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ABSTRACT. In this article, we first present several commutation formulas for root vectors
in the hyperalgebra U corresponding to a simply connected simple algebraic group defined
over [F,. Then, we give certain linear isomorphisms in terms of the multiplication in ¢/
and a linear transformation on & known as the Frobenius splitting.
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1. INTRODUCTION

Let gc be a simple complex Lie algebra with root system ®. Let ®*(resp. ®7) the
set of all positive (resp. negative) roots. Let A = {ay,...,a;} be a base of ®. Let
{€a,h; | @ € ®, 1 < i <} be a Chavalley basis of gc with h; = [eq,,e_q,]. For a € @,
set hy = [eq,€_o)|. In the universal enveloping algebra Uc of gc, set eV = el /n! and
("t =[[}(ha +c—j+1)/n! for a € ®,n € Zxg,c € Z.

Let F, = Z/ pZ be the field of p elements. Let G be a simply connected and simple
algebralc group defined over F, with root system ® and 7' a maximal split torus of G.

Let W = Ng(T)/T be the Weyl group and X (7') = Hom(7, F;) the character group of
T. In the euclidean space E = R ®z X(T), let (-,-) be a W-invariant inner product. For
ped (CX(T)),let B¥ =25/(8,) be the coroot of 5 and sz € W the reflection with
respect to [:

s500 = A— (B8 (A€ E).
For A € E, set ||| = v/ (A, A).
For 1 <+ <[, we denote the simple reflection s,, by s;. Then we have
W= {(sq | a€A)=(s1,...,5).

For w € W and its reduced expression w = s;, - - - s;,, the integer ¢ is called the length of ¢
and denoted by I(w). Let wpy be the unique longest element of W (then I(wgy) = |®*|). Let

Uz, be the subring of Uc generated by all e™ with o € ®, m > 0. Then the F,-algebra
U = Uz ®7 F, is called the hyperalgebra corresponding to G. We use the same symbols

for images in U of the elements of Uy, (for example, e((xm), (h“n+c), and so on). Then we
have U = (e&m) | v € ®,m > 0)p,-ag.. We define Fy-subalgebras U, U™, and U° as

Ut =M aecdt m> 0)F,-alg.

The detailed version of this paper is [5].



U = <€gm) ’ NS q)i,m > O>Fp—alg.7

u0:<<h")‘1gigl,nzo> .
n Fp-alg.

Moreover, for a fixed positive integer r, set
U =™ | aed0<m<p — g, g,
UT=U"NU = |aed,0<m<p — Uy, g,
U- =U NU, = <egm) la€e®,0<m<p" — D)y, al.

hi .
u,‘?:u“murz<(n) ’ 1<i<l, Ognép”"—1>

Fp-alg.
Then the multiplication maps
U @p, U @, UT = U, U @5 U @5, U — U,

are F)-linear isomorphisms (see [3, II 1.12 and Lemma 3.3]).

2. COMMUTATION FORMULAS

Here we describe certain commutation formulas of divided powers e{™ (in Uz, or U) for
a € ® and m € Zx.
The following formulas in Uy are well-known.

Proposition 1. Let o, € ®, c € Z, and m,n € Z>o. In Uz, the following equalities

hold.
0 ey = (" 57l
n
min{m,n}
n n—k) [ Pa — M — 2k _

(11) e&m)egc)k _ Z 6(,0[ k)( mk n + )egm k)

k=0

\%
(111) €£¥m) (hﬁ + C> _ (hﬁ +c— <Oé, ﬁ >m> e&m),
n n

(iv) el™e — e(ﬁn)e&m) ifa+ & ® and f # —a.

o ()= (G

The following formula is also useful for calculation in U.

