u =0, then there is v by (TR2), (TR3) .
(3) By (2), we have a morphism between long exact sequences

he b}: {(u)

by - hy —2 by » hpxy — hg)
ih! lhy ihn lh::u) lhIi(g)
by hys hys h ta’
hx’ 4 hy: 4 hzl - hz(x:) —u) hz(y,-)
Here hy = Homg(—, M) for any object M. |

Proposition 4.6. A triangle (X,Y, Z,u,v,0) is isomorphic to (X, Z&X,
Z,[3),110},0).

Proof. Since Home(Z, Z) 5 Home(Z, £{X)), by Proposition 4.5, thereis s : 2 = Y
such that vs = 1z. Then we have a commutative diagram

X——réeax-——»z-—-—-»u()()
T
X 2 v 2z 2 5x)
where u = [§], m={10], @ =[s¢]. O
Definition 4.7 (Compact Object). Let € be a triangulated category. An object C € C
is called a compact object in C if the cancnical morphism
[ Home(C, X:) S Home(C, ] X3)

i€l iel
is an isomorphism for any set {X;}:ez of objects (if [I;.; Xi exists in C).
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For a triangulated category C, a set S of compact objects is called a generating set if
Bome(S,X) = 0= X =0, and if £(S) = S. A triangulated category C is compactly
generated if C contains arbitrary coproducts, and if it has a generating set.

5. DERIVED CATEGORIES

Throughout this section, A is an abelian category and B, C are additive subcategories
of A.

Definition 5.1 {Complex). A (cochain) complex is a collection X* = (X", d% : X
X™*1),..2 of objects and morphisms of B such that d%"'d% = 0. A complex X* = (X d"
X" — X"+, 7 is called bounded below (resp., bounded above, bounded) if X™ =0 for
n <« 0 (resp., n > 0,n <« 0 and n > 0).

we define an objects of A for alln € 2

ZM(X)=Kerdy B™X')=Imdy!
CX) = Cok ! H™(X') = Z°(X")/ B"(X)
the nth cobhomology,
A complex X' = (X™,d%) is called & null complex if H*(X*) = 0 for all n € Z.

A morphism f : X° — Y" of complexes is a collection of morphisms f* : X™ — Y™
satisfying d f* = fr#1d% for any n € Z.

We denote by C(B) (resp., C*(B), C™(B), C®(B)) the category of complexes (resp.,
bounded below complexes, bounded above complexes, bounded complexes) of B. An
autofunctor X' : C(B) — C(B) is called translation if (£(X*))* = X™*! and (L(dx))" =
—d3*! for any complex X* = (X", d%).

In C(A), 2 morphism u : X" — Y~ is called a quasi-isomorphism if H"(x) is an isomor-
phism for any n.

In this section, “s” means “nothing”, “+", “~" or “b".

Definition 5.2 (Truncations). For a complex X' = (X', d'), we define the following
truncations:

Ténx.:“__'o_)xn_’xn-}-l —PX'H'?-'*...,
TsnX':...—rX"'z—rX"'l —“ X?—=0—-....
Then we have exact sequences in C(.A)

O = 7on(X) = X = 11 (X7) = O

Definition 5.3 (Mapping Cone). For « € Homeg)(X",Y"), the mapping cone of 4 is &
cornplex M'(u) with

M*(x) = X" gY™,
d'l\‘/['(u) - ["'4"+ 0 ] Xn'*'l@}’" ﬁxn+2®};n—il

W

56—



‘X- [N Xx= Xn-;-l PN
[T ut un+l
Y . e Y”® & ‘Y"'“‘
. 9 0
* o . o
M(u) cor — X0l eY" _.,’Xﬂ+2 ® Yn-rl — s
w (10) {(10)
—~d3H
Z(Xx) ey Sttt X s xni? .

Definition 5.4 (Homotopy Category). Two morphisms f,g € Homcs) (X", V") is said
to be homotopic {denote by f = g) if there is a collection of morphisms h = (h"),

hr: X = Y™ such that
fn _gn = d';,_lh." +hn+1d}

for all n € Z. The homotopy category K*(B) of B is defined by

(1) Ob(K*(B)) = Ob(C*(B)),
(2) HomK-(B)(X',Y') = Homc-(g)(X',Y’)/ "7;-" for X, Y € Ob(K*(B)).

Proposition 5.5. A category K*(B) is a tmangulated category whose distinguished trian-
gles are defined to be isomorphic to

X =Y SM (u) » £(X)
Joranyu: X =Y in K'(B).

Definition 5.6 (Derived Category). The derived category D*{A) of an abelian category
A is the quotient category by quasi-isomorphisms, that is the category satisfying
(1) Ob(D*(A)) = Ob(K*(4)).
(2) For X,Y € Ob(D*(A)), let V(X" Y) = {(s,Y", lls: Y =YY" ¢ st,f X -
Y} In V(X',Y"), we define (s, Y", f) ~ (&, Y” , J') if there is (8", Y™, f') such
that all triangles are commutative in the following diagram: ,

Then we define a niorphism from X* to Y by an equivalence class s—* f of (s,Y’, f).
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B Fors™'f: X' =Y ,t1g:Y' — 7, thereare s’ : 2" - 2" €Qisand ¢ : Y" —
Z" such that s'o g = ¢’ 0 5. Then we define (¢73g) o (s~1f) =(s'0 t)~ g0 f.

X Y z
NN
Y” ZL

AN P

ZII-
Moreover, we define the quotient functor Q : K*(A) — D*(A) by

(Q1) Q(X) =X for X' € K’(A).
(Q2) Q(f) =13} f for a morphism f : X* = Y" in D*(A).

Proposition 5.7. The following hold.
(1) D*(A) is a triangulated category, and the canonical functor Q : K*(A) — D*(A)
is a O-functor.
(2) Thei-th cohomology of complexes is a cohomological functor in the sense of Defi-
nition 4.4.

Lemma 5.8. Let A be a ring. For X* € K(ModA) and I' € K*(InjA) (resp., P €
K=(Proj A)), if X* is null, then we have

Homk(mos (X", I') = 0.
(resp., Homk(mod 4)(P", X") = 0)
Proposition 5.9. The Jollowing hold for a ring A.
(1) K=(Proj A) D~ (Mod A).
(2) K*(Inj A) & D*(Mod A).

6.‘ TILTING COMPLEXES

Definition 6.1. Let C be a triangulated category. A subcategory B of C is said to
generates C as a triangulated category if C is the smallest triangulated full subcategory
which is closed under isomorphisms and contains B.

Theorem 6.2. Let A, B be rings. The following are equivalent.
(1) D~ (Mod A) = D~ (Med B).
(2) D*(Mod A) Db(Mod B).
(3) K®(Proj A) K"(Pro; B).

(4) K¥(proj 4) & K*(proj B).

(5) There exists T € K®(proj A) with B 2 Homyb (g )(T") such that
(a) HomK(Mod A)(T T Ii]) =0 fOT‘ 1 # 0
(b) add T, generates K®(proj A).
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(6) There ezists T* € K>(proj A) with B % Homys(,g; 4)(T") such that
(a) HomK(MOM)(T' T[]) =0 fori#0,
(b) For X- € K™(Proj A), X = O whenever Homy-(peo; 4y(T", X°[i])
=0 for all 1.
Definition 6.3. A complex T} € KP(proj A) is called a tilting complex for A provided
that
(1) HomK(MOM) T T [z]) =0fort ?é 0
(2) add T generates K®(proj A).
We say that B is derived egquivalent to A if there is a tilting complex T’ such that
B2 EndK(Mod A)(T‘).
Remark 6.4. Miyashita defined a tilting module of finite projective dimension as follows.
Let R be aring. A right R-module T is called a tilting module of projective dimension n
provided that the following hold.
(1) There is an exact sequence 0 — F, — +++ —=—+ Py — T — 0 with Py,--- , P, €
proj f°P.
(2) Extp(T,T) =0 (i > 0).
(3) There is an exact sequence 0 = R = T® — ... = T™ — 0 with T%,... ,T" €
addT.
Then the projective resolution of T is a tilting complex. Happel and Cline-Parshall-
Scott showed that the derived functor R® Homg(T,~) : D*(Mod R) — D®(Mod S) is an
equivalence.

Lemma 6.5. For X' € D™(Mod A), the following are eguivalent.

(1) X+ € D*(Mod A).
(2) For any Y" € D~{Mod A), there is n such that Hompgoa 4(Y", X"[1])
=0 foralli <n.

Proof. 1=>2. We may assume X* € C®(Mod A), Y* € K™(Proj A). Then Homogmeq 4)(Y", X*[i]) &
HomK(Mod A)(Y‘,X '['ii . .
2 = 1. Since Hompgvos av)(4, X°[6]) = H'(X"), it is easy. O
For an additive category B and m < n, we write KI™"(B) for the full subcategory of
K(B) consisting of complexes X* with X* = O fori <m, n <.
Lemma 6.6. For X* € D’(Mod A), the following are equivalent.
(1) X is isomorphic to an object of K®(Proj A).
(2) For any Y* € D°(Mod A), there is n such that Homogmea 4 (X", Y"[i])
=0 for alli> n.
Proof. 1 = 2. 1t is trivial. ) )
2= 1. We may assume X* € K™(Proj A). Let M =[], C'(X"). If Homgmod a)(X*, C'(X*)[~1]) =
0, then we have exact sequences

Hom (X, C*(X*)) — Homa(CH(X*), C{(X")) = O.
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This means that the canonical morphisms C'(X*) — X'*! are split monomorphisms.
Homy-(moq 4)( X', M[i]) = 0 for all i > n if and only if X* is isomorphic to an object in
Ki=7)(Proj A). 0

Definition 6.7 (Perfect Complex). A complex X* € D(Mod A) is called a perfect complex
if X* is isomorphic to a complex of K®(proj A) in D(Mod A). We denote by D(Mod A)pert
the triangulated full subcategory of D{Mod A) consisting of perfect complexes.

Lemma 6.8. For X' € K®(Proj A), the following are equivalent.
(1) X" is a compact object in K(Proj A).
(2) X- is isomorphic to an object of K®(proj A).

Proof. 2 = 1. 1t is easy.

1=2 Let X* = X° & X! - ... = X", with X* € ProjA. By adding P & P
to X*, we may assume that X° is a free A-module AD. If I is a finite set, then by 2
= 1 X% is also compact, and hence >, X" is compact. by induction on n, we get the
assertion. Otherwise, since we have Homyqmod 4)(X*, A7) 2 Homgmod 4)(X*, A)D, the
canonical morphism X+ — A factors through a direct summand g : A™ — AW for some
m € N. Then there is a homotopy morphism & : X! — A such that 1,41 — pg = hd®
with some g : AN — A™. Let AV = A™®AY) be the canonical decomposition, then

A G0N X' B A = 1,.,, where p : AD — AW is the canonical projection.
Therefore X* = M(14:){—1] ® X", where X" : A™ — X' = ... = X" with X'! being
a direct summand of X!. Then we reduce the case of X° being a finitely generated free
A-module. 0

Lemma 6.9. Let T* € K°(proj A) with Hotngmoea a)(T*, T(#]) = 0 for i # 0, and B =
EndK(Mch)(T). Then there exists a fully faithful 3-functor F : K~(Proj B) — K~ (Proj A)
such that

(1) FB=T-.

(2) F preserves coproducts.

(3) F has a right adjoint G : K~(Proj A) — K~ (Proj B).

Proof. [Skip] This lemma is important. But the proof is out of the methods of derived
categories. a

Lemma 6.10. If T* satisfies the condition (G), then F : K™ (Proj B) —
K~ (Proj A) is an equivalence.
(G) For X- € K™(Proj A), X* = O whenever Hom- (p; 4)(T*, X[i])
=0 for all i.
Proof. Let X* € K™(Proj A) such that GX* = O. Then Hom- (p,q; 4)(T",
X-[i]) = Homk-(py; 5y)(B,GX[i}) = 0 for all i. Therefore KerG = {O}. By the left
version of Proposition 6.11, G and F are equivalences. a
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Proposition 6.11. Let C and C' be triangulated categories, F : C — (' a O-functor
which has o fully faithful left adjoint S : ' — C. Then F induces an equivalence belween
C/Ker F and C'.

Proof. By the universal property of @ : € — C/ Ker F, we have the following commutative
diagram
(4

o] N

c/ KerFF,—x»C'

If f: X = Y is a morphism in C, then Ff is an isomorphism if and only if Qf is
an isomorphism. For every object M € C, FSFM — FM is an isomorphism, and
then QSFM — QM is an isomorphism. Therefore QSF — @ is an isomorphism. By
the universal property of @ and QSF = QSF'Q, we have lo/kerr = QSF'. Since,
FQS = FS 2 1¢-, F' is an equivalence. (W]

Remark 6.12. Let C be a triangulated category. For an additive subcategory B of C,
we can construct the smallest triangulated full subcategory £B which is closed under
isomorphisms and contains B as follows.

Let £°8B = B. For n > 0, let £”B be the full subcategory of C consisting of objects X
there exist U,V € £"~1B satisfying that either of (X,U,V, x,x,) or (U,V, X, *,*,%) isa
triangle in C. Then it is easy to see that £B = | J,.,(E"B is the smallest triangulated full
subcategory which is closed under isomorphisms and contains 8

Theorem 6.13. Let T- be a comples of K°(proj A) such that
(9.) HOIIIK(M“]A)(T', T[‘l]) =0 fOT‘E 7‘5 0,
(b) add T generates K®(proj 4).

Then F : K~(Proj B) — K™ (Proj A) is an eguivelence.

Proof. 1t suffices to show that T- satisfies the condition of Lemma 6.10. Since add T
generates K®(proj A), if Homy - pyo; 4y (T, X*[4]} = 0 for all #, then Homy- p,; 4)(4, X°[i]) =
0 for all i. Thus X =0. a
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1 Introduction

SEDFBHROKBEEZII B A=A F 1Y —DEOSTHNBBEIL.

MESALHEOHERN [KS) £, RFHICET 2 FlanEit
TEANEIHRELTIC, BROTREEIFITERLTIZLL.

ENIHDTH o7, [KS| D Main Theorem REFHROTZANIB U OBKER
(crystal base) Zf (quiver) DRMAFLEROTERT S LS DT, BFEP crystal
base IZDPNWTHABEH » T I EENRICLUL &, statement 2ERBZ T ETHT
EW, FHNEZ A, COE£RLARFHICHAT 2 FHRABEEOTICRBET I BT
E3LRESHLON? LHiSE ST, ENDDOREETHS,
ERNWRFIEZIRUEFAEILETNIENITRLDITT, BELHOIKRELTS
feob hEH, BHROMREOF 4 ICEZETTHULD, FAEOEILEIIZ4H 5, o
WD o ERBMBELHD LRI, BPUD ESRERERF > THITNITENIZE S,

SELLRTH (RTFEHBED U, = U(g) BHHYRIILIEH5MOETIV (7]
BEFRE) E2RAHDIRBAIANL, WHIT EE” TH-DINDL 199 058
BONWKOIDOREEZBELT. BFHOMEOFAHIRIAE{ EDL- T I &K
o7,

& D~ Ringel 2 & 5 quiver DRI E DYRDOR R ([R2]) TH %o Ringel i quiver
% ADEBEDBEEIC. T OERORMAIILERT 3 vector space LiZ. ZEZRD extension
DTF-INoRBELIRBELERL. CDLHIZLTEE 2183 (Ringel-Hall algebra) 4¢
RFBOT=ANIRRU; LABTHIELMALL, CDO/ - FCRETFIHRDEL
T\ quiver DEBRIB T2 HXPHELAMHG Lt (2. Ringel ik 2 LROKRD
Baxds (3f), BFROTBMERNBUET. [BETALEBETION?] &
ORI ERBLZEER S, quiver DERABENI 74 NVF—%2BLTRZZ & T,
MERERLERLTOIbANLL] EB-THINIE, HBEOBRR+ARLERIE
ItiE3d, )

B < 4 i T Lusztig il & 2 BRFBROT=ZANHRE U; ORMFEORR (|L1)) %M
AT 5. ZOHRIZ. LT Ringel DERD BRI EBIREDDT. TOHRD
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key IZ155 7 4 7 Ht “convolution B TH %o FA 7 algebra ZHRFAPT S LIS
&> T £D algebra EHOME. HLURRBEF L (H~NB L3 FLI5IE. Ringel
OFER (199 0FI5) LIANICTTIRASHh TV, E£DHRIHIT Weyl BOHRROH
4. BLU Hecke BOBATH B!, COXINHAROHREMANICY - FLTWVE
5 H5D—Adt Lusztig TH B, BWIRENE TRARSH T DER% quiver DA
KHEATAZ LI, BRFROBRMPEORRLB. TOFEHT LusztigiZL 5 [R2] D
W2, EROERD quiver version EBEH) T EHTEDKEAHL, FLIITRHWE
convolution BDE L K125 LB T HERLUBEHERITILITNS,

4 ETHEICAD,EEBOD quiver DERBER > T DIt U, 5 HiLIEI quiver
with relation DEETH 5. A [EIIFFIT preprojective algebra DHEEH S,

%95 fliT preprojective algebra DRRHBITH L TASHLTHHUHRELMEITEN U
RFBUERL2HHUE SRS (nilpotent variety) 2FH AT 5. nilpotent variety i
WbiE “preprojective algebra DXNFBERRELEH > T 2" BRETH B, T~
OIS %R T preprojective algebra DEREUT wild TH D € I 5 preprojective
algebra DERBRRICMT 57— 7 EMO HT S LRE LG LD L nilpotent variety D (1R
MBRAELE LTO) BRARSL2EOEIRLGIHEETIE HHFHRUHBENRZ TS
3, Ehdtcrystal structure EFIEN2 D TH 2,

EEBOMAFITITT —HF AP —HSDV I AP S D crystal ITB L TIRFEEM
PEXNMoT2R, ZD/ — b TIE 6 I crystal ¥ & T crystal base <895 EAHIH
OWBAEMZ 5 Z &IZ L7, crystal base &l Fro EARRFRU, OFZRDv — 0
KB REEDIETHD. 199 0ERTMDITHFICK > THASHI (K1])o v—0
NABRELSIE. TRDB crystal base EEZ B EICK - T BFBOXRBICHT
A4 ORFENEASHOEROMEICHRENTLE S5, RETRRFHOERR/ITHL
T crystal base RRODEROEED—DEL > T D, F 7 crystal &id\ crystal base D
HOUBEHMBRAET AL L-THONIFET, O bRAFICIDEAZTNIL,
FUTBIEITE->Ts crystal DBRIZBAFRORAROWHLEA T, X SIICLFEYS
BHEFOZ &ITIE 2720 AARITE S Hecke BORFRRNDIGH ((Al],[A2])s Brandan ¥
Kleshchev &2 & 3 54#RBED moduler BRAOEA ((BK], (K] %) 3€ DMUBHRFTH
33,

THITiE, B TS HICTHA LIRS 2EDES LA crystal DMBRASZ Z &
ZRTo crystal structue EEET HICH2» T 4 HiTH-R7C convolution HDEZ FH
BUAWNSIABZ EICN S, THIOHETIE. BHKILEN crystal & UTRFEOD
TZAPH Uy O crystal base ERBTH S L5, [KS) DEFREBNT 5. TTICH
~7c & J IZ preprojective algebra I3—A%IC wild 7S RHBEZHF 2H%. nilpotent variety DEE
BB ICBTARD. crystal OBROMITEHED DI LITL-T, 24223 bo—
VTBIENHEBDTH S,

BT ENENRIIYME L H I 2 TERFETIHFIT LNV OTI S TIR[CG), [G], [KL1], KL2],
[T) ik B, 4 [CO) KRB LOXRBNMMH TN IOT, BLLRELSEBRE N,

‘o554, BT 0l LOBRMEENATVEZ LI, BHIETHAL,

SA2) TR AR FOREE LR LWXRENH T 5, EAXBEREN (TE) ORAZAORE
R (RE) b, SHETERIhBLEWES I,
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Flo. HEMESITRIT. 8 HIIRIED Geiss-Leclerc-Schroer DAZFIZR 3 2 B/
FAEMA Tz ATHHNH, CORBITEEZERICHARMTDODNTHE2FITN -
T3,

RE&IT, 74 PVKHS MEERETFH] KMBTIHEEOFHT. 20/ — FMIHWE
CLRRRO—BIBETO I LEEELTEE D, B - EOPTHEENR
IR0 FIA I Lusatig i< & 2 M E (canonical base) DEHP. THICKAHS
K (quiver variety) DERERIZORNZ DD THSY cOoOTEFIIL{ BhIZL
WTELI->TCORERTHIH, HHOFLEDHI3DT. SEIZABTHBEEZ 24,

o B EHFOXIUPNBUHAOBEKEESL T NS o A —HFAF—DF % IZ&
LT FLEGERZOFIBTACRERATEH > THIRBEI CRIRICOE
E-oTHSE, BEUIEREHEE L, COBREBOTHBBLET,

o REICHKTIEE O/ FTRBHBTHIOUWRY K RENIGERT&EET
3o F7calgbera AIZX LT A-module I3 IC left module #EZ 5L &T 5,

BFFCHTINBM TR ¢ ETETLER T BFHEU(9) WARSTERTONY
WTHA2. D/ — FTHEHGICRBIOESE (FREORR) #H50T. Fbhile %
REFTRERTES L LUTRN. BFEEU,(g) EFL Z &t Lz, Lusatig®. EFHO
RUBAERTHROBEZALTHAXRTREERA LIS AVWSNIESTOTRER
THERD,

2  Quiver & ZDXRIR

2.1 Quiver DEH

Definition 2.1.1. UTFOF—5%5% % :
(1) FRES 1 (HEDHES)

(2) FRES H (RENDHEE)

(3) 20DFKout: H—1,in: H— 1,
(4) H @ involution: 7+ 7. )

ESIIhoRROLNEEHI-T&T5:
(2) in(F) = out(r) 22 out(¥) = in(7),

(b) EED 7 € HiITH LT\ out(r) # in(7).

ZoEE. 52T = (I, H,out,in,—) %+ double quiver &S UTTIET = (I, H)
LBAEET B 2 &I BN double quiver 2E XL A BAIIE I out, in, - REEIATH
BHDEZERZBZI LTS,

o, HOESBAQTH->T. QNQ = ¢ 02 QUA = H AT H D%, orientation
EFTF, 408 T = (1,0, out,in) % quiver E¥E5 (UTF TR =(1,0) LEERTS),

double quiver ' = (I, H) XM LT, UTO LS CHBREAMS 5 72 EEH. T &S
F75RA—-8TS. re HEHLT . i=out(r)el,j=in(r) eI THB &L,

‘R M LT [L1,2,9], BECM LU TR (N1,2,3] LU (FB] 2FTTHL.
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r
t0——0j

LB, TDEE. FEORH (a) i3 involution: 71— T TREIDMEE V- D:ET ]
ENHIBEEETIELTRL. REG)R HI2ESAISHRBRLT, BSBEHITEST
{ BRANIFEE LWL (bW 3 no-loop condition)] &E » T 5 T LiliE 55,

g UIES L2 quiver T = (I,Q) DAEEZL S I £IZF 5, double-quiver DKFI3 5 i
DBTBRTAI LIS,

quiver P = (I,Q) KR LT RANOMEERRLTHONDIHARS 7 7% || LB &,
I’ @ underlying graph & &3¢

Example 2.1.2.

r=(,H) : c—o— (0) (o}
1 2 3 4 5

&ET 5, 4D orientation QDB FREBT U =16EDH B PRI
Q : O0—0—0—0—0
1 2 3 4 5
2 Ehid, Qi
1 : O—0—0—0—0
1 2 3 4 5 .
THbo <DEFED underlying graph |0 13 4; BD Dynkin I TH 3,

Example 2.1.3.
'={IH): a0

E4 B, REMIEDS 11,72, 73, 7 EBHIZTIT L Do ZDIFA orientation DR KT 4
DOREDHFNS 22X RIDTLEBTEEH H 56,
Z DH/AITIT involution 7 — F DEAFICAERNH D, AT

TI =Ty Ty=T4

ELTHEWLN

T1 =74 T2=Ts

EUTHERIINZh3, T =(,H) iR involution DF—F T THELTB DD
T. double quiver I = (I, H) 5L SR ET [((ERIO TRV SIFIE) EB50
involution X T30 2] FThEFSR T A &icgEEEhi,

"R quiver EBSWARIT = (1,0) THETHL. RAGIEORDEHETELSL I EiZLAL
BANBL, £t (HARE ] PREOORE H RERRKETH-Th&W ] T 300D TH B, (—H
@ quiver ERFIFZABIZ. SEDE S5 DI (fnite quiver] EFFITNS,) AR L EOBWAICIE. —
DOREIA>TL BRADKKE . HTH RODEMITHICHMTH 3 &> 5 % (locally finiteness
condition) £, = SIcM (b) DHBIZMS 4L,

‘At & RECAUFAEMOTOBRATH B, ThSREHSATNE T EiHR,
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4 involution & L THIENREZ 6T A& LL D, FIZEQ = {n,n} ETHIE,
ﬁ= {T3,T4} —Cﬁéo &bﬂb‘:fiéb(\ :.o)ig% |'1'1 @ﬁ]%%l}o < 'Oi@b‘f?@%ﬂ%
FRHEIT)) BHLEFTHRHOTH T, 7 TR,

2.2 Quiver DXRHR

Definition 2.2.1. [ = (I,Q) % quiver & L RD & 5 % category MQ 2 E X 5,
object: V = (V,B). "LV = @;¢;V; i3 K EDHRRIKIT I-graded vector space, £/t
B = (B:)ren 12 K-linear map B; : Vour) — Viagr) (7 € Q) Do
morphism: 2 2® object V = (V, B), V' =(V/, B) i LT, V5 V' D morphism
¢ =($:)ier 12 K-linearmap ¢ : V; > V/ (1 € DM TH > T, EFD 7€ QITHL
<. Pin(ryBr = ;—¢oul(r) BEOADHDDIEEE D,

CITEBLAMQ % quiver T = (1,02) DEBLD category. MQ D object % quiver
F=(I,Q) DERREFEL,

R category ELTO MO OHEEFEL L5,
(a) V € ob(MQ) IZX LT,

dimV := (dimg Vi)ies € Zéo

% V @ dimensiom vector &%.3% MQ (2 dimension vector 25 E E 5 graded structure %
820 THHD MOy (d € ZLp) £dimV = dEHT D 5705 MQ D full subcategory
&?5 &\ MQ = edeziolwnd 75‘& D :\Zoo
(b) MQ {2 abelian category TH B, L7d->T “simple object” « “indecomposable object”
EOHENERER DT, SORDERLEREEDBNTEI 5, V € ob(MQ) isimple TH
3 &i3. FEBBAY subrepresentation 28 &) ZETH B, 72V Hindecomosable
THH3ERV=V,eV, 45V, =022V, =0] ZHBLTLEED, ZITO
2 V & LT 0 &KIT vector space {0}« B & LT 0-map D% &> TERSNLS quiver D
ERTH3. ‘
FIC MQIZTE |I| D simple objects F; g = (V(i), B()) 285, ThoRBUTOL
S3UHDTHS :
V() = @;arV(E); & V(i) = K, V(E); = {0} (G # i) 755 1 KD I-graded vector
Spaceo B(t) = (B(i),-),-en 3 0-map D,
(c) —ARIT MQ 1T semisimple category Tid7il o 2% ¥ indecomposable 723¢ simple T/
V> object B EFEET B,
Example 2.2.2.
T=(,0) : o—o
1 2
ELT. V= (kK X k) EFRiZdimV = (1,1) T it indecomposable object T
Hbo T Fan=(0 9, K) &F5&. Thidsimple object TH Do ¢ : K — {0} &
O-map. ¢;: K - K 2REEKLTILE. BX
& D IEEEITH indecomposable object ~DHRO—EEH KD LD,
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{0} = K
é1=0 | 1#
k Lk
BRARTH S, T0DBEFn— VTHY. VIIFEBAN subobject 22D T simple T
[FEAN

—H Fa = (K LR {0}) £F5 &0 Thdb simple object T#HBo I-graded vector
space L LTR K@ {0} = K@ K THAA BR

k < {0}
#] lé#
k 4K
ETHRICT S ¢ = (61, 62) 13 (0,0) LD, L7zdt>TF 13 V O subobject THRALL Y,
LU V5 Fro ~OIEEHBY morphism RFET 5, Fik, KR
k % {0}
i T ¥e=0
Kk 4k
HEEED oy € Homg(K, K) IKH LTTRES B0 (Y OFit HBIENT 0-map £ B,

JERERI P = (‘lﬁl,O) : Vo F s DN Kery 5D Fg'ﬂ ERBICEZ, BWRAOIE
abelian category MQ IZ¥1F 5 split LIZHZLRS

O—QFz.ni)V-—‘b—’Fl'n—"’O
NEETHENHIZ &L B,
EE D& 51 simple object HFEWICHBIZTE T ESDIZHA~T. indecomposable

object 2V A M7 v FTBI ER—ARITITIERITH LS, LI U quiver DEEREL:
BA&IRKRoBRI ML TIN5,

Theorem 2.2.3 (Gabriel). quiver I' = (7, Q) I connected E{RET 5,

(1) MQ B HRME®D indecomposable object 22> Z & & || ¢ A,D,E 2D Dynkin K
THAHIEIRETH S,

(2) 1| *AD,ER®D Dynkin I TH 5 &F 3, 5T S (ADERD) positive root D
#E% A, simple root DEE%E {oi}ier £ Uy Q = BicrZai & 100t lattice £EF 5, F
MQ @ indecomposable object V = (V, B) IKX{ LT BLITO LI ICQ OTWEMEGEES ¢

Vi Z(d.lmx Vi) € Q.
i€t
D& E, EOMIEIZ MQ © indecomposable object DRBHE A, OH D 1 5% 1 5%
EZ %o & 51 simple object DREHL simple root DIRE {an}ier 281 54 LISHIET B0
‘EVH &b, HAEITHRLZN,
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Remark . COEEDEANLEZ AT (|| 2 A,D,E B D Dynkin RIFETH 5 &0 Hl#
fH&Ti3H 52, indecomposable object 4% dimension vector 2HR¥ 5 723 T (MBEE%E
BNT) —BMICRES>TLEL, T0IXENAL EVD KKORY FiZizL& <M
FOITNF—=FTIV ba—=VShTHEENIEIZHB. BIREALLVWOR KK
ORHDFIZBMFEDONINT 5] EnH2&ETH b, MODFIL quiver [ Dk K DFER
D category X THWBEDTH-»T. EDOMER K OWMH FICARIIEKETS LITO
Example 2.2.6 #88), ThN® [AD,ENS K ORIV FICHFELECHDTHRL] EB»
TBDIFT, CARTREOOOERCHEUATIRHDBE, CORREL DEEICK
30T, BIEMMTEDTHEOTHE W,

Example 2.2.4. BbWHLS—2 L LT
F=(,Q) : ?—’.3 (|7| #* A, & Dynkin EI%)

REZ L5, TOBBDOTOERV = (V,B) 3. V=V,8V; &B = B, € Homg (W}, V3)
DETH B, V; (i =1,2) DRTT%: d; LTI B € Mat(dy, dj; K) ELTEWD, 22
Mat(dz, dy; K) i K- D dy x d, TheakERT,

2ODFRRAV = (V,B) &V = (V,B)BRETHEENS L. REER ¢, :
V.5V (i=1,2)TH»ThB=Bhp 2R THONFETS. LD ETHHT,
L7t TERORESIL. Mat(dy, d); K) IKE?S GL(d), K)s ED S GL(dy, K) 21F
HIEAhEED. GL(d), K) x GL(dy, K)-orbit & 1584 1 ITHIET 544 TR BO
rank %R S BIEITHIT SL0,

508 |F| Iz As i) Dynkin REiho. A+ = {C!;,az. o + Olg} THH. ®ET3
indecomposable 7i ' D&ERIT

o e (K20
w e ({0} 2K
a+a - (K l—d’ K)

THBo “OHAD simple objects I3 F1q, Fon THEH. ZhoizEhEhsimple roots
ajy, a IZHHG LT3, '

Example 2.2.5.
r=(1,9) : o—o—o (|| Ay & Dynkin B#)
1 2 3

ZDBE
At = {a),00,03,01 + 03,02 + 03,01 + a3 + a} (6 1H).
U724t T indecomposable object i3 (RBEERNT) £8T 6 FfH 5,

a o (KL 20  ata o &Sxo),
0 o (0} 2kL{0),  cta o (0}-HK-SK),
o o ({0} -5{0} LK), mtmto o (KKK
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Example 2.2.6. || #*A,D,E #® Dynkin RETRWBEOFHELT
T -
=9 :1 o—_f—l‘.o2 (I} =0—0 , A, ® affine )
2

2#X XS5, ZDT % Kronecker quiver &9 T OEROBEIIFERICEL L BH~oh
TOARE (P [ARS]| BR), BPPI L L->TLEIOTIMV =(1,1) &% 3
REAV = (V,B)DHEZSE LT 3.

COBRV =Ko KTHBDT, B, € K= Homg(K,K) (i =1,2) ELT I,
(772U B =(B,,B,,)) $ERBEORBHIR

Homy (K, K) ® Homx (K, K) 2 K ® K

~D. GL(K) x GL(K) & K* x K* OVERICMT 3 orbit & 1 % 1 ISHIET 5, =D
AizB89 3 quotient & &£hid

(K& K)/(K* x K*) = ((0,0)] UP'(K)
&35, [(0,0)] ISHET 3 T ORRIL

(K= K)
1]

THDHH. i 2 D0 simple object DEFIF, q ® Faq ICRETH Y | indecomposable
TSV, —HPHK) DEXRIRER T [a;;a7) € PHK) EN K T &iZThid, Zosi
e 5 T O&RRI .
(K S K)
a2

THBe a1, a2 IZREFTIR 0I5 T THITHIT indecomposable KERTH 3, Li:
K-> T dimV = (1,1) &% 5 Kronecker quiver I' @ indecomposable 28 RFD R B i
“(PY(K)) 18" $ D\ dimension vector ERHDTH—EBHITREL SUV. BLWHEHEZ
Hid. I D indecomposable KERORBHAOMMIT K OIITEK->TLED, &S5
il 3, Zhit ADE TREIYA LI KR&ETH B,

2.3 Path algebra & ZDXRR
Definition 2.3.1. (1) quiver I' = (1,Q) i<xf L T.

Py ={p=(rn,--- ,n) € O | in(7x) = out(7y4,) forany 1 <k < N ~1}

ELsp=(n,+-,71) € Py ZHEE N Dpath EWI0, LT ClRp =ry...7y EHE
T, ENN=0DBRICE Py =T¢L. ZEDOTEEZ 0D path ™32, RFlDR®
i€ IZRS 0D path EBI R e EBLZERT S,

(2) path p= 7w - -+ 7 IZXF L out(p) = out(ry), in(p) = in(ry) EED B, HX 0D pathe; -

L kb, ADESEI ES ~E,
CHITQOTREX 10 path TH5,




B LTt out(e;) =in(e;) =7 £F 50 22D path p), p; iIZxF L. in{py) = out(p) TH
SEEp Ep RERTEETH S &, $HUSESNS path pip; % py & p DEERE

(3) BX 0LLED path £ TR SN B K LD vector space X[ IZ. BiE%:

[ pip2, (o1 & pa (T EERTTHED,
pr-p2= 0, (FhIUH)

KE-2TEDD, CDLIILTH SIS K LD associative algebra K[I'| % I' D path
algebra &9,

KO UTHBIZ O 3 HEEN 20BN E Do BE 0D path 7o bl
e? =¢€i, €& =0 (’i #])

WARBERD, 2D g BREVTHXTARNFETTHS. FRIEHTHD
ELBASHTHAHH, TSI
1= Ze,-

i€l
X K[| DBAIETH D, LAkd->TIORIT 1 DRBRFHETIBRELEL S,
F7z K[| 2HRRITTH B Z & &\ T boriented cycle RN ERRMTS 5,
Z Z Toriented cycle &35 & 2 LI ED path p TH - T\ out(p) = in(p) THEZ D%
AL
Example 2.3.2.

