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ON THE ‘REPRESENTATION TYPE OF ALGEBRAS AND BOCS'S

by
Daniel Simson
Nicholas Copernicus University, Torund, Poland

and University of Tsukuba, Japan

The main problem in the representation theory is to get
a classification of indecomposable objects (with respect to
a direct sum) of a given additive category of modules over
an associative ring R with an identity elemént. A typical well-
known example of such a problem is the classification of inde-
composablé finitely generated abelian groups. Let us mention
also the classification of indecomposable representations of
a finite group or a topological compact group. There are prob-
lems of so called "wild type" when the classification seems
to be impossible (see [4,8,15]) and Section 1l). Therefore it
would be interesting to answer the question: "When the classi-
fication is possible ?". The problem was studied for many
authors. An interesting answer to the question was given rece-

ntly by Drozd[7] who introduced a notion of the tame represen-

tation type (which should be considered as the classifible
case) and he proves that the category mod(R) of finitely gene-
rated right R-modules over a finite dimensional algebra R over

an algebraically closed field K is either of finite, or of tame
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or of wild representation type.

The aim of these notes is to report on the Drozd's theorem
and related problems.

The main tool used by Drozd in the proof of the theorem
mentioned above is the theory of representations of BOCS's
introduced by Rojter(17,18]. In particular, the Drozd's push-
-out interpretation of the Rojter's classification algorithm
plays a basic role in his considerations. We discuss the prob-
lem in Section 2. A discussion of similar problems can be found
in (1,13,19]). A background on the representation type and sim-
ple examples can be found in Section 1. Section 3 contains
some remarks on the tame representation type of categories
of Harish-Chandra modules.

Throughout we will follow the terminology an notation in-
troduced by Drozd[7]. We suppose that the reader is familiar
with the notes by Yamagatal[20].

Throughout these notes K denotes an algebréically“closed
field and A is an additive category with a finite number of
isomorphism classes of indecomposable objects. We suppose that
A has the Krull-Schmidt decomposition property, *he hom-set
(X, ¥) is a finite dimensional K-space for any two objects X
and Y in A and the morphism composition in A is K=bilinear.

We denote by AMA a fixed BOCS (AMA,W A ) where AMA is an
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A-comodule and

A: M. > A Y :M > M8
bz My > pBy 2nd a¥a 7 aMa®aMa

is the counit and the comultiplication respectively. We always
suppose that A is surjective and we denote by ‘RIAMA)‘the ca-
tegory of k-linear representations of the BoCS M [17,18,7].:

AA
Following [7,1,13] we will identify R(AMA) with the Klei-

sli category (see[14]) mod (a),, where mod(a) = add (a°P, Ab) is

the category of finitely generated additive functors from a%P
to Abelian groups (or equivalently right A-modules) and

T = -QAMA:mod(A) + mod(a).
We recall that ob(mod(A)T) = ob(mod (A)) and the hom-set (x,Y)T
in mod(A)T is defined by the formula

(X,Y)T = HomA(X@AM . Y)

A
for any objects X, Y in mod(A)T. If fe (X,Y)T and g € (Y,Z)T

then we take for gxfé& (X,2) T the composed map

1aY fal g
XOAMA - X@AMABAMA 2 YBAMA Z.

It is easy to prove that mod(A)T is an additive category and
that there is an equivalences of categories

R(AMA) = mod (),

which will be considered in these notesas an identification.
Since the counit is surjective it induces an embedding

HomA(X, Y) » (X, Y)T
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for any objects X and Y in mod(A)T. Simple examples of BOCS's
as well as an explanation of their representations can be

found in [20].

1. The representation type of finite dimensional algebras

Let R be a finite diménsidnal algebra over an algepraica-
lly closed field K andrlet mod (R) be the category of fiﬁite
dimensional right R-modules. Let

I = K<X,¥Y>
be the polynomial ring of two non-commuting indeterminates X
and Y with coefficients into K. We denote by fin(K<X,¥Y> )
the category of all finite dimensional right K<X,Y>-modules,
or equivalently, the category of triples xc;vé)y where V is
a finite dimensional K-space and X,y are Kflinear endomorphisms
of V. The following lemma shows that the classification
of indecomposables in fin(l') is extremely difficult.

Lemma 1.2(see{4]). For any finite dimensional K-algebra R

there exists a functor G:mod(R) - fin(I') which is full, faith-

ful, exact and reflects isomorphisms. In particular, the clas-

sification problem for fin(r') contains the classification pro-

lem for mod(R) where R is an arbitrary finite dimensional

K—algebra.

Proof. Let a,,...,a_ be generators of R. Given X in mod (R)

"

we define G(X) as the space xm+2 the direct sum of m+2 copies
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of X together with two endomorphisms x,y:xm+2 > Xm+2 defined

by the matrices

[010 ... 0] "0 0 ... 0]
0 10 ...0

a
X = R y = g 1.0. ° ?
000.10 L tLte
000.01 :
000 ... O] [ 0 ...lap 10

Definition 1.2. A finite dimensional K-algebra R is said

to be of wild representation type if there exists a bimodule

INR with the following properties:

(i)F My is finitely projective as a leftTl -module,
(ii) the functor -? NR:fin(r)a- mod (R) reflects isomorph-

isms and preserves indecomposablity.

Corollary 1.3. If R is an algebra of wild representation

type then for any finite dimensional K-algebra B there exists

an exact functor mod(B) + mod(R) whichkeflects isomorphisms
1

and preserves indecomposability.

Given a quiver Q (i.e. a finite oriented graph) we denote
by KQ the quiver algebra of Q which has as a K-basis the set
of all oriented paths and the multiplication in KQ is induced
by the composition of paths. Note thatl = KQ where Q is the
quiver(:;o::) .

Let us consider two simple examples of quiver algebras

of wild representation type.
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1% Let Q be the quiver o—-#—ed::) . Given x(;vz)y in
fin (I') we define a module G(V) in mod(KQ) by the matrices
(3) £
v_5v e VQ
1l y.
It is clear that we have defined a functor G:fin(l') > mod (KQ)

and therefore KQ is of wild representation type.

2% Let Q be the gquiver

Given x(;vi)y in fin(T') we define a module G(V) in mod (KQ) by

the diagram
veo O v

et

VO Ve——V

ﬁ.x) 'Y.y)

\Y v
where d is the diagonal map. It is clear that we have defined
an additive functor fin(T') - mod(KQ) and that KQ is of wild

representation type. Note also that

RARARRRARAR

Let us also mention a general result proved by Ringel[15]

Theorem 1.4. A quiver algebra KQ is of wild representation

type if and only if Q does not contains as a proper subquiver
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the following extended Dznkin diagrams
. — --o_O_O'\

~/
A : . -]
n

A discussion ofthewild type can be found in [4,9}15,16].

Our next basic definition is the following

Definition 1.5. A finite dimensional K-algebra R is of fi-

nite representation type if there is only finitely many pair-

wise nonisomorphic indecomposable R-modules. R is said to be
of tame :epresentation type if R is not of finite representat-

ion type and for any dimension d there exist bimodules s Néj),
: 3

j=1,2,...,m such that:

dl
(a) Sj is either X or Sj is the localization K[X]f of K[X]

with respect to a polynomial f € K[X],

(3)
R.

(b) Every s N is a finitely generated projective left

Sj—module,
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: (3)
(c) The functor @S.NR

:mod(85)~+ Mod (R) reflects. isomo-
]

rphisms fofrevefy j,

(d) If X is an indecomposable right R-module aﬁd dim X = d
then there exist an index j and an indecomposable module Y in
mod(Sj) such thaﬁ X =.Y@Sjnéj)f

Here Mod(R) denotes the category of all right R-modules.

We consider the algebras of tame representation type as
those whose indecomposable modules admit a classification in
the sense that the indecomposable modules of a given dimension
d can be "parametrized" by points of K-projective lines Pl.

A well-known example of a tame algebra is the Kronécker
algebra (g Ez) whose right modples can be identified with pairs
w3 V ofjlinear maps A, B betwéep finite dimen;ignal K-spaces
W a:d V. The indecomposable modﬁles of the algebra were‘alre-

ady classified by Kronecker who solved a problem of Weierstrass.

Let us also recall from [15,6] that a quiver algebra KQ ig‘

of tame representation type if and only if Q is a disjoint

~

E,?, E8.

~

union of the extended Dynkin diagrams Kn' Sn' EG'
The characterization of group algebras of tame representa-

tion type is the following (see [5])

Theorem 1.6. Let G be a finite-group and let K be an alge-

braically closed field of characteristic p > 0 which does not
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devide the order of G. Then the group algebra K[G] is of tame

representation type if and only if p=2, G does not contain

noncyclic abelian 2-subgroups of order > 4 and the 2-Sylow

subgroup of G is not cyclic.

We also recall an old result of Higmann that K[G] is of fi-

nite representation type if the p-Sylow subgroup of G is cyclic.

Interesting examples of algebras of tame representation
type can be found in [8,15,16].
The main result on the representation type of algebras is

the following (see Drozd[7])

Theorem 1.7. If R is a finite dimensional algebra over an

algebraically closed field then R is either of finite, or of

tame or of wild representation type. Moreover there is no alge-

bra which is both of tame and of wild représentation type.

Drozd reduces the proof of Theorem 1.7 to the corresponding

theorem for BOCS's by the following result:

Proposition 1.8. Let Morph(R) be the category of all maps

P * P' between indecomposable finitely generated projective

right R-modules. Then the functor

C:Morph(R) > mod(R)

given by taking the cokernel is full, dense and carries over

into zero only indecomposable objects of the form Pj -+ 0 and
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Ej id Pj where Pl,PZ,...,Pn is a complete list of pairwise

nonisomorphic indecomposable projective right R-modules. Then

the categories Morph(R) and mod(R) have the same representation

type . Furthermore, there exists a free triangular BOCS AMA

and an equivalence of categories Morph(R) = R(AMA).

The reduction above is very useful because it allows to
apply the theory of BOCS's and their classification algorithms
and to proceed an induction on the dimension. As a result we
get rather constructive method for the "parametrization"of
the indecomposable representaions in each dimension.

