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Abstract. For d ≥ 1, the class of d-representation infinite algebras, introduced by [3],
is a natural generalization of non-Dynkin path algebras to the case where global dimen-
sion is d. They not only behave beautifully but also arise in many areas of mathematics
including geometry. For example, if a d-dimensional smooth proper (stacky) variety has a
d-tilting sheaf (that is, a tilting sheaf whose endomorphism algebra has global dimension
d or less), then this endomorphism algebra automatically becomes d-representation infi-
nite. In this report, we introduce two results on the connection between d-representation
infinite algebras and geometry.

First, we classify all tilting bundles consisting of line bundles on smooth toric Fano
stacks of Picard number one. Moreover, we show that they are all d-tilting and their
endomorphism algebras become d-representation infinite algebras of type Ã, which is
a generalization of path algebras of type Ã introduced by [3]. Conversely, we show
that all d-representation infinite algebras of type Ã can be obtained in this way. Thus
such toric stacks can be viewed as geometric models of d-representation infinite alge-
bras of type Ã. This geometric model gives a new combinatorial description to the
d-preprojective/preinjective components and d-APR tilting mutations of these algebras
even when d = 1.

Second, we show that over algebraically closed fields, a smooth projective surface has a
2-tilting bundle if and only if it is a weak del Pezzo surface. This gives many new examples
of 2-representation infinite algebras and a partial answer to the conjecture : a smooth
projective surface has a tilting bundle if and only if it is rational. As an application, we
see that singular del Pezzo cones have non-commutative crepant resolutions, which is a
generalization of [7].

ҎԼɼkΛମͱ͢Δɽ୅਺ɼٴݍͼεΩʔϜ͸ɼ͢΂ͯ k্ఆٛ͞Ε͍ͯΔ΋ͷͱ͢Δɽ
େҬ࣍ݩ༗ݶͷ༗ݩ࣍ݶ୅਺Aʹର͠ɼω := −⊗L

A DA ! perAΛ Serreؔखͱ͢Δɽ੔
਺ dʹର͠ɼωd := ω ◦ [−d] ! perAͱ͢Δɽ

1. Higher representation infinite algebras

୅਺͸ɼnon-Dynkinͳಓ୅਺ͷҰൠԽͱͯ͠ɼ[3]ʹΑΓಋೖ͞Εͨɽܕݱදݶແ࣍ߴ

Definition 1. d ≥ 1Λ੔਺ͱ͢Δɽ༗ݩ࣍ݶ୅਺A͕ d-ແݶදܕݱ୅਺Ͱ͋Δͱ͸ɼ࣍
ͷ 2৚݅Λຬͨ͢͜ͱΛ͍͏ɽ

(1) gl.dimA = d
(2) ೚ҙͷ੔਺ n ≥ 0ʹର͠ɼω−n

d A ∈ modA ⊆ perAɽ

Example 2. ࿈݁ͳ༗ݩ࣍ݶ୅਺A͕ 1-ແݶදܕݱͰ͋Δ͜ͱ͸ɼA͕Ҩ఻త͔ͭ௚ط
໿AՃ܈ͷಉ͕ྨܕແ͋ݸݶΔ͜ͱͱಉ஋Ͱ͋Δɽ

The detailed version of this paper will be submitted for publication elsewhere.



d-ແݶදܕݱ୅਺͸ɼnon-Dynkinͳಓ୅਺ͷੑ࣭ͷ༷ʑͳྨ͕ࣅ੒Γཱͭɽৄ͘͠͸
[3]Λࢀরɽ

d ≥ 2ͷͱ͖ɼҰൠʹɼd-ແݶදܕݱͷ୅਺Λߏ੒͢Δͷ͸೉͍͠ɽ[3]Ͱ͸ɼࣹӨۭؒ
্ͷ૚ίϗϞϩδʔͷੑ࣭Λར༻ͯ͠ɼd-ແݶදܕݱͷ୅਺ͷ۩ମྫΛ༩͍͑ͯΔɽ

Example 3. [3]X = Pdͱ͠ɼE :=
⊕d

i=0 OX(i)ͱ͓͘ɽBeilinsonʹΑΓɼE͸Db(CohX)
ͷ܏ର৅Ͱ͋Δ͜ͱ͕ࣔ͞Ε͍ͯΔɽ͜ͷͱ͖ɼͦͷࣗݾ४ಉ؀ܕEndX(E)͸ d-ແݶද
Ͱ͋Δɽܕݱ

͜ͷྫΛҰൠԽ͢ΔܗͰɼ[1]Ͱ͸ɼd-ແݶදܕݱ୅਺͕ d࣍ݩͷࣹӨଟ༷ମ͔Βࣗવ
ʹಘΒΕΔ͜ͱ͕ࣔ͞ΕͨɽͦͷओுΛड़΂ΔͨΊʹɼd-܏ର৅ͷ֓೦Λಋೖ͢Δɽ

