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ABSTRACT. Asao-Ivanov showed that the magnitude homology of a finite metric space X
is isomorphic to the value of the derived functor Tor’™ over a ring o X. In this article, we
give an application of the theory of minimal projective resolution to this derived functor.
Especially in the case of a geodetic graph, freeness and a criterion for diagonality of
the magnitude homology (i.e., Koszulity of cX) are established. Moreover, we give
computational examples including cyclic graphs. This is a joint work with Yasuhiko
Asao and Aaron Chan.

1. DEFINITION OF MAGNITUDE HOMOLOGY

Magnitude homology MH%(X) is an invariant of a metric space X = (X, d), introduced
by Hepworth—Willerton [4] and Leinster—Shulman [5] as a categorification of the magni-
tude, introduced by Leinster in 2000’s. It reflects geometric information such as a certain
kind of convexity in the metric space and has been studied as an interesting invariant.
It can be described as a Tor over a graded ring o.X, which is obtained as a quotient of
a certain path algebra. In this article, we show some results on MH%(X) obtained by
explicitly constructing a minimal projective resolution over ¢ X. Koszulness of ¢ X is also
discussed.

We begin by giving the definition of the magnitude homology of a metric space (X, d).
Let K be a commutative ring. We denote the free module spanned by the Cartesian
product of X (as a set) by MC,(X) = KX""'. For 0 < i < n, define the map
On,it MC,(X) — MC,,_1(X) by

0 _ ($0a"'7fia"'7$n) ifxi—1§$i§$i+l
n,i(x(% .. ,I’n) - .
0 otherwise,

where z_; = x; and x,.1 = x,_1. Here the condition x; ; < z; < x;,1 is defined by
d(x;_1,x;)+d(z;, ¢i41) = d(x;_1, ;11), which means that the triangle inequality holds with
equality. Roughly speaking, this corresponds to the condition that the points x;_1, x;, ;11
lie on a straight line in X. Using this, define 8,, = > <,,,(—1)"On,i, which yields a chain
complex (MC,(X),d,). Its homology MH,,(X) = Kerd, /Imd,; is called the magnitude
homology. Additionally, by considering the sum ¢ = . d(z;, z;41) of distances, we obtain
a secondary grading MH, (X) = @, MH.(X).

When a (connected, undirected, simple) graph G is given, its vertex set inherits a metric
space structure by assigning length 1 to each edge and measuring shortest-path distances.
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The first instance of magnitude homology appeared in this setting in [4], and it has been
actively studied as an important case.

Example 1. Let Cy be the cyclic graph of N (> 3) vertices and label the vertices as in
Figure 1. As mentioned above, the vertex set of C'y has the structure of a metric space.

e In C5, we have vy < vy < vg since d(vy,va) + d(ve,v3) =14+ 1 =2 = d(vq,v3).

e In (5, the condition v; < vy < vy does not hold since d(vy,ve) +d(ve,v4) = 1+2 >
2 = d(vy,v4). In other words, vy lies on no shortest path from v; to vy.

e In (s, we have wy < we < wy since d(wy, wsy) + d(we, wy) = 142 = 3 = d(wy, wy).
Note that there are two shortest paths (clockwise and counterclockwise) from w;
to wy.

Hepworth-Willerton [4] computed the first several terms of the magnitude homology
MH. (Cy) of the cyclic graph by using computer, and formulated a conjectural recursive
formula. This conjecture was solved by Gu [3], but this illustrates that the magnitude
homology is difficult to compute even for cyclic graphs.
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FiGURE 1. Cyclic graphs C5 and Cy

2. MAGNITUDE HOMOLOGY AS Tor

As in the previous section, magnitude homology is defined as the homology of the
complex MC,(X), which is defined by an explicit formula. Asao-Ivanov [1] described
MH..(X) in terms of Tor (assuming X is finite):

MH, (X) = Tor?™ (K#X K#X).
Here 0 X is an associative graded ring defined by
e 0 X = KX?=K{e,, | z,y € X} as an abelian group with deg(e,,) = d(z,y)
e fy=zandzx<y<w

® Cpy Crw = .
0 otherwise

® > .cx € is the unit, where e, = ey,

and K#¥X is a 0 X-module via the ring homomorphism ¢: 0 X — @, Ke, = K#*. Note
that, if X is a metric space arising from a graph G, then ¢ X is isomorphic to the path
algebra of a quiver for G, modulo certain relations.

This description enables the use of homological algebra techniques in the study of
magnitude homology. In particular, we can determine the magnitude homology of geodetic
metric spaces. Here a metric space (X, d) is geodetic if any two points of X are connected
by a unique shortest path. For example, the cyclic graph Cly is geodetic if and only if N
is odd.



Theorem 2 (Asao-Wakatsuki [2]). Let (X,d) be a finite geodetic metric space. Then
there ewists a minimal projective resolution of K¥X over o X together with an explicit
construction.

Here K can be any commutative ring. Hence the existence of the minimal projective
resolution does not follow from the well-known theorem for modules over Artinian rings
(e.g., a finite dimensional algebra over a field). Since the above theorem gives an explicit
construction of the resolution, we can describe the homology explicitly:

Theorem 3 (Asao-Wakatsuki [2]). Let (X,d) be a geodetic metric space. Then MH! (X)
is a free module KO spanned by the cycles O = {(xg,...,2,) € X" | (1)---(4)} C
X"t defined by the following conditions:
(1) > d(@i, i) =1

(2) 1<Vi<n-—1,not x; 1 <x; <xipq
(B) xp<a<x = a=uzora

4) 1< ‘v’z<n—1 ((r; <a<zi anda # vi41) = xi1 <z; < a)

x <y < z denotes the condition d(z,y) + d(y, z) = d(x, z) for x,y,z € X.

3. KOSzULITY OF 0. X AND DIAGONALITY OF MH,(X)

Consider the case where the metric space (X,d) is derived from a graph G (or the
distance function d takes values in integers). We say that (X,d) is diagonal if it sat-
isfies MH! (X) = 0 whenever n # [. This class has been investigated as an important
one in the study of magnitude homology. For example, the above definition is given in
[4] together with basic examples containing complete graphs, trees and joins. Note that
Tor?™ (K#X, K#¥) is a graded module since 0 X is a graded ring, and this grading corre-
sponds to £ in MH!(X). Hence (when K is a field) the diagonality of (X, d) is equivalent
to the Koszulness of the algebra o X.

As an application of Theorem 3, we have the following theorem.

Theorem 4 (Asao-Wakatsuki [2]). Let (X, d) be a finite geodetic metric space. Then the
following are equivalent:
e (X,d) is diagonal (i.e., 0 X is Koszul).
o (X,d) is 2-diagonal (i.e., { # 2 implies MH5(X) = 0).
e There is no 4-cut in (X, d).
Here (x,y,z,w) € X* is a j-cut if we have v < y < 2z, y < z < w, y # 2z and not
r<ys<w.

Since the absence of 4-cuts expresses a geometric property of the metric space, this
result provides a connection between algebraic and geometric properties.
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