Although the BOCS AMA in Propdsition 1.8 is free in order
to proceed the induction it is not enough to deal with free
BOCS's because some operation on BOCS's néeded for applying
algorithms lead to a wider classofso called almost free BOCS's.
Moreover, in order to formulate a counterpart of Theorem 1.7
for almost free BOCS's we need a definition of the dimension
of representations of BOCS's as well as the definitions of
the tame and the wild representation types for BOCS's. We will

do it in the next section.
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2. The representation type of almost free BOCS's. -

Suppose that AMA is a free BOCS with a differential D.
Since A has only finitely many indecomposable pairwiese noniso-

morphic objects, say X ,,..,xn, then there exists an equivalen-

1
ce of categories mod{A) = mod(E) where E = End(xle...exn). We

fix theldecomposition

= E E .- E
E el @ e2 ® ® en

whgfe ej is the primitive idempotent corresponding to xj.
Throughout these notes we will suppose that A is basicrin the
sense that different indecomposable objects of A afe not iso-
morphic. Therefore we can identify A and E as well as xj énd
the'indecomposable projective right E-module ejE. .

If aﬁ:)a, cen s angzp are loops in A with D(aj) = 0 for all
j then given polynomiais fl,...,_fs,...,fme K[x].with f(al) £ 0,
cen ot f(as) # 0 we can form the localization

- -1 -1
A = A[fl(all, e s fs(as)‘ ]

an the completion

.= i
A= ;%1 JUE (g ) e e E (D)7

We define a new BOCS ﬁﬁﬁ = ﬁaAMAQAﬁ with the counit and the

comultiplication induced by those in AMA° A BOCS is said to be

almost free if it has the form ﬁﬂﬁ where AMA is a free BOCS
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and‘fl,...,fm are some polynomials satisfying the above condi-
tions.
Now given a representation X in'lmaﬂa) we define its dim-

ension vector

dim X = (dxmxxél, ces ,ﬂd;mKXem)b

where él, ceos ém are the idempotents. determined by e

We say that X is exact if dimeéj # 0 for all j. Given a vec-

vee, .
1’ “m

tor §_= (dl, cee dm) we define its ﬁ—norm 149 ‘by

the formula
n

a1 = r s,.d.d,
ig=1 13

where sij is the number of continuous arrows from i to j in

the bigraph of the free BOCS AMA' The dimension'd is said to

be exact if all 4 dm are non Zzero.

ll"'l

Given an exact dimension d of %ﬁi usually we try to find
an equivalence of categories R(‘A&\A‘\ 2 R(BNB) such that
fdim X)) 1 < fdim X7 for any indecomposable X in R(ﬁﬁg)

with dim X = d. From this point of view the best possible si-

tuation is when we can find such equivalence ¢ with B semisim-
ple because there is no continuous arrow in the bigraph of

BNB and therefore %d 1 = 0 for every d. This is the case
when IKAMA) is of finite representation type. The argument
above will be frequently applied in. the inductive proofs

concerning tame BOCS's.
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Throughout we suppbse that AMA‘is‘an almost free BOCS. We
recall that the counit of AMA is a surjection and therefore
it induces a monomorphism HomA(x, Y) + (X, Y)T and we have

a faithful embedding functor

mod (A) «—» mod(A)T = R(AMA)

in the notation in the Introduction.

Definition 2.l1. An almost free BOCS AMA is of wild type if

there existsa bimodule FNA which is a finitely generated pro-

jective I'-module ( T K<X,¥> ) such that the composed functor

A

fin(I') —————mod (A) «» ‘mod(A)T > R(AMA)

reflects isomorphisms and -carries over indecomposable modules

into indecomposable objects in R(AMA)'

Definition 2.2. An almost free BOCS aMa is of tame type if

for every dimension 4 = (dj) there are bimodules s N;J),
j

j= l,2,...,nd, such that

(i) The ring Sj is either K or it is of the form K[X]f

for some f e K(X],

(ii) S N;J) is a finitely generated projective Sj-module,
3
(iii) The composed functor
-ag N30
mod (S ) —21—> mod (A) < mod (A) ;, = R(M,)
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reflects isomorphisms and preserves the indecomposability,

(iv) For every indecomposable representation X of AMA with

dim X = d there exist an index j and an indecomposable module

. (3) . .
Y in mod(Sj) such that Y@S.NA X in R(AMA).

() . ) . ,
We call SjNAJ p J=l,...,ng, a garamgtrl:lng family of AMA
in the dimension d.

We say that an additive K-linear functor T:B -+ B' between
additive K-categories B and B' is dominant if every K-linear
additive functor from B to the category of finite dimensional
K-vector spaces has a factorization through T.

The following simple lemma gives a categorical interpreta-

tion of the Rojter's classification algorithm [17,18,20].

Lemma 2.3. Let AMA be a BOCS. Then for every additive

K-subcategory B of A and for every dominant functor T:B * B'

there are a push-out diagram

B o A

T P

B' >+ B'IIA = &
B

~

and a BOCS KMK = A@AMAQAK such that T induces an equ1valence

‘ ' N N
of categories T*'R(KMZ) = R(AMA).

As a consequence we get the following two propositions
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Proposition 2.4. Suppose that AMA is a triangular almost

free BOCS and let 1—>—2 be a continuous arrow in the bigraph

of ,M, such that D(a) = 0. If B is the additive K-subcategory

of A generated by "a" and B' is an additive K-category having

only three different isolated objects 1', 2', 3' (i.e. B'(i',j")

is zero for i' # j'), then the functor T:B > B' defined by

the formulas T(l) = 1'®2', T(2) = 2'@3’', T(a) = (g-é) is domi-

nant and there is an equivalence of categories

T H ~~~ '..’.
T*.R(AMA) 2 R(M,)

induced by T (in the notation of Lemma 2.3) such that

(i) if X = T,(Y) is an indecomposable representation such

that X(1l) # 0 and X(2) # 0 then fdim ¥V < 9dim XT.

(ii) if there is no loops 17)c, 2g)b with D(b) = D(c) = 0

in the bigraph of ,M, then the BOCS Kﬁﬁ is almost free

and triangular.

Note that the BOCS Kﬁi in the Proposition 2.4 is isomorphic

to the BOCS M(a*) in the notation of Rojter[18] (see also [20]).

Proposition 2.5. If 1—22 is a continuous arrow in the

bigraph of a box 'M_ such that D(a) can be extended to a set of

ege_ne’rators _ _
freepf Ker &4 then there exit a BOCS f&f with A = A/AaA and

an equivalence of categories

@:R(ﬁ) z R(AMA)
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such that

(i) if X = O(Y) is an_indecomposable representation such

that X(1) # 0 and X(2) # O then Tdim ¥V < fdim X7,

(ii) if M, is triangular (and almost free by our assumpt-

ion) and D(a) can be extended to a triangular set of generators

then iﬁ% is also triangular and almost free.

Now we can formulate the main result in [7]

Theorem 2.6. If K is an algebraically closed field and AM

).

is a K~finite dimensional triangular almost free BOCS then

M

is either of tame or of wild representation type.

AA

Outline of the proof. One can prove that AMA is of wild

type if its bigraph contains as a
following forms

(h;) =

) a(CGee b, pla) =

(h,)

2 a(::)r—jlﬁo, D(a) =
3 a(::;b::gsz;::)c, D(a) =

(h,)
b

can not be extended to a
rators of Ker 4,
b, D(a) = D(0)

D(b) =

(h )

- extended to a

generators of

D(b) =

subbigraph one of the

0,

D(0) = 0 and D(b)

set of free trianqular gene-

0 and D(b) can not be

set of free triangular

Ker A,

Next we suppose that the bigraph of AMA does not contain

as a full subbigraph the forms (hl)

(h4) and we prove by

the induction on||d|jthat for any triangular almost free BOCS
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there is a parametrizing fami;y for its indecomposable repre-
sentations of diﬁension d.

The case 1dY = 0 is trivial because any indecomposable X
with fdim X = 0 is simple in mod(A). There is only finitely
many suchﬁx and they have triQial endomorphism rings.

Now suppose that for any Eriangular almost free BOCS
A'MA' and any d' with 1d'% < 141 there is a parametrizing
family for indecomposables of A'MA' in the dimension d'. Since

AMA is almost free and triangular then there exists a function

h:Z > {1,2,3,... }
such that D(a) depends only on bé L with h(b) < h(a) for any
ae L. Here L= EO\J Zl, where Zo is the set of continuous
arrows and,Z1 is the set of dashed arrows in the bigraph
of AMA' Without loss of generality we may suppose that d is
an exact dimension because otherwise any representation X
with dim X = d is an exact representation of a smaller BOCS.
.Now let ae Zo be such that h(a) is minimal. Since the bi-

graph of AMA does not contains the graphs (hl) - (h4) then
there are three possibilities:

(i) a is an edge with D(a) = 0,

(ii) a is a loop with D(a) = 0,

(iii) D(a) # 0 and D(a) can not be extended to a triangulqr

set of generators of AMA' It follows from Propositions 2.4
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and 2.5 that there is an equivalence of categories

7 > py(
wiR M) 2 ROM )

A% such that

with a triangular almost free BOCS A*M*
fdim ¥y < fdim w(Y) 1 for any indecomposable representation Y
with dim w(Y) = 4 when either (i) or (iii) holds. Then by our
inductive assumption there is a parametrising family for inde-

composable representations of A*M in any dimension d' with

*A*
94'Y <7daY and therefore there is also a parametrizing family
for indecomposables of AMA in the dimension d. Now suppose
that (i) and (iii)do not hold and that (ii) holds. Let T be
the set of all loops ceEo with D(c) = 0 and let b & Zo -T

be an element with h(b) minimal. Then h(b) # 0 and one can

show that only the following three cases can appear

(1) where b is an edge and D{(a) = O,
b .
(11) ac::;zg;;;;p where b is an edge and D(a) = O,

Saw "

¢ where b can be a loop or an edge.

m o,
Then 0 # D(b) = I £f.(a)s. for some f. € K[X] and o----l-’o €L
i=1 i i i 1

in the case (I). Let Zl be such that h(ol) > h(oj) for all j
and let R' and R" be full subcategories of R(AMA) consisting
of representations X such that X(fl(a)) is invertible and nil-
potent, respectively. If we denote by M[fl(a)-ll a correspon-

ding localization of the BOCS AMA (as in the definition of
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almost free BOCS) thea‘there is an equivalence of categories
Re = R(u(g @7 'D)
and in the localizing BOCS D(b) can be extended to a set of
triangular generators. Then we are in the same position as in
the case (iii) above and therefore we conclude that there is
4 parametrizing family for representations in R' of dimension
d. Furthermore, applying Lemma 2.3 one can find‘a‘triangular
almost free BOCS M° and an equivalence R (M°) S R(AMA) sﬁch
that fdim Y1 < fdim u(X)%for any indecomposable representa-
tion Y with u(Y) €R" and dim u(Y) = d. Hence we get a para-
metrizing family for representations in R" of the dimension d.
A parametrizing family for representations in R(AMA) -(R'UR")

can be found in a similar way, but the proof is a little more
difficult then the previous ones. The proof in the cases (II)

and (III) is similar.