T T

3 4
£ & 0D path : {e), €2, €3,€5}
£ 1 D path : {r, 73,73}

£ & 2D path : {131y, 1372}
£x30 path : {1'31'-;1'1}

B X4 LLED path IRFETELAIN,

T=(,9) : o
1 2

ck'?tK[P] iZ1 0&c, FoBArTId L =€)+ €3+ €3 + €40

quiver T DFBREHX 5 & & path algebra K[| D (FRKIT) module 2FEX 35
ERHERLIETH B, EE.V =(V,B)ETOFERELE S, pathp =1y --- 1 txt
LT B, = B, --- By, € End(V) HIE& 45 = &2 &, V % K[T-module &85 T &
NTE3, BT K[[)-moduleV REX Shic &5, THHHERRB p: K[ - End(V)
NEZLSNIET B, Bie [KHLT V=V &S 1=, 6 KD\ V = @igsVi
TH5: QIREE 1D pathDEATHBEDT. 1€ QIIH LT p(r) € End(V) WEE S
Mo Vim eV THoteDE EREET B Ex p(r) : Viugry = Vingry EBS & ENTE Bo
ZZTB, = p(r) LBV, quiver DEBRV = (V, B) 3% 3,

U745 T Gabriel DERIZ
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lindecomposable K|[|-module DREMANHRBTH S & &\
IT| #*A,D,EE® Dynkin A% TH5 - LRABETH 5]

EoTb &l e LIEHFD LI quiver DER & path algebra DRBEER—RLTEZ
32&itT 50

2.4 Variety of modules

V =3, Vi% K L0 I-graded vactor space. RDIFAITIE S > TdimV = (dimg Vi)ier
% V @ dimension vector EFESRZ &IZL &I,

Byg = ea Homg (Vour(r)s Via(r))

&L, Byq DIC% B = (B;)ren EWL Z ti Thid. 8V =(V,B) 2 MQ; D object T
$2. (7L d=dimVe) THDE Eygldd = dimV %55 quiver T = (1,Q) DEH
£HkEBI I ENTED, TDOEKRTE,qDC &% mod(K[M), V) & bB . variety of
modules (of K[[]) &BEI:M,

BB Gy = [;e; GL(VI) BUTOX S LT Eyqic BARICIERT 5 :9 = (gi)ies € Gy
t lJ_C\ !
(BT) = (gin(f)Brg:ul;(f))'
ZOLERD I IMERSEOOTHAS :

{Ev,a® Gy-orbit} — {MQOREHR}
— {dim =d &% 3 K[[]-module ® R }.

3 Ringel-Hall algberas

COFiTIE K IHREF, (¢ =p™,p 3FEH). quiver I' = (I,Q) ® underlying graph ||
2 A,D,E&D Dynkin I TH B ERET 5, (ULTF. SDLJ % quiver 2 ADERD
quiver &EFE3:Z &9 B,)

3.1 EE
Definition 3.1.1. Q% MQ® object DRIBIMA [V]| 2 &EL TS C-vector space & L+
RO+ EUTOLSITEETS :

VI [V]=> g(V:V, V)|V].
v

=L
gV;V, V) ={WRVOBIER | W2 VHDOV/WxT)},

HERVSTHIDHAITHUS vector space TH B, R TERY I variety" I 3BEER S, (prepro-
jective algebra O EBRO = &,)
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EEHI S RO BHALIT 1 = [0] £F D associative algebra TH S Z &nbh B, RO %
(I'=(I,Q) IZfF/d 3) Ringel-Hall algebra &PF3<,

F/- RO % dimV = d 2H T RBETROND ROOHMILEMETEE. & R,
IZHBRIRITTD vector space T

RO= & R,
dezl,

R ILDo

K=F,TH305. g(V;V, V) ZEICHROMTH 5 - LTIy,

Remark . 4 []it Ringel-Hall algebra RQ % |I'| #¢ A,D,E 2@ Dynkin HIE DS ITIR »
THALRY, FEE KPFRETHNEHICADEICIKEDST EH—RD quiver i<
HLUTROZEETIZLETHETH S, T TADEKBERET 2FRIILIICH
300?71 &I &, TOBHD—DIL Gabriel DERICH S, 2.2 HiD Remark T b
~7cHt, Gabriel DERIC L MQ O indecomposable object @ “FE” Itk K O Y K
ITIKFEE S, dimension vector 72V} TRIBEERWT—EMICEE 5, LcA>TADE
2o, quiver DERV,V VO Y 2 K OMY FIESTITH/HET S &0TE, &
SICHRAOHATK 2V ANWARDBAHKIC, BEEM g(V;V, V) ebER~<EZ
ERTHRER D, RHIDIHDIZK =F, & LIBEOWEEBME g(V; V, V) EB/I o
COLE ZEKROBAEK g(V;V, V)(v) € Zu] WEEL T,

o V;V, V) =g(V;V,V')(g)

ERBZZEFMONT NS, ZOBHRA g(V;V, V')(v) % Hall polynomial &PES, D
LR ENKDUTIE, FREOMUM ¢ 2HHS/FA—FDDLHITHR) JENT
3L, (1 DBIBFEELLEVIELIDDST) v=12RATHIENTMELEL S,
HEE, RTHEATS [RFBREOMFR]) OBZICR OIS UEERH D, w=1%1K
AT 3" T EICE>T RO, ADEBOHFRRIT simple Lie algebra @ nilpotent radical
n D universal enveloping algebra U(n) LABICIE S Z LMo h TS, LAMLIAK
5 FOEEIL A,DE THVERIL LIS,

F: = Fin % MQ® simple objects i 00 j THBLEN, Fy = (V,B) %

_ [ Fy k=iorj _Jid p=m
Vi = { {0}, otherwise, B, = { 0, otherwise,

&3 3, Zhidindecomposable ERTH 3,

Lemma 3.1.2. i 0—0 jOEE,
(1) [Fi] = [F] = [Fj] * [Fi] + [F)-
(2) [F] #[Fyj) = g[Fi] * [Fil, [Fij] * [Fy] = g[F] * [Fy).
(3) (Fi] * [F] * [Fy] = (g + 1)[Fi] * [Fy] * [Fi] + qlF;] * [F] = [Fi] =0,
[F] * [Fy] * [F5] — (g + 1)[Fy] * [Fi] * [F;] + g[F} * [F;] « [Fi] =0.

2% 5 IKB AL relation 1 & D quiver TH > T HBHIUIL,

BI I TR LD~ 5. cyclic quiver THEIUT B,

&0 R ADER® Dynkin BB THELEELTHBEDT, i & jHtconnected THBHEFEH L, T
DEIBRBUNMNBI DAL N,
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Proof. (3) 24(1), 2) SRS T &idT Citbnd, Lichi-T (1), (2) EFEH I,
(1): FTELERFT S, VgV, F.,F,);eoéﬁf:d‘é:'é‘aa: dimV = (1,1) TX&
HHhIFESH . CORBERNTORV =FeF;»V =F; DLZThdhTHB5, &
L5034 b VI F; % submodule & LTH B, i)\OfE&bJéé-F <V IE—EQNIZESE
B, EOIKV/F;2F; bRHID, Lrﬂorazboiﬁ‘%g(v F;,F;)=1T&b.

[Fi]*[Fy] = [Fy] + [Fi @ F))

85,

WICEDEHALL S, ETWLETH I, KRERRIC o(V;FLF) # 0151
dimV = (1,1) TEHhIFE ST, REEICHDS50RB F,0F; WF; OWITNHhTH 5.
SEDHAE. F;oF; I3 F; %submodule & LTHF? (SSIKEDASF, - F;6F; 13—
FEWT. (Fi®F;)/F; 2F;) 2% F; X F;; O submodule TIZ £oT

[Fj] * [Fi] = [F: ® F;]

b{ﬁibﬂg\ \-h?%ﬂb{ﬂ‘ght-o
(2): EBSHRL LI FEEDT, 81 ROHFT, FTEDEHFT 5, o(V; F, Fyy) #
0% 5 dimV = (2,1) TRINEAZ ST, HHEILD 55013 F® oF, M F; S F; DL
FhhThd, DI B F&? @ F; I3 Fy; % submodule & L’Cf#f..fa.b\ EhSRAZH
3, TITEDRABF; = F; & F,-j DOEEHRAINTEINI EITIES, quiver DEBREL
TiZ

Fy=(F,"SF,), FeF,= (¥ 25 F,)
THot I EEBOHE S, SOLERDRAS ¢ = (¢, ¢5) : Fyj = Fi@Fy; 124 ¢ : F, —
F&2 & ¢, :F, =F, DETH 5, BEMBUIF H72DIT, i'é"g'raded vector space & [
@Eb:&i‘}@ﬁ%ﬁ&% & G DHFBRRBERIEDS LAY LHEOD ¢ :F,— F®?
DHi3 PYF,) FOTREERH D 5 3, DL DEHRABHILHPUF,)} =g +1 E0H3,
EBALBABIHICFR OEELERLT B, (1 0) &f75IEFR (1 x 29751) hic
ELEJo ~_0)<‘:§J:03 g+ 1ED DEDHRALF, — FR2 RUTO & 32T RTR

¢5°’=(‘1’), ¢§"’=(ki1) (1<k<q)

IKE>THEXA SN B, Ihdiquiver DRFED morphism X4 » THAHiiE. AR

F, 4 F,

1

Fo? 2o, F,
HETRICIE ST S OB, B, = (10) TH-72DT k = 0 DFAITIZARIZA Y
R, (BDIFEIT OKo) WA I quiver DERE L TOEDRAAIILE T H 5,
%72 (F@Fy)/Fy ¥ F; THBDT, Lk D

[Fi] * [Fy;] = q[F: @ Fy5)
* (REMERNVT) SOLIHIRTHDICR B &1t Gabriel DEBHRIEL T 3,
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ERRB I ERbNG,

—HHEAD [Fyj)+[F,] DFTH 5% EADRE ERRDOBRICED gvip, 5, A0 D
Tv= F; & F.'j TRGHEE SN I b3, £EOBHEIIENASL Fi—-F,& F.'J'
DEEBZ B LTINS, MOHRERUREOTIC

F, - {0}
o lo
F§* = F,

BHRXNERICIES ENEBREN DY, ThERLTORE=0DBAOATH 3,
FTROLEDASI LHED L. Lcdt>T

[Fi;] * [Fi] = [Fi @ Fyy
LB, UEZ4bETE1X%2EB%, O
EFNROBIAZBETH 5,
Lemma 3.1.3. TH&E ¢ & § 5T O F T connected TV S,
[Fi] * [F5] = [Fy] » [Fi].
Proof. BB [Fi@ F;]i2& L, o
SITRMERILT S :
Proposition 3.1.4. RQIIF; (i € I) TEKEh D,

MO HICiE S S ARBINBITIEADT, JITRAWT S (FIZHT[RY], [L1]
HEBH) 15,

3.2 Twisted Ringel-Hall algebras
SO ERET, B TERL 2 Ringel-Hall algebra RQ &L RFB L OMRICONTEN
B0 TDRWHIZ RQDBELUT D & S IZ modify 730
V][V = q%((ivl.lv'l))lvl * V.
SIT, i
(v, [vDh) = Z;(dim% Vi)(dime, V;) - Zer;(dimr, Voun)(dime, Viner))
i€ T

IZ&k > TEZE % RQ LD bilinear form T+ Euler-Ringel form EFFEN 51,

“HZ 12 [L1] Tid reflection functor & R FBD PBW HEELEE > T, JOFEEMPEL TS,
& B AA symmetric TIZHUY,
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Remark . ROFANHSN TS :

VLIV dimg, Hompa(V, V') — dimg, Ext},(V, V')

> (—1)* dimg, Ext}q(V, V').

k20

FBHLOIRE 1 OFR T, 52 DERT path algebra F[[) 2% hereditary TH 5 2 &
5o

HSBigicii 50T, RBEM (V] £V EBET S5, B%E modify LIC(RQ,)IKHLT
BIOEREFEELTE I o

Corollary 3.2.1. (1) (RQ,.) i3 F; = Fiq (i € I) TERSN S, BITEFOC LD
associative algebra T$H %0
(2) F: i e I) BROMBEREHAT .

F,‘FJ‘ = F,;F;, G & 7 (3T OHT connected Tt ‘),

FF; — (¢/2 + ¢ V)FF;Fi + F;F? =0, (i & 13T OH T connected).

HEEH L2 DL (2 B2 R TH 5B, (RO, *) DR (bBBA) RANE->BEEH?
ENHZLIEFELTED. BRELTEShAMER (Lemma 3.1.20D(3)) bidjic
i LTHIHRTIR A, —F. 8% modify L7 (RQ, ) Tt (ROEREFIIREDOFMIT
HBETHIH) BRELTEONAMER (2) RMEICREFELT. i & jHoUN- T
AHEID (0F YT T L. underlying graph |T| DA D) K TREF->TLE
IHiFTH B,

Definition 3.2.2. #{% modify U7z (RQ,-) % twisted Ringel-Hall algebra & "3,

3.3 BFEEOME
AD,EB® quiver T = (I, Q) iLH LT 751 A = (a53)ijer ERD LS IED B :

- 2, i= I
a”—{—ﬁéj%ﬁ$ﬁm®$&xi#j
BBIOHIBLSI. ZhizADERO Catan fF5ITH 3,
Definition 3.3.1. (1) £i&3Te;, fi,tf, (i € ) EUTOMFRRTER SN 3 Q(v) LOHifL
Tl %ﬁ') assoiative algebra U, R FE#HR (quantized universal envepoping algebra)
Eing e,
(@) tt; =tits, 7' =64 =1

(i) tiest7! =v™ej, Gifit! = v f;
A%, RFEBRU, O LE [RFH) L3
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(i) ecfy — fre: = 82y,

€iej = €&, (ai'j = 0)!
efe; — (v +v")eeje + g2 =0, (ay; =~1),

{ flfJ = fjfl') (aij = O)v
Ffi=—+v)efifi+ fif2 =0, (a; =-1).

(2) f: G € I) TEERE NS U, D Q(v)-subalgebra % U &B <,

Remark . (1) "v — 1OBR " £ LB &ITEDE, U, - U(g)e 2FH U, 12 U(g) D
v-analogue TH %, Z I Tglantiis s C LD AD,EROHMRIT simple Lie algebras
U(g) {2 € @ universal enveloping algbera. FlZI 4, B 5

g = 5lass = {X € Mat(n +1,C) | tz(X) = 0}.
(2) Ug i f; (i € I) CERI A,

{ﬁﬂ=ﬁh (a;5 =0),
Ffi— o )fififi+ i/ =0, (a; =-1).

A EABFER ET S Qv) LOBALTT 1 %5 assoiative algebra TH 3o
(3) Uy 12 U(n.) D v-analogue TH 5, = ZiZn_ I3 maximal nilpotent subalgebra &BEI
‘115 g D Lie subalgebra T2, FIXIT 4, BUS

n. ={X €5l | X BERBET=A1751}

& B, EDFERT, n. £ T A Lie subalgebra LPEIC & bH 5, Fic, —RIZU(n.)
B fi (i€ l)TEREN,

{ fifi = fifo (a; = 0),
fifs = 2fifife+ fifE =0, (ay=-1).

ZHERPYFEA LTS C LOBBITE 1 KD assoiative algebra TH S Z EFAMHHTINVD,
Zhid (2) TR~ U; OEXBFERICHEANICy = 1 2KALLA, EOLDOTH S,
U; RU, 0O T=ANSREESFEINS,

1 IRFED complex vector space C %

v-z=¢"%2, (z€C)

OEBERARICEEIC v =1 2RATEZ EREELD (RAEROSBIC v - v MR THEDT,
BELTLED) 0T, HELBRELILE NS S,

“EUDKBEHTEBLAZIOTI Z TREMSERITRNI, B U {12 Lie algebra DEHHER
D&,
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ic & » T Zv,v~|-module ERE LIcbDECpp LB i
Uz = Us @z Co
B,
Theorem 3.3.2 (Ringel). C-algebra DRE ¥q : U ;;; — RQ TH»Ts
Ya(fi) =Fiq
ERT HON—EMICFET 5.

Proof. Corollary 3.2.1 06\ U SRR TH S ZEETCICbIE, LT
Ya REHTHEILEEELIT LN,

Q E%E3 % AD,EED root lattices o; (¢ € I) % simple root & L+ Usra DERRTT
fi D weight ¥ —, € Q LED Do TDEE Uqp 13535

Ui =,8. (Usn),

D, Tl Q. = @ueiZi TH Do FloaeQITHL
(Uq—t/z)a ={Xe€ Upn | X @ weight = o}

EEDD, ik weight o € Q- D weight space EFES, HEED o € Q. IZxH L. weight
space IZBFRMRTTTH B Z LicEEEhizl,

—7 R b dimension vector IZ & 2 K¥fTiF RO = @R 2 F - TH D& RO IIER
&iﬁf:ﬂ to :. :. —C

2Ly3d=(d) —a=-) daeQ-
iel

KE2TZL, & QER—HT S & U KEFEORYTITEROERTH S EotbH
3, METHERBEMIIL LICHBRTTH 205 BELERISHBEORTIIBH L
CENDND, Vo HRHTHEI LT TRA->TH30T. WARKEMNTHZ, O

4 Convolution & & Lusztig [ & 3 B FEE OB MER

Bifi T quiver DEBRREBFHEOBRISOWTHBA LI, LOLEZ T3 quiver T
DFRHAIZ—BDO LD T L

(o) Bk K I$HRIKF, TH 3,

CRoTOAIER [v=g/* BRATE) NS ETHB, CABIEELTLE > TREMESY
DHROEIRE SN, | ORFRUADMERAT I BRI RMERBELWIEBAMON TS, Wi g
REMORFENS v=g"/" £RALT MBI,
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(b) ¥4 712 ADERIEZ,

LODFRIH 7o CHITHIELTRFHOFLRNIDIZADERDREIITT, L
b5 X —% yid generic TIRL{ v =¢/2 LORHAIUT T &ITH - TV,

BE—RET B DITIE. ZhoDHIFIZTIREL 54 LIchbiF 723G 0TI (a)
DH#HZEEIP>THITN?TEE D HMBEPTICEZ L ZDRDDEXNETATT
PLUTIZB~<S Convolution BT 5,

4.1 Convolution i

FT-BOCEREOR{HET S, M, NEFRES. ¢ M NEMDPSNNOERET
b0 T2 C(M),C(N) %2 M BLUN LD C-valued function £ D8 T HRKIE vector
space £F B, “DEE

¢ : C(M) — C(N), ¢* : C(N) = C(M)

rENEHO
()= 3 flm),  ¢(g)(m) = g(¢(m))

meg=!(n)

EED B,

I'=(1,0) % AD,EED quiver. V% K = F, E® I-graded vector space T. dimV =d
73BH0DET B, C(Eva) % Eyg LD C-valued Gy-invariant function 240733 C-
vector space & L\ Kqg4:=CC%(Byq) &F o SDEE

Koi= © Cxo
oorbit

DD LD, K xo € Knald

_[1, (BeO),
xo(B) = { 0, (otherwise)

LBHMT. OORHEMM LTINS,

By LD Gy-orbit & MQ, DRIBADEIC 1 3% 1 WG H»7c - EEBOH LT, orbit
OIHIET 5 MO DRBE% [Vo] EFH I S0 SDEEHI xo — [Vo] 13 C-vector space
ELTORE

Kaa=@Cxo = @C[Vo] = R

2FUT D, LR >T Kg = @Kne EBITHL Ko & RO IZ C-vector space & L TR
BTH5,

“°§7#F 12 direct image with compact support % 3 {2 proper direct image. #%#12 pull back &% ifh
3,
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Wiz Ka IKRMEEEDL S0 V, V!, VEF, £O I-graded vector space T+ dimension
vector XN TEhd, d, dTHHDDET B, Flod=d +d %2 RKET 5. & DL
73 I-graded vector space DAl (V, V', V) % 3 DD I-graded vector space EFEIZ LT
535,

LT diagram 2#2 5 :
(%) Eyg x Bvig &~ B 25 B, 25 Byg.
=L

B € Eyyq,
& 3
Ei={(B,3¢ 0=V —V=V->0
! (B,9,9) {3 I-graded vector space DR KT,
B(Im¢') C Img'.

E;= {(B’ W)

B € Eyq,
W {2 V @ I-graded subspace T dimWV = &'
2, BW)C W 28T o,

Z I TV @ I-graded subspace W 2t B € Eyq il L B(W) C W TH 5 &3, EED
T € QIZX U Br(Woun) C Wer) BT I &EWLS,

(B,¢,¢) € E\ 2R HNB L. BRIZBe By & B € BEyio dFHEN5B, 2O
&&p (B, ¢,¢')=(B,B") &#{o F7:p:(B,4,¢') = (B,Im¢’), p2(B,W) = B LEHT

Definition 4.1.1. f € Kp3, f' € Kqa 28 L.
T f = (ah(plo(pr)" (F @ f)
&E&ao <D x % convolutionﬁc‘:"‘ﬁ«s% f:f:: l/ (pg)b = FGV—):WW)'(?’)”

Remark . (py), KD & 3 BEE£HD morphism & LT—ERICHRIY 5 = L
5:8F0f¢ Kqa feKaailxil

(4.1.1) (P2)" (P2)e(21)(F ® f) = ()" (F @ f)-

4.2 Ringel-Hall algebra B

SHiTIRETH & OMEERS 12HIC twisted Ringel-Hall algebra (RQ,-) /A L7zt
gDORFRFTRNTOBRRDICBEFPPL L BLBZDT. ZOITid twist L7254 Ringel-Hall
algebra (RQ, *) /I S LT 3,

41 THA L Kq D convolution # * 1ZPJ L THRME DD :

BZhRZIZKGORUATH S,
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Proposition 4.2.1. (1) EED f e Kqz f € Kna ICHL. fxf €KnaTHB. T4
bB x ‘i Kn L‘:ﬁ%ﬁbéo

(2) (Kaq, *) I3BiZTTE 7D C LD associative algebra T. BRUREB Kq & RQII C-
algebra & LTORIBEXEX 5,

Proof. (1) RHBMB LLDT, (2)DBFTe ETRD claim FHHT 3,

Claim. (B,W) € E, i3 LT (B, o, ) € p7 (B, W) & 1 2BEEY 5o & 512 (Bo, By) =
PI(B:%:%) EBC, JDEFE

(P2)s(p1)*(F ® f)(B. W) = F(Bo) f'(B;)
TH%o

Proof of Claim. EEM S

(p2)(p)*(F ® £)(B, W)
1 — -
=y 2 () (Fer)(B.$.e).
WGv) xUCv) 2 s
(B,$,¢) €p:'(BW)THBZL. 7€ Gy, g €Gv W HFELTS =790, ¢ =¢ -0
LR B LIRRER DT,

1

e (e ()

Yo (@) FRFNB.T Fod - 6).

7€GV-VEGV'
[ FiREhEh, Gp B LU Gy DIERICMLTRESHE X - /c0T, $X%#85, O

Proposition DIEBRIZR A 9o (2) ZEEBAT 3 220ICid (V, V!, V) % I-graded space @ 32
ﬁ\ o C EV,Q, 6 C EV,Q’ O’ C EV’,Q % orbits & L"Cz‘\

X5 * Xor = Z G(O;@, 0’))(0

OCEva
KE->TGO;0,0)%ED B L%,

G(0;0,0') = g(voiva:vor)
EZREIEEN,

“HEDVWRSELRBALVD, JITRO IR Epo ® orbit ERLTED O C Ly,n D dosure T
W RSk,
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B€ O, (B,W)ep;!(B) &7 5. Claim DA LRA LESE AN

(p2h(p1) (x5 ® X0)(B, W) = x5(Bo)xor(By)
_ [ 1, (Boe® do Bye0),
~ 10, (otherwise).
BocODD B, e O THBIEE (B,W) € ppr'(D x O) BRBTH B = LICHER
T5&

G(0;0,0') X * Xo'(B)

Y. (@) (x5 ®x0)(B, W)
(B.W)eps'(8)

(B.W)eps (B)papTt (Bx0)
#{p3'(B) Npop7 (O x O)}.
—H. [Vo]=[(V,B)) TH B EIEET L. EBIS
9lvoiverve) = i{p;*(B) Np2pr (0 x O')}
THBEEZTICbIME, &> TRENT, 0O

4.3 Lusztig o & 3 B FHOSMPHERA

Hiifii T/~ L7z Proposition 4.2.113. BRAURB K, = RO &> TRO LK EE 251HE
& Ko EOD convolution BRI —RTEBRIEEE T3, —RT3EhiTBIC IR
EMZ | EfT-o LI TH-> T THULETHENUTTHAL LI K DBAZH, EiZ
€3 TR, convolution B » DIRE L 5 —HBETH L., « &3 diagram(k) D 5E
£55®)

0) C(Ev.0) @ C(Evia) 20 C(E) T8 C(E) 22 C(Ev)

%;ﬁf‘ﬁﬂi gTﬁh*ﬁﬁ Kq2®Koe = Cov(Eypq) @ COv'(Ev o) IHIRLTHSNZ D
DIEDTH - -o
SETRKRARBERELTERN JIDSK=F, &L,

(%) EVnXEv'n'LExll'Ez—Pi’Evn

RERBRUUOE K EARGKETILERUEVOT, K =F, Th (%Béb)well-
defined TH B0 K =F,iCTB3I&EDAY » NMEARBHB AR S D EilHB, =
ORREBALT. 4 ax T#ZT& Evg LD Gy-invariant fuction Db D iZ Byq LD
Gy-equivariant 7% sheaf ¥ 3% 3 = 123 3%, 2L & By 1250 _EIZ Gy-equivariant

“HEAAF, OEEFTHRAMBANLTFRBIELI LI &L 0H, KHMEAKTHWEHZR ZHANE

EPRPUUND, ERF, DFEEToheal EBAZI L TEZN. FMASTHRBOERAICN ST
L23hib. DZSHNLOIK-TLES. EDAMSG D F, ETRFRLOETA A,
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78 sheaf % 4 T. diagram() @ sheaf version 2EA kI &DIFTH 5, sheaf iCH LT
$"pull back” ¥” proper direct image” FDRIFIITIZ ENTE 20T, FBEEZ S C
ENEEEETL B,

Pt U BUSHLRY B 721 TIREEIIODIF T, b & D Ringel-Hall algebra DM
FHEI L -2TOBZONEEBALRLIThIIE SN, 8EED LE"E Jo HIfiE TTH
A T &7 diagram {3 F,-rational point DfF5 diagram

By o(F,) % Bvra(Fy) & By(F,) 2 By(F,) 2 Bug(F,)

ERSITENTES, CHUTHIEL Torbit by £7T F,-rational point #EX 5 I &I
B0 B € O(F,) KU Z :=p5'(B)npp; (O x 0') C B, &% Proposition 4.2.1 D
EHOF TN ED B Ringel-Hall algebra Ot + £ EH A MEEH G(0;0,0') =
9(vo; v vor) (&~ Z @ Frational point D¥ H{Z(F,)} &—&7T 3,

EEROKBEFN S DD ERLEME TS, —RICX £ F, LEBI N7 variety
&4 5, TDEE X I3 Frobenius action, Fr : z — z9 TH L'C'«*o 9. X O F,-rational
points X (F,) {3 Frobenius action DEEE&M&E—KT 3, Toill%p &ﬁ&%%ﬁ&
L T\ Frobenius action i3 I cohomology B OMDER Fre : H:(X,Q) — H:(X, Q) %
FBT 5, LOLERPMONTNS :

Theorem 4.3.1 (Trace formula). X 2% 3 “k & EHHiT,
BEXED) = 3 (1) (Fr : HYX,Q) — HI(X, Q)

i>0
Dipk ) AL D%,
COFBERL2 OBESICARATHIE.

slvoivarve) = H(Z(F,))
Y (1 (Fre: H(Z,Q) - H(Z,TQ)))

20

£33, 2% D RO OH « OMEFHERMAENIZERT 570213 £7TD cohomology
BROF— s PNPBBELUIDITT, £DHITIZBIED sheaf FEZ 2D T3 { sheaf
D complex £FZ LN EWIFIRL TS, KR Lusztig 1 & 5 FHORMEMMKRTIZ
perverse sheaf &4 ). HAFADBOEREEH727 sheaf D comlpex & Eyq D EITEET
diagram (§) OB EEZ 5,

bOPUABKKMITEEL 9. £F Evg LD sheaf D complex D753 bounded derived
category ¥ D(Evq) & U+ Gy-equivariant 12 “3 2 DB RHE" %5723 Qp-sheaf D
comlpex

=(..--)_Fi1—pf‘—)f‘+l—p..-)

*°X(F,) % Frobenius action DEZH 2N > DT, ZDFEHi Frobenius action IZBT 3 FRMAE
BTHBLB-ThH&lN
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D759 D(Byg) @ full subcategory Qua £FZ 3% o EZTF € Qug, F* € Qi i
LT '

(4.3.1) F* o F"* = (pa)(pah(p1)"(F” B F°)d; — dy]

EEDB. T (p)y, (p1)" 12N EN proper direct image, pull back T+ (p;)y 13 (4.1.1)
L RBOEHET—EMIZHRE 3 operatione F 72 M1 exterior tensor product. d; € Z (i =
1,2) iX p; D fiber DKRIT T, [d) — ds] 1Z complex D shift KT
Qu.a D Grothendieck B% Kv,q £F &, & 51 dimension vector 2F[BELR hES &
T\ B
Ka:= & Kvn
de I

20

E#Z B, (J?L d=dimV.) FENS Kq X Z-module TH 55, v OfEA%
v F* = F[1]

TEDNIE. Ko ] Z]v, v~)-module DMEEF Do SODEEKg B0 % (43.1) &k
TEDDE RYEDIUDo

Theorem 4.3.2 (Lusztig). (Kq, o) {ZHALTTERFD Z[v, v=!] £O associative algebra T
H5o0

IV =V{E)(ie ) DREEEZ L, BOIHBOHELTEL &V(E)iXiks
DH1IRTT. BOOEANET {0} THS L) L RITD I-graded vector space TH
B0 CODEEEByualdl ENSUBRETHB%, LAd> T By a L O G -sheaf &4

CARBENW) T LI, BIE B Qpvector space EE XA I LI SN, EZTRDLSD
% Evy,a £ @ Q;-sheaf @ complex (= Qp-vector space @ complex) £#Z 3 :

Fla=(-=020-Fao20-0—-.), Fla=QqQ.
ZDEE Fn € Quia EHE» T 5%,
Theorem 4.3.3 (Lusztig). FRU; S Q(v) @z - Ka %
firr Fq foranyiel

KE>TEDE®, ZOEE EOERIL well-defined Ty & 52 Q(u)-algbera & LTOR
BiEL 5,

TERSEBRETC LR(NIOT, TITRERT S, BLSIR L)L) $E2BRO &, — BN
A FLTEL & category Qu,n 13 complex D shift TRET. Eva LD Gy-equivariant 7L preverse
sheaves 2@ AT 3,

“SERDA,

WU B fife) TERINZZLITHR,
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SHTPo L [(a) DHGEL S D -THEN?) LOMBOEIB SN, THbS
quiver DMEER TR EOBIFKIL [ K SHRGF, THB )\ [RIBRD/IT A —
Zulty=q2TH3] EDREEN LE VAL THRD > T 5013 TS B,

b &> &EFF -7 | Ringel-Hall algebra EDBRIZE I Mo B e ] LBDIAB
FHBNB5, bLAATNTLE b TIIE . EOEE DS Ringel-Hall algebra
DRUCRB I EMTES, FTEI TS Eyq LD sheaf D F-rational point £ TD stalk
% & %o ZDstalk kT Frobenious action @ trace €% X % = &iZ & » TF,-rational points
EORBEFLENTEDIN. RRIOMHBN Ko DTCEFAS 2 ENOMBY,
D& E (4.3.1) TEDM B o id. twisted Ringel-Hall algebra (RS, -) D& & compatible
12722 TV T, Theorem 3.32 2BIEEH S LI HBE AT > TH B,

Remark . (1) SO &L T o) OHMESNTHE] X1 DORENBShbIFN
B¢ HIZRERC [(b) DR ZNTHE] AL THEANBOoNILIEILL TS,
E® Theorem 4.3.3 {3 quiverI' = (I, Q) ¥ ADEROHEOEETH S ADE &
HENLUT—BO quiver DS HRE LT H L AROBRIE oS Z &Moo TN 3,
((L2),[L3]) € DBHAOHET A RFBIZOPVTIR, 62iTHL(BRBZEKT S,
(2)BGOHRK =F, LLEBEDEN -1 TCFTLAEK =CELTHLD
CEMASNTI S, £ DA Frobenuis action *° Fy-rational points & DMEE., EH
BORBBTORNERNREI L L >TUE S 2D D perverse shaves £EH 3
8D D-module (regular holonomic D-modules) & categorical equivalence®* &R 1Ty
D-module DEBRMEX D LI X BENI A Yy FIH 2B,

5 Preprojective algebras

5.1 EEESEXRMLTHEHE
Z O 513 double quiver T = (I, H) %A%, S K=C&T 3,

T' = (I, H) i3459" oriented cycle £ » T\ 5 DT, path algebra C[I] X R ITHRK
JTTH Bo orientation Q—DEEL Tquiver = (1,Q) 2EX 3, Fhe: H {1} %

_ [ +1, (r€9),
“”‘{ﬁ,hem
EBLlo BieliZHLT
= z e(r)7r € C[I
T€H, out(r)=i

EL. (i€ ) A BTEES NS CJT) O ideal % J &5 <o

;‘:0.}: 5 %} “sheaf-function dictionary” & bFRIh. EOHTRECAONAHETHS (ﬁi
X D] 88).
3Riemann-Hilbert HIGLRIEN S b0, BFRTIXBRIIB L, I TR (BF] EBFTH <.
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Definition 5.1.1. P(T') = C[T|/J % (I @) preprojective algebra &4 79,

V = @iesV; % C L@ I-graded vector space & L+

Xv := © Home(Vourys Vingr))
TeH

Definition 5.1.2. (1) RTEEIN S Xv D closed subvariety mod(P(I),V) % P(T) D
variety of modules &4 D :

mod(P(T), V) := {B € Xy

> &(r)BeB, =0 foranyie 1}.

T€H, out{t)=i

(2) LFTERSNS Xy D closed subvariety Ay = mod®(P(T), V) % P(T') @ variety of
nilpotent modules b U < i3 nilpotent variety &4 :

Av = mod®(P(T), V) := {B € mod(P(T'),V) | B i nilpotent}.

722U B = (B,) € Xy M nilpotent THB &I, H3 N > 0NEELT. EBROEE N
Dpathp=7y- -7 IZHLU Bry - By =0 BRDIUDI EXEND,

KD lemma lIBEH TH 5.
Lemma 5.1.3. mod{P(T), V), mod?(P(T), V)it & b iZ Gy-stable TH 3,

V % P(T)-module £ 5%, SO EZAREHRECT] — P(I) iIZL D\ V% C[[)-module
ERETIEMNTE S, CI ICEL Tid 2.3 T~/ path algebra D—AZERACEA T &
5, 2ED V=gV (1€1) EHB{ T ET, VIT I-graded vector space DHEI A, U
AT Xy = eaHomc(Vom(,), Vm(.,.)) FEIDBZENTES, B= (Bf)-,-eg eEXyEEN
i (V,B)3TORBRTH 2, —DEE P(T) % factor T HOEBEHETEIE

Z &(r)ByB, =0 foranyiel

T€H, out(r)=i

ELB, DI EE Lemma 5.1.3 =4 HiE. BRE 11 HE

{mod( P(I) V)0 Gv-orbii} — { dimension vector 2¢dimV &% L { }

2% & 575 P(I')-module DREIE
NRH3EMDIB,

P(D)IZDWTASHATWAHEZN I2MFIELTEL,
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Proposition 5.1.4.
(1) RO 3 A ITRHE?,

(a) P(T') RHBKIT,

(b) T @ underlying graph |I'| #* A,D,E 2@ Dynkin K%,

(c) EED V iZxt LT mod(P(), V) = mod?(P(T), V).
(2) P(T) B HFRERBTHBEIEE DDA, (n <4)BDDynkin IETH 5 Z L2
i, %7 P(T) DERBH tame THB & & || 2 As b L {12 D, ® Dynkin BHTH
3 Z ERRMES,

F 72D Proposition i3, F£ED P(T) I LTERIAUDFELOHETH S (See [C1))s
Proposition 5.1.5. V, W 2EEDOHFRKIT P(T')-module £F5 & &,
dim Ext},(r)(V, W) =dim Ext};(r)(PV, V).

