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Abstract. Let A = A(α,β) be a graded down-up algebra with weights (deg x, deg y) =
(n,m) and β ̸= 0, and ∇A the Beilinson algebra of A. Note that A is a 3-dimensional
cubic AS-regular algebra. Assume that gcd(n,m) = 1 and m ≥ n. In this report, we
give the dimensional formula of the Hochschild cohomology group of ∇A for the case
that m ≥ 2 and n ≥ 2. As an application, when m > n > 1, we prove that the derived
category of a non-commutative projective scheme associated to A is not equivalent to the
derived category of any smooth projective surface. For this case, we give a basis of the
first Hochschild cohomology groups of ∇A by constructing the Bar resolution. Moreover,
we give the Lie algebra structures on the first Hochschild cohomology groups obtained
by the Gerstenhaber brackets for the case that m ≥ n ≥ 1, m ̸= 1 and gcd(n,m) = 1.

1. Introduction

This report is based on a part of [8]. Throughout this report, let k be an algebraically
closed field with char k = 0. Noncommutative projective schemes associated to AS-regular
algebras were formulated by Artin–Zhang [2]. It was defined by the Serre quotient of the
category of finite generated right modules by the subcategory of finite dimensional right
modules. Let mod∇A denote the category of finitely generated right ∇A-modules, tailsA
denote the noncommutative projective scheme. The bounded derived categories of tailsA
and mod∇A are denoted by Db(tailsA) and Db(mod∇A), respectively. Regarding the
relationship between a noetherian AS-regular algebra A and its Beilinson algebra ∇A,
an important result was proved by Minamoto–Mori [11]; if A is a coherent AS-regular
algebra of dimension d and ∇A is its Beilinson algebra, then ∇A is extremely Fano of
the global dimension d − 1, and there exists an equivalence of triangulated categories
Db(tailsA) ∼= Db(mod∇A).

The graded algebra A(α, ε) := k⟨x, y⟩/(x2y−εyx2−αxyx, xy2−εy2x−αyxy) is called
a graded down-up algebra with weights (n,m), where α, ε ∈ k and deg x = n, deg y = m ∈
N+. This down-up algebra was introduced by Benkart–Roby [4] for a study to a poset.
Kirkman–Musson–Passman [10] showed that a graded down-up algebra A = A(α, ε) is a
3-dimensional noetherian AS-regular algebra if and only if ε ̸= 0 holds.

The aim of our study is to investigate the Hochschild cohomology of ∇A of a down-up
algebra A = A(α, ε) with weights (n,m) and ε ̸= 0. Assume that gcd(n,m) = 1 and m ≥
n. If n = 1 and m = 1, then the description of the Hochschild cohomology group of ∇A
was already given by Belmans [3]. Also, if n = 1 and m ≥ 2, then the dimensional formula
for the Hochschild cohomology group of ∇A was given by the first author and Ueyama [9].

The detailed version of this paper will be submitted for publication elsewhere.



In this study, we provide the dimensional formula for the Hochschild cohomology group
of ∇A in the case that n ≥ 2 and m ≥ 2 (Theorem 7). Using this dimensional formula,
we show that, if m > n > 1, then Db(tailsA) is not equivalent to the derived category
of any smooth projective surface (Remark 13). Furthermore, for the case that n ≥ 2
and m ≥ 2, we construct a basis of the first Hochschild cohomology group of ∇A via
the Bar resolution. Moreover, we give the Lie algebra structures on the first Hochschild
cohomology groups induced by the Gerstenhaber bracket for the case that m ≥ n ≥ 1,
m ̸= 1, gcd(n,m) = 1 (Theorem 15).

2. Preliminaries

First, we recall some basic facts of Hochschild cohomology (see [13, Section 2] and [14,
Chapter 1], for example). Throughout this section, let Λ be the k-algebra and Λe :=
Λop ⊗k Λ the enveloping algebra of Λ. We consider the following resolution of Λ as right
Λe-modules which is called the Bar resolution of Λ:

Bar•Λ : · · ·
di−1
Λ−−→ Λ⊗i di−2

Λ−−→ · · ·
d2Λ−→ Λ⊗3 d1Λ−→ Λ⊗2 πΛ−→ Λ → 0, where πΛ is multiplication map,

diΛ(b0 ⊗ b1 ⊗ · · ·⊗ bi+1) =
i+1∑

l=0

(−1)lb0 ⊗ b1 ⊗ · · ·⊗ bl−1 ⊗ blbl+1 ⊗ bl+2 ⊗ · · ·⊗ bi+1.