3. Pinal remarks.

Theorem 2.6 can be also applied to categories which are
rather far from being equivalent to mod(R) where R is a finite
dimensional algebra over an algebraically closed field. There
are several such examples coming from the matrix problems
considered by Rojter and his students(see(l16,17]). In particu-
lar it can be applied to the categories of representations

of partially ordered sets.
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Let us remark that Theorem 2.6 can be also applied to
the classification of algebraic vector bundles over the proj-
ective space p" because we know from [3] (see also A.A.Beilin-
son, Coherent sheaves on Pn and‘probléms of linear algebra,
Funkc. Anal. i Prilo¥en. 12(1978), No.3, pp. 68-69) that
the problem is equivalent to the classification of indecompo-
sable finite dimensional graded modules over the exterior
Grassman algebra A of n+l variables, i.e. A is the exterior -
algebra of the space Kn+l. Unfortunately we do not know if
the category is of tame or of wild representation type.-

We recall that there are several interesting categories -
of Harish~Chandra modules of tame representation type.

It was already proved in [8,10] that the category of Harish-
~Chandra modules of the Lorentz group (or equivalently of the
group SL(2,¢))is of the tame repreSentation'type and the clas-
sification of its indecomposable representations is reduced to
the classification of indecomposable finite dimensional modu-
les over the algebra C[X,Y]/(XY). The corresponding problem
for the group SL{2,R) is also of the tame representation type
(see [12]). It is proved in [2 ] that for any real semisimple
Lie group G there exists an agreeable algebra S of analytic
functions such that the category of Harish-Chandra modules
of G is locally equivalent to the category of finite dimensio-

nal S-modules. However,for any particular group G the classifi-
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cation of its indecomposable Harish-Chandra modules is an inte-
resting and nontrivial problem.

- In a.connection of these problems we would like to mention
interesting results of Horo¥kin[11,12]. It is proved in [11]
that the classification problem of Harish-Chandra modules
of the group SU(1l,n) is of wild type for n > 2. It is also
concluded in [12] that the problem is of wild type for the
groups Sp(l,n) with n > 2 as well as for any real reductive
Lie group of rank > 2. The main result proved in [12] asserts
that the category of Harish-Chandra modules of the connected
component SOo(l,n) of the identity element in the Lorentz
group SO(1l, n) is of the tame represenation type and there are
no other real connected simple Lie groups whose categories
of Harish-Chandra modules are - of tame represenation type or,
equivalently, ar&%tf wild representation type (by Theorem 2.6
and [2 1]).

It is interesting to remark that the classification methods
applied by Gelfand and Ponomarev[8] and developed by Horo¥kin
in [12] are very close to the covering technique developed
recently by P.Gabriel [The universal cover of a representation
finite algebra, Lecture Notes in Math. No. 903, 1981,pp.68-105]

and involves interesting graded categories.
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oN EQUATIONS xP + v9 + 2¥ - xvz = 0

By Iku NAKAMURA

Department of Mathematics, Hokkaido University

INTRODUCTION. There are two "strange" dualities in certain
classes of isolated singularities, exceptional unimodular singu-
larities and hyperbolic unimodular singularities (cusp singulari-
ties). The dualities resemble each other very much. The purpose
of this article is to show what they look like and to give an
explanation for the duality of cusp singularities from the arith-
metic and geometric view points. The most part of the article
is, roughly speaking, devoted to studying the connection between

two isolated singularities

0

3 4 4
T 4,4} X" +y + 2z - xyz

3,

2

5 6
2,5,6 ° X" +y" +z - xyz = 0.

T

This article is a revised version of [N3].

The details with proofs will appear in [N2]. I would like
to appreciate Professor Kenji Ueno, with whom discussions and
correspondences were very valuable during the preparation of the

article.
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§6 A GEOMETRIC EXPLANATION OF THE SECOND DUALITY,
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7 Y I CALLE ?
§ WH S Tp,q,r D Tp,q,r
§8 DEFINING EQUATIONS OF CUSP SINGULARITIES.

§9 A CONNECTION WITH KAC-MOODY LIE ALGEBRAS.

§1 MODALITY OF SINGULARITIES,

(1.1) Let us consider the following problem. Let f be a germ of
a holomorphic function at the origin (0,0,0) of ¢3 with isolated
critical zero at the origin, and f£ind a normal form of £ up to
biholomorphic coordinate transformations of e3 at the origin.
Following Arnold we ;onsider the problem in the following manner.
Consider X; = {(x,y,2) ¢ c3; f(x,y,z)‘= 0} = £71(0) and arbitrary

deformation of Xy- In other words, consider
F(x:Y,Z,t) = f(x,y,z) + tlhl Fooo g tkhk

for hj fixed holomorphic functions, tj complex parameters with
ici = p1 = cee

Itjl sufficiently small. Let X_ =F “(0), t = (t;,°**,f ). We

ask, for instance, what X, is if any X, is ‘smooth or isomorphic

to X, itself. The answer for it is quite simple, indeed, up to

equivalence (coordinate transformations at the origin),

£=x% +y% 4+ 22, Xy = £710) = 4.

The proof of it goes as follows. We take a Weierstrass
normal form of £

m

f="+ 5 a ly,z<
j=1
with aj(0,0) = 0. Define
P = f+tx?

and X, = F1(0). Then for t # 0,
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xz(t + xm-2

F = Foee) + amll(y,z)¥ +'am(y,z)
. - - -
o ’
~ul o+ 2al;_1d +a 3 al:‘_'l)r
~ (u + ax;‘_ljz + a" ' (3 a"')_

where a"(0,0) ='a;(0,0),=,a;(0,0)‘= 0. So xt is singular at the

origin, by assumption xt % X, which implies m = 2. By similar

]
arguments we infer

f(x,y,2z) ~ x? + y2 + 22
The next problem is what are the singularities'xo with small

deformations Al or smooth only. Then the answer for it is f =

2 2

x“ +y"  + z3, X, = A And so on.

0 2°
Thus we are led to the following

(1.2) THEOREM [A]. Suppose that §(isomorphism classes of defor-

mations of xO) is finite for a given isolated hypersurface singu-

larity X, = £71(0). Then £ is one of the following

A KAl 22
D) : xzy + yk-l + 22
3 4 2

56 Tt X +y + 2
’57 : x3 + xy3 + 22
EB H x3 + ys + 22

(1.3) Let us consider the following finite C-module

Mf = E[[x:le]]/(fxrfyrlef)

for a holomorphic function £ with an isoiatéd criﬁiéal zeio at

[
Hh
fl
Hh

o, i.e., the set {£f = fz = 0} is {o = (0,0,0)}.

X Y
Consider

F{x,y,2) f + tlhl Feoot tkhk

for a basis hl,---,hk of Mf and define
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k= {(lelz;tll"'ltk)7 F(XIXIZ) = QI Itjl < e}.

Let = be the natural projection of ¥ to Dt, xt = n-l(t),

t = (t;,+e,t,), where D_ = {tqé ¢?,|t| < g}. Then it is known
that any (small) deformation is equivalent (or isomorphic) to one
of the fibers K, .

(1.4) DEFINITION [Al. The modality of an isolated singularity

X = f-l(O) is the minimal dimension of an analytic subset S of

Dt such that any isomorphism class of deformations of X is one

of the fibers ., tesS.
(1.5) THEOREM {A]. Any 0-modal (hypersurface) isolated singula-

rity isone of A, , D ’ E7 and 58. Any l-modal (unimodular)

x' %%’ Bs
singularity is one of the following

' T2,3,6" T2,4, 3,3,3

2) 14 exceptional singularities Sp qr with (p,q,r) one of
r ’

1) simply elliptic singularities T 4’ T

the Dolgatchev triples

. 3) cusp singularities T with (1/p)+(1/q)+(l/r) < 1

P/q,r

where Tp q,r : x9+yq+zr-txyzA= 0 (t#0), t can be chosen to be.l
14 14 . ) .

in the case 3).

§2 THE STRANGE DUALITY OF ARNOLD-GABRIELOV.
We consider the following germs S and S' of isolated singu-
larities at the origins;
s:xlz+yz2 eyt =0, s s xt 4 xyt 422 =0,
The singularities S and S' are among the 14 exceptional singulari-

2 4 2

ties. Let f = x°z + yz© + y4; g = x? +xy +72z°. Lets =

-1 A S § ; ) = 'y =
£ 7 (t), St = g ~(t) (t#0). Then bz(St) =11, bz(St) = 13 and

there are bases el"”""ell and £ ---‘,f13‘ of Hz(st,zz) and

ll
H,(S{,Z) such that their intersection diagrams are Ty 4,4 ®H
14 14

and T2,5,6 ® H where
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T2,5,6 H o-g-o—o#o-o-o .
?
@5
o
]
o
We call (3,4,4) and (2,3,9) the Gabrielov numbers of S and S'
and write Gab(s) = (3,4,4) and Gab(s') = (2,5,6) respectively.
On the other hand we have resolutions of S and S$' with exception-

al sets consisting of 4 nonsingular rational curves as below;

R
"

-4 -4

l-2 |-5 |;6 I-3

where each line denotes a nonsingular rational curve, a negative
integer beside it denotes the selfintersection number of the
curve. We call (2,5,6) and (3,4,4) the Dolgatchev numbers of S

and S' and we write Dolg(S) = (2,5,6) etc.. So we have

Gab(S) = Dolg(S'), Dolg(S) = Gab(S').
For a Dolgatchev triple (p,q,r) of an exceptional singularity U
we define A (U) = pgr-pg-gr-rp. Then we have

A(S) = A(Ss?")