Proposition 2 (Lucas’ Theorem). Let m,n € Zso. Let m = Y .. mp' and n =
Zizo n;p' be their p-adic expansions. Then we have

(1) =IL(5)



Consider two roots a, f € ® with a + 5 € ®. Then ¢'(«, 5) = (Za + Z3) N P forms a
root system of type As, By, or Go. Let m be a unique integer such that 5 — ma € ® and
B — (m+1)a & ®. Then there exists ¢, g € {1} such that [e,, eg] = (m + 1)cq geats in
gz. For simplicity, we assume that ||a|| < ||5]| and « and g form a base of ®'(«, /).

Suppose that ®'(a, ) is of type Ay. Then ||5|| = ||a|| and

(e, B) = {£a,£8, £(a + B)}.

If we write [eqn, €3] = Cap€atp I gz for some ¢, 53 € {£1}, then

eey) = D caesen el
t1+to=b,
t2+t3:a
(b) . ta (t1) (t2) (t3)
€3 6&3) = Z (—Cas) 2681)%15 ﬂ3
t1+to=a,
to+t3=b

in Uy, for a,b € Z>y.
Suppose that ®'(a, B) is of type Bs. Then ||8]| = v/2||a|| and

(o, B) = {xa, £6, (o + B), £ (20 + )}

If we write [eq, €s] = Capats a0d [€q, €ats] = 2Cqa.a+8€20+5 I gz fOr sOme ¢4 3, Cantp €
{£1}, then

, t1) (¢ t
eley) = > 2 h(capConrs) el et aCha el
t1+ta+t3=b,
to+2t3+ta=a
© @ . t)(t2)  (t3) (ta)
el = > (—Cap)®(Caplanrn)?eiVend senten?,
t14+2to+tz=a,
tot+t3+ta=b
® (t1) (t2)
efeis = D (2ants)eqtseher el
t1+ta=b,
to+ts=a
®) t1) (t2) (t3)
6a+56() Z (_2Ca,a+ﬂ> 2el 1)625+66ai5
t1+to=a,
to+t3=b

in Uy, for a,b € Z>o.
Suppose that ®'(a, 3) is of type Gy. Then ||8]| = V/3||a|| and
(o, f) = {Fa, £6, +(a+ B), £(2a + 8), £(3a + 8), £(3a + 26)}.
If we write
[as €8] = Caplats; [€asCatp] = 2CaatpC2a+8,
[ea: €20+8] = 3Ca 20483048, [€20485 CatB] = 3C20+8,a+8C3a+28

in gz for some ¢4 g, Ca.a+85 Ca20+8: C2at+p.a+p € {£1}. Then we have

(30155 €8] = —Ca8Ca,20+8C20+ .0t BC3a+28



in gz and

e((f)eg’) = Z dy (tg,tg,t4,t5)6/(3 )eiﬁﬁegf;)ﬁﬁeéalﬁegglﬁe(tﬁ)

t1+ta+2t3+t4+t5=b,
to+3t3+2t4+3t5+ts=a

b (a ¢ ¢ ¢
61(3 )6(()( ) = Z d (t27 t37 t47 t5) (h )eéalﬁeéalﬁeéézr?ﬂegi)ﬁe(ﬁ6)’

t1+3to+2t34-3ts+t5=a,
to+t3+2ta+ts+te=b

b (t1) (t2) (ts) (ta) t

ega)eaw = E ds(ta, 3, 4)e ai563a+25€2§+563;+/36( g
t14+2t2+t3+t4=b,
to+t3+2t4+ts=a