Definition 4. T Λݍ֯ࡾͱ͠ɼd ≥ 1Λ੔਺ͱ͢Δɽ܏ର৅ T ∈ T ͕ d-܏ର৅Ͱ͋Δͱ
͸ɼgl.dimEndT (T ) ≤ dͰ͋Δ͜ͱΛ͍͏ɽ

Theorem 5. [1] AΛHom-༗ݶͳΞʔϕϧݍͱ͠ɼT ∈ A͕Db(A)ͷ d-܏ର৅Λ༩͑Δ
ͱ͢Δɽ͜͜Ͱɼࣗݾಉ஋ؔखF ! AͰ͋ͬͯɼF ◦ [d] ! Db(A)͕ SerreؔखΛ༩͑Δ
΋ͷ͕ଘͨ͠ࡏͱԾఆ͢Δɽ͜ͷͱ͖ɼEndA(T )͸ d-ແݶදܕݱ୅਺Ͱ͋Δɽ

ྫ͑͹ɼXΛ d࣍ݩͰ׈Β͔ͳࣹӨଟ༷ମͱͨ͠ͱ͖ɼA = CohXʹର͜͠ͷఆཧΛ
ద༻Ͱ͖Δɽ͜ͷใूࠂͰ͸ɼd-܏ଋ (=ಋདྷݍʹ͓͚Δ d-܏ର৅Ͱ͋ΔΑ͏ͳϕΫτϧ
ଋ)Λ࣋ͭΑ͏ͳ d࣍ݩͰ׈Β͔ͳ (stackyͳ)ࣹӨଟ༷ମʹؔ͢Δ݁ՌΛ 2ͭ঺հ͢Δɽ

2. Result 1: Weak del Pezzo surfaces and 2-tilting bundles

͜ͷઅͰ͸ɼk͸୅਺ดମͱ͢Δɽd࣍ݩͰ׈Β͔ͳࣹӨଟ༷ମX͕͍ͭ d-܏ର৅Λ࣋
ͭͷ͔ʹ͍ͭͯɼখ͍͞ dʹରͯ͢͠࡯ߟΔɽ
·ͣ d = 1ͷͱ͖ɼX ͕ ର৅Λ࣋ͭ͜ͱ͸X܏-1 ∼= P1ͱಉ஋Ͱ͋ΔɽP1͕ ର৅܏-1

Λ࣋ͭ͜ͱ͸ઌ΄Ͳͨݟɽ׈ʹٯΒ͔ͳࣹӨۂઢX͕४܏ର৅Λ࣋ͭͱ͢ΔͱɼXͷK
ੜ੒ݶ͸༗܈ abel܈ͱͳΔɽΑͬͯXͷ genus͸ 0Ͱͳ͚Ε͹ͳΒͳ͍ɽ
࣍ʹ d = 2ͷͱ͖Λ͑ߟΔɽ·ͣɼ܏ଋʹ͍ͭͯ͑ߟΔɽ[4]ʹΑΓɼX Β͔ͳ༗׈͕

ཧࣹӨۂ໘ͳΒ͹ɼX ͸܏ଋΛ࣋ͭ͜ͱ͕ࣔ͞Ε͍ͯΔɽٯʹɼ܏ଋΛ࣋ͭΑ͏ͳ׈Β
͔ͳࣹӨۂ໘͸ɼ༗ཧతͳ΋ͷʹݶΒΕΔͱ༧૝͞Ε͍ͯΔɽ࣍ʹɼ2-܏ଋʹ͍ͭͯ͑ߟ
Δɽ[7]ʹΑΓɼX ͕ del Pezzoۂ໘ͳΒ͹ ଋΛ࣋ͭ͜ͱ͕ࣔ͞Ε͍ͯΔɽ·ͨɼऑ܏-2
del Pezzoۂ໘Ͱ͋ͬͯ Β͔ͳࣹӨ׈ଋΛ࣋ͭྫ΋͍͔ͭ͘஌ΒΕ͍ͯͨɽ[2]Ͱ͸ɼ܏-2
໘͕ۂ ଋΛ࣋ͭ͜ͱͱɼX͕ऑ܏-2 del Pezzoۂ໘Ͱ͋Δ͜ͱ͕ಉ஋ͩͱ༧૝͞Ε͍ͯͨɽ
ຊڀݚͰ͸ɼ͜ͷ༧૝͕ਖ਼͍͜͠ͱΛূ໌ͨ͠ɽ