This is part of the strange duality of Arnold-Gabrielov of
14 exceptional singularities. See [A].

Here is another observation. The polynomials f and g are
quasi-homogeneous. Namely by defining degrees of variables x, y

and z
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n

(deg %, deg y, deg 2) (6,5,4)

1l

(deg x, deg y, deg z) (4,3,8)

for £ and g respectively, the polynomials f and g are homogene-
ous of degree 16 (equal !). Moreover the sums of degrees of

variables are both 15 (= the degree of f minus one).

§3. DUALITY OF CUSP SINGULARITIES.

(3.1) Let TP q,r be a germ of an isolated singularity at the
14 14

origin defined by

r
Tp,q,r : xP + yq + 27 - xyz =0

where (1/p}+(l/q)+{1/r) < 1. We define deg(Tp q r) = p+q+r,
’ ’

index(T, . .} = (p-l.,q-1,r-1), &(T, . ) = par-pq-qr-rp.

Let T=T =T We shall show that there is

*
3,4,4' T 2,5,6°
a duality between T and T*. First we resolve the sin-

gularities. Their exceptional sets in their minimal resolutions

are cycles of nonsingular rational curves,

27 D= Dl + D2 + D3

with selfintersection numbers Ci = =3, Cg = -4, Di = =2, 02 =

2
3
sections of Cl and C2' we obtain a cycle of three nonsingular

: ] ] [} q |2__ -2__ 12=_
rational curves Cl' C2, C3 with C1 = -1, C2 = -4, C3 5.

c=c, +C

1

-3, D; = -3. By blowing up the first once at one of the inter-

Now we define

cycle(T) = (1,4,5), cycle(T*) = (2,3,3).
Then the first duality between T and T* is

‘index(T) = cycle(T*), cycie(T) = index(T*).
The second is

A(T) = B(T*).
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Moreover the intersection matrices.of C and D are

(cicj) = [—3 -z\] o ‘(n'ii)j)w= -2 1 1
2 -4 1-3 1

l 13

whose determinants are equal to A(T) or A(T*) up to sign.
Next we consider modified continued fractions arising from
the sequences of selfintersection numbers of C and D. Let

w = [[3,4)]. By definition

=3~ —= =3 - —=—— = (3+/6) /2.

Then the modified continued fraction expansion of (l1/w) is given
by
/0w = [[1,2,3,2,3)]

where 3,2,3 is the periodic part 6f the expansion and the first
1 and 2 have no particular meaning, indeed, the 1 comes first
simply because (l1/w) < 1. Since (3,2,3) is a cyclic permutation
of (2,3,3), we may identify (2,3,3) and (3,2,3). Conversely if
we start with w* = [(3,2,3)]), then we obtain l/w* = [[1,2,%,3]].
This is the third duality. .

Next we reconsider the cycles C and D. The cycles C and D
are so-called fundamental divisors of the singularities T and T*.
An important fact is for instancé that the embedding dimension
of any cusp singuiarity S is equal tb max(3,-zz) for the fundamen-

tal divisor Z of S. 8So we define Deg(T) = -C2, Deg(T*) = -(D)z.

Then
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Deg(T) = -(cl+cz)2 = 3+4-4 = 3,

Deg (T*) = -(Dl+Dz+D )2 = 2+3+3-2-2-2 = 2.

3
Now the fourth duality is
Deg(T) = #(irreducible components of D),

Deg(T*) = #(irreducible components of C).

Here we define length(T) = #(irreducible components of C) etc..

There is still a duality between T and T*. To state it, we
need to take another pair T and T . The exceptional
2'3'9 3'3'4

sets of T and T are cycles of three nonsingular rational

2,3,9 3,3,4 )
curves with selfintersection numbers -2, -2, -3 and a rational
curve with a node with selfintersection number -3. By blowing
up the second at the node of the rational curve, we obtain a
cycle of two rational curves with selfintersection numbers -1,
-7. By blowing up again at one of the intersection points of
two curves, we have a cycle of three rational curves with self-

intersection numbers -1, -2, ~8. 'So we define
cycle(T2’3’9) = (2,2,3), cycle(T3'3'4) = (1,2,8).
Thus we have the same duality as before,
cycle(T2’3’9) = 1ndex(T3’3'4), 1ndex(T2’3’9) = cycle(T3’3'4).
Now the fifth duality is

deg(T) + deg(T*) = 24,

deg(T2'3'9) + deg(T3'3'4) = 24,

(3.2) THEOREM. Let T be the set of all '1‘p q,r with length less

than 4. Then there is a bijection i of T onto itself such that
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for any Tof T

0) i(i(T)) =T,

1) index(T) = cycle(i(T)),

2) deg(T) + deg(i(T)) = 24,

3) A(T) = A(L(T)), _ 7

4) an asserfion abou£ coﬁtinued fréction expansidné'holds,

5) Deg(T) = length(i(T)).

‘ i t T) = 14 i
We notice that &(T) and Tp,q,r belongs to T iff Sp,q,r

is one of the 14 exceptional unimodular singularities and that

iff .
Tp,q,r and Ts,t,u arerdual i Sp,q,r ans Ss,t,u are dual
(3.3) TABLE OF 14 TRIPLES.
' non self-dual self~-dual

(2,3.8) §531 (2.4.5) | (2,3,7), (3,3,6)
(2,3,9) -+ (3,3,4) (2,4,6), (3,4,5)
(2,4,7) +--+ (3,3,5) (2,5,5), (4,4,9)
(2,5,6) +=-=-+ (3,4,4)

where we mean by self-dual that (p,q,r) is dual to (p,q,r).

§4 HXPERBOLIC INOUE SURFACES.
(4.1) Let K be a real quadratic field with conjugation ( )', M

a free Z module of rank two (called a complete module) in K.
Let U (M) = (aeK ; aM = 4 and « > 0, a' > 0}, V a subgroup of
U+(M) of finite index. It is known that U+(M), a fortiori, V is

infinite cyclic. Let H be the upper half plane{ze € ; Im(z) >

0). We define actions of M and V on HXH and HxC by
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m

(zl,zz) - (zl+m,zz+m')

a (z

l,zz) + (azl,a'zz),
and G(M,V) to be the group of those actions by M and V. Then
the actions of G(M,V) on HxH and MxT are free and properly
discontinuous so that we have as quotient spaces ndnsingular sur-
faces

X'(M,V) = HxH /G(M,V)

S'(M,V) = HxT/G(M,V)

X'(M) = HxH /the group of actions of M.

The surface S'(M,V) is compactified by adding two points « and
w-rand we obtain a singular surface Ssing(M,V). By the natural
inclusion of HxH into MxT we may consider X'(M,V) as a subset

of S {M,V). We may assume that X(M,V) , the interior of the

sing

closure of X' (M,V) in S (M,V) , contains o, We have

sing
X(M,V) = X' (M, V)v{=} .

I shall give the one-dimensional analogue of X(M,V). We

take K =@, M=2Z, V = {1} and define an action of M on H by

m (e¢M) : 2z + zZz+m.

Then the quotient X' is a punctured disc D' = D - {0} by exp(2n/-1z).

1

S'(M,V) = &€/M (=C*), S =P, The interior of the closure

sing

. 3 . . .
of X 71n Ssing is the unit disc D.

{4.2) DEFINITION. The germ (X(M,V),») at » is called a cusp singu-

larity of type (M,V).

The surface S {M,V) has two cusp singularities at « and

sing
- Which can resolved by replacing « and «. by C and D cycles of

rational curves [H]. Here we mean by a cycle of rational curves

a connected curve C = c1 + c2 + eee # €, such that
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n23 CC =0 (J#k,kil mod 'n), C4Cy4y = 1 (for any 3 mod n),

n=2 c, and C, meet at two distict points transversally,

each C; is a nonsingular rational curve (n22)

n=1 cl is a rational curve with a node.

(n 23 : (n = 2) (n=1)

By resolving the singulafitiés wtand w_ of Ssing(M,V), we

obtain a nonsingular surface S(M,V) which has an infinite cyclic
fundamental group and no exceptional curves of the first kind.
This is the second example of a surface of class VII

0 with b2 >0,

which was constructed by Masahisa Inoue in 1974. We call this

surface a hyperbolic Inoueisurface from various reasons. As we
saw, any hyperbolic Inoue surface S(M,V) has two cycles C and D
~of rational curves. It is not difficult to check éxcept 3) the
following

(4.3) BROPOSITION.

1) The intersection matrices (Cjck) and (DjDk) are negative

definite.
2) C2 = =§(irreducible components of D),
D2 = ~#(irreducible components of C),

bz(S) = #(1rreduc1ble components of C+D).
3) (C Z) and H (D,Z ) are pr1m1t1ve sublattices of H (S(M V),
Z), and H (D,z) = H (C,2zz ) (the orthogonal complement)

4) |det(CjCk)| = |det(DjDk)|.
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See (7.9) for the definitions of lattices, primitive sub-
lattices. We also notice that the sequences of selfintersection
numbers of irreducible components of C and D are related by
modified continued fraction_expansions of a real quadratic irra-
tionality w and 1/w. To be preciée; e define

(4.4) DEFINITION. For a cycle C of rational curves
Zykel(C) = (-C3,-C3,+++,~C2)  (n22)
2 =
(-c3+2) (n=1)

(4.5) LEMMA. Let v be a real quadratic irrationality with w > 2,

l>w' > 0., Then there exist pj, qj (>3) and n (1) such that

w = [[pl'z'o-.'2'p2'2!o-.'2'.....'pn'2'..-,2]]
(q,-3) 7(q2—3) (q,-3)
l/w = [[113121“‘120q1121“‘:?qul"‘an_l'aLL}LLg'qn]]-

(91-3) (92-3) ‘ .(pn-3)

With these preparations we can state the relation between
C and D as follows;
(4.6) PROPOSITION. For two cycles C and D on a hyperbolic Inoue

surface S(M,V) there exist pj, qj (23) and n (31) such that

Zykel(C) = (91'2""'2'92'?""'2"""2'Pn'%LL;LL?)
(q,=3) (q,-3) (q,-3)
Zykel (D) = (2,...,2,q1,2,...,2,q2,....,qn_1,2,...,2,qn)
(p,-3) (py-3) ' {p,=3)
and M = (Z + Zw)B
w= [[Pys2,°**12sPye****1Pyr2s°2,21]

for some B (¢K) with 8 > 0, B' > 0.
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ssing(M’v)

minimal resolution

S(M,V)

(M=2Z+ Z (3+/6) /2) )

(4.7) EXAMPLE, Let M = Z+ Zw, w = (3+/6)/2, and V = U (M).
Then V is an infinite cyclic group generated by a, a = 5-2v/6.