5.2 mod(P(T),V) DEEHIRS>
P(T) ORBBAEE~LS 8BS Beid, SR~ 15 1 5

dimension vector #¢dimV &% L {
725 & 572 P(T')-module @ RE%H

& 0. XKL S mod(P(T), V) D Gy-orbit ZHXLIFNITAL S L L Proposition
514 TRXA LS I P(T) DRARIZ, T{—HBOFAAEZRVTIZEAEDOHE wild T
Hbo SOBEK =CELTNBDT, mod(P(T), V) D Gy-orbit & P(I')-module D &
BHAOMIC 1 1 HENHEIERFN>TH. ShdiRIFEAETI Y bo—HHER
Lo L7 T [Gr-orbit ZEHERNIDIHE HBHTRAL] &FZ 50BN,

EI20E mod(P(T), V) B DBEEH~S LI k->Ty P(T) ORFRICHT 2
SHDT—F 5|2 H¥E 5 I EI3MEROEN, mod(P(D), V) 1 variety THAD T, €0
B DREERNIZOREIXEXNLMEATH %, UTZOHKHMLTASh TV IHR
ZHBIZEBAT D,

{mod(P(T), V) ® Gy-orbit} — {

R4 DEZ TS mod(P(T), V) i2 V ® dimension vector X TREADT
Irr(mod(P(T), d)) = Irr(mod(P(T), V)) (d =dimV)

EBHNTH &K A € Ir(mod(P(T), d)) #indecomposable P(I')-modules #5735 % ¥4
HEEMBIZEL L&, Al indecomposable TH 5 &35, F 7 ind(Irr(mod(P(T), d)))
T mod(P(T),d) @ indecomposable %S EEFIR A 24 DR EERKT, T HIT

Irr(P(F)) = LJ Irr(mod(P(F), d)),
ez,

(a) & (b) DRMHER quiver DRBBTIR & MSHABRTHS (PRI [Rei] BB (b)=(c) 12
Lusztig ([L2]) IS & 5. # @ &% Crawley-Boevey ([C2]) i2& 3,

B EEBIBMICIER LD RASEOR BLOERFAAE DR ICHTV 3. BASICHFR
COFESE [GLS1 TH -~ 7.

HInRBLEFTHHRFOBMANBRTH 3,
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ind(Irr(P(T))) = || ind(Irr(mod(P(T), d)))
dezéo
Ex<,
Vi(l < k €£m)% P(I')-modules & L Ay € Irr(mod(P(T), V*)) &5 3, V =g V*

hY

Mo - dAn= {:r € mod(P(T),V))

TE2,0 - BFm,
2 €A (1 £k <m)

8o COEEBET G 0 Ay 1 mod(P(T), V) DB subvariety T3 53¢, —
£21Z mod(P(T), V) OBE#ERAFICIES LIZB S0, ZDHICE LT Crawly-Boevey i3
ROWBEZHH L7,

Proposition 5.2.1 ([C2]). A € Irr(P(D)) IR LT+ A4 € ind(Irr(P(T))) HFFEEL T
A=7N& - ®hn
DD LD, ESHIT A BRIBFOENBIEZRVT—ENICEE S,
ZHEBEHIES A D canonical decomposition &tV J e

2 DOBEARS Ay, Az € Irr(P(T)) I<xF L~
ext'(A1, Az) = min {dim Exth (31, 32) | (31,92) € A' x A?}

EB<e TDEE A x Az D dence open subset Z BFEEL TS EFED (y,12) € ZIH L
dim Exthry(¥1, 2) = ext' (A1, A) PR DI Do T B ext!(Ay, Az) i Ay x Az D generic
BARBT2 Ext! ORFTTH B LN > T TOEERIMED LD,

Proposition 5.2.2 ([C2]). 5 SNABEMERS Ay € Ir(P(T)) (1 S k < m) X LT,
KIZRMA,

(a) A, ® -+~ ® A, € Irr(P(D)).

(b) FEED k # LIZH L Text!(As, A1) =0.

ZD2ODHAITE » Tlr(P(T)) DREBEIFIIAIFICRA T 3, 2 hEFKIC
5D ind(Irr(P(T))) TH-Ts EhoXext! N0 IKES LS ITRLETFTOIELE
PRLENBENIHBEAITE > TN B,

L7edt T ind(Irr(P(T))) 8~ 5 & EICMBHIERENA &K M. €EATH
—&ROD quiver IZ3F L TRIZEAEFMDIF ShEOMBETH 3,

5.3 Ay OEHRES

B T Irr(P(T)) DEEFIBRAIC DO TR U AN, COMiTIRE SIZHA%MA T nilpotent
variety Ay = mod®(P(T'), V) £8 LK HANRS I &iF 5, R+F (nilpotent) L HHN 1
EEXDE BLHABRAIRADI FRERDTLESOT PI)DERLUEERS

3* [ Gy-orbit ©Z MM = P(T)-modules DRBHOLHHA) ORPRSBLE > TEWES S,
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SERRBORNENITAY y MIHB D, £OF (6METHTHLSBHATEI LS
IZ) “crystal structre” EBFIIN AL - T Ay D variety & UTOB#HERS . b%
vha—=NTRIENTELLSITNES,

KRE-TEIERDESIHRA =Y =X oT B, £TAD,EDHAD Ringel-Hall
algebra DFEEZBUVE UL TIHE 2. T O34 path algebra K[['] @ indecomposable mod-
ules {TXFEF B root D positive root DB A, TXFA PSAXENTI a€ A,
X859 % indecomposable module % V, &< 2 Lizdhid. £FD K[[)-module V i
& UTRE

Ve ¢ Ve
ac€dy

DREEU B o € Lo I3—EMITEE 50 U725 T vector space & LTD RQ DER
% K[[]-modules DEHETEVE

RO= @ C[e WMJ
a

e=(ca)eZ8, €b+

&ir B, (72U N =}(AL)e) —F algebra & LT®D RN iT (indecomposable module 7c
H T3 <) simple module 72 B, V,, (1 € I) TERIN TV I EEZBWLEHED (Propo-
sition 3.1.4 BH) ¥, DF Y. algebra DEALF & L Tid indecomposable module 725 %
LB ->THBLEII < simple module B E X A>T NE LD THS,

Ay DBEHIRSA 2B EE L IIBATH. RIRRILZ EXE B, 2% D P([) D simple
module IZHIGT 2B - b 6. 2BNHIEHRTERSINTLE S, P(T) DEBR
BT —AICI wild 75 5. indecompozable EbDELTY R M7 v 43 2 LIIARTHE
THBH. simple T DI SIE. i quiver DEHEDMABT UHE, BELSHHT
BB TH D, dBEAAsimple & bONSERIN/BEFIKS 725D nilpotent variety D
B 2RI~ T 5 2 LIZBBTIRE L. JOIHEBAIC “crystal structure” AR EAL
BRERNLTY, FLOBEROHMLBRICHMAE ZEICLT, UTTRISBAMTHAIT Ay
DEHARSGOEABER T 5,

Remark . 5.2 88 T~ 7-§&13 nilpotent veriety ICHIR L THBHRER DI LIEESH
e EITROEHUEBEEEZL LS

Vi (k= 1,2) % I-graded vector space & LT A; € Irr(Ay,) £& 5,
ZDEEMNBAC Aviowy 3. WO Ayey ORI 2520 ?

Z OREICS L T Geiss-Leclerc-Schrier i3+ “dual semicanonical basis” 2T 1 DO
EFE5Z 1 (|GLS1))e ZDEITBL THE crystal structure DFEE LT, b3 —Efah
BIEICTB (8HiEE),

331 TIRT DHERD category DERTHNTLBD T, simple object it F; 0 & LT T OEHA
& K[I']-module DR—RDOTIZ, BERALLOERL TS,

3" Proposition 3.1.4 ZHEEAT 3 =biTizF 4 1T indecomposable module 72 B2 £ FH > TN 5 BENDH D,
(RDEHETIREICRNA I EIZIRY VB D) LU “arystal structure” DB} EHED 3 & indecompasable
- module 7c B A28 » T3 AEILL (. simple DD HLENERINI I LHWATETLE S,
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5.4 ADE®DRES

ZDHFEIE Av = mod(P([), V)) 7LD T, nilpotency condition X BEMICHAZh B T
EIEBLL Do T = (I, H) D orientation ¥ 2 EFICRANL L E. ROSENHE &
THSHTHA I,

(5.4.1) Xv=Evao® EV,?T"

BARUHRE Xy - Evg ZArRHRBLTEoNAE S 7y Av — Eva ET3, ZD&
ERMNELD LD,

Proposition 5.4.1 (Lusztig [L2]). I'= (1,Q) % ADEE®D quiver £&F 3, 2D &
ZEFIZEZ SN orientation ¥ I UT. RO 13t L #iEdtH 5,

Irr(Av) & {11'5,1(09:) | O 12 By @ Gv-orbit} .

DD A€ In(Ay) 2 BT TN On) BABELTED. Livb @ £BRBAE O
H—BEIES 3o bBAARMKR-7 0 & EBICBAN O (E—GIERIZ A o

LELLTOEREWSERTRINTHAUDLN. UT TR a5/ (O ) BEANL D
DIhE LD BEAZHEIIBOSTEA L, FlICL > TEREOHRF I oIED L S0

X % manifold. Y ¢ X 2% D submanifold &3, D& ZY LD vector bundle ®
T2

(5.4.2) 0—=TpX =Y xxT'X —=TY —0

KL > TEESY LD vector bundle Ty X %Y D conormal bundle &5, S TTX
(resp. T*Y ) 13 X (resp. Y) D cotangent bundles Y xx T*X 13Y & T°X @ X LO fiber
product EPEIEN 3 Y LD vector bundle Ts UTOLIKEZZHDTHAB: yeY &
THE Y CXEDOye X EDBAB, ECTye XKHBIBTX D fiber TyX %
ZEZT. INA2Byc Y DLEEEBLLONY xxT*X TH 5,

YCXEDD. ByeY(CX)ITHL T, #EMOARTEDRAST,Y < T,X
ET2, COdual ®RBZET. BRAULS

T X - T'yY

NEE Do BRI (542)DY xxT'X — T'YIE. COXIICEESY LD vector
bundle D24 T B, conormal bundle Ty X & D kernel ELTEE 3, T bb4&
yEY I UT. y LD fiber &¢

Ker(T; X — T*yY)

TH5 LD vector bundle H Ty X TH 5,

X ORITE dxs Y ORTLE dy EThid. &y eY iZnT 3 cotangent space Ty X
LU T Y ORTIRENEN dy, dy THBo & =T conormal bundle TLX Dy € ¥ i
i} 3 fiber DRFTIE

dim Ker(Ty X — T"yY) = dx ~dy
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THB0 Y Ndy RIETH»72DT. BHMELLTO Ty X DKITIL
(dx — dy) +dy = dx,
DED. (dmT " X)/2 =dim X IZF LI,

RADTIRS 5o FTHE (A1) DB o722 LEBOKEE S0 By 13EMC (Byg)”
ER—BTHIENTEHDT. JHITED Xy % BEyg D cotangent bundle T* By &
FRI—RTBHENTES:

Xv 2T 'Evg.
FOERIIERATIUTOLIILIES, —fRICE % vector space LT AHEETE=EQE*
Lz

wo((z,€),(z,§)) =§(z") - §'(x) ((z.,6), (z.{) eESE")
IZ& » TEZE 5 FEB{L7S skew symmetric bilinear form (symplectic form) BFET 5, —
7 Xv £ bilinear form w %

w(B,B') := Ze(‘r)tr(ByB,:)
relH

ET3 &N wit Xy LOIEBILIE symplectic form 2FEH 5o € 2T (Xv,w) & (T Eva,wo)
% symplectic form 1T & D vector space (symplectic vector space) & LTRI—119 5,

CZETOBRRTIE Xy & Evg © (Bva)* TH2TH Y. AT cotangent bundle
ERLETEHEICOEIICLEZIN, dELAZNICRERRD S, Op % Evg O
Gy-orbit & L& Je Op 13 Eyor D submanifold TR, LIZORD ERRITRS
T\ conormal bundle Tg_ Eyor £FA 5 LATES, COLERIDN S,

Lemma 5.4.2 (Lusztig [L2]). [ #*AD,E&EE 5T,
15 (Ow) = To,, Evar.

D% Y T2 ADEEN ST Ir(Av) DETTIE. orbit D conormal bundleODFﬂ@.Tan,Em:
HBRELTHBDIITHS. TG Evg 13 RiTA*dim Eva = (dim Xv)/2 75 B BE#7S
variety T ULdb Gy OfEAITARZETH 5, L LEIKMD Gy-orbit Tl275 { | preprojective
algbera P(I') DEBRORBIHEMIEL TH S DI TR,

LU By @ Gy-orbit O &181 4 LIZHIE LT3 (Proposition 5.4.1 88), L
R TI = (1,8¥) &£T5 L&, path algebra C[[V] OXRRORBMAL S 1 # 1ITHIE
ULTWB I &iZig5, EHICT = (1,Q) 2E T 5 orientation 2 & O (IWMAFKTH S
SEIREEEhLL, OITHAE, FIV = (I,¥) LHORAORBI % preprojective
;.Flgebra Pél‘) @ nilpotent variety DBE#IESY Irr(Av) 28 “HfE” LTWEHIIT, D&

BIZEEL,
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5.5 Kronecker quiver DiF&

AD,ELISAOF & LT Kronecker quiver I’ = (I, Q) DFEEERTHA &L I 727U quiver i
B4 232513 Example 2.26 ERILbDERNB I L ET B, —BIELTLE S EBEHP
P L >TLE S DT Example 2.2.6 DA ERARBICdmV = (1,1) DBEICRB Z
Eict 3,

£

Xv Eva® Eyg

(CeC)a(CoC)

KEBTBo LihtoT B =(By, Bu, Br,, Br,) € Xy DEBAHLTCOTEB>TE
o MHARESS

(5.5.1) Ay = (€ x C x {0} x {0}) U ({0} x {0} x C x C}
LB ERDOY, TN Ay DEHREEEX S, A—8H Xy X T Eyqg DT
CxCx {0} x {0} =Tz, Eva

R

&3, 2FD (5.5.1) DAADE 1 HIZ T*Evg @ zero-section TH 5,
—FHE2HDHI Eva D15 {(0,0)} D conormal bundle IZ% - T 3 :

{0} x {0} x C x C = T{p 0, Eva.

ZD®A. ADEEDBADE 5H Ay OBEMHA & Eyg ® Gy-orbit 0 1 1 1 3t
RO, ik ZMOMEEEDS B, EF Eyg i [01;00] € PYC) TE5 X k54
ZEND Gy-otbit 725 (BT I Opgyag EFC) &4 15 {(0,0)} 257 3 Gy-orbit
(BUTIh%E O EBC) bORTS S EicEETS (Example 2.2.6 81) :

E = U Oiaya U,.
. v.a ([013“2|E?1(C) l ' 2') o

BLAOH LI FHEXEDHTS EB/C T &iTThiI, S dimension vector 2%(1,1) TH B &
5 72 I’ @ indecompozable W EBE “TXTERT” TES. Gv-T KU EByg OWIRE
Thb, cOEE '

TgyoBva =TsEva, TjomEva =To,EBva =T5Eva
&5,

LRO SOBRIZOVTHIPLERATHEEICLES. UT. W >hREHRA
BEXHTC AW, BLOERSRARKEABOZRRAOCHH BB EERLUTHS L,
Kronecker quiver I' = (I,§2) ® Auslander-Reiten quiver % L) e CDEE
Cgr) DIIT regular components & P4 5 connected components 2% 3 = &2ta@ S

SHAE [R1) B E,
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nTW3B, 121D regular component i Ay B quiver ERBIZH > THD (Zhz
homogenious tube &FF3), £k & L TPYC)-family 27E LT B, [a, : ag) € P(C) iZ
#5935 homogenious tube D—FHITRN I HEICHET I T ORRORBE (Z0k
5% RB%E quasi-simple moudule T 3 2 ENHD ) Tl BB Opy 0 PHET
3, L7cHt- T S i3 homogenious tube D—FIHITHN B quasi-simple moudule 725 %4
BERDTELHD, &5 I ENTES,

4ETOBWEIdimV = (1,1) & LIBEDTEN > 72h, & O —ARD dimension vector %
FORBOBELRAKTH D, THDEA e Im(Av) IKHUT. Y5 Gv-I"EXNL Evg
ORFIREVFELTA =Ty Evq OFICTIT B, THICIOY B, —RITIIBIAD Gy-
orbit Ti27: { . homogenious tube DEHE RN 2EZRORBIH (P{C)-family) %
K7z k54 bD &, preprojective component b U £ i3 preinjective component D& IC
53 B BIED Gy-orbit DA HRAITIL > TN B,

6 Crystals

T = (I, H) 22— D double quiver £F 3, 722U [—£&] &> Th. finiteness condition
& no-loop condition IIMRE LT3 Z &iITEEINA,

D& S REEDTIC orientation) ¢ H %2 1Dfix UT quiver ' = (I, Q) £FA, &
{2 preprojective algebra P(I') @ nilpotent variety Ay %% X3, ZOHiTIZ Ay DEL#
B4 Ir(Ay) DBEEBERZEE L UT, crytsal OBEEBAT S, B¥BS & crystal
DO BAEMIIRITIZONTIIKE (78) ITHEB I LITULT AHTRERNZAZOHRNA
7%,

6.1 Kac-Moody Lie algebra

—BEEEy T4 v I TEEED D, BL L 1R [Kag], [BE] %D Kac-Moody Lie algebra
OHEHBESHEENI L,

Definition 6.1.1. ] ZHREEE L. BEEMO §I x §I-1751 A = (aij)ijer BDUT DR
HEFHIT L&, —1L Cartan 1751 &0,

(1)as=2foralliel.

(2) ai; 20if i 5.

(3) a”.J‘.=,0 & a5 = 0.

HITERBEROMAITHI D = diag(m; | i € I) BFEEL T, DADHIITIIERL B & &,
A XKBRIETIEE (symmetrizable) TH 5 &EWvH,

EIF. S 5I0OIR D Ald symmetrizable TH % EEET 5o

BEZ 5hic AT UT MBEITRTTH (24 — rankA) D C-vector space h & X 3,

BHUCED A, OB HARORRIM ST 3, ZHEST S HRAED tame THNIL, AR
DERB>THEDPL(RBAWERSD, D, £, FOBACELIEBETLALONSE I EI MRAS
T, EhEHAD—RDBRIE>TLESE, €62 T = (1,0) ORREN wild IZK>TLESF DT,
Auslander-Reiten quiver DB HE L { Hh S0,
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Definition 6.1.2. h D—RMIIITESRE Y = {hi |i € I} &\ h D dual space h* D—
RISZ SR = {0 | i € 1) D3%&H :

aj(hi) = ai; for any 4,5 € I
AtcTEE. 3080 = (h,I,11Y) 2—A%{k Catran 751 ADEHR L D,

B & = (b, (o hier, {hiier) BABEBROT—BMICEE 5 2 L35I TN B, 7
2L 2 20FER (h, {ai}ier, {hi}ier), (0, {d}ier, {hi}ier) VRBTH S LI\ vector space
EUTOREE®): b if ThaTr ¢"(10h)) = (e} 2 o({}) = (R} BHIT b
OWFETEIEXR D,

Definition 6.1.3. A = (a;;) 2—#{k Cartan 751\ ¢ = (h,[1,11V) ZLOKHRET 5,
ZDEEe, fiiel), hehBERTEL, BUTOEXMENK (1) ~ (6) TEX S C LD
Lie algebra % A {Z{FHid 5 (symmetrizable) Kac-Moody Lie algebra &FFUN, g = g(A)
EB<,

(1) [h,h] =0for h, K €,

(2) [h,ej] = ai(h)e;forie Iand h €,

@) [k, fi] = —cs(h)fi fori € I and h € b,
(4) les, fi] = dizhi for 4,5 € 1,

(5) ad(e:)'=%/(e;) = 0 for 4,5 € I with i % 4,
(6) ad(f)'=*/(f;) = O for i, € I with %  j.

CITXegRAMLTad(X) &R, Y — [X,Y] (Y €9) I2&k > TEZ S Ende(g) DT
£,

Remark . (1) ADHFREO Cartan 1751 (A~G &) 12 o MIET 3 Kac-Moody Lie
algebra g(A) {3HRKIT simple Lie algebra LRAETH B, E5IZg(A) HHBRKRTTH S
CEEANERED Cartan THITH 2 ZERRETH B 2 LMo h T3,

(2) XFR{LTHE L 13RS 70t —AR1E Cartan 75T LT H Kac-Moody Lie algbera I35€
BTEIHN. LROLIVERTEEFMERICL ZRTIZDSIATHE,

e b THERKEN B Lie subalgebra Z n.\ f; BT EN S Lie subalgebra % n_
Ef, COLEZAAEg=n_0hOn, BRIALT I LIS T35, ADEDH
4 (3.31) EFHRIT. n_ & T=A Lie subalgebra &PFFS2,

EHABBU(G) IKXHLTH. g DZASEINEHT 558,

(6.1.1) U(g)=U(n-)eU(h ®U(n,)
REEL. 255 b=ZASREFETNS,
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« RADIFE

SETRRTEL—IRQEEH LT, quiver iZfFHid 5 Kac-Moody Lie algebra 23
AL &Ie —8D double quiver I' = (I, H) iZxh L BITD L5 B x §1-4751 A(T) =
(a;,-).-‘,-el ’é’:%‘a‘.é :

=12 ifi=j,
% =\ ~Mr € H |out(r) =i, in(r) =5}, ifi#].

WEEZ TS DI double quiver KD T, i#£jDEE,
${r € H | out(r) =1, in(r) = j} = #{r € H | in(7) =1, out(r) = j}
Tbb\ L/f:ﬁ{?—c

Qij = Qji
THDo TIEDH AT) RHHRITHTH 30, Fh—RML Cartan FTHIOLBEH /T &
SEBICHID SN E, SO AT) AT = (I, H) iSfHRid 3 — 481k Catran 1751 & .32,

Definition 6.1.4. A(T) iZf1H3 5 Kac-Moody Lie algbera g(I') = g(A(T')) % double
quiver I' = (I, H) iZfFHi$ % Kac-Moody Lie algbera & PR32,

5Z Shic—#8{k Cartan 1751 A PSHFRITFITH B & &. g(A) % symmetric Kac-Moody
Lie algebra &EPES, 4 OFE A(T) REISHIITATH 5 DT, g(I') 12 symmetric Kac-
Moody Lie algebra T& 5o FICHFEHNCEZ S NAHPRL—ARIL Cartan T3 A = (ay;) IS
HUT. BFRETEESMEERL L ieIdvjelNjeldbie I~ ThEN
ai; ZTDODRAEFH Z &iZThIL, double quiver T A3 5 3. E5IK g(A4) = g(T) 2%
OO ELBRBITOIE, LIcdi>T. —8&D double quiver IZfTHfid 5 Kac-Moody
Lie algebra ##X 3 &1 5 2 & & —#D symmetric Kac-Moody Lie algebra 28X %
CEIRRMETH B,

6.2 —MOEFEOTE

i il T BRAL AT BB S —ARAL Cartan 1751 A 123 U T\ Kac-Moody Lie algbera g(A) 2%&
BLIN COMTRESIK g(A) RABT 3R TFEHE (RFE) U(g(4) VALK
e ED/HITIE, DIV LextraiT—F 2EETILHENH B,

BT ~Tok S I I —RIMU LA LAY = (ks | i € I} MED SN T,
b LU AREMFTHIE S rankA = I TH Y. Licd>Tdimbp =4I THBo WA
R DBEITIL > TR0, —RIZIITOBEHENB DL,

£ Z Trank 2 dim b = (2§ — rankA) D free Z-module PV(C h) 2HF X . £ D Z-basis
Z{h|iellu{y|1<s <l —rankA} &5 :

v il =rankd
P=|®Zh|® & Zv .
icl EES)

“CHAN AXEFRELSHIVRRhOEBROEETH S,
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f2#ZUs ATz 4, (1 < 3 S $T —rankA) iF
@i(7,) =0or 1 fori,j € I and 1 < s < (I — rankA)
T EOKLEBE, COLEEHENS
h=C®; PY

FESHITHS. Fic

P={rebh" | NPY) CZ}.
&< TDEE PY % dual weight lattice, P % weight lattice & Do F/IV :={h;|i €
I} & U. IV D5T% simple coroot &FFA,

Definition 6.2.1. 52# (4,I1,11Y, P, PY) % Cartan datum &PE3,

Remark . Cartam datum (A,IL IV, P, PV) & XL ohic L&, h:=C®; PV &EBIH,
308 (b, I, 11V) 11— L Cartan 175 AOEBEE X, L dbTOERIZ (LSBT
BRT) REERE—EMICEE S, U > THIET S Kac-Moody Lie algebra g = g(A)
t)-ﬁﬂg‘:ii 50

—F\ —#%t Cartan 1751 ADER (5, 11, V) B EZ Shizhs, £HUICHHT 3 Cartan
datum (A4, ILIIV,P,PV) RATUL—FEMICEETADUTRE L. EBy, (1 <5 <
§I — rankA) DRUFIRAEERH Y. TITE->THBE0M MATLW LI S—DF
BRE] LW EDATHD, SD%T I Cartan datum % b &I L T—ROBRFE
#R (BTE 2RATIH, RFARBOEEEL Cartam datum DBV FOREH
EROTI (DED 4, 2 BOBUFITKSTIZ) BEHDT. AR,

Definition 6.2.2. 5X 57 Cartan datum (A, IL IV, P, PV) iZxt L. fHETARTFE
HRU,=Ug) &t &, fiGe ) BLU V" (he PY) ZERITTE LY, LT OEXRBF
K (1)~(6) TEEENS . BATERD Q(v) LD associateive algebra TH 5,

(1) =1, v"* =" forh, K € PV,

(2) v'esv™ = voiMe; fori € I and h € PV,

(3) Pfvr=voMf foricland he P,

(4) eifs = fiei = 6.5“—:“-:11- fori,j €l,

(5) Tioe el Mesel® = 0 for 4,5 € I with i # 7,
(6) Soi-aw f“'“‘"") 2 f.(") =0fori,j €] withi # j.

722Uy = o™, = v E Rl = vf— o7 (K =TT () £ LT e = /()
®) 3 ARk,

CERTONT vA EMNTHOBDEHAES symbol TH T (RETv D LRI &40 BEETIEA L
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BRFASBU(g) T v - 1" LA3BR2TgOEBEHRU(g) E—HT I &pES
T3, T4bH U,(g) 12 U(g) D v-analogue TH 5,

fi o B TERE N S subalgebra % U = U,(n_) £ <o Z#I3 Definition 6.2.2 D (6)
REEMERNLET S algebra T, TEABARBEDFENS Uy BEHROEERBA
%@"‘Aféao ’

F g 1o B TER XN B subalgebra % U = U,(n,), vP B TERE 5 subalgebra
EUILBL, cOLE, AR

(6.2.1) U, =U;QUU;
MDD, ZhiZU(g) D=2 (6.1.1) D v-analogue TH S,

« REDIBE

BT Kac-Moody Lie algebra D354 &S, —8&D double quiver T’ = (I, H) H
SHRELTHET2RFAERU, (D) EERASENTEZ, ChETICMAHETIR
FABBEFERIERCLE T,

6.3 v=0CBITIEE

BTFa#KBU(q) RIUBEFREL VS, BRYBOTTFAEREHIT] 9 8 0FRE
{5 Drinfeld EHRICE > THYICHAShIBRETH S5, €D%1 9 9 0FKITHL-
T BRIZE Y crystal base DEEEHBAZ O, —B TEZH crystal base &3 U, (g)-
module D\ i£— 0 FIFEEETH 5, Drinfeld-tRICL 24 Y VFIOMBEERTI
FAEFTvIIBEDNRSA—-FTHY, v 0DBRELEZ ENVI IEBRHBEOREE
EXBZZEIIHET B8,

LAOLENRS, SBID/ — FTRIOK S “PEMHLEER B2TER LT, #iki
MENLESE L LT crystal base DBEERA LA, EDHAREITLLZ0D, [v—0
DOER) DFHRTH 5, RAVEZTHHRFEHBU,(g) 13 Q(v) ED associative algebra
THHDT. FHEORICHIIT v bEENTLS, bBAA

limv™! =00
u=—0

TH300, FHICBREEZZEITEN, COMEERETIADIC. COHiTIE
“=0IKITARE LIBEEBAT S,

A% g =0 Tregular ¥ Q(v) D2 DET subring £F 5, ZD&EEF Al local ring
T vADPEDEKideal TH B, T AVAQTHEEITERET S,

CREIR Tv=12RALELD] EIDIF TR, FAIL Definition 6.2.20 (4) i3 v=1%RAT
ZEEAORVNROIE->TLEL, BERELZAL, LML TIENEBOBRD AL 27 5 &, Definition
6.2.2 D (1)~(6) DERIT. TE Definition 6.1.3 D (1)~(6) 2WESH B LS LT3,

VRABLITR. RHBREOHRRATROORAIFHAFREAZ > TLENTSUKNT S, EFOMC LS
Azl “erystal” EVIBHOAR LI ZIZHI5 L1 AN LYBRFILEDEIE. v 008
RELAZERATULBHFTEORBEHIZIZLICRLESHVLS L, TOBKTIR THLMRLER
DREVE] HOKEESTH S,
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Definition 6.3.1. V % Q(v) £® vector space £3 5, # (L, B) HLIT D&GXBHIT
LE, (LB)YARVODyu=0ICBITHEELIE,

(1) LI L@ Q(v) 2V 2§/ V D free A-submoduleo

(2) B & Q-vecotr space L/uL 2 (A/vA) @4 L D Q-E/E,

6.4 U,(g) DERR®

BReDEXLECHELORTZABHIY U O crystal base LD, WERLDER%E
EZTHERIDIMD TSN ELERSI, £ TAEIT. KR (6.5 ) Tk hERNA
U,~-module @ crystal base IC W TEREE L. BT 6.6 i TU; D crystal base DERES
ABENIERELESC LIt D, EORDOMEL LTERTIE U,(g) DERBI DL
TASHhTNAE I EEBHEITBNT S, RELEHOTELHIFHL (BB ERTE
WNDT, UTIKEATIORHETHRMBTH S, FL R [HK]| EXBBEhR,

U2 % e, v (i€l, he PY) CEREN B U, Dsubalgebra £ 5, A e PITHLT
U2 D 1 RFEERQ(u)1, ZUTOLIIED S :

ely=0 foriel, 1, =M1, for h € PY.
D1 REER QM) D SFEBENA U,-module
M) :=U, ® Q)1,
vg®

% (highset weight A @) Verma module &V'9, Verma module & U, DERBITENT
ROERNITHRO—DTHD, UTIIZOUBREFIZELL S,

—&IZ Uymodule VLU pe PIZHLT.
V,:={u €V |vhu=v"®yfor any h € PV}
% V O weight u D weight space & FTF,
wi(V):={ueP|V,#{0}}
£ V O weight DRE EF 30, EXERD p & wt(V) KHL T dimV, < 0o T MO

V= V.
n?P ®

RO UDEE. V% weight module &FF 3%,

U, D=A5HE (6.2.1) IKE D, vector space E LTI MO) 2 U; ERABT. Lhd
weight module THbB, EnIC Wt(M(A)) =A+Q- PEDIUD, ZIiZ Q = DicrZ<oos
ThHb.

Verma module DRED S LR OIZFLVWDRERDBDTH A5,
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Proposition 6.4.1. (1) M(A\) R uy =10 1), hokEKEh, £EOTE f;,--- fiun /=
LD 1 REETHIT 3.

(2) M()) {2 unique proper maximal submodule J, &2,

BY V() =M/ EBK. EBEDS V(X)) IZBEH U,-module TH S 0%, 4§

AEP.:={AeP|A(h)=0foranyiel}

THAHEICIL.

=3 U [0y,
i€l

PERDILD, THEbB e P A5, ¢, £ 12 V(D) iTlocally nilpotent iIZfER T 3,
BRI M) - V) IZE B u) € M()) D image 2R LS u, THL Z&ITT
fud, V) OBEEOTDL f, - fun T BO 1 REATHII 2 ERBSHTH S I,
—RIC Uy-module V 28%RD 3 &M% #i1-d L% integrable TH B &S :
(a) V iE weight module TH 5.
(b) EED e 11 LT ey, f; id locally nilpotent IZfER T 50
(c) RBRMD A;,--- A €PHFELT
wt(V) € D(A\)U---U D).
#272Us D) =2+ Q-

EBENS. A € P, D& E V()) 2BEH integrable module TH A Z LZFCiihdr 3
A, EDFESRAELY LD,

Theorem 6.4.2. V 2BE#17{ integrable module £ 35 &, A€ PL FEELTV & V(N)
&85, & 5iC integrable module 24 D757 category % Oiy EEIHIL O;p: 1 semisimple
category Tv {V()) | X € P.} %simple objects DFELEREREEX 5,

6.5 Integrable U,(g)-module D crystal base

BIEIORFITENIERI & - Ty V(A) (A € P,) DiEDtHHIUL integrable module D
BERDP I ERLZDIEN. Eb2 AL L > T HMERDIE” L 50N ?
ELSORBALEMTHS S5, TOBTLRVANAHVBZERIN, UTRANRS
crystal base DES3. TO—2FHEZ 3 L5,

b3V ULEAMIKKRBEALL S, U, e, f, " TERSATHADT, CHEHOTO
B Dbh N M(module V D#ED DI o] EWaTENTHS5, TEAYDI S ]
EREILHIERDI?ENDE. THHBAHFIRNWANAEBERERBIN, SZTRVO
FEVEENFELT. €OEERMEUTERTABETARRLLLE, TOTHNT
AN MBAEELTHNAE, EWLWSFEW%KET S,
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A% 4 5FZ T 5 module V i3 integrable module 78D T, 4T weight module TH
HBo LIchtoT Vit weight space DEFNISFET S (T4 % weight space decomposition
ES) M BUFERRANEChR P R BbOFEAZRABEAIEL TS L EEKRT
3, D% Y weight space decomposition 2h iU, v* L LDIEARTERIChI -l E
K13, TV = V() O & &1 weight space decomposition IZBF 2 24XdE o TH
A4,

Lo THBIR e BIU f; DR, LD ZERNS, v ETETRLEE ST
ALINSOERIZERICHETHBICHET T LRBETVR, Kidv - 0 DER
2 LA EMEIEARDEBRICATINTUE » T EBNEEEICE S, Ehdtcrystal
base EFHINA D TH 5,

[v—» 0DEBBREES ] LOSFERICOVTIE, TTI6IMTHBELA:, ZODER
BEL e, BLU £ L BOERARKIRS F VIBERI LD T, DU modify T3 HEH
HBo Plick > THFmMSHEDE S,

Lemma 6.5.1. V = @,cpV, % integrable module, v € V, &7 5. DELEETRD el
KHLT
w=wup+ fin +--- + fMuy

12T up € Vagra, Nkere; (0 < k < N) H—BRNCHET 5o 2i 9 = Akl T
HBo

Definition 6.5.2. Kashiwara operators &, f; € End(V) %

N N
gu= 5w, fu=d [0
k=1

k=0
TED S,
ZHTerystal base DEBRE T HIHDEFEHIE - 1o,

Definition 6.5.3. V € Oy, £9 %0 M (L£,B) HUTORGELHIT L E V D crystal
base TH 2 L&D,

Q) (LB RV Dy=0icbI3 3LETH 3.
(2) Ly:=LNV, (/\ € P) ETBHEE, L = @rerLa MEEY LD,
(3) B.:=Bn (C)‘/‘U,C,\) EtTHEE B= UnerpBa HER D LD,

(4) BEEDic IHU GLCLODFLC L. SDEEE,fi: LjvL = LIvL THS
M. ESKEBCBL{0} DD fiBC BU{0} HEH I,

(BY DY €B, ic TRHULT. ¥'=fb & b=¢b.

““Weyl-Kac character formula EBEIN T3 bDH. ThilHic3,
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O REEMNFEETHIE., COHOEDITHERL [U, DIERANDOIZEE] I
WoTWAZEIEELLY, EE. Biiweightf}ﬁ8=u,\ep8,\ %‘:ﬁv’f‘b\%@'& v"
RHOERIZS ORETHANKIN TG, @) BLU(B) &Y. &, f DA% T
PR FHECETEFUC L0~ L DL, IR TOTH S L5 AFTFICi -
TWBIENDNE, Ldd (5)ICL-Ts & & fIIMETEICE > T3,

KIS D EEIL crystal base DFEE—FHERET 5, HEEXFBLENINEDHOD
TH%o

Theorem 6.5.4 (Kasihira). (1) V € Oy, I3#1C crystal base /5. RBERHT—
TTH B,
(2) HICV =V() DHA.