We consider the complex
⊕

i≥0

Homk(Λ
⊗i,Λ) where the differential εiΛ from Homk(Λ⊗(i−1),Λ)

to Homk(Λ⊗i,Λ) is defined by

εiΛ(f)(b1 ⊗ b2 ⊗ · · ·⊗ bi) = b1f(b2 ⊗ · · ·⊗ bi) +
i−1∑

l=1

(−1)lf(b1 ⊗ · · ·⊗ blbl+1 ⊗ · · ·⊗ bi)

+ (−1)if(b1 ⊗ · · ·⊗ bi−1)bi.

For each i ≥ 0, there exists an isomorphism

εiΛ : Homk(Λ
⊗i,Λ) → HomΛe(Λ⊗(i+2),Λ); h '→ [b0 ⊗ · · ·⊗ bi+1 '→ b0h(b1 · · · bi)bi+1].

Moreover,
⊕

i≥0 Homk(Λ⊗i,Λ) is isomorphic to the complex
⊕

i≥0 HomΛe(Λ⊗(i+2),Λ) as a
complex, which is obtained by applying HomΛe(−,Λ) to Bar•Λ. The Hochschild cohomol-
ogy of Λ is defined by the homology of

⊕
i≥0 Homk(Λ⊗i,Λ). We identify the elements of⊕

i≥0 HomΛe(Λ⊗(i+2),Λ) that correspond to the basis computed as above. The Hochschild

cohomology of Λ is defined by HHi(Λ) := Ker εi+1
Λ /Im εiΛ. When Λ is free k-module,

the Bar resolution of Λ is the projective resolution of Λ as right Λe-modules. Then
HHi(Λ) ∼= ExtiΛe(Λ,Λ) (see [14, Remarks 1.1.14]).

We recall the definition of the Gerstenhaber bracket of Hochschild cohomology (see
[14]).

Definition 1. For each [f ] ∈ HHi(Λ) and [g] ∈ HH⊗j(Λ) represented by f ∈ Homk(Λ⊗i,Λ)
and g ∈ Homk(Λj,Λ), the Gerstenhaber bracket is the residue class of the k-linear



homomorphism [f, g]Λ : Λ⊗(i+j−1) → Λ. The bracket [f, g]Λ is defined by [f, g]Λ =
f ◦ g − (−1)(i−1)(j−1)g ◦ f , where

(f ◦ g)(b1 ⊗ · · ·⊗ bi+j−1) =
i∑

l=1

(−1)(n−1)(l−1)f(b1 ⊗ · · ·⊗ bl−1 ⊗ g(bl ⊗ · · ·⊗ bl+j−1)

⊗ bl+j ⊗ · · ·⊗ bi+j−1).

In particular, f ◦ g is a standard composition of homomorphism when i = j = 1.
The following theorem is one of our motivations in this report for studying a down-up

algebra.

Theorem 2 ([10]). Let A(α, ε) be the graded down-up algebra with weights degx = n and
degy = m, ε ̸= 0. Then, A(α, ε) is an AS-regular algebra of the dimension 3 and the
Gorenstein parameter # = 2(n+m).

We consider assumptions that we can assume without loss of generality when computing
the Hochschild cohomology of the Beilinson algebra of a graded down-up algebra.

Proposition 3 ([9]). Let A := A(α, ε) be a graded down-up algebra with weights deg x = n
and deg y = m. We write A′ := A′(α, ε) as a graded down-up algebra with the generators
x′, y′ has weights deg x = n/r and deg y = m/r where r := gcd(n,m). Assume that
ε ̸= 0. Then the Hochschild cohomology groups of Beilinson algebras of the above down-
up algebras satisfy HHi(∇A) ∼= (HHi(∇A′))r for all i ≥ 0.

By Proposition 3, we can assume that gcd(deg x, deg y) = 1 without loss of generality.