The surface S{M,V) has two cycles € and D

c=C +Cyy D=D, +D, + D,
. 2 2 2 2
with C1 = -3, C2 = -4, Dl = =2, D2 = -3, Dg = ~3. We have
w= [[3,4]], l/w = [[2,2,3,2,3]].

This is the case we treated in 53.

Next we consider a double covering S(M,vz) of S(M,V) where
V2 = {82 ; BeV}. Then we have two cycles C' and D' of rational
curves on S(M,Vz), each being a double unramified covering of C

or D respectively as well as S(M,Vz). Then we have

Zykel(C') = (3,4,3,4), 2Zykel(D") = (3,2,3,3,2,3)
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which is also a special case of (4.6).

(4.8) _We say that two complete modules M and N are,strictlx
equivalent if there is Yy in K such that y > 0, v' > O_and M = yN.
Up to strict equivalence, we may assume that M = Z + Zw rwitllx

"w>2, 1>w' > 0. Then we define with the help of (4.6)

(ﬂ*: [[2"'.'2'q1'2 eee z'qz'."'qn—l' es e z'qn]].‘:
(0,-3)  (p,~3) (p, -3

It is easy to see that w* = (w-1)/(w-2).

(4.9) LEMMA. Let M = Z + Zw, N = Z + Zw* with the notations

in (4.8). Then (S (M,v) ,»_) = (X(N,V),~) for any subgroup V

sing
of U+(M) of finite index.

(4.10) DEFINITION. Two cusp singularities (X(M,V),~) and

(X(N,U) ,») are dual if V = U and there exist a real quadratic
irrationality w with w > 2, 1 > w' > 0 such that M and N are res-
pectively strictly equivalent to Z + Zw and Z + Zw* where w* =

(w-1) /(w-2).

This definition is equivalent to saying that two cusp singu-

larities are dual iff they are obtained from one and the same

hyperbolic Inoue surface by contracting two cycles of rational

curves on it.

(4.11) PROPOSITION. Let M be a complete module, M* the dual of

M, that is, M* = {x ¢ K; tr(xy) ¢ Z for any y in M}. Then two
cusp singularities (M(M,V),~) and (X(M*,V),~) are dual for any

subgroup V of U+(M) of finite index.

This proposition is essentially due to K. Ueno. (See [N3]

LEMMA 2.) This fact was pointed out to us by Van der Geer too.
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‘The purpose of this section is to give an explanation for
why the duality (3.2) 1) holds true.
(5.1) Let M = Z+ Zw be a complete module with w > 2, 1 > w' >
0 and V a subgroup of'U+(M)‘of finite index. We embed M into ]R2

by a mapping.

m -+ {(m,m')

Consider the convex hulls of the images of M in the first
and fourth quadrants,

,£+

convex hull of { 1 (m); me M, m > 0, m’' > 0}

z

convex hull of { 1(m); me M, m > 0, m' < 0}.

"+

Let 3z’ (32_) be the boundary of £+ (7). Then I~ is a

one dimensional polygon as the picture shows below.
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The polygons ar* consist of infinitely many edges, each

connecting two points of 1(M). Let us number them consecutively.

Let
skt = 1'1(az+ n 1(M)) = {nj e 2}
sk” = 17157 a 1) = {n‘j‘ i JeZ}

where n, = 1, na = (w=1) /w*, nj < nk,_n3,< n; (j>k) .

These polygons are called the Cohn's support polygons.

Of particular importance is that they describe the minimal reso-
lutions of the cusp singularities (X(M,V),») and (X(N,V),») where
N = Z + Zw*, v* = (v-1)/(u-2). See [0].

(5.2) We define two cone decompositions of M ® R as follows;
zZ

+ —-—
Dec’ (M) -{IR+nj ”R+“j+1' 1R+nj (jezZ ), {0}}

Dec (M) = (m+n5 +m+n;+1, m+n§ (jezZ ), (0}}.

By the general theory of torus embeddings [0], we have two

complex spaces locally of finite type associated to Dect(M)
T,emb(Dec’ (M)) and T emb(Dec” (M}).

For simplicity we denote them by T(Dec’(M)) and T(Dec™ (M)) in
what follows. X'(M) and X'(N) (See (4.l).) are naturally embed-
ded into T(Dec+(M)) and T(Dec (M)) as open subsets. Let D+(M)
or D (M) be the interior of the closure of the image of X'(M) or
X' (N) in T(Dec+(M)) or T(Dec (M)) respectively.

(5.3) We have a dictionary of correspondence between objects in

Dec+(M) and T(Dec+(M)) as follows;
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pect (M) T (Pect (1))

nj (orIR+nj, a cone of dim 1) cj' a nonsingular rational

curve in D+(M)

an +IR.n (a cone of dim 2) p: = C,°C , the transversal

3 + j+1 3 j i+l

intersection of Cj andvcj+1

no cone of dim 2 containing nj cj and Ck don't meet (k#j, jzl)

and n, (k#3, 3+1)

= 2 _ _

nyoy ¥ Myy = A0y (aa:i eN) | C§ = -3,

a ¢ a generator of V g : an automorphism of 0+(M)
inducing on X' (M)
gIX'(H) H (21122) -+ (02110'22)

anj = nj+r for any j g(cj) = cj+r for any j

(5.4) LEMMA. The group {g" ; n ¢ Z} operates on 0t (M) freely
and properly discontinuously. We have a natural holomorphic map-
ping ht of oY) v e= D+(M)/{gnr; ne¢ 2Z) onto X(M,V). The map-
ping h+ is a minimal resqlution of =,

(5.5) We assume that #{ng i) e Z} mod V = 3. Then we have a

dictionary for pec-(M) and T(Dec (M)), D (M) as follows;

Dec (M) T (Dec (M))
n; . Dj' a rational curve in D (M)
- - 2 —3 - -
- 2 _
(@-1)n%y,) = N5 + Ni44 D344y = ~(a-1)
- = 2 = —(re
(r-1)n%5,2 = N3441 * Di443 D342 = ~(r-1)
a : a generator of v g : an automorphism of 7 (M)
an; = n;+3 g(Dj) = DJ.+3
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where p, q2 3, r> q.
We know n*j' explicitly. For instance see [0,p. 161]).

In correspondence with D:.| or n*, we define holomorphic func-

tions f:.| on X(M,V) by

fj = Ff(n;)(zl,zz)

exp(2n /<1 (Bz,+8'2,))
BeV~;(n§) 1" "2
where f(ng) = (n;/(m-—m'))', \I'f(n;r = {vf(ng) ; Ve V5.
(5.6) THEOREM.

1) fj is holomorphic on X(M,V) and £ (w) = 0. We have fj = fk

3

iff § = k mod 3.

2) The mapping F : (X(M,V),=) + (€>,0)
(z

1723) F— (£4.£,,5))

is a holomorphic embedding.
P q r _ - ,
3) We have f0 +‘f1 + f2 foflf2 0 (mod higher order).
4) There exist holomorphic functions Ej on (X(M,V),») such that

Ej = fj mod m2 {(m : maximal ideal of «)
fO + fl + f2 foflf2 0.

(5.7) THEOREM. Under the assumption in (5.5), (X{M,V),>) is iso-

morphic to T where p, q > 3, r 2 4.

P.q9.,T
(5.8) Next we consider the case where #{n;'ir 5 Je Z)YmodV =2,

We define n3,_ () 5y Dec '(M) as follows;

n34-(1/2) = M35 * P35-a

“ - * n#*
Dec '(M}) = R+n2j—1 “R+"5j—(1/2)" ]R+n5j—(l/2) +1R_'_n2j
IR+n5j +m+n5jfl and their faces .

Then we define D '(M) to be the interior of the closure of X'({(M)
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in T(Dec '(M)). (X'(M) is embedded into T(Dec '(M)) too.)
We can also lift the action of g on D (M) to D' (M) which we
denote by the same g.

Now we have two dictionaries.

Dec (M) T(Dec (M) )
n;‘ Dj( cD (M)
(q-2)n35 = 0341 + P35 ng = =(g-2)
= 2 =
(r=2)n34,) = n35 * 3542 Dyj+1 T ~(r=2)
Dec ' (M) T(Dec ' (M))
ng Dj( cD *(M))
n33-(1/2) | P23-a2)
- ] 2 = - -
(2-1n35_(1/2) = P3j-1 * P33 | (Pag-(1y2y) = -(271)
_ ' v2 e
(q-l)nl!,:j = nij—(l/Z) + n5j+1 (DZj) = (g-1)
- l V 1 2 - -
(x=1)n3541 = M35 * M3je(3/2) | (P2yn) = -(F71)

where q 2 4, r 2 5.

1(Dec” M) & 1(Dec ' (M))

o
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(5.9) LEMMA. The quotient surface D '(M)/V := D '(M)/{g" ;i ne =}

is a blowing-up of D-(M)/V 1= D_(m)/{gn‘; n ¢ Z} with center
the image of p_, . ‘

(5.10) THEOREM. Define holomorphic functions fj (j=-1/2,0,1) on

X(M, V) and a holomorphic mapping F of X(M,V) into o3 by

¥ exp(2m/=T(Bz,+8'z,))
BGV‘f(n;) '

P(zl.gz) = (f

_(1/2) 'fO'fl) .

Then .

1) F is a holomorphic embedding of (X, (M,V),®) into (€>,0).
X

2 q - .
2) We have f-1/2 + fo + fl f-1/2fof1 = 0 (mod higher order)}.