L) =) Afy-e-fyun, BO) = {fiy -+ fiur mod vL(N)} \ {0}

EB< &L (L(N), B(N)) i3 V()) D crystal base TH 5.

crystal base D global 7L #%&% R 5 iZid crystal graph DSV ERTH 5. BAHS
#£4E LT, BEIZ I-colored arrow 2L F DIV —IIVTHEAL :

bbb &= V=fb (iel).
Z 9 UTT& 3 oriented I-colored graph % V @ crystal graph & %45,

B E®D &5 iZUT, inegrable module V DHEFTV crystal graph £V D\ Wbid “F
BEXIIRBEEATLEIDITHS, EIRVAERIT carystal graph X HETITOIRE
ATZICHBIE 2 ETRIEV. W) TTH I FAKITIL B DIZBEH integrable module V())
DP/ATH A ZO/ATT S crystal graph ZHET T LIT—ARITITHELNT, B
LA ->THB D2 g HRE. b LT affine WOBLT. TOHLITIET L0 —
ARG U T crystal graph QA EBRIERID SN TN E%,

6.6 U, Dcrystal base

COHMTIITHUROEMEN S, Us O crystal base EERIL L cre BENLT AT
7 {2 integrable module DFHAELEF U THA Y REZHITU; R OERTHL TG
W] &EWF T ETHB. LT Kashiwara operators #EZA LI ELTH, Hiffio &
e, fiDEAZ modify TAZETIRERTET L2 ITRIBHEEN D, Kashiwara
operators 2 EHT 320D key 2725 DIZRD Lemma TH 50

“v- 0 DBRTOBELOTEHLTATIRENY, EFRELIIEERI,

“CERB{UDTEZOT, Noystal base KRR THEI L) OFEBIIHITHEB L, BL R [HK)
SEBROI &,

“TaFFRETHEE, V) BRERRTICE S, TOBA crystal graph GERBOHIERDOI &ICN
b, £4XIRBET IORBBRICBL{LS,

“IODOENIT HK) IS LWELRYS 3,
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Lemma 6.6.1. 80 X € U IKHL Ty Xy, X; € Uy D—BENICHELT
X, — t‘-lXZ

1

ivx =
[e: X] —

A8l do

Z D LemmaiZ kD, € € End(U;) %

€(X) :== Xz
K& TEDD, TDEERHMED I,
Lemma 6.6.2.
Ui =g, F®ker ¢,

% Z T Kashiwara operators &, f; € End(U;) 2RO &S iIZED 3,

Definition 6.6.3.

(k1) _
éi(fa(k)u) = { g‘ b : E (1)' fa(ffk)u) = fi("'“)u for u € ker e].

AePIZHRLT. (U i={XeU; |v"Xv?=v*®X forhe PV} &B{, ThT
U; @ crystal base £ E#HT 3 7o H QUM BE - 7o
Definition 6.6.4. 4 (£, B) REUT O&HEHF & & Uy D crystal base TH 3 &I,
(1) (£,B) U Dy =0kl BRETS S,
R La=LAWA(MNeP)ETHEE. L = prepln DKV ILD,
(3) By :=BN (Lo vLly) ETBEE. B=UnepBy MY LD,

(4) BEEOi e IMU.ELCLHDFLCL TDEEGE, fi: L/vL — LIvL THS
A ESIZEBC BU{0) D FBC BARHILD,

B)YbYeEB ieTIKHUT. ¥V =fib «b=¢b.
Theorem 6.6.5 (Kasiwara).

L(oo) = ZAfu tor fitlr B(oo) = {fl: T f.itl mod "UL(OO)}
EB < &V (L), B(c0)) i U; D crystal base TH B,

4% 1 mod vL(00) € B(0o) % boo LT T &IZT B, WIHIDEBE L RKRIC B(co) D
crystal graph 2 X 22 ENTEIH. CHhiZEBEOESE % b oriented J-colored
graph TH B0 T DH T by, IZHE—D sink vertex (A > T BERETHIIL vertex) & LT
BHESIToh s,
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6.7 Crystals

HIfG % T Tcrystal base DN % LT & AHTlE crystal DRSS ERAT 3, —ET
WA crystal &3 crystal base DEBREMBILLTHSNB HOT, 199 04K D%
BIAMFIL > THAZhI, 6HMHBT > THOBL EFEELTED, it d -
T crystal base IZBI3 2 ¥ fHiTRHH TH 5,0

Definition 6.7.1. (1) (4,I,11V, P, PV) % Cartan datum & UTEEd 5, CDELZHS
B LE#IbH

wt:B— P, g:B—-ZU{-00}, ¢i:B—ZU{-o0},
&:B—BU{0}, fi:B—BU{0}, (ic))
DM crystal TH B &2 LTOLBEBITIETHS
(CL) wi(b) = e(b) + {hs, wt(b)) for i € ] and b € B,

(CZ) beB ho é,b €B LAY "Q(f\ Wf.(é,;b) = Wt(b) + oy, €.'(éib) = Eg(b) - 1, w,(é;b) =
(pl(b) + 1:

(C2) be BdD fib € BH S wt(fib) = wt(b) — o, &i(fid) = &:(b) + 1, wi(fid) =
‘pl(b) - 11

(C3) by e BDEE, WV =éb & b=fY,

(C4) be BID b)) = —co S, &b=fib=0.

72U (Cl)icEiTB (, Y idh & b* O natural pairing #F 7
(2) By, Bs %2 crystal £33, D& E B S B, ~D morphism ¢ &3 Effy: By U
{0} » B,u{0} TH>TUTORKEKI-THDTH 3,

(i) ¥(0) =0,
(ii) b€ By 22 y(b) € By W SHEL wt(y(b)) = wi(b), &i(¥(b)) = &:(b), wi(¥ (b)) = wi(b),
(iii) b,¥ € B, Y = fib 3D h(b), Y(V') € By EMITHSEL fi(w(b)) = v(V).

:0)&%1&31—’32 &.?:E—;-o _

morphism 1 : By — Bs Mstrict THB &Iz, y WEFD e, f, LTRTHH I L%
50 357‘:5{&): L/—C‘lp H BlLJ{O} o d BgU{O} b‘ﬁﬁ#'ﬁbé tg'\ morphism 1b H Bl b d Bg
{3 embedding TH 3 & D,

Remark . crystal &4 5 @i Cartan datum (4, I, 1TV, P, PV) ZHEL LTEZ 54
STHAZ LicETEnIc, BHIT Merystal Bl &2 8~T Cartan datum (2FH
WIGANZ D, RO D BT Cartan datum BEZ EN T 5, ETH~I crystal
5 crystal ~® morphism . [A U Cartan datum %82 crystal DI TOAEZ S5 Z &4t
HHFESZDTH-T. RS Cartan datum %D crystal DD morphism iITEBEZ LT
I A
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Example 6.7.2. B = B()\) () € P,)~ 75 HEE# integrable R V()) D crystal base
t?%o Eﬁb\b B(/\) 17 WEIghtﬁ}%B(A) UyepB(/\)F %ﬁ‘)f'ﬂ‘fuo ZZTh € B(A)”
(< J N

wt(b):=pe P

EEDHB. EIC
ei(b) := max{k > 0| &b £ 0}, @i(b) := max{k > 0| /b # 0}
EB L. TDEE B()) iE Definition 6.7.1 DFEBRT crystal TH B,

Example 6.7.3. B = B(co) &9 %0 EBED S B(oo) 1T weight FBERF » TH/DT,
B()\) DBA ERBRIZLT wt: B(oo) = P 8% 5, E1-

€i(b) :=max{k > 0| &*b # 0}, i(b) := &i(b) + (h:, wt(b))
t'?'éo \:o)ég B(A) licrystal'@?b’.')o

LD 2 >DHZ crystal base N HE S crystal TH B0 ZD L H L HDODMIZ, crystal
base NS crystal bH B0 UTIKEBRRRE 20FI7 &L D,

Example 6.7.4. A€ P& L. 1 DOFTHSREBEA T = {11} £FX 5. wi(t)) =
ei(ta) = @i(ta) = 00, &(ta) = filla) =0 &H S & Dt erystal TH B,

—RIC crystal HEX 5N B &L crystal base DG EFHRD B E T crystal graph %5E
BTZENTES, ThDcrstal graph RIFWICBHAT L S0 545D, KEINIEN,

(o]
t

Example 6.7.5. j € [ #—DBEET 5, ~D&E&
B; := {bj(n) |In € Z},
wt(b;(n)) := nay,

£i(b4(n)) =={ o t=d wi(b;(n)) :={ n,o o i=7

-0, i#j, —0o, i#j,
ats) = { gD 12 Gy = B 22

EEETHE B iderystal TH B, LALELTIIB; 1XZ ERABT. £D crystal graph i
UFToX3ic3 :
N i

Bn+1)  by(n) by(n—1)
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Al U Cartan datum %52 2 DD crystal By, B, 5% Sz & &, crystal @ tensor
product B, ® B 2EUTO LS IZEE TS :
B1®B;:={b)®b | bi € B; (i =1,2)},
Wt(bl ® bg) = Wt(bl) + Wt(bz),
&i(b1 ® by) := max{e;(hy), €(ha) — (hy, wt(hy))},
wi(b1 ® by) 1= max{ii(b1) + (hi, wt(b2)), wi(b2)},
5 | (&b1) @bz, if pi(b1) = €ilb2),
&0 @) = { by ® (E:ba), if i(by) < ex(ba);
", by ® by) := (fibl) @bﬁ, if wi(bl) >€i(bZ)t
S ot { by ® (Fba), if i(br) < exlb2).
® Oﬁﬂ%’%ﬁﬁb\‘(h% ﬂ{\ %’%& l/f‘i Bl ® Bz ‘iﬁﬁ Bl X Bg ‘:ﬂﬁt; “tht\o :@ﬁ
BREDEI wt, &, i, &, FFELREDEDICEDE. LWIEKRTH S, cOEXRD
Lemma iZBB TH 5,
Lemma 6.7.6. B; ® B; I crystal T3 %,
Remark . Definition 6.7.1 D#®D Remark & 3 B{£9 3 2%, tensor product $ R L Cartan
datum 2D 2 DD crystal I L TOAERINTE D, RIS Cartan datum 28>
- crystal DD tensor product IZEBHEL N EIZFEREhI,
RBEIZ B(oo) Dcrystal & LTOFHBIHFIZ DN TA~SD, -7 8T preprojective algebra
@ nilpotent variety Ay DBEHIBRA DA Irr(Av) IS crystal DIENRA D, & 51T crystal
ELUT B(oo) ERBTHAZZ EMRINEN. TORICZORETIRAVShEZ L
12785,
Proposition 6.7.7 (Kashiwara-S). B % Cartan datum (4,11, 11V, P, PV) 252 crys-
tals U, = U,(g) £ED Cartan datum N5 E X 3 B-FRER. B(co) % U, D crystal base
T3, COEEBHMUTDTREZHEHE. Blderystal & LT B(oo) LRBTH 3,
(1) wt(B) C @_.
(2) wt(bg) =0&755 by € BH—BHILHFET 5,
(3) HEED i e IITH L. &(bo) = 0.
(4) BEEDicIBLUbe Bt L. &(b) € Z.
(5) EED i € IIZxt L. strict embedding ¥; : B — B® B; B"FIET 5,
(6) ¥i(B)Yc {b®bi(n) | be B, n < 0}.
MNb#by THEALILEED e BIZHLT, H5ic INFELT. ¥ e {p®
bin) | be B, n<0).
HDWOI LTHIH., B(oo) XD THREENIT. TDRFE Proposition IZH
% by 143 b = 1 mod vL(o0) € B(oo) BHIET 50 BEN S (1)~(4) DIRILIZEF o
72H (5) BBIEB TRV, SHhERTRLHBICIE. B(oo) IZ “+-structure” LFFEH S
extra WHBEEADLFHEBLSTODNEN, BLUEZOTERT S,
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7 Ay DRI S EOD crystal structure

Bisr EEDEELTLE o724, Z 255 nilpotent varieties DBE¥HIBS DIEICR 50

FicERERcL S, C LOFRKI I-graded vector space V i3 dimension vector d
2EETHEZRBERVT—EMICEE 30 5. nilpotent variety Av b d € Z{, T/%5
A FSALZXENTNBEB T £ T dimension vector 22 TESLETRS

1] t(aAv)
dezl,

2EZ5, BAOBEIT. JOREI crystal DMEEEE L. & 5T crystal & L Tdouble
quiver T IZAHRET 3 B FE&EBR U,(g(T")) D subalgebra U; @ crystal base B(oo) & RIE
THEIELEFTIETH S,

7.1 i

BOIOMBIL. - OEE LEITE S P> Torystal structure EEH A0 ? TH B, RHER
2 {2 Kashiwara operators é;, fi DEDFHFTH HH. TOREOXEENLT A FTIL 4T
Hte [diagram DEHEEEZED S ) &5 DTS 5o Ringel-Hall algebra D4 %1
HITBWHELTEI 5. (V,V',V) % I-graded vector space ® 324 & LT, Ringel-Hall
algebra RO = Ko ICH51F 58 » X diagram

() Epq x Evig & E, 25 B B Byg.

‘:;OT\
T =@Eheh@)FoF) (FeKqa f €Kaa)
&%”’T‘l‘é@fiﬂto

diagram (%) @7 7 2 ¥ — (double quiver version) & LT\
(Fek) Xp x Xvs & Xy v 2, Xv.
75 % diagram £ EX 5, L

XV,V’ = {(B, 3, ¢l)

B e Xy, _
0— V' 2V 2,V -0 {4 I-graded vector ¢ -
space DFELRFI 2, B(Im¢') C Im¢'.
E3 (B,'&F,ip’) € Xy, ¥EASNB L. BRICBe Xy &L B' € Bv. FEHEh3, 20
&g Q1(B,¢,¢,) = (E! B,) &%;(" itm(3’5v¢,) =B &Eﬁj-6°

RD Lemma i2BBTH 5,

Lemga 7.11. BEXy M AvILEENDI L&, BEApI DB €Ay KOOI &
1 F{E. :

~-106-



L7cdt> T (k%) %&. & 5T nilpotent variety iCHIR LT
(©) Ap x Ay &= Apy. 5 Ay
4 5 diagram 2EX 32 EHTE S, S CHC
Apy. = ¢ (Ay x Avr) = g7 (Av)
THDe D diagram({) i3 Kashiwara operators % EHT 5 LTEELL S,

7.2 Crystal structure DEFE

crystal DFEEED 572HITIE. Cartan datum (A4, 1,11V, P, PV) 2$HEL T . & B &
Bkt wt, &, Wi, €&, fi FEDHRIEE X0

4 DA double quiver T = (I, H) 1 SHFE LT, TITHMT 3 RFEHEU,(9(T))
EEDHIEEIZHW Cartan datum 2B - TK B, VI ETHA L. K4 Bidnilpotent
varietis DBERI A 2R DREITE D, Bex DEEDIHIT. L B(oo,d) =IrtAy (d =
dimV) EBL S &itTB, ORFDHEK

B= || B(co,d)
dezl,
THB. LBzl L Q%
(7.2.1) Zhoad=(d)ig ~ - da€Q-

iel

ICE>TR—8T 3, COR—BDHEIZA € B(oo,d) iKFH LT
wt(A) i=d (=~ Zdiai)

iel
8L Q. CPTHBhS. ThTwt:||B(oo,d) — P HEE 3,
RiTe;, o EBBLE I ETBe Xy KHLT

€i(B) := dimg Coker ( & Vout(r) (8- V,-)

€H ; in(r)=¢
EEDB, A€ B(oo,d) IKXFL T ADgeneric L Be ALY,
E,'(A) = Ei(B)

EBle B
wi(A) :=&i(A) + (hi, wi(A))
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&EF 5.

Kashiwara operators €;, f; ZEBL & 9o ETRHMTHA L1 diagram (O) IZENT,
d = —ca; & U special case ¥%%1 %, CORAd=d —co; THHIEITHEFELL Do

SB6IC o e
—.= ci J =3:
Vi { {0}, F#i
THEDT. Ap = {0} THB, Lidt>Tdiagram (¢) iZ
(©" Av: 2 {0} x Avr & Apy = Ay

LB/t 5,
HEShiciel,peZy ITHLT

(Av)ip == {B € Av | &(B) = p}
Lo COLEEBDNSRIMY LD ENEHILDIS,

Lemma 7.2.1.
g ((Av)ip) = 03 ((Av)ipsc)-
ZZT
(Apv)ip = a7 H(Av )ip = 07 (Av ipae

EHo (O IKHANEER q, g i3, —RITHIFFEBEICL-TLE I, ERE%E
p=0DBE. THDE (Ao KHERT 3 LHBHROPTO DL > T3,

Proposition 7.2.2. (1) p; : (Apys)ip — (Avr)ip 13 smooth map T\ & O fiber I con-
nected rational variety T& %,
(2) p2: (Apy+)io — (Av)ic i3 principal fiber bundle T3 %,

?E‘i'énf:; €1,p€ZyitHULT,
B(0,d);p := {A € B(co,d) | &i(A) = p}
&35 <40 Proposition 7.2.2 12 & B RD Corollary WED LD Z &EMbhB,
Corollary 7.2.3. B{R q,, ¢ I32BH
B(oo, d");0 = B(00, d)i.c
2FHRT 5.
Z 11T Kashiwara operators &;, f; 28T 2 I 72,
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Definition 7.2.4. EORB T, A’ € B(oo,d')ip & A € B(oo,d);c WHIEL TS ET
5, ZDEE

€°: B(00,d);c — B(00,d'); 0, AR B(00,d");g — B(oo,d);,

% -
&) =N, F(\)=A

LED D, EHILER

€ : l_l B(co,d) — ( |_| B(oo,d)) u {0},
d

dezl, ezl,

fir || B(eo,d) = | | B(oo,d)

dezl, dezl,
E2UTOLIIZEDS :
c>0D c‘:ﬁx
€ : B(OO, d)i,c i B(Oo,d'),"o il: B(OO, d+ Qi)i,c-l‘
c=0 D t g N
é;: B(OO, d)g,o - {0}
ELEFED c 2 01ZH LTS

-~ sc 7 ¢+l
Fi: Bloo, d)ie 25 B(oo, d)io ' B(co,d — au)iesn-

Remark . Corollary 7.2.3 DREHED ZERE ¢, f° LBOTHAH, EDLSIC
&, FEEBTIE, &°, [TRENTN (DL [f ORI EBS EMNTES,

CDEERMED LD,
Theorem 7.2.5 (Kashiwara-S). | |, B(co,d) i crystal TH 5,
MO AEEF zv 7 FHiT LU,

7.3 Crystal base B(oo) D3E{FIEBIHERK

Wi CRER L7z erystal | |, B(oo,d) 28 B(co) ERBTH B L EARTONZOHDEMT
$ 5. ZDI2HIZIZ Proposition 6.7.7 T~/ B(co) DF&ITIID 7 2 DEM (1)~(7) %
Ll; B(oo,d) kT EEBA L. S5 B (1)~1@) BEHEI ST CDI S, E
LD (5) D&

MEED i € 1125t L. strict embedding ¥; : B —» B® B; "FET 3.
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T, ZhatrEhhid (6) & (7) REBIERICHK D, €I TID/ — b Tl strict em-
bedding ¥; D#REEIZDNTREA LA, ,

EFBe Xy KHLT

\ (B~
s = 1A —2 Vin
;(B) := dimc ker ( v ;?ut(f)ﬁ i (-r))

LEDD, Ae Bloo,d) ICH LT ADgenericWE Be A% LD,
&;(A) :=¢€i(B)

b ) ( ° i 7
(Av)l:={B€Av |e& *(B)=p},

B(oo,d)} == {A € B(c0,d) | £(A) = p}
ET B,
B =(B,)ren € Xy KX UTy B* = (B)ren € Xy %
B, :=%By) foranyT € H

LEDD, ITRITFIOERYHDST, COEE «RAR Xy - Xy ¥FHT3
M. WBAHEICED « 1 A S Ay THZZ ENDI B, Ldt>T x i Boo,d) D
permutation 2 FEBTIH, i

& (A) =&(A°)
MDD, £2T

e-"':=*°e-i°*! fd;:*o}"-o*
EBIF.
&' : B(oo,d)f & Bloo,d)l,  £i": B(oo,d)? % B(oo, )
D LD,

Proposition 7.3.1. E# ¥, :|_|, B(co,d) — (| |; B(c0,d)) ® B; #RDE S ITEH S :
A € B(oo, d) i3 L
Wi(A) = &) @ bi(—i(A)).
D& E U, i3 crystal D strict embedding T 5,
PRI HEE TS (KS|BHEOZ &),

FREFEOETE EDHTHE 5o

Theorem 7.3.2 (Kashiwara-S). |_|; B(o0,d) % Proposition 6.7.7 @ 7 2 D%k # %81
Fo FUHDB crystal & LT, B(oo,d) & B(oo) iZRETH 5,
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74 E&oH

BEVEELTLESLDT, 5.3HDBRED/NF S5 7 T~/ Milpotent varieties DEE
IR 24D, simple module I IET 2 BB AICL » TERZh ) ZEDFERICD
WT, ZZTEEDTHLZEIRLED,

tapIciR S £ Mfid 3, LT Tt dimension vector #d TdH 5 & 9 74 I-graded vector
space & V(d) LB Z &I B, 2L, L Q ORA—-M (721) 2 AEFTHLUCA
W3, FIRHE V(d— o) 2 V(2) IRERT i B K701 RKITH X 7= I-graded vector space
ZFHUN V(~a;) 21 BRANETH 1 RITLTE DML 0 D I-graded vector space & T, #
BERSETORETV(E) EHOTHARDDIMBIE SN,

Kashiwara opetator f; : B(00,d);c = B(00,d — @;)ics1 P?WTHEZ L Do FHEMBIC
TAREDIT, BiTc=0&TF 5, ZD & Definition 7.2.4 IZE i,

(7.4.1) fi: B(oo,d)ip = B(oo,d — @)
(3. diagram () ORHELBE
(o) Avia) & Avi-ay X Avig) &= Avicap v == Avia-an

POERBINZDOTH- 1,

—7%. 7.1 MBI & 5 I diagram (Q) {2+ Ringel-Hall algebra RQ 2 K % convo-
lution |Z 0 > THEE URICAN L diagram (J) D nilpotent variety M TH %, 4
DIFE . (Qo) IKHIET 5 Ringel-Hall algebra fl0 diagram i

(o) Ey(cana X Bviga &~ By 2 B B EBvgeaga
&fd‘-éo C@diagram%fﬁh'f\ E
(7.4.2) *: Kv(_apo @ Kvgo = Kv-ana

%Ebf:b'j’ﬁb‘\ ’51@@'% KV(_Q‘).Q =_CF,-.Q Tﬁéo)f\ (7.3.2) i simple module F.-.Q
EENSHIIIRELEBTIEHEOHOTH D, LTI RFHROERTEVRA L
Ey Shid TERT f, 220 @135 0 I BRIE] KA S0,

EEENESDOBERERT, (T41)DRABETH(A) = ATH72&ET B V=V(-x)
& L7238 O nilpotent variety Av(—ay I3 1 HRADNSHRIRETH D, ZOD A ITHIET
% preprojective algebra P([") D#EH;id simple module T%H % = &iTHEE L T Kashirawa
operator f; & [A’ € B{oo,d)ip 1<+ “simple module iCXHiEd A BEHIRA A ZEN S L
T #RICA € Boo,d~a;)i) XTEOHTER] EBIZEIKT 2, THDE (7.41) %4
(7.4.2) D "BEHIRSAIR EEZ LS EVSDIITH B,

cEODBBR fiter & fT OABUEDT, 3P LERPPI LA B HEAR
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BEXHRBRALUTH 4%

I ZETOFED Theorem 7.2.5iCH7c b, LI LIDERETIX| ], B(oo,d) IS crystal
OMBEIEREEIZ LE>THWRILBET. TOLARBERET I LRELHETHE
W EICEFEE NV Theorem 7.3.2 FTEX T, THIIMH TEIEEITIE B0

d = 0 DIFA T 5 I-graded vector space i trivial (0KRTT) THY B(oo,0) 131
b‘b&’.’v%’b‘kﬁéo C D% Ao B 3o Theorem 7.3.2 DB T b, = 1 mod vL(co) €
B(co) KRS LTHBDIE Ay THBe Bloo) DEBDIEH beo i< f; (i € ) e BERT =
EiCE->THONZDT, RETH 3|, B(00,d) THHLAATHHIIRA L TH 3, T4
HH. EROBHRA . A IZ “simple module ICXET % BEAIRA A EED O HBTE
% TH5 filebERRRTIERE>TEONIDITH B,

8 BEDFEEND

CHhETIBRTEALER. KESNHHECESI. Wb “ba- EHIORER T
HBo D/ — KDL BILHToT, SHBIZA->TISOERICHNTE L, 7=
KU, ROLTERATIZ LIIEEOENIEBIS0T, 5EI3IL 5.3 51D Remark T
st FIREIC T B Geiss-Leclerc-Schroer IC & 2BE& &, TNICHMT ABHEICREL T
BT 5,

8.1 Semicanonical basis

EROUFEIMSED B X % C LD algebraic variety &350 X OEAHEA A D con-
structible TH 2 &ii. AXHRBEDOFEEALED union THI S &£ S, FMH
f : X — Cb¥constructible TH 5 &t BED c € CIZH LT f~(c) * constructible
subset Ty D OFHBRBED ce CEBRWT f~Y ) BWELLTHAZ L% I, X LD con-
structible 7 BB & E M(X) EB/ s SN I3 C-vector space TH B,

Y % X OBHIES fe M(X)&EF 3, ZDEE, REMAT ce CH—BMICEE
TR ERDIE: fN)NY BY ORBELHEEEEE. fe M) ML, ZOW
BHARE LTOEce CEHIEEESHI LT,

py :M(X)—=C
2EBT S,

BERL DREBILEE D, (V,V',V) % I-graded vector space D 30#M& L. 7.1 T
#HA U7t diagram

() Ay x Ayr & Agy, 2 Ay

OEMICEAE, i rus m*'c £iC EEhOHNT A 1RE] l:ﬁlti'i‘a. Fih, EORTHI &0
[U; OHT, —BEISS £,° +ROXBE] ICHET 3, U DHT £, 2EMSHTE &R0

TLTEI0T, EBOARHLT FAARORES W, —H. [~BEIHS £ #MOL3 8] 12
BPLLFRASEEMSN, MOEZ T ENTENVBARIREGA=0EL2,

<>
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%%2Z %0 Av LO Gy-invariant 74 constructible function £H% M(Ay)6v &8¢ & &\
M= @ M) (d=dimV)

dezd
L£iZ diagram (O) 1 5EE 3 convolution B & - T C-algebra structure 2EH 3 &
NTE& 3%,

U T ABOLESEH VUV S d=—a; DEE, Ayeay R 1 EALDPOUBHEE
Kok BEEDie TIHL. A DFFHEBIR x4, BMOTER B, xp, (i € 1) TERSH
6;}\4%03 subalgebra £ M & L. My = MAM(AV)®Y EBD B, ZDEE M= @My
T o

Theorem 8.1.1 (Lusztig [L4]). fi — xa, &> TEE S C-algebra OPRBEH = -
Un_) 5> MWFET S, ZZTu_id. double quiver I' = (I, H) i{Hid 5 Kac-Moody
Lie algebra g(T') D T =5 Lie subalgebra T %,

Sketch of Proof. THMH. B—1RQ_ 2 ZL, Db &iZ. = N grading 2R OL4HH
REEQTH S LIEENERICDNS, THHEZ U )g» M THB, S i
U(n_)q 13 weight d D weight space ’&i‘?'o

RIZ A € B(oo,d) (=Irr(Ay)) 123 L

p(f)=1 22 pp(f) =0 forany A’ € B(oo,d)\ {A}

BB fe MyDBFETDHIIEETRT . SO f% fy £H<,

fEDEIS {fo | A € Boo,d)} 13 1 RMEIVIZ M, DEFRATH S0 7 Theorem
73206, d.lm.c U(n )d = ﬂB(OO,d) THBe ZOMEBELEHFEL L E U(tl )d - My ﬂ(
BTHs &dbh s,

Definition 8.1.2. LTHELA Un.) DEE

z-! ({f,\ |Ae |EJB(oo,d)})

% U(n_) @ semicanonical basis & #F.3%,

UT~ 8:={fa | A €)yB(c0,d)} % U(n.) D semicanonical basis ER—RL T\ §
@ Z & b semicanonical basis EPESZ EIZF B,

Remark . 2= K HiD b DT\ canonical basis EFEITh 2 LDONH 5., Zhid 4.3 s
IR FHOBTEOHWREALCTEREI NS, U; OEETSHS (Introduction BH),
canonical basisiCv = 1 2RAT B &T. U(n.) DERENIBSNH. Thiz—&iC
semicanonical basis & {2—% L7421 %2,

“BLZEIZ LY SH,

C—FERRPUOR I OHHTH 0 ERITIBRAZHLEBREMBPEICL S, BL(REMNEERE
iy,

C—HTEOIRA, (nYDEEDAT. BRUATR—ELUL, IO DR LWRIENX[GLS])
@ Introduction iZ& 3,
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8.2 Qeiss-Leclerc-Schréer IZ & 388& & Z DREIE

AT ADER®D quiver TH5 LDREEL o CORBIH, MIET 5 g =g(T)
I3 IR KT Lie algebra &7 0. KMok “Lie & Lie ROM T HMEX SR
DFEIILBS,

g icHIET B Lie 8% Gy n_ iKHIET 2 Lie B % N_ &< G I3 C LOBH Lie B¥.
N_ i2 % D maximal unipotent subgroup TH 2, D& E N OMBBRCIN | EUMn_) D
i, canonical IZEE 5 pairing 3% » T EWOA'ELD graded dual i218 > T 5,

FIECEA Ul M = @3M, O graded dual % M* = @;M3 EB <o A€ Bloo,d) &

oa(fa) = dan (A A € B(co,d))

8*:={pa| A €| |B(oo,d)}
d

M OERT. Ld b semicanomical basis S DRXHEEICLL > T3, S* % dual sem-
icanonical basis & FE3¢,
Theorem 8.1.1iIC& Y\ U)X M TH 72D T,

CIN.) = (U(n.))" 2 M®

BEDIAUD, CORBICTE >TCIN] & M* ZR—¥ L. dual semicanonical basis S* %
CIN.|DFRERI T EIRT B, 259FTBHZ&ETpa, pr €S5" DB papr % (CIN.] D
T) EXBIEBTEBH,

Geiss-Leclerc-Schrder 2R L7z DIZROEETH 5 ([GLS1))o

Theorem 8.2.1 (Geiss-Leclerc-Schrder). Vi (k = 1,2) % I-graded vector space & L
d; =dimV; EE L, AL € B(Oo,dk) ETH, CDEE MheA e B(oo,d1 +dz) g
‘i\ PriPAg = m?ﬁéo

CORBRLETFEUEEA T SO TREVOT, TMEORE) LRSI

TEDBEIHDH%5, TN TD nilpotent, variety DEEFIELS & dual semicanonical basis
OHMBELOMFERRTS, BREVERTHZLED,

Qg HHBRITTIENHRETEH. Kac-Moody Lie E2HA 32 &0, HI3BEDI Sl cover TES,
2L Kac-Moody Lie BEIZEMKRTO Lie BT OT, Bl - &+PILLA3B,

“EREICEAEETOL IS 1 CN_] & Uln_) iTli¥ @ Hopf algebra structure 2 Ah 3 & &, [H#
DOXSITEAL B vector space & LT D graded dual Ti3# { T, Hopf algebra & LTD dual iIZ# > T3,
~% Mld diagram (0) 284 T Hopf algebra DBBEANDS ZLHTE. SSKARE: Un) S M
{3 Hopl algebra & LTORBEEA T3 &bhr3d, Lic#>T M* 2 M D comultiplication 24 -
THREE VN TEE, EITBAEE—8 C[V_| 2 M* (L algebra L LTORBEEI T &IC
3.

“IRE] EFARXOREFOMIITH Y. Geiss-Leclerc-Schroer HE I B - T3 hiFTiRAL,

-114-



Geiss-Leclerc-Schroer 2.  D#ERITHE < & T C[N.] D cluster algebra structure & D
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AN INTRODUCTION TO NONCOMMUTATIVE ALGEBRAIC
GEOMETRY

IZURU MORI

ABSTRACT. There are several research fields called noncommutative algebraic geome-
try. In this note, we will introduce the one founded by M. Artin. Roughly speaking,
in this research field, we study noncommutative algebras using ideas and techniques of
algebraic geometry. Since classification of low dimensional schemes is one of the most
active projects in algebraic geometry, classification of low dimensional noncommutative
schemes is the main project in noncommutative algebraic geometry. In fact, since non-
commutative projective curves were classified by Artin and Stafford, one of the most
active projects in this field is to classify noncommutative projective surfaces. In this
note, we will focus on the classification of the simplest noncommutative projective sur-
faces, namely, quantum projective planes, due to Artin, Tate, and Van den Bergh. We
will also relate this project to the study of Frobenius Koszul algebras.

1. OVERVIEW

1.1. Motivations. In this note, we fix a field k. An algebra always means an algebra
finitely generated over k, and a scheme always means a scheme of finite type over &. That
is, every algebra is of the form R = T(V)/I where V is a finite dimensional vector space
over k, T(V) is the tensor algebra on V over k, and [ is a two-sided ideal of T(V). By
choosing a basis {z),...,zn} for V over k, we may also write R = k{z1,...,2n)/] where
k{z1,...,Ts) is the free algebra on {z,,...,z,} over k. In particular, if R is commutative,
then we may write R = S(V)/I = k|z,,...,2a)/I where S(V) is the symmetric algebra
on V over k and k[z,, ..., zn] is the polynomial algebra on {zy,...,2,} over k. A scheme
of finite type over k is a scheme which can be covered by a finite number of affine schemes
of commutative algebras finitely generated over k. We denote by Mod R the category
of right R-modules, and by mod R the full subcategory of Mod R consisting of finitely
generated ones.

Our jmpossible dream is to classify all algebras. Following algebraic geometry or alge-
braic topology, it is natural to start classifying algebras of low dimensions. Depending
on the research fields, there are several candidates for which dimension function of an
algebra we should use for this purpose. Since we follow the ideas of algebraic geometry,
we use Gelfand-Kirillov dimension (GKdimension) defined below.

Definition 1. Let R = T(V)/I be an algebra and R, = (k+ V) the standard filtration
of R. We define the Gelfand-Kirillov dimension {GKdimension) of R by

GKdim R = limsup log(dim; R,)/log n.

n—oeo

If R is a commutative algebra, then GKdim R = Kdim R, the Krull dimension of R.
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Let R be an algebra. Since GKdim R = 0 if and only if R is finite dimensional over k,
classifying all algebras of GKdimension 0 is the same as classifying all artinian algebras,
which is already an impossible dream even in the commutative case. There are two natural
directions to proceed:

(1) Classify only nice algebras. The concept “nice” largely depends on the research
fields. For example, in representation theory of finite dimensional algebras, clas-
sifying all Frobenius (self-injective) algebras is active.

(2) Classify algebras up to something weaker than isomorphism. This also depends
on the research fields. For example, in representation theory of finite dimensional
algebras, classifying algebras up to Morita equivalence, derived equivalence, stable
equivalence, etc. is active.

In noncommutative algebraic geometry, we follow ideas of algebraic geometry. So we will
first review the classification problem in algebraic geometry.

1.2. Commutative Algebras. Recall that every commutative algebra is of the form
R =kl[z),...,z4]/I. Roughly speaking, the affine scheme associated to R is defined as a
set by

X =8SpecR=V(I):={p=(a1,...,an) € k™| f(p) =0forall f €I}

endowed with some topology, called Zariski topology, together with the sheaf of algebras
Ox on it, called the structure sheaf. Note that if I = (fi,..., fm) where fi,..., fm €
k[z\,..., 24, then

V() ={p=(a1,...,en) €k"| filp) =+ = fm(p) = 0}
There are close relationships between an algebra R and a topological space Spec R. For
example:

(1) Kdim R = dimSpec R.

(2) Ris an integral domain if and only if Spec R is (reduced and) irreducible, that is,
it is not a union of a finite number of smaller schemes. Such a scheme is often
called an affine variety.

(3) R is regular if and only if Spec R is smooth, that is, it has no singularities.

We have the following lemma.
Lemma 2. Let R, R’ be commutative algebras. Then
R R

<= Mod R Mod R’
<= Spec R = Spec R'.

It follows that:
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algebras
Classifying commutative { integral domains } of Krull dimension d
regular algebras

up to isomorphism

algebras
<= Classifying commutative ¢ integral domains } of Krull dimension d
regular algebras
up to Morita equivalence
schemes
<= Classifying affine varieties of dimension d

smooth schemes
up to isomorphism.
The following example suggests that the third classification is easiest.