Lemma 4 ([6, 4.1. Lemma (i)]). Let A(α, ε) be a graded down-up algebra with weights
deg x = n and deg y = m. If ε ̸= 0, then A(α, ε) ∼= A(−αε−1, ε−1) via the map
interchanging x and y.

Hence, we can assume that deg x ≤ deg y without loss of generality.
To introduce these results of [3] and [9], we define a sequence λi+2 = αλi+1+ελi with λ0 =

0 and λ−1 = ε−1. Here, we name the following cases:

Case I n+m is even and α = 0
Case II otherwise

Case 1 λm+1 = 0
Case 2 λm+1 ̸= 0 and α2 + 4ε = 0
Case 3 λm+1 ̸= 0 and α2 + 4ε ̸= 0

Theorem 5 ([3, Table 2]). Let A = A(α, ε) be a graded down-up algebra with weights
deg x = 1, deg y = 1, ε ̸= 0, and ∇A the Beilinson algebra of A. Then we obtain the
dimensional formula of the Hochschild cohomology groups HHi(∇A) of ∇A as follows:

• dimkHH
0(∇A) = 1;

• dimkHH
1(∇A) =






6 for Case I (and Case 1),

3 for Case II and Case 2,

1 for Case II and Case 3;

• dimkHH
2(∇A) =






9 for Case I (and Case 1),

6 for Case II and Case 2,

4 for Case II and Case 3;



• dimkHH
i(∇A) = 0 for i ≥ 3.

Theorem 6 ([9, Theorem1.4]). Let A = A(α, ε) be a graded down-up algebra with weights
deg x = 1, deg y > 1, ε ̸= 0, and ∇A the Beilinson algebra of A. Then we obtain the
dimensional formula of the Hochschild cohomology groups HHi(∇A) of ∇A as follows:

• dimkHH
0(∇A) = 1;

• dimk HH
1(∇A) =






4 for Case I (and Case 1),

3 for Case II and Case 1,

2 for Case II and Case 2,

1 for Case II and Case 3;

• dimkHH
2(∇A) =






8 for m = 2, Case II, and Case 1,

7 for m = 2, Case II, and Case 2,

6 for m = 2, Case II, and Case 3,

m+ 5 for m ≥ 3 and Case I hold (and Case 1),

m+ 4 for m ≥ 3, Case II, and Case 1,

m+ 3 for m ≥ 3, Case II, and Case 2,

m+ 2 for m ≥ 3, Case II, and Case 3;

• dimkHH
i(∇A) = 0 for i ≥ 3.

3. Main results

3.1. The dimensional formula of the Hochschild cohomology groups. In this
subsection, we show the dimensional formula of the Hochschild cohomology group of the
Beilinson algebras of graded down-up algebras with ε ̸= 0, deg x = n and deg y = m
where m ≥ n > 1 and gcd(n,m) = 1 in a similar way to Green–Snashall [7] and [9].

Let A = A(α, ε) be a graded down-up algebra with weights deg x = n and deg y = m,
ε ̸= 0, where m ≥ n ≥ 1 and gcd(n,m) = 1, and ∇A the Beilinson algebra of A.
Then, ∇A is represented by the following quiver Q∇A = ((Q∇A)0, (Q∇A)1, s, t) and the
admissible ideal I of kQ∇A, that is, the quiver Q∇A = ((Q∇A)0, (Q∇A)1, s, t) is defined by






(Q∇A)0 := {e1, e2, . . . , e2(n+m)},
(Q∇A)1 := {x1, x2, . . . , xn+2m, y1, y2, . . . , y2n+m},
s(xi) := ei, t(xi) = ei+n for 1 ≤ i ≤ n+ 2m,

s(yj) := ej, t(yj) = ej+m for 1 ≤ j ≤ 2n+m;

and the admissible ideal I generated by the relations
{
fi := xixi+nyi+2n − αxiyi+nxi+n+m − εyixi+mxi+n+m for 1 ≤ i ≤ m,

gj := xjyj+nyj+n+m − αyjxj+myj+n+m − εyjyj+mxj+2m for 1 ≤ j ≤ n.

By the similar calculations of [7] and [9], we obtain the dimensions of HHi(∇A) for all
i ≥ 0.