Theorem 6. [5] ໘Xʹର͠ɼ࣍͸ಉ஋Ͱ͋ΔɽۂΒ͔ͳࣹӨ׈
(1) X͸ ଋΛ࣋ͭɽ܏-2
(2) X͸ऑ del Pezzoۂ໘Ͱ͋Δɽ

͜ͷఆཧ͸ɼ࣍ͷ 2ͭͷҙຯΛ࣋ͭɽ·ͣɼऑ del Pezzoۂ໘͔Β 2-ແݶදܕݱͷ୅਺
ͷ۩ମྫ͕ಘΒΕΔɽ࣍ʹɼ্Ͱड़΂ͨ༧૝ ໘͸ɼ༗ۂΒ͔ͳࣹӨ׈ଋΛ࣋ͭΑ͏ͳ܏)
ཧతͳ΋ͷʹݶΒΕΔ)ʹର͠෦෼తͳղܾΛ༩͍͑ͯΔɽ
ɼ͜ͷఆཧͷԠ༻Λड़΂ΔɽXʹޙ࠷ Λ del Pezzoۂ໘ͱͨ͠ͱ͖ɼͦͷ੪࣍࠲ඪ؀

(=del Pezzo cone)
⊕

n≥0 Γ(X,ω−n
X )ͷඇՄ׵ΫϨύϯτಛҟ఺ղফ (NCCR)͕ɼX্ͷ 2-

੒Ͱ͖Δߏ͍ͯ༺ଋΛ܏ ([7])ɽຊڀݚͰ͸ɼͦͷҰൠԽͱͯ͠ɼDu Val del Pezzo cone
ʹର͠NCCRΛߏ੒ͨ͠ɽ



Theorem 7. [5] XΛDu Val del Pezzoۂ໘ɼ͢ͳΘͪߴʑDu Valಛҟ఺͔࣋ͨ͠ͳ͍
ࣹӨۂ໘Ͱ͋ͬͯω−1

X ͕๛෋Ͱ͋Δ΋ͷͱ͢Δɽ͜ͷͱ͖ɼͦͷ੪࣍࠲ඪ؀ (=Du Val del
Pezzo cone)

⊕
n≥0 Γ(X,ω−n

X )͸NCCRΛ࣋ͭɽ

͜ͷNCCRͷߏ੒๏Λ঺հ͢ΔɽX̃ → XΛ࠷খಛҟ఺ղফͱ͢ΔͱɼX̃͸ऑdel Pezzo
໘Ͱ͋Δɽͦͷۂ ؀ͱͯ͠ಘΒΕΔܕ४ಉݾଋͷࣗ܏-2 2-ແݶදܕݱ୅਺ͷ 3-Calabi-Yau
ඪ؀ͷNCCRͱͳΔɽ࠲උԽ͕ɼXͷ੪࣍׬

3. Result 2: Smooth toric Fano stacks of Picard number one

GΛɼ֊਺͕ 1ͷ༗ݶੜ੒ abel܈ͱ͢Δɽd ≥ 1ͱ͠ɼd+ ݩͷݸ1 #x0, · · · , #xd ∈ G͕
࣍ͷ৚݅ (G1),(G2),(G3)Λຬͨ͢ͱ͢Δɽ
(G1) ೚ҙͷ 0 ≤ i ≤ dʹର͠ɼ#xi ̸= 0ɽ
(G2) G =

∑d
i=0 Z#xi

(G3) G≥0 :=
∑d

i=0 Z≥0#xi ⊆ Gͱͨ͠ͱ͖ɼG≥0 ∩ (−G≥0) = 0͕੒Γཱͭɽ
͜ͷͱ͖ɼGʹ͸࣍ͷࣗવͳલॱং͕ೖΔɽ

#g ≥ #h :⇔ #g − #h ∈ G≥0

͜ͷલॱংΛ༻͍ͯɼ্ʹดͨ͡ू߹Λఆٛ͢Δɽ

Definition 8. I ⊆ GΛ෦෼ू߹ͱ͢Δɽ
(1) I ⊆ G্͕ʹด͍ͯ͡Δͱ͸ɼI +G≥0 ⊆ I͕੒Γཱͭ͜ͱΛ͍͏ɽ
(2) I ⊆ G͕ඇࣗ໌Ͱ͋Δͱ͸ɼI ̸=, GͰ͋Δ͜ͱΛ͍͏ɽ

·ͨɼ#p :=
∑d

i=0 #xi ∈ Gͱ͓͘ɽ

Example 9. G = Z, #x0 = · · · = #xd = 1ͱ͢Δɽ͜Ε͸ (G1),(G2),(G3)Λશͯຬͨ͠ɼ
G = Zͷલॱং͸௨ৗͷେখؔ܎ʹΑΔॱংͱҰக͢Δɽ͜ͷͱ͖ɼI ⊆ G͕ඇࣗ໌ͳ্
ʹดͨ͡෦෼ू߹Ͱ͋Δ͜ͱ͸ɼI = Z≥nͳΔn ∈ Zͷଘࡏͱಉ஋Ͱ͋Δɽ·ͨɼ#p = d+1
Ͱ͋Δɽ