Example 3. Let
* R =Rz,3/(z ~v?).
o R’ =Rlz,y|/(z* +2° -y )
* R" =Rlz,y|/(z* — 2zy — 4* + 3y° - y).
It is not easy to find an algebra homomorphism between the above algebras nor a functor
between modules categories over the above algebras. However, it is easy to see that
e Spec R = V(z* — y?) is a cuspidal curve.
e Spec R’ = V(z* + 22 — y?) is a nodal curve.
e Spec R" = V(2? — 2zy — y° + 3y? — y) is a nodal curve.
In fact, using algebraic geometry, we can show that
Spec R ¢ Spec R’ & Spec R”.

As we have already mentioned, it is too difficult to classify all commutative algebras
even of dimension 0, so it is too difficult to classify all affine schemes of dimension 0. In
the classification of schemes in algebraic geometry, it is acceptable to assume that k is
algebraically closed because classification problems become far more difficult if we do not
assume so. It is also reasonable to classify only irreducible schemes (varieties) because
every scheme is a finite union of irreducible ones. In dimension 0, there is only one affine
variety up to isomorphism, namely a single point, or there is only one integral domain up
to isomorphism, namely k itself. To classify higher dimensional ones, there are again two
directions to proceed:

(1) Add more conditions on a scheme, namely, classify only smooth projective schemes.
(2) Classify schemes up to something weaker than isomorphism, namely, classify
schemes up to birational equivalence.
We will explain both methods as below.

(1) Classification of smooth projective schemes. Unfortunately, classifying all

smooth affine schemes of low dimensions is not yet easy. In algebraic topology, it is far
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easier to classify only compact surfaces than to classify arbitrary surfaces. In this principle,
we want to classify only “compact” schemes. One way to proceed is to “compactify” affine
schemes to make them projective schemes. A basic process is as follows.

Definition 4. An algebra A is graded if it is endowed with a k-vector space decompo-
sition A = ®;czA; such that A;A; C Aiyj for all 4,5 € Z. Elements of A; are called
homogeneous of degree i. A right A-module M is graded if it is endowed with a k-vector
space decomposition M = ®;ezM; such that M;A; C Mjy; for all 4,5 € Z. We denote by
GrMod A the category of graded right A-modules, and by grmod A the full subcategory
of GrMod A consisting of finitely generated ones.

In this note, a graded algebra always means a graded algebra finitely generated in degree
1 over k, that is, A; =0 for all 1 < 0, Ay =k, and A; = A, --- A, (i-factors) for all § > 1.
Typical examples are the tensor algebra T(V) where T(V); = V®, and a polynomial
algebra k[z),: - ,z,] where k[z1,-+ ,zn]i = { homogeneous polynomials of degree i} U
{0}. In fact, every graded algebra is of the form A = T(V')/I where I is a homogeneous
two-sided ideal of T(V), that is, I is generated by homogeneous elements of T'(V'). Again,
by choosing a basis {z1,...,Z,} for V over k, we may also write A = k{z),...,za)/].
In particular, if A is commutative, then we may write A = k[z),...,2,]|/] where [ is a
homogeneous ideal of k[z), ...,Zn)], that is, I is generated by (finitely many) homogeneous
polynomials.

Recall that the projective space is defined by P! = (k™ \ {(0,...,0)})/ ~ where
(@1,...,8n) ~ (Aay,...,Aa,) for all X € k\ {0}. For example, (a,b) = (c,d) in P! if and
only if ed = bc. Let A = k|[zy,...,24]/] be a commutative graded algebra where / is a
homogeneous ideal of k[z),...,zn]. Roughly speaking, the projective scheme associated
to A is defined as a set by

X =ProjA=VY({):={p=(ay,...,as) €P*! | f(p) = 0 for all homogeneous f € I}

endowed with some topology, called Zariski topology, together with the sheaf of algebras
Ox on it, called the structure sheaf. Note that if I = (fy,..., fm) where f1,...,fm €
klzy,...,zn] are homogeneous polynomials, then

V(I)={p=(a1,...,a.,.)€1?’"l Ifl(p)==fm(p)=0}

Given a commutative algebra R, we can always homogenize the relations of R by
adding one more generator ¢ to meke it a graded algebra R generated in degree 1, so we
can take Proj R as examples below. Moreover, we can recover the original algebra from
R by R (R[t™}])s. Although Proj R is hardly compact in Zariski topology, it somehow
behaves like a compact manifold in algebraic topology. Since Spec R is open and dense in
Proj R, this process looks like a compactification of Spec R.

Example 5. Let

¢ R = R[z,y]/(z* — y) so that Spec R = V(z? — y) is a parabola.
o R’ =Rz,y] /(:vy - 1) s0 that Spec R’ = V(zy — 1) isa hyperbola.
¢ R" =R[z,y|/(2® + y2 — 1) so that Spec R” = V(z? + y* — 1) is a circle.

It follows that none of the above affine schemes are isomorphic to one another. However,
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o R =R[z,y,t)/(z* - yt) so that Proj R = V(z? — yt) becomes a circle by adding
one point (0,1,0) € P2,

o B =Rlz,y,t|/(zy — £?) so that Proj &' = V(zy — #?) becomes a circle by adding
two points (0, 1,0}, (1,0,0) € P2

o R'= R[z ¥, t]/(:z:2 +y* —t%) =R(z,y,1/(z? — (y + t)(—y + 1)) so that Proj R" =
V(z? + y* — t%) is a circle as before.

It follows that
Proj R = Proj R’ & Proj R”.

(2) Classification of schemes up to birational equivalence. The second method
is as follows:

Definition 6. We say that two (affine or projective) varieties X and Y are birationally
equivalent if there are open dense subsets U € X and V C Y such that U = V.

If R is an integral domain, then we can construct the field of quotients Q(R) = {ab~! |
a,b€ Rb # 0} of R, which is an extension field of k. We define the function field of
X =SpecR by k(X) = Q(R). If Ais a graded integral domain, then we can construct
Q4r(A)o = {ab™! | a,b € A are homogeneous of the same degree,b # 0}, which is an
extension field of k. We define the function field of X = Proj A by k(X) = Q-(A)o.

Theorem 7. Two (affine or projective) varieties X and Y are birationally equivalent if
and only if k(X) = k(Y).

That is, two affine varieties Spec R and Spec R’ are birationally equivalent if and only
if Q(R) = Q(R'). It follows that classifying all varieties of dimension d up to birational
equivalence is the same as classifying all extension fields of transcendence degree d.

Example 8. If R = k|z,y)/(z® — 3*), then the map
V(z* - 5*) \ {(0,0)} = £\ {0}; (a,b) = b/a
is an isomorphism. If R’ = k|z, y]/(z® + 2 — ¥*), then the map
V(z® + 22 — )\ {(0,0)} = k\ {0}; (a,b) — b/a
is an isomorphism. So Spec R, Spec R', Spec k[t] are all birationally equivalent. In fact,
Q(R) = Q(R)) = k(t).

By resolution of singularities, every variety is birationally equivalent to a smooth pro-
jective scheme, so classifying all varieties up to birational equivalence is weaker than
classifying all smooth projective schemes up to isomorphism. However, in dimension 1,
they are the same in the sense below. From now on, we will call a variety of dimension 1
a curve, and a variety of dimension 2 a surface.

Theorem 9. For each curve X, there exists a unigue smooth projective curve up to
isomorphism which is birationally equivalent to X .

It is a common agreement that the classification of curves had been completed in a
sense that, for a each curve, there is a birational invariant g, called a genus. For each
genus g, there is a variety 9M,, called the variety of moduli of curves of genus g such that
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0 ifg=0
dim9M, = (1 if g =1 which parameterizes all smooth projective curves of genus
3g-3 ifg=22

In dimension 2, these two classifications are not the same. In fact, classifying all smooth
projective surfaces up to isomorphism is difficult. On the other hand, the classification of
surfaces up to birational equivalence is considered to be successful in a sense that, for each
surface, there is a unique special surface, called the minimal model, which is birationally
equivalent to it, except for a rational surface (a surface birationally equivalent to P?), and
a birationally ruled surface (a surface birationally equivalent to P! x C where C is a curve).
For these two exceptions, minimal models are not unique, but they are well-known. A
minimal model is important since every surface can be obtained by blowing-up a minimal
model several times.

1.3. Noncommutative Projective Varieties. Now we turn to noncommutative alge-
bras. Since classification of low dimensional varieties has been successful in algebraic
geometry, we would like to classify noncommutative algebras (varieties) of low dimen-
sions, following ideas and techniques of algebraic geometry. As in the commutative case,
we restrict ourselves to domains over an algebraically closed field k. It is easy to see that
the only domain of GKdimension 0 is k. The following theorem due to Small and Warfield
is rather surprising.

Theorem 10. [17] Every finitely generated domain of GKdimension 1 is commutative.

The above theorem says that every noncommutative affine curve is in fact commuta-
tive. It is already too difficult to classify all domains of GKdimension 2. Since every
noncommutative algebra can be homogenized as in the commutative case (see examples
below), we will focus on graded algebras, and classify their associated projective schemes.

In modern algebraic geometry, the category Mod Ox of quasi-coherent Ox-modules
play an essential role to study scheme X. In fact, every scheme X determines and is
determined by the category Mod Ox by Rosenberg [15], so it is reasonable to identify a
scheme X with the category Mod Ox. The following classical result is due to Serre.

Theorem 11. [16] If A is a commutative graded algebra finitely generated in degree 1
over k and X = Proj A, then

Mod Ox = GrMod A/ Fdim A

where Fdim A is the full subcategory of GrtMod A consisting of direct limits of finite di-
mensional modules over k.

The following definition of a noncommutative projective scheme due to Artin and Zhang
was motivated by the above result.

Definition 12. (5] Let A be a graded algebra. We define a noncommutative projective
scheme associated to A by the quotient category

Proj A := GrMod A/ Fdim A.
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If A is a noetherian graded domain, then we define the function field of X = ProjA by
k(X) := Qg (A)o = {ab™! | a,b € A are homogeneous of the same degree, b # 0}.

As usual, we define proj A := grmod A/ fdim A where fdim A is the full subcategory of
grmod A consisting of finite dimensional modules over k. Roughly speaking, objects in
proj A are the same as those in grmod A, but two modules M, N € grmod A are isomorphic
in proj A if and only if My, = N>, in grmod A for some n. Note that k(X) is a division
algebra over k. We have the following lemma.

Lemma 13. Let A, A’ be noetherien graded domains, and X = ProjA, X' = ProjA'.
Then

Az A
= GrMod A = GrMod A’ (graded Morita equivalent)
= XX
= k(X) = k(X") (birationally equivalent).

This implies that there are four levels of classifying noetherian graded domains. If A
is a noetherian graded domain of GKdimension 2, then it is reasonable to call Proj A
a noncommutative projective curve. Artin and Stafford [3] classified noncommutative
projective curves in this sense as follows.

Let A be a noetherian graded domain of GKdimension 2, X = ProjA, and K =
Z(k(X)), the center of k(X). Potentially, there are two possibilities, either tr.deg, K =
0 or tr.degy K = 1, however, since GKdimk(X) = 1, it follows that k(X) is finite
dimensional over its center K by Small and Warfield [17], so tr.deg, K =1 and &(X) €
Br(K), the Brauer group of K. Since k is algebraically closed, k(X) = K by Tsen’s
theorem. By the classification of commutative curves, there exists a curve E such that
k(X) & K = k(E). It says that every noncommutative projective curve is birationally
equivalent to a commutative curve. Surprisingly, more is true.

Theorem 14. (3] If A is a graded domain of GKdimension 2 generated in degree 1, then
A is noetherian. Moreover, there is a pair (E, o) where E is a curve, and o € Aut E such
that

A2 HYE,L@E0"LBE - ®F (6™!)'L)
for alln > 0 where £ = Og(1) is an ample invertible sheaf on E. In particular, Proj A &
Mod Okg.

The above theorem says that every noncommutative projective curve is isomorphic to
a commutative curve, so the classification of noncommutative projective curve can be
regarded as settled. We will see later that a geometric pair (E, o) above play an essential
role in classifying higher dimensional noncommutative projective schemes.

If A is a noetherian graded domain of GKdimension 3, then it is reasonable to call
Proj A a noncommutative projective surface. The classification of noncommutative pro-
jective surfaces is wide open even up to birational equivalence, which is the same as the
classification of division algebras of transcendence degree 2. Here is a conjecture due to
Artin (slightly modified by the author).
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Conjecture 15. [1] Let A be a noetherian graded domain of GKdimension 3, X = Proj 4,
and K = Z(k(X)).
(1) (quantum rational surface) If tr.deg, K = 0 so that K = k, then k(X) = K(q-P?)
where q-P? is a quantum projective plane defined later.
(2) (birationally quantum ruled surface) If tr.deg, K =1 so that there is a curve E
such that K & k(E), then k(X) & K(t; ) for some o € Aut K (or o € Aut E).
(3) If tr.deg, K = 2 so that there is a surface S such that K = kK(S), then k(X) €
Br(K), that is, k(X) is finite dimensional over K.

Although classification of noncommutative projective surfaces is nowhere in sight, many
important techniques to classify commutative surfaces has been extended to noncommu-
tative settings:

(1) Serre’s duality [6], [23].

(2) Intersection theory (7], [14].

(3) Riemann-Roch theorem (7], [9].
(4) Blowing up [21]. '

In the next section, we will focus on the classification of the simplest noncommutative
surfaces called quantum projective planes.

2. QUANTUM PROJECTIVE PLANES

2.1. AS-regular Algebras. The simplest surface in algebraic geometry is the affine
plane, which is Spec k[z, y], so the simplest noncommutative surfaces must be a “quantum”
affine plane, which should be “Spec R”, where R is a noncommutative analogue of [z, y].
There are some noncommutative algebras analogous to k[z, y] such as:

e R =k(z,y)/(zy — ayz) where a € k\ {0} (a skew polynomial algebra).

¢ R' = k(z,y)/(zy — yz — z) (the enveloping algebra of the 2-dimension non-abelian

Lie algebra).

¢ R" = k(z,y)/(zy — yz — 1) (the 1st Weyl algebra).
All of the above algebras are regular algebras of GKdimension 2. Although these algebras
can be regarded as coordinate rings of a “quantum” affine plane, we do not have a precise
definition of it yet. As in the commutative case, we can homogenize any algebras. For
example:

o R =Kkz,y)[z]/(zy — ayz) = K=, y,2) /(zy — oyz, y2 — 29, 25 — z2).

o R' = Kk(z,y)l2] /(zy — yz — 22) = k(z,y,2) [ (zy — y2 — 22,92 ~ 2y, 22 — z2).

o B =k(z,y)lel/(zy —yz - %) = k(z,y,2)/(zy — yx — 2*,y2 — 2y, 23 — x2).
All of the above algebras are regular graded algebras of GKdimension 3 and of global
dimension 3. Since the only commutative regular graded algebra is the polynomial algebra,
it may be reasonable to define a “quantum” projective space of dimension d as Proj A for
some regular graded algebra of gldim A = d + 1. It is easy to see that the only regular
graded algebra of gldim A = 0 is k. However, since the global dimension of a free algebra
k(z1,...,Ta) is 1, we must add some additional conditions on a regular graded algebra to
make the definition more reasonable. Although the conditions such as A is noetherian and
A is a domain are most reasonable, it turns out that these conditions are very difficult
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to check in practice. One of the ingenuous ideas of Artin and Schelter was to define
AS-regular algebras as below and classify them up to dimension 3.

Definition 16. [2] A graded algebra A is called a d-dimensional AS-regular algebra if
(1) gldim A = d < oo.
(2) GKdim A < oo. _
(3) A satisfies Gorenstein condition, that is, dimi Ext}(k,k) < oo for all 4, and
; k ifi=d
ExtYy(k, A) = ’
alk,4) {o ifi#d

If Ais a (d + 1)-dimensional quadratic AS-regular algebra, then we call ProjA a d-
dimensional quantum projective space. In particular, if A is a 3-dimensional quadratic
AS-regular algebra, then we call Proj A a quantum projective plane.

Let A be a graded algebra. The opposite graded algebra of A is denoted by A° and
the enveloping graded algebra of A is denoted by A® = A° ®; A. A graded left A-module
will be identified with the graded right A°-module, and a graded A-4 bimodule will be
identified with a graded right A°-module. Then Gorenstein condition above is equivalent
to the following condition: if

0—=Fy—oFi = - F—2FR—=k—=0
is the minimal free resolution of k € GrMod A, then F; € grmod A and
0—’F3’—rFf/---—rF:_l—bF;—bk—r0
is the minimal free resolution of k¥ € GrMod A° where F,Y := Homu(F;, A) € grmod 4°.
Classifying AS-regular algebras up to dimension 2 is easy.
Lemma 17. Let A be an AS-regular algebra.
(1) gldim A = 1 if and only if A = k[z].
(2) If gldim A = 2, then A = k{z,v)/(az?® + Bzy + vyz + 0y) where (o, B,7,8) € P°.
Conversely, if A< k(z,y}/(az? + fzy + yyz + 6%°), then:

ad—P7#0|ad—PBy=0butf#v|ad—pfy=0and f=1
gldim A 2 2 ‘ 00
GKdim A 2 2 00
noetherian Yes ) No No
domain Yes No No
Gorenstein condition Yes No No

Question 18. Let A be a graded algebra such that gldimA < oo and GKdim A4 < 0.
Then A is noetherian if and only if A is a domain if and only if A satisfies Gorenstein
condition?

2.2. Geometric Algebras. Artin, Tate and Van den Bergh [4] classified all 3-dimensional
AS-regular algebras using geometric techniques. Recall that every graded algebra gen-
erated in degree 1 is of the form A = T(V')/I. A homogeneous element f € ; C V®
defines a linear map f : (V®)* & V*® — k where V* is the k-vector space dual of V, or
equivalently a multilinear form f : V**! — k, so we may define a sequence of schemes

T == V() = {(pr, ..., ) €B(V*)< | f(pry-..,ps) =0 for all f € L}.
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If m; : Tip1 — [ is the projection map onto the first i coordinates, then (I, m) is an
inverse system of schemes. We define the point scheme of A by taking the inverse limit
[':=lim F.’.

—

Example 19. If A = T(V) is the tensor algebra, then I'; = V(0) = P(V*)*!, so the point
scheme of A is ' 2 P(V*)*™.

Example 20. On the other hand, if A = S(V) = k[zy,...,z,] is the polynomial algebra,
then [; = {(p,p,...,p) € P(V*)**| p € P(V")}, so the point scheme of A is ' = P(V*).

Example 21. In fact, if A = S(V)/I is a commutative graded algebra generated in degree
1, thenT; = {(p,p,-..,p) € B(V*)*} | p € Proj A} for all i >> 0, so the point scheme of A
is [ & Proj A. ‘

Example 22. If A is artinian, then I'; = 0 for all 7 3> 0, so the point scheme of A is
=0

Question 23. [4] If A is a noetherian finitely presented graded algebra, then does lim I';
converge?

To simplify the story, we will focus on only quadratic algebras. A quadratic algebra is
of the form A = T(V')/(R) where R C V @ V is a subspace and (R) is the two-sided
ideal of T(V) generated by R.

Definition 24. A quadratic algebra A = T(V)/(R) is called geometric if there is a pair
(B, o) where E CP(V*) is a scheme and ¢ € Aut F is an automorphism such that
G1T:={(p,a(p)) € P(V") x P(V*) | p € E}.

G2R={feV& V| f(po(p) =0foral pe E}.

If A satisfies the condition (G1), then A determines a geometric pair (E, ), which is
written as P(A) = (E, o). In this case, [ = {(p,o(p),...,0'"'(p)) € P(V*)*! | p € E}
for all i > 2, so the point scheme of A is I' & E. If A satisfies the condition (G2), then
A is determined by a geometric pair (F, o), which is written as A = A(F, o).

Classifying geometric algebras is equivalent to classifying geometric pairs in the follow-
ing sense.

Theorem 25. Let A =T(V)/(R) = A(F,0),A’ = T(V)/(R') = A(E',d’) be geometric
algebras. Then A = A’ if and only if there is an isomorphism 7 : E — E' which extends
to an isomorphism 7 : P(V*) — P(V"") such that the diagram

E— F
I
E——S F
commutes.
Although the definition is technical, many noetherian quadratic algebras are geometric.

Example 26. If A is a commutative quadratic domain, then A = A(Proj A4,1d) is geo-
metric.
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Example 27. Let A = k{z,y)/(f) where
f=oax?+ fry+ Wz +8y°, (a,f,7.6) P
Then
(»9) =((a,),(c.d) ez =V(f) CP' x P!
<> f(p,q) = aac+ fad+ ybc+dbd =0
<> (fa+ db)d = (—aa —yb)c

c\_(Ba+éb\ _(F &\ [a).
= (- (&) - (% 5)6) »e
<> ¢=o(p) where p e P anda:(ja _Jﬂ)

It follows that
A satisfies (G1)
<= o€ AutP! = PGL(2,k) = GL(2,k)/ ~
<> detoc=ad-Fy7#0.
In fact, A = A(P!, o) is geometric if and only if af — By # 0. It follows that A is a

2-dimensional AS-regular algebra if and only if A = A(P!, o) is a geometric algebra for
some o € Aut P!,

Using geometric pairs, 3-dimensional AS-regular algebras were also classified by Artin,
Tate, and Van den Bergh. We state their theorem only in the quadratic case.

Theorem 28. |4] Let A be a quadratic algebra. Then A is a 3-dimensional AS-regular
algebra if and only if A= A(E,0) where
(1) BE=P? and o0 € AutF?, or
(2) E € P? is a cubic divisor, that is, E = V(f) for some f € S(V)s, end o € Aut E
such that *L % L but (0%)'L®g L = 0"L ®f 0" L where L = Og(1) is the very
ample invertible sheaf on E.

Let A = A(FE, o) be a 3-dimensional quadratic AS-regular algebra. The following is a
list of possibilities for £: (1) P2. (2} triple lines. (2) union of a double line and a single
line. (3) three lines meeting at one point. (4) a triangle. (5) a line and a conic meeting
at one-point. (6) a line and conic meeting at two points. (7) an elliptic curve.

Example 29. If A = k{z,y,2)/(zy — ayz,zz — fzz,yz — yzy) where o, 8,7 € k\ {0},
then A is a 3-dimensional quadratic AS-regular algebra such that

_JP? Cifafy=1,

" | V(zyz) C P? (a triangle)  if afy # 1.
Example 30. Let A = k(z,y, 2)/(eyz + Bzy + 12 azz + Bz + vy?, azy + Byx +72%).
For a generic choice of , 3,7 € k\ {0}, A is a 3-dimensional quadratic AS-regular algebra

such that .
E=V(efyz® + ¥} + ) — (@ + £ +1°)zyz) C PP

~129-



is an elliptic curve, and ¢ is given by the translation by the point (o, 8,7) € F in the
group law on E. In this case, A is called a 3-dimensional Sklyanin algebra.

Unfortunately, there exists a 4-dimensional quadratic AS-regular algebra which does not
satisfy (G2) (see [20]), however, almost all known examples of 4-dimensional quadratic
AS-regular algebras are geometric.

For geometric algebras, graded Morita equivalence can be characterized in terms of

their geometric pairs.

Theorem 31. [10] Let A = T(V)/(R) = A(E,o0),A" = T(V))/(R) = A(E',0") be
geometric algebras. Then GrMod A & GrMod A’ if and only if there is a sequence of
isomorphisms 1, : E — E' which extend to isomorphisms T, : P(V*) — P(V'*) such that
the diagram

R
E 2, B

commute for alln € Z.

3. FrROBENIUS KOSZUL ALGEBRAS

3.1. Koszul Algebras. So far, it seems that there is no connection between two research
fields, noncommutative algebraic geometry and representation theory of finite dimensional
algebras because the projective schemes associated to any graded algebra finite dimen-
sional over k is empty. However, we will see that some of the ideas and techniques of
noncommutative algebraic geometry can be transferred to the study of Frobenius Koszul
algebras via Koszul duality.

Definition 32. Let A be a graded algebra. A linear resolution of M € GrMod A is a free
resolution of the form

R il i)

. pA » BA » QA M =0

where v,(,'-‘) € V = A, for all £,5,k. We say that A is Koszul if k := A/AZ; has a linear
resolution.

It is known that if A is Koszul, then A = T(V)/(R) is quadratic, and its quadratic dual
A'=T(V*)/(R*) where

Rt:={AeV'@ V' |Ar)=0foralreR}
is also Koszul, which is called the Koszul dual of A.

Example 33. The following algebras are Koszul.
o A free algebra. For example,

A=kz,y) <=  A=kz,9)/(2 y92,9)
o A skew polynomial algebra, and a skew exterior algebra. For example,
A=kiz,9)/(zy—oyz) =  A2kiz,y)/(2? azy +y2,97).
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¢ A monomial quadratic algebra. For example,
A=Kkz,9)/(z%zy) = A 2Ekzy)/(yzy)

Let A be a graded algebra. The complexity of A is defined by ¢4 := GKdim(® Exti,(k, k)).
This section was motivated by the following result due to Smith.

Theorem 34. (18] Let A be a graded algebra. Then A is Frobenius Koszul of c4 < o0 if
and only if A' is AS-reqular Koszul.

1t follows that classifying all AS-regular Koszul algebras of GKdimension d is equivalent
to classifying all Frobenius Koszul algebras of complexity d. We will see below that there
are four levels of classification.

As in the commutative case, a dualizing complex defined below plays an essential role
in noncommutative algebraic geometry. We define the i-th local cohomology of M €
GrMod A by

HS (M) = nlzggo Ext},(4/Asn, M) € GtMod A.

For an abelian category C, we denote by D*(C) the category of bounded complexes in C.
Definition 35. [22] Let A be a graded algebra. A bounded complex D € D(GrMod 4°)

of graded A-A bimodules is called dualizing if it satisfies the following conditions:

(1) D has finite injective dimension over A and over A°.
(2) D is a complex of modules finitely generated over A and over A°.
(3) There are isomorphisms of graded A-A bimodules

A ifi=0

0 ifi#0.

A dualizing complex D over A is called balanced if there are isomorphisms of graded A-A
bimodules

Exti (D, D) = Ext}.(D, D) & {

; ; ~ ) A" :=Homi(A k) € GtMod A® ifi=0
H.(D) & Hio(D) 2 {0 HAR

ifis#0.

Almost all noetherian graded algebras we usually consider, typically, graded quotient
algebras of a noetherian AS-regular algebra, have balanced dualizing complexes.

Let grmod A be the stable category of grmod A modulo projectives. We can form a tri-
angulated category S(grmodA), called the stabilization of grmod A, by formally inverting
the syzygy functor Q : grmodA — grmodA so that Q7! : S(grmodA) — S(grmodA) is
the translation functor.

Theorem 36. Let A, B be graded algebras.
(1) If A and B are guadratic, then

A=B = A'x Bl
(2) [13] If A end B are Koszul, then
GrMod A & GrMod B = GrMod A' & GrMod B'.
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(3) [8] If A and B are Koszul and A, B, A', B! are noetherian and having balanced
dualizing complezes, then

D*(grmod A) & D¥(grmod B) = D*(grmod A') = D(grmod B').
(4) [9] If A and B are Koszul and A, B, A, B' are noetherian and having balanced
dualizing complezes, then
D(proj A) & D*(proj B) = S(grmod A') & S(grmod B').

Note that if A is a Frobenius algebra, then S(grmodA) £ grmodA as triangulated cat-
egories. If we accept the conjecture that every AS-regular (Koszul) algebra is noetherian,
then we have the following correspondences:

Classifying all Frobenius Koszul algebras of complexity d

( up to isormophism

up to graded Morita equivalence

up to graded derived equivalence

L up to graded stable equivalence

<=  Classifying all (noetherian) AS-regular Koszul algebras of GKdimension d

[ up to isormophism

up to graded Morita equivalence

up to graded derived equivalence

up to derived equivalence of the associated projective schemes.

\

Since classification of Frobenius algebras is an active project in representation theory
of finite dimensional algebras, there will be deep interactions between these two research
fields.

3.2. Co-point Modules. If A is a Koszul algebra, then we expect that some of the
techniques to study A can be used to study A'. In fact, by transferring techniques of
noncommutative algebraic geometry described in the previous section, we have already
obtained some results in representation theory of finite dimensional algebras (see [18],
[11]). We would like to make more progress in this direction.

Definition 37. A quadratic algebra A is called co-geometric if its quadratic dual A' =
A(E, o) is geometric.

If A is co-geometric, then A determines a geometric pair by (E,0) = P(A4Y, and A
is determined by a geometric pair (E,0) by A & A'(E,¢) := A(E,0)". The following
results are simple interpretations of the ones in the previous section.

Theorem 38. Let A = T(V)/(R) = A(E,0),A = T(V')/(R) = A(E',d’) be co-
geometric algebras. ‘
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(1) A = A if and only if there is an isomorphism 7 : E — E' which extends to an
isomorphism T : P(V) — P(V’) such that the diagram

E—" F

I
EZ-> F
commutes.
(2) Moreover, if A, A’ are Koszul algebras, then GrMod A = GrMod A’ if and only if
there is a sequence of isomorphisms 1, : E — E' which extend to isomorphisms
Tt B(V) — P(V') such that the diagram

E——o F

cl lc’
E= E

commute for alln € Z.

Since A is a Frobenius Koszul algebra of complexity 3 if and only if A' is a 3-dimensional
quadratic AS-regular algebra, Frobenius Koszul algebras of complexity 3 can be com-
pletely classified in term of geometric pairs up to isomorphism and up to graded Morita
equivalence. In this section, we will find the geometric pair (E, o) directly from A without
passing through its Koszul dual.

Let A =T(V)/I be a graded algebra. For p € P(V'), we define N, := A/vA € GrMod A
where v € V = A, such that p = [v] € P(V). This notation is useful because, for
pgEPV), N2 N, ifandonly if p=g.

Example 39. If A= k(z,y,2)/I and p = (g,b,¢) € P?, then
N, = Af(azx + by + cz) A € GrMod A.
Definition 40. Let A = T(V)/I be a graded algebra. We say that N € GrMod A is a
co-point module if N has a minimal free resolution of the form
2, AL A=, A NSO
where v; € V = A, foralli e N.

We denote by clin A the full subcategory of GrMod A consisting of co-point modules. If
N € clin A is a co-point module having the resolution as above, then Q*N = N, € clin A
are co-point modules where p; = [v;] € P(V) for all i € N. We define P'(4) = (E, o)
where E := {p € P(V) | N, € clin A}, and ¢ : E — E is a map defined by QN, & N,(,
so that

Q‘NP = N,l(p)
foralli e N.
For the purpose below, we assume that the following technical condition. We say that
a Koszul algebra A satisfies (*) if

(1) GKdim A' < oo (equivalently ¢4 < 00),
(2) A' is noetherian, and

~-133-



(3) A' satisfies Cohen-Macaulay property, that is, grade M + GKdim M = GKdim A
for all M € grmod A' where grade M := inf{i | Ext}y(M, A') # 0}.
We expect that every Frobenius Koszul algebra of finite complexity satisfies (*).

Theorem 41. (11] If A = A(E, o) is a co-geometric Frobenius Koszul algebra satisfying
(*), then P'(A) = (E, ).

Many important functors in representation theory of finite dimensional algebras pre-
serve co-point modules.

Lemma 42. [12] If A = AYE, ¢) is a Frobenius Koszul algebra satisfying (*), then there
are following functors:

Q : clinA—clind
Tr : clin A — clin A°
(-)Y :=Homga(—, A) : clinA —clin4°
(-)* := Homg(—,k) : clin A—clinA°
N(=)=((-)Y)* : clinA—clinA

It follows that the Nakayama functor N : clinA — clin A induces an automorphism
v € Aut E, which is called the Nakayama automorphism.

Conjecture 43. Let A = A'(E,0), A' = A(F',¢’) be co-geometric Frobenius Koszul al-
gebras of complexity d satisfying (*), and let v € AutE,v’ € Aut B’ be Nakayama
automorphisms. Then GrMod A & GrMod A’ if and only if AY(E, ve?) & A(E',V0").

It is easy to prove the above conjecture if ¢4 < 2. If c4 =3 and F is an elliptic curve,
then the above conjecture was proved in [10].

REFERENCES

[1] M. Artin, Some Problems on Three-dimensional Graded Domains, Representation theory and alge-
braic geometry, London Math. Soc. Lecture Note Ser. 238 Cambridge Univ. Press (1995), 1-19,

[2] M. Artin and W. Schelter, Graded Algebras of Global Dimension 8, Adv. Math. 68 (1987), 171-216.

[3] M. Artin and J.T. Stafford, Noncommutative Graded Domains with Quadratic Growth, Invent. Math.
122 (1995), 231-276.

[4] M. Artin, J. Tate and M. Van den Bergh, Some Algebras Associated to Automorphisms of Elliptic
Curves, The Grothendieck Festschrift Vol. 1 Birkhauser, (1990), 33-85.

[5] M. Artin and J.J. Zhang, Noncommutative Projective Schemes, Adv. Math. 109 (1994), 228-287.

6] P. Jorgensen, Serre Duality for Tails({A), Proc. Amer. Math. Soc. 125 (1997), 709-716.

7] P. Jorgensen, Intersection Theory on Non-commutative Surfaces, Trans. Amer. Math. Soc. 352 (2000),
5817-5854. .

8] 1. Mori, Rationality of the Poincaré Series for Koszul Algebras, J. Algebra 276 (2004), 602-624,

9] 1. Mori, Riemann-Rock Like Theorem for Triangulated Categories, J. Pure Appl. Algebra 193 (2004),
263-285.

[10] I. Mori, Noncommutative Projective Schemes and Point Schemes, Algebras, rings, and their repre-
sentations, World Sci. Publ. (2006), 215-239.

11] 1. Mori, Co-point Modules over Koszul Algebras, J. London Math. Soc., to appear.

12] 1. Mori, Co-point Modules over Frobnius Koszul Algebras, preprint.

13] 1. Mori, On Classification of Frobenius Koszul Algebras, in preparation.

14] 1. Mori and S.P. Smith, Bézout’s Theorem for Non-commutative Projective Spaces, J. Pure Appl.
Algebra 157 (2001), 279-299.

-134-



[15] A.L. Rosenberg, The Spectrum of Abelian Categories and Reconstruction of Schemes, Rings, Hopf
algebras, and Brauer groups, Lecture Notes in Pure and Appl. Math. 197 Marcel Dekker, New York
(1998), 257-274.

[16] J.P. Serre, Faisceauz Algébriques Cohérents, Ann. of Math. 61 (1955), 197-278.

[17] L.W. Small and R.B. Warfield, Jr, Prime Affine Algebras of Gelfand Kirillov Dimension One, J.
Algebra 91 (1984), 386-389.

[18] S. P. Smith, Some Finite Dimensional Algebras Related to Elliptic Curves, in Representation theory
of algebras and related topics (Mexico City, 1994) CMS Conf. Proc. 19, Amer. Math. Soc., Providence,
RI (1996), 315-348.

(19] J.T. Stafford and M. Van den Bergh, Noncommutative Curves and Noncommutative Surfaces, Bull.
Amer. Math. Soc. 38 (2001), 171-216.

[20] K. Van Rompay, Segre. Product of Artin-Schelter Regular Algebras of Dimension 2 and Embeddings
in Quantum P3’s, J. Algebra 180 (1996), 483-512.

(21] M. Van den Bergh, Blowing Up of Non-commutative Smooth Surfaces, Mem. Amer. Math. Soc. 154
(2001). _

[22] A. Yekutieli, Dualizing Complezes over Noncommutative Graded Algebras, J. Algebra 153 (1992),
41-84.

[23] A. Yekutieli and J.J.'Zhang, Serre Duality for Non-commutative Projective Schemes, Proc. Amer.
Math. Soc. 125 (1997), 697-707.

DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCE
SHIZUOKA UNIVERSITY
SHIZUOKA 422-8529 JAPAN

E-mail eddress: simouri@ipc.shizuoka.ac.jp

-135-



(s

Lrek
12er

R
Ity

aes

i
’

[
PRACA N L

o
NN

-

~a

Fud




SHBOTNFR

AKIHIKO HIDA (RE#E)

1. INTRODUCTION

HIRBOXFRRITHEOT, BARESHMEE SN T3 OB block DRID derived
equivalence (B3 % Broué¢ FHREPRTNZ bONH Y 3. HHHOBLR (3], (4] <
Lo TZOFHIZMBEINTET.