3) There exist holomorphic functions £, on (X(M,V},=) such that

)
2 2
.= £
fJ j mod m
Az Aq Ar—;\ an—
f_1/2 + fo + fl f—1/2f0fl = 0.

(5.11) THEOREM. Under the assumption in (5.9), (X(M,V) , @) is

isomorphic to T where q > 4, r > 5.

2,9,r
(5.12) Finally we consider the case #{n;} mod V = 1. We define

n;+(1/2), n§+(l/4) and Dec " (M) as follows,
niy/2) = Py * P

iy =05 Y P2y

Dec "(M) ={Rny_(1/2) *RePYr By * B3, (1/4) 0 ]
R,0%, (1/4) * RSy (1 2) ¢ and their faces| .
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1(Dec " (M))

1(n] /4)

(5.13) LEMMA. Let D " (M) be the interior of the closure of X'(M)
embedded in TMemb(Dec-"(M)). g the lifting of the automorphism g
of D™ (M) corresponding to a generator of V in (5.3). Then the
surface 0 " (M)/V := D_"‘(M)/{gn ;: ne Z)} is a succession of two
blowing-ups of D (M)/V with centers a node of the unique rational

curve in D (M)/V and a singular point of the total transform of

the curve.

(5.14) We have two dictionaries;

Dec™ (M) T (Dec (M))
n? Dj(cv'(m))

(£-4)n§ = ny_) + 03, D§‘= ~(x-4)

Dec " (M) T(Dec " (M))
ny Dy (< D" (M))
"j+1/2) D3+ (1/2)
/ey | D3+(2/)
(=108, 1y = 0§ + 0300y | 03, 1/e) % = -(2-D)
(3-Ln3, 1/72) = Peza) t a1 (°§+(1/2)’2 = -(3-1)
(£-1)n3,; = 03, (1/2) * Mdy(ssq) | PY4p)” = —tx-D)
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where r > 7.
=

D™ (M) /V : D" (M) /V

blow-up
-(x-6) -—+ -1
-(r-1) \
We remark that Dg = —(r-4) in D™ (M) but Bg = -(r-6) where 50

is the image of D, in 0~ (M)/V.

0
(5.15) THEOREM. We define holomorphic functions fj (i=1/4, 1/2,

1) on X(M,V) and a holomorphic mapping F of X(M,V) into E3 by

£y = Ff(ﬁ;)(zl'zz)

F(zl,zz) = (f1/4'f1/2'f1)'
Then
1) F is a holomorphic embedding of (X(M,V) ,=) into (¢3,0).
2 3 r _ .
2) We have f1/4 + £ + £7 - f1/4f1/2f1 = 0 (mod higer order).

172 1
3) There exist holomorphic functions Ej on (X(M,V),») such that

2. = £. mod m?

j 3
a2 A3 r a a _
fl/4 + fl/2 + %1 - %1/4f1/2f1 = 0.

(5.16) THEOREM. Under the assumption in (5.12), (X(M,V),») is
isomorphic to T2,3,r where r > 7.

(5.17) Now we are in a position to give an explanation for the
duality (3.2) 1). Let M= Z+ Zw, N = B+ Zou*, v = (3+/6)/2,
w* = (w=1)/(w-2) = (7+2/8)/5. Then v :=u' () = u* (W) = {a® ;
Nne ) wherea = 5-2/8, 1 > a > 0. Let T = (X(M,V),»), T* =

(X(N,V),»). T* is the dual of T by definition. Then by [H} or
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(5.4) ,we have minimal resolutions of T and T*
+ ~ o - ~
o /v EOTmy/v, 0T (2 0T/,
Their exceptional sets are cycles of rational curves, respectively

Co, C1 and Do, le D2

with ¢ = -3, ¢ = -4 ana D2 = -3, D2 = -2, D2 = -3.

1 0
In view of (5.5)-(5.7), we have holomorphic functions %j (j=o0,

1,2) on T such that

> 2 .
fj = Ff(ng) mod m (j=0,1,2)
A4 A3 A4 A A A _
fo + fl + f2 foflf2 =0
together with correspondences
n% +-—+ D p2 = -(4-1)
0 o' 0 '
2
ni —— Dl' Dl = -(3-1),
ng +--= D,, D2 = -(4-1)

The singularity T = (X(M,V),») is thus isomorphic to 'I'4 34 by
’ ’

(5.7).
On the other hand we have in view of (5.8)-(5.11) holomor-

phic functions §j (j=-(1/2),0,1) on T* such that

. 2 .
gj = Fg(nj) mod m (j= (/2),0,1)
2 A5 . AG _ A ~a

9 (1y2) ¥ 90 * 91 " 9-(1/2)%% = °

together with correspondences

[] 1 2 = - -
N2 7T Sl 0 Clay)t = o
(] ] 2 P - -
n, —— Co ' (Co) = -(5-1),
_ . . 2 o _
ny S Eatend C1 ’ (Cl) = -(6-1)
where g(n) = ((w*-1)n/(v*-w*'))’ and.cs is a rational curve in

?7'(N). Then the singularity T* = (X(N,V),») is isomorphic to
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T,,5,6 10 view of (5.11). The xntroductionAof n_(1/2) corres-
ponds to a blowing-up U '(N)/V of D (N)/V, which fits the process
of defining cycle(T) in (3.1). This explains (3.2) 1).

§6. A GEOMETRIC EXPLANATION OF THE SECOND DUALITY.

(6.1) THEOREM [N5]. Let S be a VII, surface (i.e. a compact com-

0

plex surface with b, = 1 having no exceptional curves of the

1
first kind). Suppose that S has two cycles A and B of rational

curves. The S is a hyperbolic Inoue surface.

In view of (4.3) and (4.6), (6.1) shows that there is a
duality between two cycles A and B of rational curves on a VIIO
surface. However the arqument for the proof proceeds in the
reverse order in reality. We make an essential use of the duali-
ty in order to prove (6.1). So it is worthy of mentioning

(6.2) THOEREM. Let S be a VII_, surface with A, B two cycles of

0
rational curves. Then

1) , the intersection matrices (AjAk) and (BjBk) are negative

definite,
2) Az = -§(irreducible components of B),
2

B” = -§(irreducible components of 1),

b2 = §(irreducible components of A+B),

3) there exist positive integers pj, qj (>3) and n (j=1,¢+-,n)

such that
Zykel(n) = (pl,z,...,2,p2,2,...,pn'2'...'2)
Zykel(B) = (2:"':2,q1:2,°”:qn_1,2:"':qun) ’

(p1—3) (pn-3)

4) HZ(A,Z ) and HZ(B,Z ) are primitive sublattices of a
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unimodular lattice Hz(s,zz ), each being the orthogonal comple-
ment of the other in az(s,zr),

5) ldet(AjAkH = [det(-BjBk)l.

The proof of this is essentially based on the following
fact.
(6.3) LEMMA [N5] Let S, A and B be the same as in (6.2). Then
there exists a proper smooth family # : $§ + D over the unit disc

D with two n-flat divisors A and B of 'S such that

1) (Solelso) = (S,A,B),
2) At and Bt are nonsingular elliptic curves for t # 0,.
3) St is a blown-up primary Hopf surface with two elliptic

curves whose proper transforms are A t and Bt' and the centers of
blowing-ups are on the two elliptic curves or their proper trans-

forms. - : '
See [N4,NS] for the details.

(6.4) THEOREM. Let S be a VII; surface with two cycles A and B.

Suppose A and B are exceptional sets of T and TE

P.49,X PA-TA

Then p+gir+s+t+u = 24,

Proof. We assume (3.2) l). Then by blowing up S at singular

points of A and B if necessary, we have a surface S' with b1 =1,

b2 = 6, A' and B' cycles of three rational curves on S' and
KS. = =A'-B' because Ks = -A-B by [I]. Then (3.2) l) implies

that the sequences of selfintersection numbers of irreducible
components of A' and B' are given by =-(s-1), -(t-1), -(u-1) and

-(p-1), -(g-1), -(r-1) respectively. Then we have
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2 2

6 = b2 = -KS, = —(A'+B')" = (p-1l+g-1l+r-1-6)+(s-1l+t-1l+u-1-6),
hence p+g+r+s+t+u = 24. Q.E.D.
7 Y
§ WHY IS Tp,q,r CALLED Tp,q,r ?

(7.1) By [L2) the deformation theory for a singular hyperbolic
Inoue surface with one cusp T and with the dual cycle D of T
preserved is equivalent to the deformation theory for the cusp
singularity T. Hence we study deformations of a hyperbolic Inoue
surface instead of deformations of T.

(7.2) LEMMA [L2). Let Y be a singular hyperbolic Inoue surface
with one cusp T, the dual cycle D. Suppose that D consists of
three rational curves with selfintersection numbers -(p-1),
-{q-1), -(s-1) (p,g%3, r24). Then there exists a proper flat
family

TS -+ A

over a dics A with a n-flat Cartier divisor of P of S such that
(30100) = (Y,D), D =EDx 4, S, (t#0) is a nonsingular surface.
Moreover the pair (St,Dt) is a blown-up projective plane:IP2 and
the total transform of a cycle consisting of three lines.

(7.3) Let LO’ L., and L, be three lines forming a cycle on the

1
projective planeiPz, Pj nonsingular points of the cycle such

that Py € Ly (1<j<p) , Pye Dy (p+1<jgpta) , Py e Ly (p+q+1<3<ptq
+r). Blow upimz at these points to obtain a surface Y' and ex-
ceptional curves Ej (l<j<p+q+r) , Dj the proper transform of Lj

2

(1<j<3). Then E.E = -(p~1), D] = -(qg-1), Dg = =(r-1).

- _ 2
38k = "85k Do
A fiber (St,Dt) is isomorphic to one of such pairs (Y',D) by
(7.2).

{(7.4) LEMMA [L2). We have an exact sequence,
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0+ Z * Hy(SDZ) * Hy(SZ) H (0, 2) + 0.
(7.5) It follows that

L(T) := Hy($,-D,,Z)/Z = H,(D,,Z)" in H,(S_,Z)

n

(2 the orthogonal complement of HZ(D,Z) in HZ(Y'z )) .