(0) _ t1) (t2) (t3) (ta) (ts)
en gl = E da(tz, 3, ta) el ez s€o0y 5C3ar25C0 100
t1+2to+t3+ts=a,
to+ts+2ta+ts=b

a t
()eéczw— Z (3Ca2a15)" eéot—)s—ﬂegalﬂe( 2

t1+t2=b,
to+its=a
(b) _ ty (1) (t2) (t3)
€2a+ﬁe<(xa)_ Z (—=3ca2045) 261(11)6302:4-6625—1-67
t1+ta=a,
to+t3=b
(@) (b ta (t1) (t2) (t3)
€20+8Cats = Z (3c20+8,0+8) €0t 6€3012520+ 6>
t1+ta=b,
to+ts=a
b (a) to (t1) (t2) (t3)
eaJrBeZaJrﬁ - Z (_3020¢+5a0¢+5) 262a+ﬁ63a+2ﬁ6a+57
t1+to=a,
to+t3=b
(a) (b) (t1) (t2) (t3)
€30+863 = Z (_Ca,ﬁca,2a+ﬂc2a+6,a+ﬂ) €3 63;+2563§+,3=
t1+ta=b,
to+iz=a
®) (@ _ (t1)  (t2) (t3)
€3 C3q48 = Z (Ca,8Ca204B8C2048,04+8)" 63é+5635+25653
t1+to=a,
to+t3=b

in Uz, for a,b € Z>(, where
dy(ta, t3, tas t5) = ¢ 5(Ca,6Ca,045)" (CapCaat8Caats)” (CantpCoatsats)

da(tz, ts, ta, t5) = (—Ca,8)" (Ca,Caia+5)(—CapCaatplazats)” (CaatsCatparts) ™,
d3 (t27 t37 t4) = (2ca,a+ﬁ)t3 <3Ca,a+ﬁca,2a+5)t4 (3ca,a+ﬁc2a+ﬁ,a+ﬁ>t27
d4 (t27 t3, t4) = (_20a7a+,8)t3 (3Ca,o¢+ﬁca,2o¢+ﬁ)t2 (3Co¢7a+,6’02a+ﬁ,a+,3)t4

The above formulas are useful to show the following fact.

Proposition 3 ([5, Proposition 3.3]). Let o« € ®, n € Zsg, r € Zsg, and z € U,.. Then

the element
n

Z(—l)ieg”_i)pr)zegm
i=0

of U lies in U,.



Consider a reduced expression wy = $;,8;, - - - 55, of the longest element wy. If we set

51 = ai17/82 = Sil (aiz)a o 7ﬁl/ == Sil o Sil,,l (aiy)J
then we have @ = {1, fa, ..., 8.} (see [2, 5.6 Exercise 1]). The monomials

(a1) (a2) (av)
6511 6522 ’ eﬁy

with a; € Z>o for 1 <1i < v form a Z-basis of Z/lZ+ and an F,-basis of UT.
Proposition 4 ([4, Proposition 3.2]). Suppose that v > 1. For a,b € Z~y and j, k € Z

with 1 < 7 < k < v, the element e(ﬂ?eg) e(ﬁb)e/(g) in Uy is a Z-linear combination of

monomials of the form eg;j) e e(ﬁi’“) satisfying the following:

oaj<bandak<a

to <bandzl i@ < a.
Set N, ={0,1,...,p" — 1}. Using Proposition 4, we can prove the following:

Proposition 5 ([5, Proposition 3.5]). Let j, k be integers satisfying 1 < j < k < v. Let
r € Z~g. Then the following hold.

(i) A Z-span of the monomials e(ﬂjj) e e(ﬁi’c) with (aj,...,ar) € (Zs0)* T forms a subring
of Uy .
(ii) An F,-span of the monomials e(ﬁjj) . e(ﬁi’“) with (aj,...,a;) € (Zso)* ! forms an

[F,-subalgebra of U™ .

(i) An F,-span of the monomials e(ﬂjj) -~-e§i’“) with a; € N, for j < i < k forms an

[F,,-subalgebra of U .

(iv) Let e(ﬁjj) e e(ﬁi’“) be a fized monomial of U satisfying a; € N, for each i with j < i < k.
Let ¢ € Zi~g. Then the following hold.

o If k # v, then the element

© (@) (a) _ (a5) (ar) (0)
€80.68, "€ T €8 tesles

in U is an Fp-linear combination of monomials of the form eg’ 2 e(ﬁi’“)e%’““ satisfying

bk+1<candb eN, forj<i<k.

o [fj# 1, then the element

(aj) (ax) () (e (aj) (ak)
eg " “eh €s,_, ~ 3,68, e

in U is an Fy-linear combination of monomials of the form e( I 1)e(ﬁj) -egf) satisfying

bji_1 <candb €N, forj<i<k.