HERFEORE, [2] T weight Hf 2 D block iZ2 T Broué FHEIMMER T AT T,
ZZTit .

(i) weight A% 2 @ block 32T derived equivalnet

(i) defect group HE[RITI[HE (DFD 2 < p DEE) TOHITHFIA block T wreath
product

(Sp x Sp) 1 Sy
D block & equivalent iIZ753 bDVFEET S

EVS 2ERERINTOET. Tho LHMohTHWEEREZHHES & Broué Fii
MEAShAZ &IZiED T, 20 (i) (i) & weight 22 DREARB ST RICHEHATE
i, HHEBFITONTOD Browé FRRBIAZND I LITLHET.

(i) DFAid Rickard {2k 3 DT, (defect group XA &I T & LBEEC) —F
D weight @ block IZDWTKIULT A I ENFRBINTOE LA, (i) ORFFIL block i
Rouquier ik > TR SN/ HDT, (3] iITk D (weight 2 iZ[R 5F) —KDHEITHEA
ShEE L. [{4) KRBT, (i) H—ROBAITHB X H, HFHFBITOVTD Broué FEH
RN LT DT, [4] Tt () O—FOBAICAYNT I ERUTR—ERLE
U THRINATOET. FR—EREE 0fe, (i) O—ROBEITIHEY T IRIL,
BHRE, Turner [8] & DI EhTLET.

[4] TRAUFROBEOFEHEE—RILL T, sly-categorification EWV I FSEHALTH
7. JhiZHHER, (H3VRFR—BRER) L SOFEBAII TR, Hecke algebra,
gl, D category O PHEBD rational representation 7 & LFAICTLHDTY.

I TR, HHRBOBAERICLED sir-categorification & derived equivalence IZ 24T
(LD (i) D—BOBERH85) ORJERLET.

BE, EEOATRDD, BRELTOIHSPIERLECHBHHLBVET.
KRDOEBHULET.

e NFA—F— g1 OB/BIMELTLE - L

o affine Lie algebra si, DIEAPZ Y RAF NS5 7 LORFBIHNZORICLRD
FHA/LRRRIZE > THBIE

e minimal categorification iZBd9 % #B4 Theorem 4.6 (ZHIXHEE TR S 584
HEBSOTTY) OMAZBLTLE- LI L
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sla-categorification DR E LTI LI H B & i, MHA 5 Lie theory EfTSHD
BED D 3 HDNBNRTT A, Lie theory LIZBAFRBOFRED block PHRRITE T
BOBAICEAEINEZLbHNETE L LAVDTRAVD, LEELERAZZTTHE S
b LTuhET.

PITF, 28 TIREMRBO block & Broué FRITOWTHEIIERE T, 3TTIRAIR
BOFRIIOVT I BBMISE~ET, 4 RTIINHRBEOHEEHRIT sly-categorification
{ZDWTHREA L, derived equivalence iCBd 2 ERER BN, SETEERLAMALET.
Broué FAICOWTEHLU i3 [6] %, AHRBORRIIOVTIE, 1), 5], [71] HEXBRLT
&, '

BRI D F U, FILEAMBHEFICED X LA LIS OBEHED £ U THLLE
LETFET. o053 T&0E L.

2. FRBOT oy 7 & BRAUER XL

G =HME, k FERYN p ORMINEGKLET S, BR kG OHG
Z(kG) = {z € kG | zy = yz, Yy € kG}
DORIE~<EHTE kG D block &5, D% D, be Z(kG), b#£0, b2 =b £1L5 b T,
b=by+by b € Z(kG), b2 =b;, bib, =0 7851 b =0 L by =0 EHB DD &
TH5. fHETBATTIVEGh % block EFRTEBH 3.
G DL HIHLT,
(kG)" = {z € kG | h™'zh = 2, Vh € H)
EBL.KSHLSGIHMLT,
Tr¥ . (kG)X — (kG)¥
%
Trii(z)= Y h'zh
he \H
LEETS.
b% kG @D block &T 5 &, be Z(kG) = (kG)® TH3. be Tr§((kG)P) &1 5484

§ Dﬁ'(‘ﬁll\fi bD% b D defect group &4 V). ThidHBERE—TEMIzhE 3 p-185
TH5.

Theorem 2.1 (Braver O—XEE). D % G O p-§f38, Ng(D) % D DEHR(LBE
5. ZDEE, defect group A D © kG D block & defect group 3¢ D @ kNg(D) @
block & DMic—x—DHHENDH 3.

b % kG @ block T defect group 2 D O d D, ¥ % b © Brauer & (EOERT b I
X9 B kNg(D) @ block) &3 3. defect group A EIRBAHDIRE, 2% D, kNg(D)Y
BENEY LD PTORRELE > TS, £ T, kNg(DW 5 kGb DI EB SIS
M, kNg(D)b' & kGb DBRIZE H L > THENENDI T EMREELE 3,

Conjecture 2.2 (Broué). D Y B DB/E, kGb & kNg(D)V 1% derived equivalent.

n RAH S, OBEORRERTHLD. b (1 =1,2) % kS,, D block, D; % b; ®
defect group, N; % S, TD D; DIERILEE, b, % kN; TD b; @ Braver #i5&T 5. b
U D, = Dy 78 51 kN, & kNob, 13 Morita equivalent THB Z Edtbnd, £->TS
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DOFELEAT 7 HITRRD 2OEEBFTHIET LN,

(1) XI%¥5B¢ Sp (n=1,2,---) D block T defect group FIEL bDIZLT derived equiv-
alent.

(2) defect group DT O & & iZiE, €D PIT Brauer & derived equivalent 75 H DA
H3.

(2) 13 [3) DRERTHS. T[4 12&3 (1) KOLWTEBRL TN S &iT 3.

3. MHHOERS
HBHOES 2 7 BRI OVTLELYWEE I fHRUIZE~S.

BR& D%
nZBR¥EL,a=(a,02,...), i €EZ, 22> 20, ai=nLliBb &
& a % n O partition &), EFED Lk ICHUT, #{(j |o; =k} <p EHBLE, o
% pregular partiton &), O ZENSEMRETAZAT oy M, og M, ... EH~E%E
Young B &9 . ELT partition & Young REER—HITE2EHH 3. o (D Young
fifélﬁf{;_(ti)‘é) i 1T (E25);j FID node (i, 7) I U T, €D presidue % j—i mod p
5. '

Example 3.1. p =3 Oig4.

0
2
1

N O
L= ol N

a D node (1,7) IR LT, i fTOREIS j FIO—FTXCcOMELN p A% prim
hook &3, _

Example 3.2. p =5, a = (5442). * D45 H¢ 5-rim hook Dl

*

a 5 p-rim hook ZMH BT &, prim hook DILWEFIICHZET S, THh%E o
;Jp-core, p-rim hook % B O B& < %% weight &4V, (p-rim hook DR Y FiZk 5TH
3).
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Example 3.3. p =2, n =4, 5, 2-regular partition D4
o  Young B 2-core weight

6 (LI O 2

(32) ' 1] 2
(41) ||| I 1
@ [T 9o 2
(31) LI 9 o

SIHREED block

simple kS,-module ® REHiE n D p-regular partition E—H—IZHIEL TSI &
PSR TNS. o 25T B kS,-module ¥ D* TEY. 2-DD simple kS,-module D*
& DB MRAL block iICBTADIE a & B Dpcore WRALEETHS, 2 b, HFHO
block iZ p-core & weight TREDIRTHB. £z, 20D block D defect group HEE
&L B DIL weight HFELNEETHS.

b % kS, @ block T pcore ¢ 7, weight w &T3. t=n—wp EB< & TRt O
partition T$ 3. b D defect group D X @HIZ LD &, ROKITILS.

Swp xS < Sm De Sylp(swp)

Ns.(D) = Ns,, (D) X 5.
kS.b @ Brauer 3G
kNs,, (D) Q) kS:b
k

TH3B. kNs, (D) IRVO&EDD block UMMFILIZW. by 1 p-core T, weight 0 D kS, ©
block T kS:b. I simple algebra TH D,

kNs..,(D) @) kSibr
k

i3 kN5, (D) & Morita equivalent IZ78 5 T3,
R weight w @ block 24T, defect group HFMELI2DIF w<p DEET
BB, p WNEOBA/IRTLEALTT]ER T BN,

Example 3.4. p=2 &% 5.
(1) kS; (ChBEIV EDD block). (2-core @, weight 2.) simple module {222 DW,
D@D Tk EOR®TIZ1, 2 THAB. projective indecomposable module DHEEILRDIRIC
ToTWa. DW =1, DOV =2 EENENKRTTEEET S. P, % i D projective cover
ET5.

1 2
1 2 B



(2) kSs D principal block (AL ERRADET S block). (2-core (1), weight 2). simple
module X D®), DB Tkt 1, 4.

1

P Py =

N
[ - SR S R -}
Ll o -
[ N

EBSD block b defect group D (X8 8 D ZME## (FEFTR) TH Y Brauer &
{3 kD THB. 5D 225D block 13 derived equivalent TH A D¢ kD i3 derived
equivalent TIXAL>,

Functor E, F

1=0,1,...,p=1&F5. b % kS, D block T p-core &, b’ % kSns1 @ block T p-core
K &FB. core b x THB n D partition A & core ¥ &' THD n+1 D partition N T
Py re%i_due NiDnode 2FUMABE XN EHBEHBTHONHBEE, b Y ENY
Nt ot -8

Example 3.5. p=2,i=0 &7 5. partition D

0j1]0
T, 0 T 7 |
1
— 9]
I8 LT, 2-core (Z7:13 block) D,
1

Y EANES

b ¥ D& & 20 functor %,

E; =bkSpp1b ® — : kS,-mod — kS,41-mod
kSab

Fi = bkSpi¥ Q) — : kSas1-mod — kS,-mod

kSap1 ¥
EEBTE. bV ENBbEIUI Y BUNEEIL 0 LTS JDLE,
Indg;" =D B, Resi)" =D F
THD B, & F i3EOIC (left and right) adjoint DBEIZH 3. block DF
boS by e top,
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(0 5 by, b SV ERBESY, Y HNETB)HHBETE. ZDEX,0<I<n
=L _
by ~ bat

EN ZEITS. ZDEE weight HR U block IZ2WTRAIKISh T 5.

Theorem 3.6. b, b ZXIFRBED block T weight VRUSDETS. 0 <dp,...,0m1 < p-1
& block by, ... by T

bRB L.y
LB LONEETS.

& T, SEHD weight AR U block i3£ T derived equivalent THB I LZEIH 7
BT, b~ Y 15T 220 block 13 derived equivalent THD & LEREIE Lo,

sla(Q) NER
sh(Q) = {(a g)

Lie algebra
e=(60) =00 r=len=(3 )
ET 5. HRRIC sl,(Q)module V E A€ Z ITHLT

W={veV|hv=Xv}

v=@9m
A

égofhé. s = exp(—flezp(e)exp(—f) LB EhiRV LOBESHE L TENE

a,bc,d e qQ, a+d=0}
DEE%:

EBL &

SZV_,\:bV,\

eA+r fr
= Z( 1 +r) Y

ERB ve V., Boid

TH5.
b; % kSme; @ block,
bo 2> by oo S b,

(b = bo, by S b £33 b, b 1AW ET 3,
A= @ksm-f-jbj
J

E;=(DE, FF=@F: : Amod — A-mod
&9 5. Ko(A-mod) % Grothendieck group &35,
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Theorem 3.7. V = Q ®; Ko(A-mod) &7 5,
€ [Eil» f L [F,]
IZED VI3 sly(Q)-module £15D
Vonsaj =Q ® Ko(kSm43b;-mod)
z

TH5.
DV D sh(Q) DIEREEAZ & LED sv OIS
Db (kSm4ib-mod) = D?(kSpmin-tba_t-mod)
53X % complex MERIEND. A\ =n-2 LB E V., = Q® Ko(kSmstb-mod),
Va = Q@ ® Ko(kSmin-tbn-r-mod) TH3.) £y, & ISHIET S functor
EC p)
EREL, RDE D complex X5 EICK3B,
_— E(A+r)F(r) —_— e — E(a\+l)F —_— E(A) —0
BLIRRATARSZ LT 3.
Functor F, @B|mEct
EICEBLIC F, OSI0EBROEFICAARTE ).
Lo=(In)+(2n)+--+ (n—-1,n) € kS,
% Jucys-Murphy element &3, (1n) 131 & n EANYBLIAERTHS. M € kS,-mod
IHUT, L, DEFHE  ITo0WTOLEEEEME£Z 5 &,
F(M)={me M| (L,—-1)*m=0,k> 0}
EW>TNB, Ly 13 Suy EFTRIEDTIHITFEDNIC kS,_y-module TH 3.
4. 8l,-CATEGORIFICATION
sly-categorification DIELER
A% k LEOFRRTBTHR, A= A-mod £F5.
Definition 4.1 (sla-categorification for ¢ = 1). ROTF—INELShic L& Tho%
sly-categorification on 4 £V
sa€k
e exact functor E,F: A— A, E & F REWIC (ELB@HHD) adjoint
ee [E], fr [F] S&D V =Q® Ky(A) 12 slx(Q)-module
o S€ AN simple USHEHZDORABH (S| eV ICOWT [SjeW,3NEZ
e X € End(E), T € End(E?) TR:(A7:7HD
(ET)o(TE)o(ET)=(TE)o (ET) o (TE)
T:=1d
(XE)oT =To(EX)+1d
e X ~ a {3 locally nilpotent
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weight SR V = @, Vs ICHIELT A bAHETE. oD, A = {M e A|[M] €
5 &

A=DA
y
&33. TDRIET equivalence
CDMAy) = DUAL),  KYALL) = KY(A)

PEETD, &) ONERER (Theorem 4.7) TH 5.
Example 4.2. $358D block DB4. 0<a<p—1&,T5. b; & kSmy; D block,

bo=> by =>eee Dby
(b = by, by > b" ET2B b, V' IRIE) T3,

A= (P kSms;b;Bj, A= A-mod

E= @ E, = @(bjksm+jbj—l ® -)

k5m+1-lb‘1—1
F=@F. =P b;-1kSmssh; @Q -)
kSmasbs
EEBL. B F 2EWT adjoint THB I &, shh(Q) DV =Q® Ko(A) ~NDIEAIZDNT
{3BEICA72. X € End(E) & T € End(F?) RO & H IZEET 5. block 272 hET
LB EEHHLTHEE, functor kS, Qus,_, —, kSt ®is,., — % bimodule kS, &R—#
T3,
X: kSg b kSt
i3 L, OBRISLDOH, :
T:kS, — kS,

sy =(t—-1t) OFALLOBMEETRTS. D ESMES,

(ET)o(TE)o (ET) = (TE) o (ET) o (TE)
i 518501 = 851150 & D,

Té=1d
2si=14&b, '
(XE)oT =To(EX)+1d
R Leseoy = 8y Lemy + 1 KOS, F£i2 (X —a) At locally nilpotent THB Z &I L,
’i_‘—;iﬂ Wit F QBRI S5HbIB. LLEIZED (o,B,F, X,T) iZ A LD sl;-categorification
- ThA,

Degenerate Hecke algebra
k-algebra H, ZRD & D IZEHT 5. £RLTTI,

Tli"‘lTﬂ—l)Xl)"'lXﬂ

BERR
7? =1, 7;‘Ti+ch' = 7:‘+17;'7:'+1
TT; =TT, (i = 51 > 1)
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X.'XJ' = XJ'Xg, X,T} = T,X. (‘i —j # 0,1)
XinTi=T:X;+1
TEASND. T,,...,Th-) DERT 3 subalgebra i1 kS, LRABTHY UTR—KET2
CEbHB), Xy,..., X, DERKT B subalgebra IZBEAR k[X,,..., X, TH3.
Functor E(™"), ()
(s, B, F, X, T) % A ED sly-categorification &3 5.
o : Hy — End(E™)
%
T 1 Er=i-1T g1
X+ EMiX B
EEETS. E, T, X OMFERE H, OBFERED, M e AITHLT,
Ya(M) : H, — End(E™(M))
i k-algebra hom. TH Y E*(M) IZ right H,-module &% 5.
T=1Ffldsgn: S, — k

EHANERE LIITSRRALTS.
&= r(wyw€kSs C Hn
WESy
EO™ = B
EEHTS.

E" = B BT (n! MOET)
ERSTNA, RIS P BSOS,
Minimal categorification
a € k, H, % degenerate Hecke algebra, m, = (X1 ~a,..., Xn —a) T k[X,,..., X,] D
BRAFTNET D, TBIT,
n, =my* C Z(Mn)
% Sp-AERD2, -
Hp = Hn/Hnnn
’Ftv',n = (Hl + Hnnn)/Hnnn S Hi/Hi n Hnnn
EBL.
Proposition 4.3. H, (3HRKRTD simple algebra TEDKRTTIE (n!)? THB. H, 1
local symmetric k-algebra TH 5.
B; = H;, &+ <. subalgebra OFll
k=ByCB, C:--CB,=H,
LT,
A(n) = €D B-mod
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E=PBER-). F=PBR-)
By

By
X € End(E) ¥ X; DELH SO, T € End(E?) 13 Ti, OGHOOH, LERT 3.

Proposition 4.4. Z® (a, E, F,X,T) & sk-categorification on A(n) &L% (minimal
categorification EFES32). Q ® Ko(A(n)) & n+1 RITD simple sl5(Q)-module THB.

Minimal categorification A(n) &—H® A
(a,E,F, X,T) % A-E®D sly-categorification, U & simple (€ A), FU =0, E"U # 0,
EMIY =0 &T5.

Proposition 4.5.
'Yi(U) H — EndA(E‘U)

o RE
ﬂi,n pact EndA(EiU)
MNBohs,
Bi=Mi, £H{ &, BV Wdright Bi-module &7 9,

Ry = PEUR)-): Aln) — A
Bi

13 sly-categorification @ morphism &) HDICIL - T3,

Rickard’s complex
(a,B,F, X, T) % A-ED sly-categorification £T5. A€ Z ITHLT

6y : CYA_,) — C¥(Ay)
ERDEIICERTS. r>20A+r2>200DLE,
O;" = BlanMnIpn) . 4, 4,
fid & &It 0 &F 3. adjoint (E, F) ® comnit e : EF — 1d 25
E.\+T—IEFF1'—1 —_ Ez\+r-lFr-1
PEoh, TOHRELT,
a7 = ElegnA+n) pllir) | e;(r—l) = Eleenr+r=1) p(1,r-1)
ETHE
Or:-— O L e — L.
{2 functor @ complex &75. total complex &5 I &icdk b,
63 :CYA.) — C¥A)), 6 =(P6,:CYA) — CYA)
o, HERICAWO 22 TO functor i exact DT,
©: Kb(A) — Kb(A), ©:D(A) — D*(A)
»8o5hs,
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Theorem 4.6. minimal categorification A(n) D& A=n-20 IZHL T,
GA:O-—vG;'—v---——veg—vO
&72Y, homology IZDWTId i # ~l DEE HY(O,) =0 THH, H(O,) BAM
A(n)_» =~ A(n),
25X TWA3.
Theorem 4.7. —f&D A DFE.
8 : K4A) = KYA), DYA) =~ D(A)
O : KAL) = K¥A,), DP(A.,) = D(A,)
Example 4.8. p=2, A= @;!:oks;;ﬁbj-mod &3, KL,

n | 3 4 5 6
ICS,, D blOCk bo b1 bg bs
' |
core J ) |:]
LT3,
A=A38A18 4,6 A
EESTWS,
8, : D*(kS;b;-mod) — D¥(kSsb,-mod)
iz

bakSsbocs” () bokSabi — bakSsby
kSabo
TEZoh3. & =1-(45) THB. 4 RITD simple kSs-module D projective cover
% P, 2 RFTD simple kSs~module @ projective cover % Q2 &H < EEMMDIE (degree

-1 i
P Qs
k
LRABTHE.

5. EEDIEA
Z ZTid Theorem 4.6 Z{HE LT Theorem 4.7 DIEIADIREGZ B~ 5.
0 : CY(A) — CH(A)
12X LTED adjoint OV #'H Y, €D counit D mapping cone
e —Id—2Z —

(%23, Z2:C%A) — CYA) TH%. DYA) — D¥A) O functor LT Z =0T
HBZELERES.

Lemma 5.1. U € A ¥ simple T FU =0 U5, £8D i > 0 iS22 T KY(A) KB
T Z2(EV) =0 TH5.
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Proof. EMU #£0, B =0 &5 3.
Ru . .A(n) —_ A
oy
Ry : KY(A(n)) — Kb(A)

REBSh3B. A(n) TO Rickard complex % &', Z {CHYET3HD% Z/ TRI LKLY
3. Theorem 4.6 £ D Kb(A(n)) ICH1T Z'(B;) =0 b1 3. A

K*(A(n)) = K¥4)

2| dl

KA(n)) —> K*(A)
IZEHRTH Y, Ry(B,) = BU TH-1DTZ(EV) =0 &5 5, O
Lemma 5.2. D%(A4) — DbA) D functor £ELT Z =0.

Proof. C € D¥(A), Z(C) #0 &RETS. Z D adjoint ZV KX UT, C' = ZVZ(C)(#0)
EBLHMC)#Q ERBRPD n LB, FI(HC)) #0, F+HYHMC') =0 & LT
simple U C F'(H*(C')) #&,3& FU=0T%5.
Hom 4(E*U, H*(C")) =~ Hom4(U, F*(H*(C"))) # 0
DT _
Hompb(A)(E'U, C'[n]) 75 0
&%, LML Lemma 5.1 &9
Homps(4)(E'U, 2" Z(C)[n]) = Homps(4)(E'U, 2" Z(C[n]))
o~ HOInDa(A)(Z.EiU, Z(C[n])) =0.
O
KIZ O : KY(A) = KYA) DFHIZ K(A) O functor ELTH Z=0THBZ &%
=Y.
Lemma 5.3. M € A &9 5. HAHBRIT k-algebra A, A'-mod LD sl,- categorzﬁcatzon
& functor (sl-categorification D morphism é:t\bhé b0)
R:A'-mod — A
T M ¥ R(A) ODEMEFICNS bONEEST 5.
Proof. N = @ijEiFjM EBEN= @®.N,, N, € A, EARTS.
A, =Ends(My), A'=@PA4,
&E95.
EB(HomA(Nm,ENo ® -)

@(HOIDA(NA 2,FNA)® -)
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ZRWT A'-mod IC sly-categorification ZRH B Z ENTE 3.
R=EP(MN: Q) -) : A-mod — A
A

EThid L, (]

Lemma 5.4. K*(A) D functor LT Z=0Th 3.

Proof. M € AIZHUT K¥A) IZHWT Z(M) =0 2FREHEH+42TH3. Lemma 53 O
R:A-mod — A

L%, A-mod T Z IKHYTEHD%E 2" £95 & Lemma 5.2 & ¥ D¥(A'-mod) i23
WT Z"A)=0TH5B. LU 2"(A") € Kb(A'-proj) TH B0 S K¥(A'-proj) ICHNT
Z"A)=0THb, T[REX

K*(A'proj) —2— K*(A)

2| 2|

Kb(A'-proj) —— K% A)
EMIZRA) DEMBEFTHSZ E06 KYA) 1I2BWT Z(M) =0 2185, a
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MATRIX FACTORIZATIONS AND MIRROR SYMMETRY
fIFIEFE & £ 55

ATSUSHI TAKAHASHI
Bt BE

ABSTRACT. This is a survey note on the mirror symmetry for weighted homogeneous
isolated hypersurface singularities (Landau-Ginzburg orbifolds) in two dimension. After
giving the definition of regular weight systems, duality of weight systems (= topological
mirror symmetry) and some triangulated categories associated to weight systems includ-
ing triangulated categories of graded matrix factorizations, we study properties of these
triangulated catogories motivated by homological mirror symmetry.

1, LI

FRATAMORMB L Maximal Cohen-Macaulay MBEORRRBITELTHETIS

COEITRKRUTEShIFRBOTIREWTLL I D

HZBORRT TR, ChIIBLZZBUTRAE(EhTNICHHT 5 =AH (triangu-
lated category) DMIIZ S 5 —X3iE L D ﬁﬁi)\b BAICEIMN S ZARME (triangulated
equivalence) H 3 Z t@ﬁ%?%% ENI T EERATIONENTY.

ZOMEETIE, TIMHEIC I S—HHEOFREL~LOL, HFREOEEANI S5 —
HFRHEIZ DV T RENICEREA LET. Riz, HFREZMAHE LI DPDENWZRERE
AEEZHEALEYT. TO—2HKRE(T & Maximal Cohen-Macaulay IO T=AET
7. T LTHHEG I S5 —HHFEDH 7TV —1{t (categorification) THBH LI HDERE
aV—M I F-H{HRICLD, TNOOZBBENRFORSUHITOWTRAL, BFENTF
BEUTHNRET, BEICHLSODOFCH LTEOFENELNI E, D& D, HRE
%ﬁ?;f hoO=AENR HAFRREABORAOERELZARMEICTIAZLE

X R

2. I S—HHBONENSE

EEATIE, STRECIKTOEBHERR > LEMMREZERT S LEZI ST, FIZ
WA PEEBRATIRFII, BORBICL > TRRINET. WO HOELHFRRE -
HMEERTH &ICE D, HBITRDEN2RTH S N TEET. FEHICARILLTE L
HTTH, BEX J:@Gﬁﬂs@éli FER T — X B EURBRHHEFIED 5 mnsED
LEONTER M ERIFTS - LTF

XZEnRRAZE - YOSRE, BRE Ky KEHELTHERn RUHEHSRE, & LE
Lid. SOELENSE - YOBHEX E, N =2088HlEFOBEBRELEIHC
ENTEFT. BAAREILE, TIDBOATE - YO BREKY EON =2 OB
EROBHBHRE MSH) K85 L, 2EVAEISHONIDERENLT-HIT S L

The detailed version of this paper may be submitted for publication elsewhere or put on the internet.
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WOBRBRNRAZNhZE L. CORBOILEEIS—HEE LY, ECIZY 2 X DX
S—THRELBUET.

X5IZ, N = 20805 EH>BEBRIC MDY | E0LbhAREEETI LI
& T, 2 MMOEBH, ARB LFENS (WELSHI) r—5—-EROEK L6 58
BB IUBHBEFHINZIUEREDE 61588, FdohEzd. JoLE,

2.1) xtoamm ST ARy Lo paw
EUSMENBDET. OMBERENS S ET, MENIBOURRPTRNKE R
nET. I S—MHEERET, FEOERNESCENON S BERNT, KA

@##i:m LORZE~S - EXTEENSTE.

FEUREHTEL, X LY E23RTASE - YOBRKE TS L E, X DHE Gromov-
Witen TE# (P! 5 X ~OERIERON) OBENEY OERI SHROEAFHEHWTE
HONCHETES, LT ENHDET.

3. 5 —ErEoMFEONE
LOHE (2.1) 1B LT, RERZWHICERTTIFERICHELOBNTT.
(1) X®Y ELTED L) BRAFHH/RER S DD,
(2) ABBBP BEE LSO, X iIC LTRERICSE S E750h,
(B) X ITHLT, 3I5—BRRY Z2EDLSITRDIFBH.
Zhoo [ZL%E] EXibh->THERA. L, ROk TLEREMMOOTHET.

Bl 1 (BT TR XY 2 X EnRTEHSE « vOBRHEEL, AX) % X D
BFIREDT~R, B(Y) = @, HI(Y,PTY) £ LET. RE LT A(X) = BY) D&
%, ¥ (X,Y)dEHN3 S5—#THB VT,

R7 PVEME LTI AX) = @, HUX, AT X) BDT, (X,Y) ERB IS —H/T
HBHEE, Ry VBAP(X) :=dimg HY(X, AT X) DIEIC
(3.1) RPA(X) = BPA(Y)
EV D BR (A S—iE) RV BET. €00, L hy VREE~IE
EHLE, YY) BEBUCE - 2 pr9(X) BOBO LS ICRA T, Shd IS —2hrtk
DEMDHELS > TOET. RPA(X) = hP(Y) ENSHREBITASE - YOS
D (X,Y) 13889 = 5 —xF L FEITN, Greene-Plesser DA —E 71 — )V FERPE D
—BALTH 5 RHAPIBEIK (reflexive polytope) ZH L 7 Batyrev DHEHIT & » TREITH
BIaIENTEES.

Bl 2 (REOY—-WIS—H{HE). X EVUTVIT 49 7 BRI Y 2HEORESH
RELET. FRAX)ELT, X EDS 75097 /RAZBRBLEEO LOERRDN
TRAB F(X) OFEKE D'F(X) %, BYY) LLTY LOoMEROBAREED L THE
DMY)%2&EDET. ZABAELT AX) = B(Y), B(X) ~ AY)RERYIH&EE,
(X, V)idFeao—MI5—HTHEE0NET. WHBB CRTF—5X)icnd 5
REQV—MI5—#HREE, TS EHOMARICE ST, EARESICL > TER
ENTHET

ROEET<EAR § 5 —HHET,
(32) XEOvuFLrF vslamy TR
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EnD, 2 RUIBAENBTULI O ENS 2 ETT.
4, EHY =4 b

CIT—HBEEEEL, ROLIBHACHOERNGREEL S EITLELED. &
DHiOAREIL, BPESHERBEITHE T, FAMICHESESIORX [11]IZETHTH
9. WA ORRITHET HLYFELORIZ (1) OXMBEEE LE0,

EH 3. a,b,c,h € Zy, ged(a,bc,h) =1ETH. COLEHRW = (g,b,c;h) BER
weight & (regular weight system) T 5 &1,

— -2 _1-5 —_l-%
(4.1) (W t) = L 8T = ER) (L - )

(1-t8)(1 - t7)(1 - tF)
Dk OBHERELE LT B,
CDEEROI ENFBEHECL > TRENTVET
B 4. RIZFE.

(1) W = (a,b, c; ) T IEH weight 3.
(2) Euler D HER
g b 3 ¢

(4.2) Ewfw = fw, Ew:= h e ya + 15
EHcT IEROBER fw(x,y, 2) E—ARHIC (generic iZ ) B & &,
(4.3) Xwo :={(z,y,2) € C° | fw(z,y,2) =0}
i3, FEDOA R4 MUFMSREERD.

a

ERY zA bRW BERZ SN, —D fw 2—OBFE LA L&, Rw :=Clz,y,2]/(fw)
EBLIEICLET. YA babeitdkd, ROLSIZEARICRETSRLDET:

(4.4) Rw = ®de§zZ°RW,¢, Rwga:= {9 € Rw | 2Bwg = dg}.
W 5. W = (a,b,c; h) DNER weight D & &,

Bfw 8fw 8
(4.5) Jw =Clz, y,-]/( fw, f“’ afj)

REBRTRB T & CHRHELD, ELIZ (W) li Jw O Poincaré Z#HATY.

B 6. (A BUIER weight %)
W=(1bl+1-bl+1)ELEL&D GI20<b<i+1 EWATER) COLSER
(he /]

]

(4.6) iy =

1 —¢m
ERDET. fwlny z) = o +yz EMB S EHTET,
(4.7) Jw = C[z]/(z')

L1552 &, %D Poincaré BERD x(W,t) THEA MBI ERTCIROIDET.
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wiz, EHf weight BW = (a,b,¢;h) IKHUTOL DOFREREERLTHEET.

B8 7. x(W.1) % pw THEL, Milnor B &FFS &<
—a)(h—b)(h—c
(4.8) i = dime Jyr = =N = )Nh—c)

FEF 8. FIEHIE (fat structure) 72t 7 I R= ) & (Frobenius structure) DA
Sl Y EFIETRET

T8 9. FEH

2a 2b 2, ., _,atbtc
{4.9) nw = (1—7)4'(1"71-)'*'(1—7)—3 2-———h
% IER weight RODRITTEFELL.

EF 10. ew:=a+b+c—h EFE, B/NEH (minimal exponent) &FFS.

EF 11 #TRELIK, ap i@ EEER S Ry OREENEE (canonical module) DRE
252F7. T LTRUMTERRAOZABEOHMEIM U TERECREERLLET.

ew ERANT, ROKHIERY x4 PREBLAHF TR ENTEET.
PTR12. (Mew > 080l ey =1 (BTHATS, EY =1 M EZOBEEICHT
LSEEIOCHNET ). EKIRKWIRADERRSICHIET S 578
EHY 21 RW fw FREOR
(1, +1~-0;1+1) s 1y A TBES
(2,0=21-1L;20=-2) [ T +ay’ + 2* | D DRRE
(3,4,6;12) i+ + 22 | B GRS
(6,4,9;18) 5 + 1y 4 2° | B B RE
(6,10, 15; 30) T+ + 2 | B BeRA
(2 ew =070, WIIEAHADBSRSICHIET S 3 M5!
ERVz4 b REW fw BHREDH
(1,1,1;3) D+ + 2 | B BERS
(1,1,2;4) i+ yt+ 2| B, RRRE
(1,2,3;6) P+ + 22 | B ERRE
(3) %v_g;ZUJJIEﬁﬁ =4 PR WIIERBREEEST S, 28U e 2BET 3 TEICHR

0
- ESRTEROERLSITET
EH 18. x(W,t) 2tk OBHEAE 720D T,

1

- BAw
(4.10) x(W,¢) = Ztm: 0=p<pS..0u1<Pu:=nw, pE 7220
i=l

2;2 IKEBTE5. BMm, .= hpi+ew DI L%, ERD x4 FRW O¥EH (exponent)
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HEE 14 x(W,t) OBRTICLD

(4.11) X(W,t71) = " x (W)
(4.12) Pi+Dup-ir1 =0w, Mi+ My, =Ah, 1=1,... w.

Itl-:ﬁzgg_ FPRWICHLT, b k(e Z) £33 bODEEE multw(k) THODHT
2 .

T 15. multw = multw(—1) + multw(1) £H &, ERY = A PZOZEE (multip-
ulicity) & PR3,

REBERTERTTY, ITREOBRBICHOVTHEREIERTEERA.

EE 16. ERT 24 PREWIKHULT, SEEREICLIUE (multw 21). O
Toil, BIPULEBAENIHREWDSOMOHLE LS.

EE 17, gw = multw(0) &H &, ERY =1 FROHEH (genus) &FR3L

EE 18. Eﬁ"?z'f "gf_: w ‘:3‘:" L_C, H%Z"T""L Cw = Ptoj(Rw) = Xw,o\{O}/C' ‘i

1 RTCOM S MR EORMBRIKEL S, E<IC, TOMKI(Cw) Egw THB. O
RN & Rw 1 Ry g DD SERENTOLNOT, KOWEIC, BRS v 7 Cw =

Proj(Rw) = [Xwo\{0}/C"| #EABZ LM TEET. JOBTOHETHE, Cp OIS

AT, 724 PCHRICEES C ERKMT2BES LEEMABOMR (A —ET +—

WETF=2) 2 AR LDONERS v 7 Cw T, ZOBEEMABROT—5 SEHRY =

A FPEWSSROL D ICEFEMICHEA LS I ENHEET.

EE19. ERYV A PR W = (a;,az,a3;h) ITHLT,

(4.13) m(a, e; : k) 1= }{(u,v) € (Z0)? | aiu + a;v =k}

EBL. ROEOLHUMN S5 3 BEMES (multi-set)

(414) A4y := {ai I aﬁ ¢Z, i= 1,2,3} [T {ged(a;, a;)mlevesm=D |1 < i < j < 3}

2EX3. I ITETged(wm,a;) ™ M-DT, (mfa;,a;: h) - 1)lD ged(ai, a;) % Ay
KEHBLENITEEHODT. A, DFTILELOWHDERWBELE R oy <z <
L EBRBIELTEE, Aw = (q), -, a.) EBL. AW ZERV =21 PR W ORER
(signature) &FE3S,

BEIS, b —DOEBUBEEEATHEEY.

EE 20. W ORELIAX (characteristic polynomial) %

(415) ow() =[] 22

i=l
TEDS. pw(\) RAZFSERLZOT, #AYRICK > TEERFLED SN, h OFES
SRBHLAMPBEMW)ILE-T

(4.16) ew() = [[ -1
iEM(W)
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Pt —BOIHL I ENTED., ZDew(l) DI EXER Yz A MR W ORIHEH
(cyclotomic exponent) & PE42.