Let us study L(T). Then by (7.2) and (7.3)
p+g+x

HZ(Y',E) =Zheo® & ZE;
i=1
DO = LO-EI-...-EP ~ h_El_..._Ep
D1 = Ll-Ep+1_.“-Ep+q - h-Ep+1_”.‘"Ep+q’

2 LZ-Ep+q+l-".-Ep+q+r ~ h-Ep+q+1“.”"Ep+q+r

where h denotes the pull back of the class of a line on ]Pz. So

we define
e = h-E:l'-Ep+1“Ep+q+l'
e; = E;-E; ., (1gigp-1), fj-p = Ej-E:'H-l (p+1<j<p+q-1)

gk-p-q = E By 1 (ptq+lsk<p+q+r-1).

Then e, e fj and 9y have length -2, i.e., e2 = e? = fI = =

-2, and
(e,ei) = 611' (erfj) = 63-11 (e,gk) = lel

(ei,e = (fj,f. ) =1,

i+1! 541 = (994!

(ei.ei.) = (fi’fj') = (gk,gk.) = 0 (otherwise)
(eilfj) = (eilgk) = (fj,gk) =0
where e2 = (e,e) etc., ( , ) is the intersection form on HZ(Y',
Z). They form a Z -basis of L(T).
In what follows we denote by L(T ) the free Z module

p.q.r
generated by e, e fj and 9 (l<i<p-1, 1<j<g-1, 1<k<r-1) with
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bilinear form defined as above for any triple (p,q,r) with (i/p)
+ (l/éf + (1/r) < 1. To indicate thé'biliﬂéar‘form on L(Tp,q,r)
we define a gragh in the following manner. Each vertex of the
graph denotes one of e, e, fj and Iy Two vertices e' and e"
are connected by a single edge iff two vectors v' and v" corres-
ponding to e' and e" in L(Tp,q,r) have (v',v") = 1.

The graph thus defined is

ep-l e e f1 f2 fq—l
0-0-0~+ + +~0=0=0-"+ + - ~0-0~0
—Y ) ? v -t
P gt 9
2
rq:d
9
° 9r-1
which is called T after its shape.

P/q,r
This fact was observed by [L2), and partially by [N3].

(7.6) Let f(x,y,2) = ® o+ yq + 2 - xyz, ¥ = f-l(t). Then

Hz(xt,z )free = Hz(xt,z ) /torsions

ne

m

Hz(Y'-D,Z ).
From (7.4) we infer

(Hz(xt,zz )free' (intersection form)) = 0 @ I‘(Tp,q,r)

where 0 denotes Z with bilinear form 0. This is the reason why
the singularity H, is called T

p.q.,c’

(7.7) The bilinear form on L(Tp q r) is nondegenerate of rank
’ ’

p+g+r-2, indeed it has a positive eigenvalue and (p+g+r-3) nega-
tive eigenvalues. Therefore L(Tp q g) is canonically embedded
’ ’

. * (.= . .. . .
into the dual L(Tp,q,r) (: Hom(L(Tp'q,r),m )} with finite index

. . . . -
Rather surprising is that the finite group L(Tp,q,r) /L(Tp,q,r)
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is realted to the automorphism group of 'I'p q,r’
) e
(7.8) PROPOSITION (Pinkham-Wahl [P]). Let G be the group of mono-

ial automorphi £T
mia uto! phisms o °,q,r’

G ={g: (x,y,2) > (ax,By,vz) ; oP=pI=y"=apy,q,B,y cC*}.

s s : . * _
Then G is isomorphic to L(Tp,q,r) /L(Tp,q,r)' Moreover the quo

tient of Tp,q,r by G is a cusp singularity dual to Tp,q,r'
(7.9) A lattice is by definition a free Z module of finite
rank with a nondegenerate integer-valued bilinear form. A free
Z -submodule M of a lattice L is called a sublattice of L if the
bilinear form on M is the restriction of that on L. A primitive
sublattice M of L is by definition a sublattice of L with L/M

free. A lattice M is said to be (primitively) embedded into a

lattice L if there exists a monomorphism j : M » L of Z modules
such that the bilinear form on M is the pull back of that on L
(and L/j(M) is free). .

{(7.10) PROPOSITION. Suppose (l/p)+{(l/q)+(l/r) < 1.

1) L(T ) is primitively embedded into L := E, 8 E, 8 H & H
P.q9,r 8 8
if ptg+r < 19.
2) 1If p+g+r < 17, then the primitive embedding of L(Tp q r) into
- Y.,
L is unique, that is, for two arbitrary primitive embeddings f

and g of L(Tp q r) into L there exists an automorphism h of L such
’ '

that £ = hg, h keeps the bilinear form on L invariant.

3) L(Tp,q,r) is isomorphic to L(Tp',q'

r') if pt+g+r < 15.

’r') iff (p,q'r) = (p';q';

- In the above we mean by E_, and H the E_, lattice and a lat-

8 8
tice of rank 2 with bilinear form (0 L.
1 o0
Eg 0-0-0-0-0-0-0
o
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~

2,7,77 = L(T3,3,10) LT3 4,10
L(T4'5'13)- So (7.10) 3) fails for ptg+r = 16,

By Brieskorn, L(T

). =

(7.11) PROPOSITION (LATTICE-THEORETIC DUALITY). - Two singulari-

ties Tp,q,r and TS;t,u are dual if and only if L(Tp'q'r)‘ls

primitively embedded into E, ® E, ® H @ H with L(T_ _ )% (:=
8 8 P/q,T

the orthogonal complement of L(T )) being L(T )} embedded

P.q,r s,t,u

primitively..

(7.10) and (7.11) follows from [Ni]. See also [P, Theorem

® He® H = 20.

1l]. The relation (3.2) 2) is rank (E8 ] E8

§8 DEFINING EQUATIONS OF CUSP SINGULARITIES.

(5.7), (5.11) and (5.16) are.an interpretation and a gene-
ralization of the duality (3.2). We shall try to generalize the
duality to arbitrary cusp singularities, or cusp singularities
of arbitrary embedding dimension in this direction.

(8.1) PROPOSITION (Xal. Any cusp singularity of embedding dimen-

sion 4 is isomorphic to

Io,q,z,s ¢ X+t -ypw=yl+w® -xz=0

where p, q, r 2 2, s 2 3.

(8.2) PROPOSITION. Let T be a cusp singularity, D the dual
cycle (= the exceptional set of the &ual T*) . Suppose Zykel(D)
= (p,9,r,s). Then T is isomorphic.to Hp,q,r,s'
(8.3) PROPOSITION. Let T be a cusp singularity, D the dual cycle
of T with Zykel(D) = (po,pl,pz,p3,p4). Then T is isomorphic to

wpo'pl'p2’93'94' a germ at the origin of an algebraic subset of

EG defined by 5 equations,

jo I P: ~—1l P.,.,~1
J_ ji-2 j+2 - .
xj xj-lxj+l + xj_2 xj+2 0 (jeZm /52&)
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where Py 22, P42 3.

(8.2) and (8.3) are proved by using rigidity theorem of
cusp singularities due to Laufer. We can -construct holomorphic
functions on T corresponding to irreducible components of D which
seem to approximate x, y, 2z, w and xj.
(8.4) The five polynomials in (8.3) are Pfaffians of 5 princi-

pal minors of an alternating 5 x 5 matrix. 1In fact, let

[ o x4 -xg-l -x:'l X, ]
X5 0 x, -xg'l -xg'l
A= xg-l X, 0 X4 -xg-l
x:-l xg-l ~Xq 0 x,
) xg-l xg'l -x, o | .
Then the j-th Pfaffian is
"?j R TS R 5 R "?252-1"552-1
where (p,:P,sP,rP3:P,) = (pP/q,T,s,t).
(8.5) The defining equations of ﬁpo;...’p4 reminds us of

Bianchi's defining equations of the universal eliiptic curve with
level five structure [K, p. 230}. (This was pointed out to us

by Taka-aki Oda.) They are

abx2 + bzx.

T Xa%n 1-2%442 =0 ez /5zZ)

where [a:b] is the homogeneous -coordinate ofiPl

= H/T(S) u cusps.
Compare (8.4) with the following.

Let
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1
—ax, 0 ax, -bx2 -bx0
= - - t -
B bx1 ax, 0 ax, bx3 ({ ‘B=-B)
bx4 bx2 --ax0 0 axl
| -ax, bxo bx3 -ax, 0o )
Then the i-th Pfaffian of B is equal to
abx2 - azx X + b2 x (ieZ/52Z)
i i-1%in1 ¥i-2%i+2
(8.6) The intersection diagrams corresponding to [ and
Ped,X,S
W are obtained in the same manner as those corresponding
P.q9,x,s,t
to ‘1‘p ar Let Y be a singular hyperbolic Inoue surface with a
’ ’

cusp T and its dual cycle D with Zykel(D) = (p.q,r,s) or (p.,q.r,
s,t). Then by [L2] there exists a proper flatAfamily 7:S + 4
over a disc A with a g -flat divisor ? of § such that D= Dx 3
and St (t#0) is nonsingular. St (t#0) is a blown-up projective
plane. Let L(T) = Hz(D,Z )l in Hz(St,z ) (t#0). Then L(T) has
az bésis consisting of vectors of length -2. By suitable choices
of bases their intersection forms are described by the following
diagrams. Their names come from their shape f| and a web. We
notice that some extended Dynkin diagrams are obtained by special-

and W

D/d,T,S,t° In fact, E

izing T

p,q.x'Tp,q,1,s 8 = T2,3,6" Bz

T2,4,4" B¢ = T3,3,3° D5 = N3,2,2,2 B4 = W5 5 2,2,2°

P — °
d—o. .o—bI —?—o. .0—0 . L
o o (p-1)

0—0 -
Q-0+
o %

¥

— QA

VJ

2/

(o]

HPIQIIIS wqu:r:S,t
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§9 A CONNECTION WITH KAC-MOODY LIE ALGEBRAS.

(9.1) Simple singularities Ak’ Dk’ EG’ E .and Ealare deeply

7
connected with corresponding simple Lie algebras and groups.
Indeed these singularities and their Qemi—universal deformations
are obtained as‘transversal slices of‘subregular nilpotent (or
unipotent) elements of Lie algebras (or groups). It is expected
that there are similar relation;,between unimodular singularities
and Kac-Moody Lie algebras and Lie groups associated with Cartan
matrices corresponding to intersection diagrams (graphs) such as
No theory of it is yet completed. See [sl,s2}.