S := k[x0, · · · , xd]Λଟ߲ࣜ؀ͱ͢Δͱɼdeg xi := #xi ∈ Gͱఆٛ͢Δ͜ͱʹΑΓɼS͸
ࣗવʹG࣍਺෇͖ k୅਺ͱ͑ࢥΔɽ঎ stack X := [(An \ {0})/ Spec kG]ͱͯ͠ಘΒΕΔ
Α͏ͳ stackͷ͜ͱΛɼPicard਺ 1ͷ smooth toric Fano stackͱ͍͏ɽ͜ͷͱ͖ɼ࣍ͷࣗ
વͳݍಉ஋͕͋Δɽ

CohX ≃ modG S/ flG S

#g ∈ Gʹର͠ɼS(#g) ∈ modG S ͷ CohX Ͱͷ૾ΛOX (#g)ͱॻ͘ɽ͜Ε͸ X ্ͷ௚ઢଋ
Λ༩͑Δ͕ɼٯʹ೚ҙͷ௚ઢଋ͸͜ͷܗͷ௚ઢଋʹಉܕͰ͋ΔɽΑΓ͘ڧɼ࣍ͷ܈ಉ͕ܕ
͋Δɽ

G −→∼= PicX ;#g .→ [OX (#g)]

͜Ε͕ Picard਺ 1ͷҙຯͰ͋ΔɽຊڀݚͰ͸ɼX ্ͷ௚ઢଋ͔ΒͳΔΑ͏ͳ܏ଋͷ෼ྨ
Λ༩͑ͨɽ

Theorem 10. [6] ࣍ͷ 2ͭͷू߹ͷؒʹ͸શ୯ࣹ͕ଘ͢ࡏΔɽ
(1) {T ∈ add{OX (#g) | #g ∈ G} : ଋ܏ }/ ∼add

(2) {I ⊆ G : ඇࣗ໌ͳ্ʹดͨ͡෦෼ू߹ }
ରԠ (2) → (1)͸ɼI .→ T (I) :=

⊕
!g∈I∩(Ic+!p) OX (#g)ʹΑΓ༩͑ΒΕΔɽ



࣍ʹɼͦͷࣗݾ४ಉ؀ܕEndX (T (I))ʹ͍ͭͯ͢࡯ߟΔɽ࣮͸T (I)͸ d-܏ଋʹͳΓɼ͜
ͷࣗݾ४ಉ؀ܕ͸ Ãܕͷ d-ແݶදܕݱ୅਺ͱͳΔɽ͜͜Ͱ Ãܕͷ d-ແݶදܕݱ୅਺ͱ͸ɼ
[3]Ͱ༩͑ΒΕͨ d-ແݶදܕݱ୅਺Ͱ͋ΓɼÃܕͷಓ୅਺ͷݩ࣍ߴ΁ͷҰൠԽͰ͋Δɽߋ
ʹɼͦͷٯ΋੒Γཱͭɽ

Theorem 11. [6] ඇࣗ໌ͳ্ʹดͨ͡෦෼ू߹ I ⊆ Gʹର͠ɼEndX (T (I))͸ Ãܕͷ d-
ແݶදܕݱ୅਺ͱͳΔɽٯʹɼ೚ҙͷ Ãܕͷ d-ແݶදܕݱ୅਺͸ɼ͜ͷΑ͏ʹͯ͠ಘΒ
ΕΔɽ

͜ͷఆཧΑΓɼPicard਺ 1ͷ smooth toric Fano stackΛɼÃܕͷ d-ແݶදܕݱ୅਺ͷ
geometric modelͱΈͳͤΔɽ͜ͷ geometric model͸ɼÃܕͷ d-ແݶදܕݱ୅਺ͷදݱ࿦
ʹ৽ͨͳࢹ఺Λ༩͑Δɽྫ͑͹ɼҰൠʹ͸೉͍͠ d-APR tiltͷ͕ࢉܭɼgeometric model
Λ༻͍Δ͜ͱͰ؆୯ʹ͑ߦΔɽ
·ͨɼ(ߨԋͰ͸৮ΕΒΕͳ͔͕ͬͨɼ)[6]Ͱ͸ɼÃÃܕͷ d-ແݶදܕݱ୅਺Λಋೖ͠ɼ

Picard਺ 2ͷ smooth toric Fano stack͕ͦͷ geometric modelΛ༩͑Δ͜ͱΛࣔͨ͠ɽ
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