CHOHELTEREATHLEIZ L. BEAKRORTINITEALTERNL
LEHBLTEEE LI

fl 21. e =1 DA

w pw | nuliw | gw Aw ww(A) b
b l+1—bi+1) [ 1] 1 |0 [(i+1-0) A A
@l-21-120-2)[ 1] 1 o] (@2i-2 ozl Dy
(3.4,6;12) 6] 1 |0]| (233 s tagy | Bs
(6,4,9;18) 7] 1 |o0o] (234 iy | B
(6, 10, 15; 30) 8] 1 |0 (235 |Yopomnmeint | s
Bl 22. ew =0 DHEE.
134 uw | nultw | gw | Aw ww(A) B

(1,1,1;3)| 8 | 3 |1 [{@} S E.
(1,5,24)| 9 | 2 |1 {0} =D @

A=1
LL53)[10] 1 |1 ]{0} | C=RE=DOETTE

5. fLfBAY I S —HIRHEER Y = 4 RO H

BT, ERY 2 A PRICHLTESICERUAEREEELE L 9. COMIIEED
5&?([13] DEETY. @4 DHBRIC Eﬁ'ﬂ'é&b#bhiﬁk(i [13] DR EEEFE L 12X 0.

W = (a1,0z,a3;h) ZERV x4 FRELET. GLB,C) DFRT—RXNVEIHG T
H->T, GOEFEDOTIAGLEB,C)DC? «@E’ﬁf&f’ﬁﬁﬁ T diag(elwrai), efunaa), e[wgag])
0)%‘(‘355#)‘51’1 fw(l‘l,.'l.‘z,l‘s) ?:Z-E‘s9 5, &b‘?ﬂiﬁ%%’b‘{)@%%z_ '§' <
CT el i=exp(2rv-1),wii=ai/hBEU s, € Z ELET.

& < iZ diag(e[ws], elwo], efws]) TEEKET NS GL(3,C) DHRT —XNVEH B (= Z/hT)
DIEEGyw THoDTIERLET.

CHoDHRFHOTFTT, A (W,G)ICHLTHF—ET 2+~ FAR7 B UEAR (orbifold
Poincaré polynomial) EFFIEND RER xo(W,G)(1,5) 25X 5T ENTEET:

TR 23 (Vafa DLARN).

(5.1) x,6)w. ) = L S 0w, )0 9),
|G| a€CG
—wia+wiag)+}
xW,0)w0 =3 [ @)= (2)
(5.2) BEG wiagZ

Y I (1 — wiB)] (yg)t-=
X H e [ 30 + 2] 1 - e wifi] (yi)« )

wyo €L

2 2T [wies) T wios A AMOBRAOERES S HT.
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R 2 ¢i=yg EBUEE, ERY 2o FRW EEWELR G = (1) ORICHT B4~
EZ7+—IVER7UvHUVBERIT

(5.3) x(W, {1} (. 9) = x(W,¢)

ER-TED, BICEBLIGARORT VA VBEARIT—H LT T

COA—ET + =V FRT7 U AVEER (W, G)(y,7) 12, HEHREBHE X o1
58y VR ORERK

(5.4) X(X)(3,9) == 3 (~1)P*35Pg dime HY(X, AT X)

79

OT7rud=TYF. IHBROELIUFTHEITEET.

B 25. W = (1,1,1;3), G =Gw &T3. fw(z1,22,23) =2} + 23 + 23 = 0N PP DFT
EH 2 MAMEE X ET5 L%,

(5.5) x(W,Gw)(,9) = 1-y - +y5 = x(X)v,9)
ML E T

BANTBRIE DI, nRTASE - POSREDHA (X,Y) I3,
(5.6) x(X) . 9) = (-1)"y"x(Y )y, 9)

ARSI EE, NI T—REMRTRET. SRORBERI X LI (W,G) DT T
T—icBI L, ROLDHMIEN I 5 —HHBDT A FTIRED ET

T 26 (BN SERY = 4 NBOMAM 3 5 — 25k, 4 (W,G) &8 (W*,G°)
HAEM 3 5 —xtTH B &I,

(5.7) X(W, G)(y, ) = (=1)™ ™% x(W*,G*)(y™%, 9)
BERDIADZ & ET A,

Bl 27. W = W* =(1,1,1;3), G = Gw, G* = {(e[}] e%,e[ ]) (1 e[ Leld])) £5.
DL (W,C) L4 (W*,G*) BN S S—HER D 23 & IS8 (W, G*) 1ZH

B15 X O 3 5 — TR X IS LT

R 28. YE T (—BRKTD ) BEATSBHERREOIEES VIO -F 0TI
JHEEEE (Landau-Ginzburg orbifold model) EBFATIE Y. BRI,
DSV« FY TN TRERRBOLMERN I 5 —-HHREOHRENS, ASE-YUE
BED I 5 —HwHEOMRIRBRELE L.

ED LS (W,G) & (W, G*) DALAERY I 5 —HIL A0 ERET 5 DI3, o
BT7TATF7IRACKATHS bOO—EMICBIEBICHLUCEETT. 0hE, Eﬁ¢;4b
FIHHLBILBRG E LT, AABRTHEOE (1) 5LUGw £H->TNET.
NSERNT, ROLHIKERY 2 1 FRODHHLEEHTIELICLELLS:

FE 29 ERU 24 PRWIIRKHLT, W W OR%S (dual) TH 3 &3,
(5.8) x(W, {1}, 9) = (=1)" 3™ x(W*,Gw-)v™,7)
MEEhI>o & &F 3.

CHOSQUBOTT, ROZENRIUITEII ENbIDET.
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EE30. (1) WRWIKRHESE W) =W.
(2) multw = multw- =1, gw = gw- =0 &4 5. L ITEER Aw = (a1, 02,a3) &
HBiF3. (2FHr=3).
B W AWIIRHTHEZ L&, WERGBIOFRTINHTHS &, T4dD
(5.9) ow-(\) = H (X' _ 1)¢wo(t') - H ()‘i - 1)—=w(h/i) =: i (A)
iEM(W*) SEM(W)
PEHIUDOIE, RRAMETHS.
g

HERX 31 EEICEANE, Lo (i) DABIRBOT HRBSIOTHR TN 0855 —
BBETILBENSDET. FLIZ(13] OFFE 2.4 ZMBELA2E 0,

W 2RO EMNTERWIRRD 3 RFNOERD 21 PRIZBOHNZZERDI-T
WET. BEMIZFIELE LS.

I8

(5.10) W = W* = (p2ps, p3p1, P1P2; PiPapa)-

72U (pip) =1,i=1,2,3. HREDERBHAALLT,

(511) fW('—’-',y:z) = xpl +,yp2 +zp1, fw-('-’-'-,y--?--) =Ifl +y}.72 +Zf3
EMBEIEMTES.

n

(6.12) W = (ps, %’3, (p2 = )pyi a13)s

(5.13) W= (ps»plp?:(;)'_: = 1)pi; P1pa)-

f:f:l-” D #plh p?lp:h (p Pa) = 11 (P _11 =1, - 1, =1. %ﬂ.ﬁo)iﬁ
sk 1:P3) 2 —1,ps) (p3/p2 — 1, ps)

(5.14) Fw(@,y,2) =2 + 97 + yzh, fw-(2a,y0,2.) =22 + y.;_; + y.23
EMBOEMNTES.

118

(5.15) W =W* = (p2, 0142, 71¢3; 173)-

HiT s BREoREERR L, @ Ner )BT e

(8.16) fw(z,¥,2) =2 + 3=z + 4z, fire(z., 50, 2) = 2B +yPFz, 4y, 200
EWMBERTES.

Iva
(5.17) W=, (- 1), 0, - p +1;),
Y41 »
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. D3 Da D
5.18 = (= l ,— - + 1; .
(5.18) W* = (p (p2 )P n pa)

722U, p1 # D2 # 1o, pilps Palps, (21— 1,p2) = 1, (p2—p1+1,p3) = 1, (ps/pa—1,pa/p1) =
1, (pa/p1 — Pa/p2 +1,03) = 1. HREOTRBEHRELT,

(6.19) fw(zy,2) == 27 + 2yo +y252,  fw-(Toye 2.) = :::f”1 + z.y? + y. 27
EMBENTES.

VE
(5.20) W=({m-m+1lmk—k+1,ki-1+1;h),
(5.21) We=(Im-Il+1mk—m+1,ki—k+1;h).

U, Bim h=km+l,(m-m+LA) =1 (Im-I1+1,h) =15 THEED
BRMETS. FREOEBESHALLT,

(5.22) fw(z,v,2) = zz" + zy™ + 2", fwe(zu,00,2.) = 255 + 23! +y.2
FWMBEENTES,

EE 32 ADEFRAICHETIERY 24 bR (ew = 1) RETHTRNE W = W* TY.
F72, 3OOBMHMNBEBEREIIHTETI5D (ew =0)iE, Thbgyw =14807T, X
WY =4 PREFLEEA.

6. ERYV = A FRORMEET —~ /) IV FOFH N

ERY x4 FROBRHHNAKRENDIE, £HNT —/ )V FOFLENTE (strange
duality) 2 BRIKIER LTS3 5Ty, Y LEKMICRTAE L : D,

T—=/ NPz e— Vi BHERREOSRET, ELIXC ERERDHODIC
BRDERICEBIF -3 DOBMHHBFREERICET 3 UHAOFAANBRERS (ew = -1)
ERRBHIEERLE LK.

ERV A bRW fw Aw Bw |BHDzAbFRW*
(6,14,21;42) 2 +y +2° (2,3,7)](2,3,7) (6,14,21;42)
(6,8,15;30) 4z +2° [(2,3,8)](2,4,5) (4,10,15;30)

(4, 10, 15; 30) ry+ P +2° [(24,5)((2,3,8) (6,8, 15;30)
(6,8,9;24) i+ + 227 1(2,3,9)](3,3,4) (3,8,12;24)
(3,8,12;24) 2zt +y° +27 [(3,34)](2,3,9) (6,8,9;24)
(4,6,11;22) yr* + 2y + 2° | (2,4,6)](2,4,6) (4,6,11;22)
(4,3,10,20) D+ 2 [(255)] (255  (4,5,10;20)
(3,5,9;18) 228+ xy’ +2° [(3,35)((2,4,7) (4,6,7;18)
(4,6,7;18) sy +y° +x2%7 | (2,4,7) ] (3,3,5) (3,5,9;18)
(3,4,8,16) | Ty + vz + 2% | (34.4)](2,5,6) (3,5,6,16)
(4,5,6;16) ' +zy* + 2° [(2,5,6) [ (3,4,4) (3,4,8;16)
(3,5,6;15) 22°+ y° + 227 ] (3,3,6) | (3,3,6) (3,5,6;15)
(3,4,5;13) y+y°z+ 2°z | (3,4,5)](3,4,5) (3,4,5;13)
(3,4,412) 2+t +y2 [ (4,4,9)](4,4,4) (3,4,4;12)
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ST, Aw REEFEERLAERY 21 FROBET, SOXRTIRFAHFz TH
(Dolgachev number) &I TWE T [4]. —F Bw RFFRAD I )VF—#F (XXTH)
DEBHISEFSZRT, HT YT 0 78 (Gabrielov number) EFEHIN T T [5]. LD
EABRFECRDE, Ay = By- HETOWILDOWTRIL TSI LMD ET.
CORBIRBT—/INVFRE>TROICARINT, FPLERHELFINATOET.
FiOHERICED, TOT7T—/ NV FOFWETAERIBERMN & OFR SO I
S—wREEERT S I ENTESE L. (a5 —HirERFEo Y -0 5 —XK
HICBILEhBDT, 77—/ NV FOFDUERRE Aw = Bw- E=ABEOMENOERT
BIET, IDZOREBURBREEARICERT I ENTMREICRE S EMFTEET.

7. BBRYA I NVE—BN—FE

EHRY 2 A PRICHUT, BAENIC, —8V— b7 (generalized root system) &FFIE
hEHML— FROLBRSEMNGE S I ENTEET. JOMTIE [12) D 5 HOARE
2B, FERTETVET.

W =(abch) EERY =1 %, fw EWIHHLASHRELET. JDLEE

(7.1) fwr : C\f71(0) » C\{0}
AR ARL T s AN EERDES. £EIT, TNF =T 74 s8— (Milnor
fiber) EFFIEND—MZ T 7 1 /35—

(7.2) Xwy = fig(1)
2FEXDE, CHhiZBE2RT (F4RT) OUERSRETIOT
(7.3) I: Hz(XWJ,Z) X Hz(XW,hZ) —Z

L) TXFER (intersection form) KFEELET. INVF—DEBIZL Y Hy(Xwy, Z) 3
BER pw DEBRIMBEEND, JEEY A YV (vanishing cycle) R D ERMBEERT S &
W S EMMONTHET. M (Ho(Xwy,Z) = I) 132V F—18F (Milnor lattice) EFFIE
hZd.

Fi, £ FOi—p:m(C\{0},1) — Aut(Ha(Xwy, ), I) I2& B m(C\{0}, %) D&
KED® C € Aut(Ho(Xw,,Z),~I) 22+ —F / FD £ — (Milnor monodromy) & FF
U9, CRAEMBUYM, EKIKCh=1&L1D, C ORESHERIZ

(7.4) det(A-I1d - C) = pw())

&, ERY 21 PROFBUHSERIC—-HTIIENDILDET.
CDEE, bo LLEENDIIROWRETYT.

PR 33. ew =1, 2FD f WADERREEERT D L%, (Ho(Xwy, Z), 1) BHIET
AEDOIN— P EFEEZXZ, E5iz, EA BB ZNVOFREOI—-HOUTESIE
— bOHLEERZ, INF—%/) Fui—Cliasedé-EREtEZX 3 d4udbb, IE
/Y24 PEPSINF—T 7 AN—DFWREOV-ZERTEIIEINEST, -}
EZhrBohs.

HEREIREANL— FBOESEHELA—8— FROAEEEAE L. EL
T, WH—BOERY =1 FEDBEICH, I NF—BF (Hy(XwoZ), ~1), BBYA
INDRE, INF—E) FRi—C, CHSDF—Fh—Bl— FZOABEHLT
EERLE LA,
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—f{b— FRICHBE T 20, FEERICL 3RAMERE L UTEMHE (Frobenius
structure) X BAMICHRT 5720 TY. LALANS, ORFAIEHMRBIERICE
BESTHBY A 7 WVORAZIIEINTE ), BOTHBLLOTY. Soil, EfTV=
A PERL—BL— rRIEBEDEROT—FICL > TERBSNIHRTY. T THE
B ROMEEREL X L

B 34 ((12]). EED A FREW = (a,b,ch) DS, INF—T 74 X—DREQDI—
Hy(Xw),Z) &0 5 2 &5, Bl E 2 3Es4bE BRI~ — FREBRE L.
8. fI#EM I S —iEbh o RED V-0 I 5 —TRMEAN

£, A0—H U EBLIEICLET
ERY x4 PROMSHKBBICHEEINIZBBERANT, BRACDOMELRRTS !
ZORO—-HOF, BRINEETNERZROIETT: ,

ENF—T 7 4/8= Xy DERY ANV W AT IREE D' F(W*) 0%
hid, CRBENRE VI T4y 7 RREANNLEE, T o@D Xy-, £
DYV IT 4y I BRIMLT, BRI IANT TS/ IT U BRBREITE > T
B EHSEFICARIE/ING ZETT. ML MW io(tRid 5 ESE DPF(w*)]
EBNIHOD, THEREHCERICERT S ETOHERICELNENIIETT.

RICEET S &, ERY =4 FRORHAETT:

(W, Gy RIS ZHEE (. 0y,

REQO-MIS—H{HEREER, YUV TF 4y I BAENSETIZAMEME GE
) RESRAEISTFIZABEANBI SO ETLR. Licht->T, fiH
035 - RED VU~ I SNt h 305, 4 (W,6w) o
HENCEEA=ZABE Twe, TH-T,[ERE D F(W*)) ERMICES OXH 2 LU
TEET. LOEBGKMICIE REO Y-S5 -1tttk ->T, ROZRDEEDHZRIZ

YTV IF 4w Il BR (FETHR) B EN
w {1} (W, Gw)
H(Xw-1,2) Ko(Twew)
HRED -8 0% 5 4 —28 (Grothendieck group)
, X +°x
I xR x: F45—-FR
J—p BRI R OH
={E% cycle DFED T € Ko(Tw,w)
Coxeter 18 SoT-t
= I)lF—%/Foi- S: £ —JVEF (Serre functor)

RILLbODREDZHERATHLLMEShET. Lcd-T, REHISEEX S Twe, £H
~NBEIET, FRICHBBALHERY A 7 NVORBFALENE I ENTEICL S EEDNSD
TY. Thid, SDBAXFBBMIHHRETH B 3 5 —WirEd L S D EASIEREEIC
RFASNTS, EOIREEICE->THET. £hTR, Tug, BREDIIICEREN
BEBZBATLEIDISORENFNTH > EDARUBHIIRDOLINLHOTT.
EfY x4 FEWIKKSUT, MUBREEEDZBER fw € Clz, v, 2] ZVEDEE
LEd. So&s, A, =(Clz,y2, fw) 2B AMEBRRTIENTEEZT (B Ao
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B EOERRBIUNSEHBTEEICLET). TUTA,, LOGw-RAENE Ay,-
MBOWT ZAE Dg; (Mod—Ap,) ¥FAET. J2T, Gw i

(8.1) 0= Z —~ Gw(=2Z) > Gw(=Z/hZ) -0

TEBEIh3LOTT (B Gw MCFRICERE LD LI BEATY).

C OB Dy (Mod—Ay, ) i3, REBHREGEX IHGHHEALTHSLED, G-RIZs it
E&E@ﬁﬁk@&?‘ﬁ%l De(QeohX) D7 FuP—TF. X HESMTH-T, X/GH
TRy MEBRERBY 2oL T 5 &, De(QeohX) DI /37 MIHR (RIS T B
KERTHEEFIEREME TREZ L HR) 2B0E T MBI =ABIL, G-RELSHE
BOHRBEDITTHIER D (cohX) ERMEICIEY, &I D4 (cohX) = D(cohY) TY-.
CDTFaI—#HIE, VEOREIIENT Ay, RTROIT A, /Gw" 27 LYy

FERRESEBEDLO] LEXSHALYD (BY, BEUNS, SITHRT]IMIIONWTS
RULEBH UEHA), Dy (Mod—Ay, ) DI 2780 FIRREGOL RS ZAEH
KRB ZAE Tivg, TH»>To Twey BB Au-B Ay, OCw-RELHEEE De(Ay,) &
FIETH%, EZEZOoNET. BTRIL I, ZD=AE Ds; (A, ) ¥ maximal Cohen-
Macauley MIBEOHTIZH OTHAZ N, THEFAE (matrix factorization) DELFT=H
Bz bDIZEhET.

ZDEICLT, I5S-WHRBHOBELSFTHIEFENBHLET. 2T, $5—F
ODHEBRFEREIZEITLLIN? VYUV I T 49 7 BAN, HEY A I NVOBRANT
i3, V= MEF (Ho(Xw- 1, Z), [) DITEOEE] L4535, BHEYA7IVORKANETEE
(distinguished basis) HWN 5 EHFMOATET. uh@.nﬁﬂﬁﬁr%#&'@ﬁ
27 5 exceptional collection &IN5 ZABOHRDFI (&,,...,£,)TT. ELIKIOD
exceptional collection #%& < i< strongly exceptional collection c':"iﬂi" N3L0I4E-TH
BEE, DEYD & MLOMIK Hom® UL TO Ext RKATWAHEE, COHETHRRADY
R End(& @---0&,) ELTHBRERBIBBLET. I 5—HEEOEHNIS, o
DHEBRITARBOFRRTEROBZRDOIITHER & (Gw-fERT &) TTHIEFLO=A
B=ARMELL LN HFENSDTY.

ROHNSIRIHELERET, 0 MA%] 2FELLTERLLEL .

9. C fEAMEHRIOZAE

BICEANNESRIRET S I LD SRUDET. JOMTR, P U—R5EE
HTHMBT 5o LIZLET.

HEEORMAE~DEELTELET. TLUTSEd+1KTD IZ-REM & THE
Al (reguler) 3 — 5 —BT, S =@yeaz,,5 Si=CELYBLOELET. %, f%£S
DRE2DTETBEE, Ri=S/(f) CRBLET. EIE—OFREKRS FTIVE
MR = Bheaz, Bu EJC TEILET. ThHSOBRARTIE, RIKETSIIHRE
THHILEHBRECADETOT, ThEEFRETECELET:

R 35. mp A ODEBOFREA FT NV p it LT, BIHL Ry RERIBIZE 3.

REMNE R-BER, RNBM TH-T, M = @42, Me EBY, SHRERD
i, € 3ZICHUTR:-M; C My ; BROIDDOLE LT, Fh, R¥fTE R-IIBEM, N
2722 LT, g: M > NPRMs € 2ZZONERBTHS LI, g R-ERBTH > THEE
DU T g(M;) C Nigs KDDL ELE Y. REf & RIIBOUETT —<IVE
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2g-REBEET. RIX—I-BRUOT, Exth(M,N) = GnezExtl,_p(r"M,N) =
GnezExty,_p(M,7"N) BROL > THH I LITHBE LT E WD, LR =CHDT,
EBORK (T MY R-MBIERMBFLULDET. g-R LI, RMTESMBEOKRH
=TT
(9.1) (TM)g := M, 2
L&Y, BCRME (auto-equivalence)r BEE D £

KT EHEMBOITTLE (HATH L TH 3 gr—-R OEFHHHE) % grproj—R %
boblET.
£ 36 ([3][10]). =A@ DE (R) := D*(gr— R)/D*(grproj—R) % C*-{FRA ERRSO=
AB & BF3s,

TTIOZAE DY (R) LOBUEFEHODLET

10. RE{T & MaxiMaL COHEN-MACAULEY IMBD =&

DZ(R) DEHRIIBDPTHLAL LDOTTY, TOBHOKR O>ERNWELHARIDICIED
FHORMNTNERBA. L0530 b, BREESNACBEELTEBEATHSDI, ERE
DEMPIEHITHEI 5> TT. TO/H DE(R) EZARMERNOBEERALE LS.
EHE 7. RUTERNBM cgr—R N
(10.1) Exty(R/mg, M) =0, i<d=dimR
ElcdEE, M ER¥E{TE maximal Cohen-Macauley R-II# & FE32

Rt & maximal Cohen-Macauley R-MEDET gr— R OFEHHLE CM(R) I35EL
&7 D9, maximsl Cohen-Macauley R-MIBO RMAERHE I NN 290H5DT,
ZherB{TE2E . TOMHIK—DOEHEEITVET.

3 38. Kp € CM7(R) i # d D& & Exth(R/mp, Kg) =~ 0 8 KU Exth(R/mp, Kp) =
C%:#lcT& &, Kpid R DELEMEE (canonical module) TH 3 LTINS,
98 39. ROFMITEME
(1) M € CM”(R).
() Hi (M)=0,(i £#d). ST, Hy, Rifmg} BEHORHIKEOI—EHF
DED H (M) := GimExty(R/Ryn, M), Ron 1= @ic2z, Ri K& = TEREND
b D.
(3) Exty(M, Kg) = 0,(i > 0).
a
T 40. RRBASRENFRT, TORYUMB KR ELTrPRESS¢(R)eZ
IS UTHIIBEE, =LY Y247 (Gorenstein) TH S EFINS. T Te(R)
BROI—ULryadA4 35 4—5—LBETHS.
EE 4N ERY 24 FRAWICHUTESE 55 Ry REBHEARRELCDOT, I-rya
IA4VRTHD. LI eR)=ew L1385,

Rﬁﬂwﬁﬁiﬁ&ﬁﬁbtofj—uyy=74ym.;ar&wﬁbﬂoz
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FHER 42 (Auslander). CM"(R) iZ7 OX=D RETH 3, T7hb, RoBEIHREIR
HEASRRE L ORLET, L{IHEHNRD I 7 XEAHBRRD I 5 XD~
T2H0TH5. O
T 43. IEE CMT(R) 2RO LS ICED S: 0b(CMT(R)) = Ob(CMT(R)). HRIE
D% Homp(M, N) % Homg,_p(M, N)/P(M,N) TEHESS. T, P(M,N) i35
R EERT I ERDLEKOLTHIME, £ ge P(M,N) L1352 5 EHNE
PLURB g M - PBEU G :Pa NDBH>Tg=g'ogd LB ETHB.
CM%(R) i3 7 R=1 X[B CM? (R) OREH (stable category) TH5. THhWA
&5 /8 44 (Happel). CM(R) i3=AB &1 5. m]
CM?(R) 12 BRIC DL, (R) DAWBIZABLE Y 9, KU & R- # (OFF
) DY IF— (syzygy) EEA D LT, ROFEVBEOSNET:

R 45 ([3)[10)). CMY(R) it DE(R) & =ARE. u

E¥ 46. VFE, RRIEBHEAMUFRETHIIEERELTLAOT, Choo=AE
Tp := CM7(R) ~ Df (R) 3RFAR, 9705, Y, dimeHomp (€, T°F) < 00 289X
TOHRBEFeTr KHUTHRIULLET. S5, TridKrull-Schmidt#, 2FH Tz D
EEOHRIFREOHEANZOHMERET, IO TROIKEIIZEED P =p &
ZERBp ISR LET.

CM(R) LiCid, BBHEF T LRMT S LEF r (g—REOThdS5EIMND), L
IZOOBCRENH D E L. T ARBBETF (Auslander-Reiten translation
fun_g_ctor)ug % rpp = TR TEDHET. ZOLEROEFEUHEMDSATH
£7:
gg_;7 (Auslander-Reiten duality[1]). CM7(R) £, RD X 573 R¥ 0 ORXEFHIR B

5

(10.2) Ext?

gr=

R(MR(M) N)) KR) = EXtér—R(Nl TAR(M))-
a

ARBHEFOXSOERPHY, EOMBOERICOVTIIA [15] 2 HE { F&0,

SHUTkD, CM7(R) ~ DL(R) RE—VEFER D EHNEBREVET
B 48. BF S :=Trpp =T 7R [ICM7(R) LOE—NVEFTH 5. T4bb, §
RNEFHIRY

Hom¢(Homp (M, N), C) =~ Homg(N,SM), M,N € CM?(R),

TH{HCRMETH 5. O

11. KB ATFIEFLO=AE

D%, (R) RDE D #ENHN D PTOECMT(R) IKBFEhE LY, ThTHARK
BICHR ERBEHRTIICRELOBETT. LOBESRRIIEOTLLIN?

R=8/(f)T, Sidd+ 1 KEOEMRT LI, TIho, EEORMHAE maximal
Cohen-Macauley R-118¥ M i3, H5HERBORBITEBRS-MB R & [ EANVT,

(11.1) 0= R A R Moo
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LD, (R¥UTE S-MBOB gr—-SICh T 5) HENARERFEET. I, F481F
BENIBIERM ETIROAEIIAZLIZNIDT, RE 0D S-HFAD fo:Fob—- R T
BoTfifo=f-ldpBLU fofi=f-ldy EBBBDELEIENTEET. DT &
M5, RIS E maximal Cohen-Macauley R-TIBFDPHFED /-1, Eisenbud iRIFHNHAF
{t (matrix factorization) DES &AL E L.

TH49. F, L X ARBEHRORITEER S-MBELET. REODS-HRABf,: F, —
Fl &&ﬁ2®5"ﬁt—tﬁlﬁ f] IF] b d FO-CflfO = f'IdFo ﬁ‘kaOfl = f'IdF, %6-7:’9"5
X ohi-L i,

- fo

Fi=(F = R)

EBNT, TheRETETHIETFIEESFS. g: F - F IMTFIBFILOBLRBTH 3
R, REODS-HRB gy : Fy = Fy 8L g : FL — F]D#l g = (90, 1) 0160 = fig0
E gofy = flg BBTF T EENS.

EFE 50. ITHIEFAEFICH LT, R OBME F OEHRBEFLL. ZOBMETIEF
{LF ORE¥ERRIEIILET.

(S, f) it LT, MEE MFY () % f ORMAEFFIEFLELET. RELUR
ORI EISEE BRELINCELD, MFF(f) KELBEOBEI B, S5I,
fifll 51 ([10])). MFZ (f) X7 o=y XH O

THAIENDMDET.

CO7axR=y 2EOKEB (40HBAFRE ME—BEEFEh3)2E1E LS. £
DIzHIT, 01Z+8%F b E—FESEERE (null-homotopic homomorphism) &R D & 5 IZE
ELET:

T 52. THEFLLOERE g = (g0,9) : F — F 2A0iCke bE—FHEATH 5 &1,
RE —20D SHRB oy : Fy — FlBLURBMOD S-HERB y, : F, - F} BFELT,
9 = fito +¥1fo & g1 =i + fy VLD IADI L.

MFZ (f) KB I3 28 RORREZHT I HABOLER, B HEIDOITKRERE—
FHE7Z ¥ RB OIS —H L THET. '
T 53. 7 o= B MFf (f) OKEE (‘RE F E—HB) % HMF (f) THoDT.

HMEZ (f) RBRICCABOMEEFLETY, L THIE
(11.2) F= ( Fo % )2} ) — M := Coker(f1)

1

2EZZ 5 ET, HMFZ (f) ECMY(R)REARMEICE D ET. &-T, $ETORBRE
TEDBERDEHICEDET.

#588 54 ([10][15]). HMF%(f) &£ CMT(R) & DS (R) RERICZARMLER Y, LK
CRAEF r LREH.

CHSOBEOHCRET, rOERICM LU TIRROHTH IV LELIBRBZEICL
S
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12. A-BOBFME L L TORBT EITFIEFROZA

COHTIHHMFS (f) oM E L HBRLCRTAEL 2 I, THEFER~<ZZ L
12, BANICHANBORELMS ZET, TXIXXFED, S-ITEAE HOTFIONT
BERBICREIhET. Chid, HMFS(f) % A-B (S, f) OFXRBELTRRTS L
WS LI D ERA. COBREISLI—ERBLTAEL & .

£ 55. M(Q,G) D (S, f) It 394 Xr OR¥ft S Uh ik (graded twisted
complex) TH 5 &i2,

(12'1) Q = (Q(i— Q6+> ) Q:h# € Mer?r(S): Qz = f . Id2r><2r:

2(11 2(1'- 2b1 2bf

(12.2) G= diag(—h—,...,—h—,—h- R 1), a,b€Zi=1,...,rm
(12.3) 2E8(Q)-GQ+QG=Q
2T dbODIETE.

B 56. S :=Clz], f(x) =2, R:=5/(f) &7 5.

(0 M (2% 2it ) - .
(12.4) M,'J'.— ((:E" 0 ),dmg(l_*_—l, T+ 1 -1 i=0,...,l+1,j€Z,

% (Cla), o) IR B REIT E R LW TH 5.
FE 57. ZOOKRMM Eh LhEkic LTERABOEN %

Hom ((Q,G),(Q,G") :=

{‘D = (¢6+ q:t_)___) Brs € Mopy2e(S) | QP —~ 2Q = 0,2E(9) - G'® + ¥G = 0} [~

TEDS. CCTE~0EHE, HB TV € Mppyar(S) BT, 2=QT +¥Q &5
&7 5.

F% 58. KA &h Lhiitk (Q,G) DL KAERS, ETED Hom((Q,G),(Q,G)) %
HOREETE o LTMEEHNEE 5. ok Di(S, f) £B<.

DY(S, f) HKICERT 5 —>OBERMT $ LU r ¥ BET.

EE 59. Y1 Xr DRMAFER LMK (Q,G) KHLT, ¥/ Xr DRFEMA SR UIY
HT(Q,G) ERDEIITEDS :

(125) T(Q,G):=
(( 0 —Q""),diag(zbl 2. 2(a'—l.*-ﬂ—l,...,M—l)>

-Q-+ 0 RTUTRT A A

ER 60. V1 Xr ORYUT ELhHHE (Q,G) KHLT, 1 Xr ORHM Eh Lh
thr(Q,G) ERD LS KEDS :

(12.6) 7(Q,G) = (Q, G+ 72;)
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EEN S, S OOHCRAMEOMICIZBERET? =+ R LB T

E% 61. & € Hom((Q,G),(Q',G) it LT, B C(P) = (Qc(e), Geey) ZRTE

0 0 —-Q. 0

0 0 @ -
(12.7) Q¢ := 0., 0 0 QO" v Geey =

®&_ Q.. 0 0
. [(2b 2b, 2a} 2a, 2(a; +h) 2(a, + h) 24 20,
dw.g(h,...,h, B TR 3 1i,..., A l'h. 1,...,—h-—1 .

ThSDHEDT, RO ENRILLET:
FE 62. DY(S, f) I3, T £ BHEE,

(©,6) 2 (Q,G") — Cone(d) — T(Q,G)

(RE-ARETIZABOHELRD. &I, HANROEELRS &) #1FIC
-T, HERMEEF r LEANHTEALEARMHMFYL (f) ~ DY(S, f) H 5.

¥ 63. ZABDYS, iR, B (S, /) EBALBMEDRLILEER, O A-BHODZ-
RERERSEBETOLOXEEKMIZERLI-HDTT. LIz ->T, Bondal-Kapranov
K& > THAZNE{EZEE (enhanced triangulated category)(2] £ 5 X
WISAD] ZABEN>THET.

HEICEMAD DD F L, CHhTERICEREDBRZ I ENTEZ LA
EE 64 CHFETIKBALLADDZABREWC=ARME:
(12.8) D% (R) = D*(gr~R)/D*(grproj—R) ~ CM?"(R) ~ HMF§ (f) = Dy(S, f).

CHOSDOZABEE-NVEFS =T+ PR £d5, ECIK, SIS =TH-D-2B) £
ey O

- NVEFSH S = T b € ZZEHRRTIOINZEABR, RiTn :=n'/h EFD
SN S E « ¥ (fractional Calabi-Yau) W=ZAETH S EFENET. L0HO
b, HEORMSBE X OUEF[OF REMEDO LT HERE DP(cohX) £FAIc L&, £
DE—IVETF Sy 12 X DFEBHE Ky ZHNT, Sx()xTimXo Ky  &BIF, &K
XPHHAFE s vOBBELSHE Sy o« TmeX & DZHHTT.

ER7 24 PRWIC{HHiT S, HREEEDIBEA fw &—DBEELET. £L T
ChETRERLREXZABE (OWThD) 2T THLDLET. 2FD

(12.9) Tw = DE,(Rw) = CM” (Rw) ~ HMFZ (fw) = D(S, fw)

ELET. Ta&=2 OT, Ty RRT(h-2ew)/h=ny EFO4HNAASE ¥
VHZSABERDET. EEY A FROBKEWT, FREny FRTEFANLERY
PULEDSRTLE D
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13. ¥

DEWE Ty DT REWBEEERISBNONAENE TEE Lic. TFEHREBX
AIDICEREEEBLET
T 65. C-ABLZHE T OHE E A Home(E, TPE) = 0, (p # 0) BE T Homy (£, €) =
C A3 &%, £ldexceptional THD EFFIINS. exceptional WHRDIN (&, ..., &)
NENXTDp & i > j 1 LT Homp (&, TPE;) = 0 FMated & &, 5l (&,....E,) i3
exceptional collection &PRIEN 3. exceptional collection(&y, . .., &) EELR/ND=H
BT EREEREBEE, (&,...,5) 1 full THSB, F70id T 12 full exceptional collection
ZFo&bha.

X 51T, exceptional collection (&, ...,&En) A% TNRTD4,j BLU0UHDTTDp
1235 UT Homp (€, T?E;) = 0 &¥ifcd & &, Thidstrongly exceptional collection
TH3EFIINh 3.

HREITHUTHBY S —ENFREoO S -0 S —HHRETIE D EXR S o,
Tw RROERXFEDIZTTT.

T4 66 ([14]). ERY 2 A PR WRRHE Y A FRW* 2F2ET 5.
(1) T {3 full strongly exceptional collection (€),...,&;, ) ZH/D. LIcd-T, A:=
End(&), £:=@l & B &, ROZARMANKYIULD:

(13.1) Tw = D*(mod—A).
(2) BFORH .
(13.2) (Ko(Tw), x + *x) = (Hy(Xw-,1,Z), —1)

MDD, TIT, x(€,F):=3,(~1) dimcHomg, (€, F) £ET 5.
COFEERTIENTENLE, HEREIOMBICHEMITL S LNTEET.
14. ERF

REDEZA, UTRKABRZOODOHERIBSATHET.
ER 67 ([7)). ew = 175 SHEABOFRIZE LY. &< I2 4RSS 5B Dynkin fi0

M (path algebra). O
F68. ERVA FPRWHIDOLE, BifiOoFHIZELL. |

FE 69 ([8]). ew = -1 DD gw = 0ELBERY A FRWIZHLT, ZRBE Tw 12
full strongly exceptional collection 2. ESIKWARN Y 2 A MR W* EHDOEE,
BYORE (Ko(Tw), X+ ‘X) ~ (Hz(Xw-,l, Z),-I) R Y L. 0

ChoOFERIY, THRFIEEEANICHETAZ ETMIEEBEICBWMREIEWET S5
R XTFERINIBFORYPOBHRRESTT, RIZTENOHERT S RHEI=ZAEME
REHII—HTHENI I EEFTT, EWIFETIHASINET. 2ic—HTsL%
AT EMBIBNT, (M € CMT(R) DY, 1 #dDEE Exth(R/m, M) = 0% A47F7
S5iE, M IIBENSE (OKETS L)DEMTHSE] LS ZEEZRAVET.