Tp,q,r'

(9.2) DEFINITIONS. Let A = be an integral

(aij)i’j___l’.ol’r ‘
matrix. A is called a (generalized) Cartan matrix if it has the

following properties:;

1) a;; =2 (lgigr)
2) a;420 (i#J)
3) =-0 iff a.. = 0.

%5 ji ,
Let g4 be the corresponding Kac-Moody Lie algebra, "a Cartan sub-

r »

Zh,, h*x = Hom (hz,Z).

b3
algebra" h= @ u:hi, h_ = 2 by z

i=1l z i

Suppose for simplicity that det A # 0. (This is true for Tp q,r’
’ ’

if (1/p)+(1/q@)+(1l/x) < 1.) Define an element a, of h’z'fz by

ai(hj) = a4 and a reflection rai of h by
rui(h) = h - o, (h)h, (h e h).
Let B be the Cartan diagram of A — a diagram whose vertices

v; are in one to one correspondence with a and whose two verti-
ces v, and vj are connected by edges with suitable multiplicities

if a,.a.. # 0. For instance B = in our case. Let X be

s s T
ij i+ P/q,T
a subdiagram of B. Then we can associate a Cartan matrix to X,

so we have a corresponding Kac-Moody Lie algebra 9y "a Cartan
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subalgebra™ hx = @ Ch;, a Weyl group W, — the group generat-
v.eX
i
L= * =
ed by rai (viex). Let Tx hx @ zn: ¢ T = Tg.

The Kac-Moody Lie group G is a group generated by T, xi

and Yi (i=l,++-,r) where xi and Yi are images of additive one-

parameter subgroups X0 ¥

X, : L —— G

i
Y; ¢ € — G
such that
t:xi(c)t:-l = xi(ui(t)c>p
_l (teT)
tyi(c)t = yi(-ai(t)c).

We require some additional conditions on G for a precise formula-
tion. See [S2].

(9.3) DEFINITION [Ll1]. Let A a Cartan matrix, B the Cartan

diagram of A. A subdiagram X of B is gpecial if X = ¢ or wY is
infinite for any connected component Y of X.

In case B = Tp,q,r' X is special iff X = Tp',q',r' with

] ' ] 1
P'S{Prq' <£q, r' < r and X contains one of T2,3,6' ‘1‘2'4'4 or

T3,3,3°
(9.4) THEOREM {L2}. Let B the Cartan diagram ‘rp qrr (= the
! ’
graph ‘1‘p q ) - Let Y be a singular hyperbolic Inoue surface
’ ’
with a cusp T =T and its dual cycle D. Let m : X + U be

P:q.T
a semi-universal deformation of Y with D preserved. Then U has

a natural stratification
U= | | Ux

X <cB
special

such that
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1) Ux is a quotient of an open subset of TB/TX by W,, an extend-

X
ed Weyl group of Wx* by (hB)u where X* = {v ¢ B; v(hj) =0 for
vj € X}.
2) U, >0, iff Xc¥

3) Minimal resolutions of fibers xu over u ¢ Uy (X#@) are
blown-up parabolic Inoue surfaces or hyperbolic Inoue surfaces
with blown-up dual cycles equal to the given D. The centers of
blowing-ups thereby are always on the dual cycles.

(9.5) THEOREM [S2]. With the notations in (9.2)-(9.4), let
wi( € h&) be fundamzntal dominant weights of h such that mi(hj)
=8, Ri : G » GL(V Y) the standard representation of the Kac-

1] w, W,

Moody Lie group G, vul a subspace of V 1 oof weight u (¢ h‘z‘a)

xi(t) = tr(Ri(t)). Then
w, :
1) xi(t) = E (dim Vul)u(t) is a convergent holomorphic function
He b
on U ¢‘and extends to U continuously, and
2) the holomorphic mapping 5(- of U into (Er,o) defined by
X (8) = (x;(£), o0, x (1))

is an isomorphism at UB

See [S2] for the definitions and details.

(= a point of U).

{(9.5) is an analogue of the theorem that T/W is isomorphic
to € where T and W are respectively a maximal torus, the Weyl
group of a simple group and the isomorphism is given by fundamen-
tal characters.

(9.6) I shall explain (9.4) in more detail. First we observe

the following. Let

p-1 g-1 r-1
F=x1I (x-s,) +y I (y=t,) + 2z 1 (z—uk) - Xyz,
T =1 1 k=1
3 -
T, = {(x,¥,2) €€7; F=0}, a= (sqsecsu. ) € EPYIVE-3
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= 0 (lgigp’'-1, 1<j<q'-1, 1;35;'—1) and nonzero

If s; =‘tj = u

Sg» tj and u_ are generic, then Taa is Tp!,q',r"l If s, = tj =
u, =0 (lgigp'~1, 1<jgq'~1, 1gkgr'-1) and s, = s,/ Sy = Syus
U = u, (p'gi<i', q'gj<3’, r'gk<k'), then T, is Tp';q';r"e

@A

q-q'-1 & Ar-r'-l’ This means that Tax in the second

Rp-pr-1

case has four isolated sinqular points isomorphic to Tp' q'.c'’
’ ’

p-p r-r'" Any subdiagram of Tp,q,r containing one

of T2,3,6' T2'4'4 and T3'3'3 is obtained in this way. (9.4) 3)

asserts that singularities of Xu (ueUk. X##4) are only those sin-

A |'Aq_é| and A

gularities thus obtained. More precisely

(9.7) COROLLARY OF (9.4) Let Xu be a fiber of . Suppose that

Xu has an isolated singularity distict from Ak' Dk' EG' E7, EB.
Then the singularity of Xu is A O©OA 66 Al

q

T ®
Plaatrt TPy 3 95k Tk

where Z(pi+1) < p-p's Lla,+l) < q-q',
i 5

(9.8) We shall give "a proof" of (9.7) by using the theory of

I(r, +1) < r-r'.
kK kK

VII0 surfaces. First we recall parabolic Inoue surfaces.

Parabolic Inoue surfaces are VII, surfaces, each with an elliptic

0
curve E and a cycle Z of rational curves. We have a sort of
duality, E2 = -g(irreducible components of Z). Let n = -Ez.
If n =1, then 2 is a rational curve with a node with zz = 0.
If n > 1, then any irreducible component zj has zg = -2. So by

(4.4) we have Zykel(2) = (2,++-,2).

(9.9) THEOREM. Let Y be a singular hyperbolic Inoue surface
with a cusp T and its dual cycle D. Let 7 : X - A be a proper
flat morphism such that XO = n-l(O) = Y, there is a w-flat divi-
sor D of X, isomorphic to D x A. Suppose that X, (t#0) has an
elliptic singularity. Then the minimal resolution of Xt (t#0)

is a blown-up parabolic Inoue surface or a blown-up hyperbolic
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Inoue surface with blown-up dual cycle equal to the given D.
The centers of blowing-ups are on the union of an elliptic curve
and a cycle or two cycles of rational curves.

(9.10) CONJECTURE. With the notations in (9.10), the minimal

resolution of Xt is minimal along the exceptional set of the
(unique) elliptic singular point of Xt.

(9.lli By assuming (9.9) , (9.10) we shall give "a proof" of
(9.7). For simplicity we assume 2yke1(b) = (b-l,q-l,r-l), P.q 2
3, £ > 4. By (9.9) Xt is either a blown-up parabolic Inoue
surface or a blown-up hyperbolic Inoue surface. First we consi-
der the case where the minimal model of the minimal resolution
of Xt is a parabolic Inoue surface S' with 2ykel(2) = (2,2,2).
Then since 2ykel(D) = (p-1,9~l,r-l), we can blow up S' at (p-3),
(g-3) and (r-3) points of three irreducible components of Z.
Thus we obtain (-2) rational curves from repeated blowing-ups at
the same points of 2, so the dual graph of (-~2) curves thus ob-

tained is a subdiagram of A @ A

p-4 q-4
have a simple elliptic singularity Ty 3.3 from the elliptic curve
1~

@ A Besides it we

r-4°
E with Ez = -3 on S'. If Xt has as the minimal model of the
minimal resolution a hyperbelic Inoue surface S° with D' the
dual cycle with 2ykel(D') = (p'-l.q'~1l,r'-1l), then in order to
obtain D we can blow up S" at (p-p'), (g-gq') and (r-r') points
of irreducible components of D'. We have therefore Tp' q',r
s’ s’
(as the dual of D') and any subdiagram of AP-P'-l ] Aq-q'-l ®

A In the cases where 2 or D' has less than three irreduci-

r-r'-1"*
ble components, we can prove similarly.
Let T = .
(9.12) EXAMPLE. T2,5,6‘ Then Y has the dual cycle D with

Zykel(D) = (3,4). Any subdiagram X of T2,5,6 containing T2,4,4

is one of Ty 5,5° T2,4,6' T2,4,5 ® P1r T2,4,5° T2,4,4 ® Py
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For instance, ® Al is obtained from a' parabolic

T2,4,4° T2,4,4

Inoue surface S' with an elliptic curve E with E2 = -2, S' has
. ; 5

1 2 b

blow up once and twice on'zi and 22. Let the centers bf blowing-

ups be P, Ql' Q2 (pezl, Ql,chzz). If Ql = QZ' we have a ra-

a cycle z of two rational curves Z, and Z, with Z, = -2. We can

tional curve with selfintersection number -2 which blows down to
an A, singularity. Since E2 = -2, this blows down to a T, , ,
L . : . . . r r

1 If Q1 # Q2 then we

singularity. Thus we obtain T2 4.4 ® A
. . r r :

have T2’4'4 only. Subdiagrams X of T containing T2,3,6 are

2,5,6
T2,4,6' T2,3,6 ;) Al' T2,3,6" All of them appear in the same

manner as above.

0-0-0-0-0-0-0 .o-g-o-o-o‘ 0  0-0-0-0-0-0-0
3 3 3
4 o)
6 o) o
Ta2,5,6 Ty,4,5 %3 T2,3,6
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