Theorem 7. Let A = A(α, ε) be a graded down-up algebra with weights deg x = n,
deg y = m, ε ̸= 0, where m ≥ n > 1 and gcd(n,m) = 1, and ∇A the Beilinson algebra



of A. Then we obtain the dimensional formula of the Hochschild cohomology groups
HHi(∇A) of ∇A as follows:

• dimkHH
0(∇A) = 1;

• dimkHH
1(∇A) =

{
2 for Case I,

1 for Case II;

• dimkHH
2(∇A) =






m+ 5 for n = 2 and Case I,

m+ 4 for n = 2 and Case II,

n+m+ 1 for n ≥ 3 and Case I,

n+m for n ≥ 3 and Case II;

• dimkHH
i(∇A) = 0 for i ≥ 3.

3.2. Applications of Theorem 7. In this subsection, we give the similar result in [9,
Section 3] for the case that m > n > 1. Regarding the bounded derived category of co-
herent sheaves on a smooth projective variety, Bondal–Polishchuk [5] proved the following
theorem:

Theorem 8 ([5, Lemma 3.1]). Let Db(cohX) be the bounded derived category of coherent
sheaves on a smooth projective variety X and κ the automorphism on K0(Db(cohX))
induced by the Serre functor K of Db(cohX). The action of (−1)dimXκ on K0(Db(cohX))
is unipotent.

To use Theorem 8 to check the correspondence between down-up algebras and some
geometric objects, we recall a useful matrix which is called the Gram matrix.

Definition 9 (see [5]). Let T be a triangulated category and K0(T) the Grothendieck
group of T. We denote [X] ∈ K0(T) as the isomorphic class of X ∈ T. Suppose that
ε is the bilinear form on K0(T) defined by ε([X], [Y ]) :=

∑
i∈Z(−1)idimkHom

i(X,Y ).
If the category T is generated by an exceptional collection {Ei}1≤i≤r of length r, then
the Gram matrix M of ε for this collection of vectors is the r × r matrix defined as
M = (ε([Ei], [Ej]))1≤i,j≤r.

Definition 10 (see [1]). Let Λ be a basic finite dimensional k-algebra with a complete
set {e1, . . . , er} of primitive orthogonal idempotents of Λ. The Cartan matrix of Λ is the
r × r matrix CΛ = (dimk eiΛej)1≤i,j≤r.

LetK0(Db(tailsA)) be the Grothendieck group of the bounded derived category Db(tailsA)
and s the automorphism on K0(Db(tailsA)) induced by the Serre functor S of Db(tailsA).
(In this case, the existence of Serre functor s on Db(tailsA) was proved by de Naeghel–Van
den Bergh [12, Appendix A]). We recall a useful proposition as follows:

Proposition 11 (see [9, Section 3]). Let A = A(α, β) be a down up algebra with weights
deg x = n, deg y = m and β ̸= 0. Let Db(tailsA) be the bounded derived category of
tailsA and ∇A the Beilinson algebra of A. Then {A(i) | 0 ≤ i ≤ 2(n +m)− 1} is a full
strong exceptional collection in Db(tailsA) and the Gram matrix M of ε on Db(tailsA) for
this collection of vectors is equal to the Cartan matrix of ∇A.



Corollary 12. Let A = A(α, ε) be a down up algebra with weights deg x = n, deg y = m,
ε ̸= 0, where gcd(n,m) = 1 and m > n > 1 and the bounded derived category Db(tailsA)
of tailsA. Then

χHH(HH
•(∇A)) =

{
m+ 4 if n = 2,

n+m if n ≥ 3,
̸= 2(n+m) = rkK0(D

b(tailsA)),

where χHH(HH
•(∇A)) :=

∑
i∈Z(−1)idimkHH

i(∇A). Also, s does not act unipotently on
K0(Db(tailsA)).

Remark 13. By Corollary 12, we obtain the same result in [9]: When m > n > 1,
Db(tailsA) is not equivalent to the derived category of any smooth projective surface.

3.3. The Lie algebra structures on the first Hochschild cohomology groups.
Finally, in this subsection, we describe the Lie algebra structures on the first Hochschild
cohomology groups HH1(∇A) obtained by the Gerstenhaber bracket for the case that
m ≥ n ≥ 1, m ̸= 1 and gcd(n,m) = 1.

Remark 14. For m = n = 1, the Lie algebra structures of the first Hochschild cohomology
groups were calculated by [3, Table 7].