—H T, tor~REBRSHRORMTE R-MBONUT gr—ROERBABE TS & &,
Orlov {2 gr—R, grproj—R, tor—R EWI =204 7Y —0 TA/MM{R] 20843 &
W3ITATTOOROBEEBERLTHET:
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EE 70 ([10]). (1) &(R) > 0D & E, Db(gr—R/tor—R) = (7-“R*'R,... | R, D§,(R)).
(2) (R) =0D L &, Dgr—R/tor—R) ~ Dg (R).
(3) e(R) < 0D &%, DE(R)~(R/m,...,7~<“R+1R/m, D¥(gr—R/tor- R)).

T, ERV A FRICHLTE#E Aw = (a1,..., ) EVIBEEERELTHE L,
B Ay KEISERINIT—NIVE

(14.1) @;-:125.' /(a.'f.« - ajn':'j;i,j =1,... ,T)
EREUCHOR, Awv-REMFER, 2ROLHICEBRLET:
(14.2) RAW,A = ‘C[Xl, .. .,X,.]/IAW,,\, Tap = (Xf" - 202 +A,'X,-°‘;i =3,... ,T),

CIT A=, @A <i<rEPN\{0,1,00} DHRIEZr-35& L, EEMX; 1T Aw-
R T, EFFOELET.

CDOPVN\{0,1,00} DIERIEZr 38N E2BETHIET, ERV A PRISITET
AHRELEDIBER fw FEETAIENTEET. ThEFu,, LUTRuy =
Clz,y, 2l/(fwy) EBCIEICLEL 2 D

EFE 71 WHARH W 2F LR r=380T, N A5 —AEFHREOLT, Lid-
TEAB Tw X fw DD AKX DX LEA.

FE 72 ([9]). gw =074 5, RORMBRY v 7 ELTOREHNHS:
(14.3) Cwp = Capy
2FY, ROT7T—~VEE L TOBERMANELY L2
(14.4) gr—Rw,/tor—Rw = gr—Ray a/tor~Rag, ».
O

& < IZ Geigle-Lenzing D#ER [6] 4= & D, D*(coh(Ca,, ) 2% full strongly exceptional
collection #F DI ENMONTNET. LT, ChoDREREEDES L, KO L
Ao b g

3 73 ([9]). gw =0D & &, Ty 1 full exceptional collection ZF. O

15. b HIZ

D HIHE TRV EZIATIDRERHOBHUIDBEFTLEE L, HEBR/N
ROZEEBEELEN, v =-1D0EEODHFRRERKDEBANETR, BEXEDLD
BORRRHE, O &P, ZAHE Tw LITAKITE £ 3 Bridgeland-Douglas TE ¥E&H -
BED I ELE, ENENRB{ O[S ILENE-TLENELL.

RKEBLRHVETEAD, SEIIBRSENS IS THELBL I &iCLET. TGS b
SPLEBLLBNDDEZDIBLEIHIDFR-—AR—JIZEELNWEELTHET.

-169-



REFERENCES

(1] M. Auslander and L. Reiten, Almost split sequences for Z-graded rings, Singularities, representation
of algebras, and vector bundles (Lambrecht, 1985), 232-243, Lecture Notes in Math., 1273, Springer,
Berlin, 1987.

[2] A Bondal and M. Kapranov, Enhanced triangulated categories, Math. USSR Sbornik, Vol.70, (1991)
No.1, 93-107.

[3] R. Buchweitz, Mazimal Coken-Macaulay modules and Tate-cohomology over Gorenstein rings, a note.

[4] L V. Dolgachev, Conic quotient singularities of complex surfaces, (Russian) Funkeional. Anal. i Prilo
v zen. 8 (1974), no. 2, 75-76.

(5] A. M. Gabrielov, Dynkin diagrams of unimodal singularities, (Russian) Funkcional. Anal. i Prilo v
zen. 8 (1974), no. 3, 1-6.

[6] W. Geigle and H. Lenzing, A cless of weighted projective curves arising in representation theory of
finite-dimensional algebros, Singularities, representation of algebras, and vector bundles (Lambrecht,
1985), 9-34, Lecture Notes in Math., 1273, Springer, Berlin, 1987.

|7} H. Kajiura, K. Saito and A. Takahashi, Matriz Factorizations and Representations of Quivers II: type
ADE case, math.AG/0511153, to appear in Adv. Math..

(] , Categories of matriz Factorizations for exceplional singularities, in preparation.

(9

, Weighted projective lines assaciated to regular weight systems, in preparation.

(10] D. Orlov, Derived categories of coherent sheaves and triangulated calegories of singularities,
math.AG/0503632

[11] K. Saito, Duality for Regular Systems of Weights, Asian. J. Math. 2 no.4 (1998) 983-1048.

[12] , Around the Theory of the Generalized Weight System: Relations with Singularity Theory,
the Generalized Weyl Group and Jts Invariant Theory, Etc., Amer. Math. Soc. Transl. (2) Vol.183
{1998) 101- 143.

[13] A. Takahashi, K. Saito’s Duality for Regular Weight Systems and Duality for Orbifoldized Poincaré
Polynomials, Commun. Math. Phys. 205 (1999) 571-586.

[14] , Matriz Factorizations and Representation of Quivers I, math.AG/0506347.

{15] Y. Yoshino, Cohen-Macaulay modules over Cohen-Macaulay rings, London Mathematical Society
Lecture Note Series, 146, Cambridge University Press, Cambridge, 1990. viii+177 pp.

RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES
KYOTO UNIVERSITY
Kyoro, Kyoto 606-8502 JAPAN

E-mail address: atsushikurims.kyoto-u.ac.jp

-170-



kol ok g}

RYO TAKAHASHI (%18 %)

R %7%[# Noether & 9%, ModRT RMBEDE%%E L, mod R THIRER R E
2ED7I3 Mod R DFEMESBEEET. ARERSE RINBOFRHASEGEERL ALK
&S, D(R) % Mod ROBEB L L, Dpoy(R) 2TLMUGK LAY LHEELAR DL
T@(R) AHBLBEET S, CABROCCARKSLSET, BNEFTHLTHS 50
% épaisse B & Do Spec ROBPAEL SIKOWT, lpeShDpCqeSpecRA
Sidqge Sl MRYILOEE, SIIEKRIETHALTNIE VI, #BK XIZHL, H(X)
TXOFREQI—MHREET (FTUDS H(X) = @,y Hi(X)) o RIIE MIZHLU,
SuppM = {p€SpecR| M, #0} & <{, 19904 Hi#IZ, Hopkins [1] & Neeman [3] 2
ROSBFEREAE LI,

I 1 (Hopkins-Neeman). IRO—XI—H G0 H 5.
Dpert(R) D 5 [ BEALTH U
épaisse 353 H Spec ROIBAHEE

h &g REhZN £1(X) = Uxexr Supp H(X) & 1(S) = { X € Dyen(R) | Supp H(X) €
S}tEioha,

mod R DFEFHMA B THA e, &et, EATHUTHWE D% Serre SAH &0
Yo THUDDL Serre BAEER, ARERK RNMBOEEORLN0-A—-B—-C -0
IKHUTTITBeMea ACeM] L3 modROKEHBLSBEAMDIETHB, modR
DEBBABETE, K, HRTHLUTHS OEXMESLKB LS, BEVRIB &,
WEESE L, FRER RNMBOEEDORLIIA - B> C > D> BIZHLT
[AABDLEEM=CeM] LB mod ROEFBIGBEMDIETHB, EBEIOT
;’gb‘é LI, Serre MABITEITHESL B TH B, Serre FABIZOWTIRKROGMR

55,
i 2. RO—M—HENH 5, )

modR® | # [REETEUA

Serre 8873 B [ ‘% | Spec R DEFH4
fa & g RENEN (M) =UperSupp M & g5(S) = {M € modR |SuppM €S} T
EZoh3a,

SOWErORDFZDE NS,
F3 MNEARERKRMBEET S, bL SuppM CSupp N2 Hid, MIZ N TEEE
niz (e. N2SLH/ND) modR D Serre BABICA S,

Hovey [2] iZ, Hopkins-Neeman DM & EDHELZRAOTROBELEHA L X,

7B 4 (Hovey). R % Noether ERIRDHERBE G LTS, DL,
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(1) RO—H—3HEH 5o

modR® | s [ Dpert(R) D
MERSB | 5 | épaisse #B4AE

fr &G RENEN fs(M) = { X € Dpert(R) | H(X) € M} & go(X) = ({ H(X) |
X € X} TERSI N mod ROMERLE) TEX o1 5,
(2) mod R DAL B3 H IS Serre BFFBTH 5,
H—DEFEIL, Hovey DEEOD RITHTAEBHRES I ENTES, EWHIERT
H5.

EIE 5. RZ T Noether B&ET 5. ZDEE, mod R DEFEDERELSE M Serre £843
BTH3, BRELT, ROTREANKD AL,

{ DPerf(R) D } o, { FHEILTH U }

épaisse £B5 6 n Spec R DA
IsT lya O I:T lgn
mod R O mod R D

{ WERLE } { Serre %M}}

iF88. M % mod R D2 B ET 50 MM Serre BABITHBE &% TT, TDOH
i, MBS NMBTHALTWA I E2HEIDNETHETHSB, TZT, MIZEAMm
BTHUTHEWERET S, ZDEE, MIBTARMBEM & MOSAMBEN
TMIZBELOHONEET S, RiZNoether BT M RBEMBER RINBLOT, MiZ
Noether MBTH B, &-T, NEMOBLMBEN TMEBITHHOOFTASH
FICBEUTHBAITERZENTESL, NIIM ERLEDDS, Tz e M-NXERS,
L=N+Rz,BLE, CHRNZHIZEOMOBAMBTHS. NOBARELD, L
BRMIEBT 2, I={eceRlaze N} EBE, SNBROAMTFTNTHS, LIN I
R/I LRABII DT, RMBEDTELY]

0=N—->L5SR/I—=0

REETD NEgMPOLEMTHD, MBRETHLTHSDT, LORLFIHIS
R/IgMTHBIEHbhB,

—%4, EOREPIFOFER I3, y€ LO LIILICBIT3RRH% n(y) BT R/I I
HOLHERDER

7:L/IL— R/I

%%BHT 5, R/IRR/IMBELTHENLTOT, ER7RA4BLHTHS, LT,
R/IRL/ILDEMEAFERABTH 50 RiZ Noether REDT, 1 F7IN [ IZHRERT
%60 ZEZTI= (al,az,...,a,,)R tb‘< é. Rmﬁ@ﬁé;ﬂ

pon Levmt), b pIr .0
»Bohd, CORLIIICRNBELETVY—F5&, LA
pen Lo po L piip —— 0.




PROoND, CCTEELY, MIAREMEAEKEEMRFTHLTHS I Ethd
50T, ["BMIZEBL, X->TL/IL R/IBDMIIET S, Chi3FBETHS, L
Ko TMBESMETHLS, a

D(R) D=AXRHNBLETEEROEMTH LT3 D% localizing F4E &y,
Bousfield localization H4EEDEF & T#IT/E S localizing & 538 % smashing 285 H
& Ho Neeman (3] IHROERETR LI,

R 6 (Neeman). IROZHD—H—HEHH 5,

{ D(R) D } fa Spec R (D}
localizing &8 43 2 { B s

ET a gI
D(R) ® _n, [®BLTHCL
{ smashing ’é‘M}} { SpecR 03?5135}%%}

fo & g RENFN fi(X) = {p € Spec R | s(p) ®% X £ 0(3X € X)} & 04(S) = ({ x(p) |
p € $} TERI NI D(R) D localizing BAE) TEZ S8, fo & gsRENTNSf, L gy
DHEERTS 3,

RIMBMICHHL, GBsM M OREFLURORELERT, FZOTEEL, EOD Nee-
man ‘DEE@ﬂﬂﬁﬁt‘& 5 [}

R 7. R%ZW{f Noether BB &35, CDEE, ROTHREAMNER D ILD,
{éﬂﬁhﬂﬁtﬁik?ﬁﬁ l;f:} /s {SpecROJ}

s

—

mod R D FEHiE4 B % Hake
| o <]
mod R D fa B TH L
{ Serre &Bﬁ}} 9 { SpecR 03%135}%'%}

fo & gs HENEN fo(M) = Uy AssM & g5(S) = {M € mod R | AssM € S} TE
Zoh, ThThGEB2D f, &g, XFERT 5,

CORBIIROZHOOHELHNTRENS,

i 8. MEIMBELKTH LU modROFXWESBEL TS, M EHRERRM
BLEL, AssM = {p} EIRET 2, cDEE, BLRpeMUDIEM e MTH%,

BEBR. M DX MIZADIWERET 50 Mo=M EBE, hyy,... hos THRER R IF
Homp(My, R/p) DERFG LT 5. ROFZLFINEET 5,

)

0 — My — My —22, (R/p)es
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Mo =M g MDD (R/p)®® € MTHD, MIREBAMBELATHUTHNEDT,
M égM THEZEDbID, i M, # 0DT Ass M, = {P} THB, hl,h-o-'hl,:,
£ R 1% Homp(M, R/p) DERR LT3 &, ROREIHUE SN B,

)
0 » M » M, et (R/p)®.
My, & MDD (R/p)® € MEDT, My & MTHY Ass M, = {p} TH 5 Z £t
5, CORMEEEDETE, FEMNi>0HL, RIIFOELS
A
)
0 — My, » M; » (R/p)®,
ABOND, 122U, hyy, ..., hig, (E RINBEHomp(M;, R/p) DEBGRTH Y, Ass M; = {p}

T%éo Rlﬂ]ﬁ@?ﬁiﬁﬂ M= JWO 2 Ml 2 Mg 2. ’&p TEJE?(ET% &. Rp ﬂﬂﬁ@fﬁ
SHF

M, = (Mo)p 2 (M), 2 (M2} 2 -+
MWEohd, & (M), IR, MBELTREIFMEDOT, (M), = (Mis1)p = (Mes2)p =---

ERDBYUADNERT D, BT
((ht,l)u )
0 ———s (A’Iu.l)p =, (A’Ig)p (Re.se)p R K(p)eu,

X Dp Homg’((ﬂ’fg)p,ﬂ(p)) = Rp(hgll)p +- 4+ Rp(hg,,t)p =0 T%é ot &b{ﬁéo -T
(M), =0THB. CHildp e AssM, C SuppM; THBIEICRT B, WAIT MM
IKALIES TIRELEN, O
FHEE 9. M EEAMBEHATH U2 mod R DEFHBAEE L, M EFRER RNE
ET2, EEDpc AssMITHL, RIpDBMITADERET S0 COEEM B M
A%, '

IEBA. py,...,p. & M OREFLELEL,
0=MNNn:--NN,
M OFHIMEE0 DMEDLWMERFEET 50 LXXLE N, B M D p, ERES IR
THb. COLEERURRIER
M=M/NN NN, = M/N\& .- & M/N,
FEHTH B, AssM/N; = {p:} BOTHREZ LD EM/NEMITAS, L»TM/N &
e @®@MN, B MITAD, LEXR>TMDBMIZAS, O

SR 7 OER. M ERAMBELEATH U mod R OEBBSEET 5o gofs(M) 12,
AssN C UpeniAss M ABITHIRER R I N 2HD SR B, & oT gofo(M) 2
MESEIERPASDTH B0 N4 AssN C Upyer(Ass M EHETHRER R B
EF 3. pe AssN IHL, p € AssM &5 RMBEM ¢ MAREND, HatHED
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Rlp > MHPFETEDT, RpIEMIEAD, L->THEILD, NHbMIZAB, 25
LT gfe(M)=MTH5b,

S % Spec R DEAEA LT Do fogs(S) 12, AssM C SESTHBER RINE M
2HICET 3 Ass M It b OMRETH D Lo T foge(S) NS IZTEFNBZELIZASH
THBo Fo, pe SKMUAssR/p = {p} C SHDT, p i fogs(S) ICAB. WAIC
fs95(S) =S THBo BLLIZEY, fildg EBFERIZHOLUHPTH S,

=%, SERHHRLTH U Spec ROBAPRE LTS M % AssM C SEALTHIR
R RIMBEL, peSuppM AL D, ZOLE, pitEEhE3EASAFTIqeMinM C
AssM IEND, qIESICAD SIIBHRILTHALTHEDT, pbSicAB, 3L T,
%E(Z)S) ={M emodR | AssM G S} i3 gx(S) = {M € modR | SuppM C S} K—%

M%Emod RD Serre R EET 2. BN e MEEATTNpeSuppN%E&E B, pi
SENBEAFTTINgeMinNEED L, qid N OREFLOTEMERE R/q — N HTE
ET 5. MIZBAMBETHULTHNSDT, R/QBIMIZET S, BRUSHERE R/q —
Rip 250 MBEMETH L TH30T, RpDMIIET S, k->TpeAssR/p C
UremAss M THBo L7t T fo(M) = Uprens Supp M 1R fo(M) = Usreas Ass M IZ
BEN WA fo(M) = M) THBZEHPNE, CHLTf, EgiEhEh fo &
Gs ﬂ\6§$3n60 D

CITHRILHUTIBRNRIUDIEXHEND B,

FR10. MENEHBERRMBEEL, AssM C AssN ERET D, CDEE, NTHE
RaEnse, MR EHEATH U mod R DFRFELSEIZ M ZET 5o

iE8H. N TERE NI, BOMBEEATH U mod ROKEHDLIBELE ETHRT. M9
&Y, EEDOpc AssMIZHUTR/p MEIABZEETRE I pe AssM 2ES
& HELY peAssN THD, Lcd> T RMBOBFERE R/p —» N BFEET 5,
NIZERRBU ERBAMBTHLTHADT, RipdbEKET S, a

BRIT, BiR fo & go DWED, B MBEEHATH U7 mod R DFHEE5 R & Spec R DER
HEAOMOMNEEW B, IEROATFTTIVEL, M,NERINBLTS, T} (M)TID
NETELEINE MOTLEOEESEET, JHUI M OESMBELILD, M D I-torsion
BAMBEELSR TN B, [y (M) =M DEE M i I-torsion THBEW, [(M)=0D
& & M I3 I-torsionfree THB LI, M D I-torsion THBEZ EE AssM C V(I) &
WA ENRMETH D, M D¢ Itorsionfree THBH&EE AssM NV(I) =D ERBIE
DRRETH B0 grade(N, M) = inf{i|Exth(N, M) #0}, grade(I, M) = grade(R/I, M),
grade 7 = grade(I, R), grade M = grade(Ann M, R) &5 <,

Bl11. B fo L ge is &k D, ROMENB SN, nEHAKY, IZROATTN, X
ZHMER RINBET S,
(1) {M € mod R | M IZ I-torsion} « V(I)
(2) {M € mod R | grade(X,M) >0} & SpecR\ Supp X
(3) {M € mod R | M I3 I-torsionfree }
= {M emodR |grade({,M) >0} « D(I)
(4) {M € mod R | grade(M,X) > n} & {p € SpecR | grade(p,X) > n}
(5) {M € modR | rankM =0} = { M €modR | grade M > 0}
« {p €SpecR | gradep > 0}
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(6) {M € mod R | X LOFBEFIZ M LOFFHETF}
« {p € SpecR | grade(p, X) =0}
(7) {M emodR | MBRUAIE} « {peSpecR |gradep =0}
(8) {M €mod R|htAnnM >n} « {pESpecR|htp>n}
(9) {MemodR|dimM <n} — {p€SpecR|dmR/p<n}
(10) {M € mod R | M ZESHM} — MaxR.

EDPNZHNT (1)(4)(5)(8)(9)(10) i<2W\Tid, EBit mod R D Serre A ETH b,
BLIERHEILTH U7z Spec R DEFRAETH S0 LI >TING 6 2DOMIGITRERIC
iz fg &gz &:;vtsi‘;n%:;
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ON THE PERIODICITY OF SYZYGY FUNCTOR
(SYZYGY FUNCTOR ODEtEIZ DI T)

YOSUKE OHNUKI
(KE #4#t)

ABSTRACT. In this paper, we study the periodicity of syzygy functors or Auslander-
Reiten translation which is related to whether Auslander-Reiten components are the
tubes. First recall the basic properties of these periodicity and the classification of
symmetric algebras of tame type. Next we suggest the method to prove that any module
of some tame self-injective algebra is periodic with respect to syzygy functor.

1. B#ELES

CORMETR, BOCAHWUE TR LOH BN T OEBACMBEY syzygy BFEP
Auslander-Reiten FFICM LU TEBENTH 2 LIBT3 REDHEDOHRTHS.
L DR BT Auslander-Reiten component DFEMN tube 1IN SRR 2 B TEBOMRE G
CBE LERSATNS,

UTF, K 200 &, B3 K LOEX (basic) FIRRTETREELZbDET 3.
R A I LT A° % A D enveloping BB AP@g A &L, UBHBHOIDHT ¥ —
BORS @ T @ EETI LTS, i, MBRARKTEMBLEH®RL, HRERTE
gg%mfgﬁl% modA £EF. modA® i3 A-A-FAIMBORTEICRETHS Z &

TLTHL.

Lemma 1. ZTH A IKXF LT {e,e3,...,6:} ZEVICEXT 3 RIE~NEETLGOHE
BETH. COLE BENNHE A MBI A, @ ;A DELRBTHS. #2720,
€i, €5 € {ellCZ)"-pen} &Ta-

ZD Lemma itk D, {e),€3,...,en} EEVICEXTS A DRE~RESTLAOEE L
T;ﬁud)ia {6:®@e; )iy NEVRERZTS A DR~ ERLEORATH S &

Lemma 2. BB A IXH LT, P %ﬂﬁ‘é AIBEL M 288D A-IBEETS. T3
EMLP BHEA METHE,

Proof. BLBE#ITSIHEE A-MNBE ¢A & K ED n-RTR7 PNVERM VIZOWT, VRegA R
A D n HOIE—-DEHMICABILOT, V@e;A 35 A-MBTHS.

Lemmal. iZ&9, PiT A-hi@e LT D j (Ae.- ® e,-A) IKRBTHS. £-T, M@yP &
®:; (M @ Ae)) ® ;) K ED M@ P IRSHE A BT 5. O

A-TIEE M IS8 UT, M OREEE PA\(M) - M 28X, EOBE LT M D syzygy
MBEQAN(M) EBETS. JO&E, A NBHELTORDELIIVESNS.

00— (M) — PA(M)— M — 0.

The paper is in a final form and no version of it will be submitted for publication elsewhere.
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ST, BB A DR O syzyey BF Q REOREEOHCRBMFLHECI L
IcEETA. MO, COACREMFE Q0 :modA S modA ERFTIEKTS.

A-module M % A-periodic TH 5 EldmodA IKBENT M M (M) IKRBOEEE
T5 (L, n ZHZ2ERMET ). ToIC, A OHBHTHOEBRALLTOMEN
A-periodic ® &% A OIMBEHL T periodic TH B EPEST &LIZTS.

Lemma 3. A 2% A¢-periodic 1< H1F, A OINBITL T periodic TH B,

Proof. A % As-periodic THBEL, A-MBELTOR(A) A THATERYEZ n &
T5. 95&, modA* & LTODRELT

(1.1) 0—-9A—-9P,,—-»P,,_l—-pn-—-va—-»Pl—-vA‘—-»O

PEROohB, ML, P RETHE A&+ 5. Z2T, HENTEOHEBRSE AN
BMEBOTFUY—HFE MQy— £TLF (1.1) IKERE B L, AMBELTORE
273

0—’]’/[—’1"[@,\1)"—'.(W@AP,;_].—*"'—'/‘/[@APz——DIW®AP1—-PM—-;O

XES5NS. Lemma 2. I2&D, CORLFIDSEMD M ZHHDBRVFTLFIZ mod A
2813 M DR (projective resolution) LD T QM) B M ICRBEZH A D
Hnid periodic TH5. O

2. TAME B OMHHZBTRIZDONT

HOASHEETE A ICH LT, 1 & A O Auslander-Reiten B8, N % A O ILHFE
ET 5. BRENECAHBLE S, ChoRHENBREHENMBICHEEE20T, £
EB mod A DHCRABBEF L. BEOLHIZ, Cho2REEOMOACRBMT &
LTEU PN EETILICTS. (1] 20T, BCAHNESTRORERIZONT
B reOBN 2N HERIIADIDIENREATNS,

R, MO syzygy BF Q ICMT 2 AMES Auslander-Reiten BF r (CM 7T 5/
WMtk RUFLMEE N 2B 5 FHGEOMMIC DN THENS.

Lemma 4. BECAHNEEZTREONE M X 0,7, N OS50 2 DI UTAMML
oid, BROOMFIHMUTHAMNTSS.

B, A PRBPESE N MESMFICRALOT, M X QIZBLTABNTSS
SEE, T RMUTAMNTH S EIIRAMTSHS.

ZITCROMEY LT periodic TH 5 &I HEHEIT Auslander-Reiten component DL &
FEICHM LTS, ERIC, BTR A SHHRNZ o, IBHL T periodic THB &1
5B & XD Auslander-Reiten component 2*2 T tube DEER DI EHRAMELS (A
EVAOBDL HIC tube BERTNEZ EbHBN). (10, [11] IKHWT, HEindcrs
F 724" Auslander-Reiten component %% 7-periodic % S8 513, £D component
AOINFIZLT r ICAUTHAIBNTS 5. 778bB, £D component & tube DFE &
D, EA, BRBIUFHTECTHH588H8 n iCLD N =idpqp RO IONUS
i, RO BRIRILT S.

CCTit, FOL I UBTRL SIELTOMBY (syzygy BIFIZB L T) periodic T
ANEFERDZEHANTH D, MHllFT 30 DOOREREWREN TS, BAOERIZ
Auslander-Reiten component & tube T % b® (r-periodic) KBRS 3 2 EicEF LT
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L. I T, tame O HECARNLETEONBIL T periodic HEINZHET 3,
ROEBEGNT 3.

Theorem 5 ([6]). BLBETIEVBEH (connected) L AT ASTHIZETE A 1T LTROE
HRRAMETH 3.
(1) A 12 tame OB BTRT, TDOLTOMBL periodic TH 3.
(2) A BROWTONCRARTSH 5.
o Dynkin RO ERAIIE B TRD socle deformation.
o tubular ORI ZTTHRO socle deformation.
e quoternion DD EZITRA,

{Am, Dy, Eg,E7,Eg} DU ‘?’h?’)‘k""ﬁ'f%.%% Dynkin B &5 TF, HE’E#XJ:LQ \
&% Dynkin B A EBBHAZS 7 R DT, 2O path BTERE H=KA &¢
5. 35&, H (L hereditary TH O S H- 0B T "Eﬁﬁ CIT, THEMMBTHS
&i, &E;c_t,,(T \T) =0 ##/iL, 2T DEVICHRBN EESENEFORH n BT
035

CITT Qﬂﬁl"]ﬂﬁ B = Endy T i A HOBHL B EFIEN, D repetitive &
R B EEDRBERICIDVIESND admissible 3 G EAVTHR SN IHABTR
B/G £ LT Dynkin A BOHACAHSTREERT 5.

FIR%IZ, tame concealed ZICEATCIC tube ICR T 2008 % AT one-point TAZ#
HiRLUMAB C & Trubular MEFETRS (2,2,2,2),(3,3,3),(2,4,4),(2,3,6) L1 B3FTH
AU EE, AR tubular ZTTHEFES, tubular ZTCR B D repetitive FTHR B &
ZORBERICK YLK TN S admissible B G TRHOTHREI NI NESZ TR B/G %
tubular @D HCAHETHRET 3, n R

Dynkin & ¥ tubular EOECAHFTR A = B/G IK2WVTi, B DEFHOHER
BER I DEREINIMRE G =<g> 2B THoU#E B—- B/G=A%B&
ICHIBT 5 2 ENT& 5. Dynkin B0 BCASHBTRIL standard SHREZRE. tubular
BOECAHETERIL standard 7S non-domestic polynomial growth ZITTERTH 5.

F7:, socle deformation I DN THEBLTHL . AZHECAHNE K LOBTREL,
I%2 ADWEAAFTIN, B=A/l ZBRETEETS. 7, {er,€2,-- -1 8m1 Emals---€n}
2 ADEWIHRT ARENSFTORAEL,

el 1#Li=12...,m
gl lli=m+1lm+2,...,n

EHIT L ICHAILE, XEFT e = 50 2EZBE ¢ DRAITTIE B ORMfIT
ERB. 1T, BUEKE K b‘f’cﬁﬂ?ﬁﬁﬁiQODT B lkH5FMI 57 & relation IK& D
£73C c‘:i)"t’%%@t.bf COEBMTSIVERYA I NESETIC, HD ede DA T
TWhele N ] OEDSEXTHLENSELZTLBUATTNENLDLEE (ele = {eae €
eAe | Teae = 0} = {eae € eAe | eael = 0}), I i3 deforming 1 ¥ 7L EFEN S,
HBAIHE LTI, BRSEAR Ax D(A) i deforming 1 77V D(A) 28> &
AWhHHIENTES. Uk, ThEHAL, deforming 1 F7I)V T ZFHFOHCASRY
RETR A 20T, FIRFBTTHE B = A/I O repetitive ETR B LTOHERRE
B SERINBE G DUEBTR B/G & sode RE (A/soc A = (B/G)/soc(B/G))
THEENRENTH A, (FBRCI, BRSELKR B & socle AMETS 5 [15]). <
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D & 3 i< deforming 1 F 7 NVDBNT, BETAHEZ TR §/G & socle FMAIZ/E 5 BC A
M BTERE B/G O socle deformation EFRSL.
RDOEEZLTHI2THTLR A % quaternion B LIELR.
o A IZBEHISIRIRER tame BOHBFETRTH 5.
o A OMBEZLT periodic TH Y, D OHEMTEOERS A-NF ORMAIZLT 4
DEUTH 5.
o A DAY V1TFiZ non-singular T3 5.
—#{t & hic quaternion ROFRBEOHRD T 0 v 713 quaternion BOLTRTH
%, £, quaternion BOBTRBRIIAMS T 7 & relation iIZL D ERSNIJ|RERPO
12 fEOHHFETROVTHP LHRBARMEEL LS 2 ENFINTNS (2], (3], [4].

Proposition 6. ECASNLFRERBOLTR A OLTOMEHT periodic TH 5.

Proof. Z2TCHR A DETCASLDT, syzygy MF Q IZEBEA AT M ZEBER A-IN
BOWM) IKBT. XoT, TXTOBRH n IZ20T QM) 2 M B SIEERBISER
¥ A MBHDRREFE LT LE IDT, A DFERERABTHEERKRTS. £5T, %
BB A-NIB M IZO0TONM) M ERIERM n DEETHOT, A DL&TOm
Bt periodic TH 5. a

Corollary 7 ([14]). BiAiT/EWBEHL tame BRIOXFFLITTER A T, £ TOMHDE periodic
ETBE, RYBEDIUD.
(1) A DANVEY V5TFDE singular THB I EE, A 2H 5 tubular ZTTH B OHEAL
LK% Bx D(B) iCRBTH 5.
(2) A PMRIRERBS S, BAMBEOMIZ 10 LT T, ZTRD Auslander-Reiten
component D SHFHMBEIY BRI bDIZT 7 6 UTD tube KN SRS,
(3) A BEBRERET, DoANS V17FIiT non-singular TH B oI, BaiBEo
i 4 MLIT T, BTBRD Auslander-Reiten component D o fHREMBAT D R
7ebDIIT 7 4 LUTOD tube FEIFDSES.

FRERBOLERH VDI I, AHRMTEOECALHLEZRBRICOVT HZ DL
TOMBREB LT EPIUBFEET 5. tame BOHHRHTEIOECTAHTNE ST
RIZOWTEDUDDD, &5 BEREMBLEL Sh B0 —RHBIBFEL T, [14)
BT, tame OXIEHTETOECAHNEZ CROBAMTIBEKEPFENEL S
hTHWB0T, COMBERANBBICIIAESEILNS.

BREIZ, A-periodic TH 5 wild ZXHE A bFETHILICEBRLTEHL. AL
Dynkin 2D preprojective ZITH A 1T A-periodic TH 5, &> T, ZHhi3LTOMBEH
periodic T$H 3 wild ZTROFI LIS 3.

3. ZRROLTOMHIEHMNTH S I LERTILDOFE

Theorem 8. V7 4 50EEHN 2 LLOXERMLIECAHHSTER A & A X5
T%A DOMBEHLT periodic THHZ &L, N OMBENRL T periodic THB Z LizRAM
THb.

Proof. 2 DDEZRBROREBICHT S, KEREGHET F : modA S modA’ K2
T, [ RBWT, EXRRICH LTI F 4 syzygy BFLRIRTH S EAREN TS,
T&b?fﬁl@&?@ﬁ%erOwaA)Lﬁbfiﬂ“M)ﬂQNHM)#ﬁb
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AD. R, Qp,0n BENTN AN O syzygy MFELETS. CORBICKD BRI
FOR(M) = Q1 F(M) 38 5h 50T, A DIIBARLT periodic THB & & &, A DIIRE
2T periodic TH B Z LiZRMEES. 0

(12], [13] {=HO T2 POHEAH SRRV FEREL SHREREIEHIN 5D T,
2 TOM#HEY periodic THB EVOIHIERREZRBOZRAMADOAERTHH S Z &5
3,

Theorem 9 ([8]). REMEE K LOBHLEHBRITETR A K20 T, ROZHFEZF
fATH 5. :

(1) 2TORH A-JBED A-periodic TH 5.
(2) Ru(A) 2 ahs L o(a) =e ZHITERM n & A DHCREER ¢ FHET
5. 8L, {e} R A ODEWCHRABLTEEREFTOLEKDORE LTS,
TSIC AR, CORMBRGEEAICTEOWE, BCSAMHMEBTHRTSS.

SITANMBEM EADECHRARER fIZOVT, M DTtm & A DT o ISHL
Tm-a=mfla) IKLDERAZEMRSELHFLO AMBE M, LRT. X f PBEEE
Bid: ASADEE BT M =M, £EFTILLHB. ENBE N ISHTE N P AN
LRIRIZEDS.

Theorem 10 ([5]). HATHEOBHLBECTAHES TR A IK00T, ROZERFAMBTSH 5.
(1) A>-BE LTORE Q2.(A) 2 A, 2F1cT A ODECRRER ¢ RFETS.
(2) ARPILBTERTH 5.

& (@SN 7 Auslander-Reiten component 22T tube 2 O 5 B CAHE RO
A TEZ, 2TOMBN periodic THS I ERTM - T, LHLEHS, —FICR
ENTOLRERENEC ED, Theorem 9. ZFIATHSWTABKHL SIEBTBDL TN
Yt periodic THHZLAEFRTIENTERIENSH S,

Lemma 11. BECAHEZTE A 52T, TOEAMBENL T A-pericdic THD ET
3. COLE, Theorem 9. THIREhS A OECREE®R ¢ 55 BRE n IZ21T
o" = id 2T S A I A®-periodic THB. &->T A OMBITLT periodic T
»55.

Z T, Theorem 9. TEA 62 A DBCRBER ¢ OMREEEN L TH . 5l
308 Ih 3. BTHR A OBH A-INBNLT periodic THB EEEL, 2TOEE A-1n
B SIIoWT O(S) xS 2McTR/NOERM n LS. A D A-MBEE LTOR/NE
#458% (minimal projective resolution) PEFDBHE A-IBOBR/MMIESRET H—H
F S — REAZIEAZLTHL L [11] PHBORIOLELEDETZ LiITLD,
COBAR n EAOTE AMBELTO (A 2ADHBSHS.

ActIB & LT DS RUH ¢ : @i(Aes @k 6A) — Q3(A) KHLTh=0(3, 6, 0e) &
BE BOOROEMRIELETE AMBELELTORBERY: A > QL (A, A— Xb
DEoND. HEBIZ, COEANBELTORBE/RN A DBECRBER o AS Ar—
i) ok D ASIUBEE LT (AW A-TIBE L) ORBES Q0(A) 2 4A, 28,
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