3. LINEAR ISOMORPHISMS

Let Fr : U — U be an [F,-algebra endomorphism defined by

(n/p)
ey ) e ifp[m,
“ 0 if ptn

hi\ -
r hz — (n p) lfp | n,
n 0 ifptn
for 1 <7 <. Let

Ut sut, WUt —-u, B U U
be [F,-algebra homomorphisms defined by

Fr”r(e(")) — e(mp) Fr/*(e(n),) — ) 0 hi = i
(e 7} [ 7] —Qy —Qy ) n np

(see [1, Proposition 1.1 and Corollaire 1.2]). Then there is a (unique) F,-linear map
Fr' : U — U defined by

fhe = B (HFF°(R)F T (e) (feU ,hecU ecU’),

which is called the Frobenius splitting on ¢. Clearly we have FroFr’ = idy, but Fr’ is not
an [F-algebra homomorphism.
Now we are ready to give a main result.

Theorem 6 ([5, Theorems 4.5 and 5.5 and Corollaries 4.6 and 5.6]). Let n € Z~o. Then
the multiplication on U induces Fy-linear isomorphisms

Ut @, FNUY) S UL, U o, FTUT) S U,

U o, " U) > U, U Qp, F"(U)—=U,
U, Qp, Bt (U,) = Ui, U 5, FX"(U) = U.

for « € ®. Then we have

Unlike U*, U~, and U, the algebra U° is commutative. Therefore, in this case, an
[F,-algebra isomorphism can be obtained, and its proof is easier.

Proposition 7 ([5, Proposition 5.1)). Let n € Z~q. Then the multiplication on U induces
F,-algebra isomorphisms

U @p, B (UY) — U

r+n>

U @r, B (U°) = U°.
Now we outline the proof of the first linear isomorphism in Theorem 6.
For a = (a1,...,a,) € (Z>p)", set

) — (a1) (a2) (av)
el = 6511 6522 T€p,
We proceed by induction on n. Suppose that n = 1. Since
dlm[pp (Z/{:— ®FP FI'/T<Z/{1+)) = dlm[gp L[T—:-l = p(r"_l)’/7

it is enough to show that
U s, B - U



is injective. Consider the elements
eYE"(e®) (ac (N,)",bec (N)).
We need the following proposition.

Proposition 8 ([5, Proposition 4.4]). For n € Z>, set q,.(n) = |n/p"]. Suppose that
a=(ay,...,a,) € (N,)” and that b= (by,...,b) € (N1)F with 1 <k <v. Then we have

k v
e DT (e(b)) _ < egzi-i-prbi)) H e(ﬁ(:z‘) + Z g(c)e(z:)

i=1 i=k+1 c=(c1,...,Cv)

in U, where {(c) € F, and each ¢ with &(¢) # 0 satisfies

e (€0)s - () # (b1 i)
in (Zs0)*, qpr(c;) <b; for 1 <i <k, and gy,(c;) =0 fork+1<i<w.
Using the proposition, we can show that the elements
eYF"(e®) (ac (N,)",be (M)

are linearly independent over I,
Suppose that n > 2. We obtain the following commutative diagram induced by multi-
plication:

L{f ®]Fp Fl"lr (Z/l;“_l) ®]Fp FI'/T+n_1 (Z/[f_) L} L{,f ®1Fp Fr’r (L{:)

| |

~

Uiy @m, BT (UL — Ul

r

Here the upper, the lower, and the left maps are F,-linear isomorphisms. Therefore, the
multiplication map

U 0 B (UF) - U,
is also an [F)-linear isomorphism.
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