We define some elements of Homk(∇A,∇A) under some cases as follows:

(1) When m ≥ n ≥ 1 and gcd(n,m) = 1, we define k-linear mappings T1, T2 : ∇A →
∇A as follows:

• For each vertex a ∈ (Q∇A)0, Tr(a) = 0 for r = 1, 2.
• For each arrow a ∈ (Q∇A)1,

T1(a) =

{
xr if a = xγ for 1 ≤ r ≤ 2(n+m),

0 otherwise;

T2(a) =

{
(−1)i−(n+1)xi if a = xi for n+ 1 ≤ i ≤ n+m,

0 otherwise.

• For each path a1 · · · ar of Q∇A, Tr(a1 · · · ar) =
r∑

i=1

a1 · · · ai−1Tr(ai)ai+1 · · · ar

for r = 1, 2.
(2) When m ≥ n = 1 and gcd(n,m) = 1, we define k-linear mappings T3, T4, T5 :

∇A → ∇A as follows:
For each vertex a ∈ (Q∇A)0, Tr(a) = 0 for r = 3, 4, 5.
• For each arrow a ∈ (Q∇A)1,

T3(a) =

{
λi−1xi . . . xi+m−1 if a = yi for 1 ≤ i ≤ m+ 2,

0 otherwise;

T4(a) =

{
ελi−2xi . . . xi+m−1 if a = yi for 1 ≤ i ≤ m+ 2,

0 otherwise;

T5(a) =

{
(α2 )

i−1xi . . . xi+m−1 if a = yi for 1 ≤ i ≤ m+ 2,

0 otherwise.



• For each path a1 · · · ar of Q∇A, Tr(a1 · · · ar) =
r∑

i=1

a1 · · · ai−1T3(ai)ai+1 · · · ar

for r = 3, 4, 5.
(3) When m = n = 1 and gcd(n,m) = 1, we define k-linear mappings T3′ , T4′ , T5′ :

∇A → ∇A as follows:
• For each vertex a ∈ (Q∇A)0, Tr(a) = 0 for r = 3′, 4′, 5′.
• For each arrow a ∈ (Q∇A)1,

T3′(a) =

{
y2 if a = x2

0 otherwise;
T4′(a) =






βy1 if a = x1

y3 if a = x3

0 otherwise;

T5′(a) =






(α2 )
2y1 if a = x1

(α2 )y2 if a = x2

y3 if a = x3

0 otherwise.

• For each path a1 · · · ar of Q∇A, Tr(a1 · · · ar) =
r∑

i=1

a1 · · · ai−1Tr(ai)ai+1 · · · ar

for r = 3′, 4′, 5′.

Theorem 15. Let A = A(ε, β) be a graded down-up algebra with weights deg x = n,
deg y = m, β ̸= 0 where gcd(n,m) = 1, m ≥ n ≥ 1, and (n,m) ̸= (1, 1). Then the Lie
structures of HH1(∇A) are as follows:

(1) When m > n = 1.
(a) If Case I (and Case 1) hold, then we have

HH1(∇A) = ⟨[T1], [T2], [T3], [T4]⟩k,
[[T1], [T2]]∇A = 0, [[T1], [T3]]∇A = m[T3], [[T1], [T4]]∇A = m[T4],

[[T2], [T3]]∇A = [T3], [[T2], [T4]]∇A = 0, [[T3], [T4]]∇A = 0.

(b) If Case II and Case 1 hold, then we have

HH1(∇A) = ⟨[T1], [T3], [T4]⟩k,
[[T1], [T3]]∇A = m[T3], [[T1], [T4]]∇A = m[T4], [[T3], [T4]]∇A = 0.

(c) If Case II and Case 2 hold, then we have

HH1(∇A) = ⟨[T1], [T5]⟩k,
[[T1], [T5]]∇A = m[T5].

(d) If Case II and Case 3 hold, then we have HH1(∇A) = ⟨[T1]⟩k.
(2) When m > n > 1.

(a) If Case I holds, then we have

HH1(∇A) = ⟨[T1], [T2]⟩k,
[[T1], [T2]]∇A = 0.

(b) If Case II holds, then we have HH1(∇A) = ⟨[T1]⟩k.



References
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