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ABSTRACT. We describe the moduli Molds 5 of 5-dimensional subalgebras of the full
matrix ring of degree 3. We show that Molds 5 has three irreducible components, whose
relative dimensions over Z are all 4.
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1. INTRODUCTION

Let k be a field. We say that k-subalgebras A and B of M,, (k) are equivalent (or A ~ B)
if P"YAP = B for some P € GL, (k). If k is an algebraically closed field, then there are
26 equivalence classes of k-subalgebras of M3(k) over k ([5]).

Definition 1 ([2, Definition 1.1}, [3, Definition 3.1]). We say that a subsheaf A of Ox-
algebras of M,,(Ox) is a mold of degree n on a scheme X if M,,(Ox)/A is a locally free
sheaf. We denote by rankA the rank of A as a locally free sheaf.

Proposition 2 ([2, Definition and Proposition 1.1], [3, Definition and Proposition 3.5]).
The following contravariant functor is representable by a closed subscheme of the Grass-
mann scheme Grass(d,n?):

Mold, 4 : (Sch)®” — (Sets)
X > {A‘Az’samnkdmoldofdegreenonX }

We consider the moduli Molds 4 of rank d molds of degree 3 over Z. In the case d # 5,
we have the following theorem:
Theorem 3 ([5]). Letn=3. Ifd <4 ord > 6, then

Molds 4 SpecZ,

Molds P2 x P2,

Molds 3 Wd;f% U Mold§f3 U Moldgf’g, where the relative dimensions of

1%

Wd;f?g’, Wd?s,%, and dei’i over Z are 6,4, and 4, respectively,
Molds 4 Q(V) HIP’% HIP’%, where the relative dimension of Q(V') over Z is b,
Moldss = Flagg := GL3/{(a;;) € GL3 | a;; =0 fori > j},
Molds, = P3]]P3,
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Moldss = 0,
Molds 9 = SpecZ.
Remark 4 ([4, Definition 14]). The scheme Q(V') is a smooth scheme over Z defined by
Q(V) = Flag(V) xp,(v) Flag(V) xp« Flag(V)
= {(Ly,Wa; Ly, Wy; Lo, Wh) | dimy, L; = 1, dimy, W; = 2}
= {(Li1, Lo, Wy, W) | Ly C Wy, Ly C Wy, Ly C Wi}

The case d = 5 remains. In this paper, we describe the moduli Molds 5 of rank 5 molds
of degree 3. We introduce several rank 5 molds of degree 3 on a commutative ring R.

Definition 5 ([5]). For a commutative ring R, we define

¥ *x 0
(1) (M x DY) = [+« 0 | eMy(r) b,
0 0 =
a b c
(2) Slo(R) = 0 a d a,b,c,d,e € R 3,
0 0 e
a b c
(3) S11(R) = 0 e d a,b,c,d,e € R 3,
{ 0 0 a
a b ¢
(4) 812(R) = 0 e d a,b,c,d,e € R 3,
{ 0 0 e
* ok %
(5) Sis(R) = 0 % 0 ] €Ms(R) .,
{ 0 0 =
* 0 =
(6) S14(R) = 0 % x | € M3(R)
0 0 =

There are 6 equivalence classes of 5-dimensional subalgebras of Ms(k) over an alge-
braically closed field k: (MQ X D1)<k), SlO<k)7 SH(/{I), Su(k), Sp,(k), and Sl4<k)

The following theorem is our main result in this paper.
Theorem 6 (Theorem 19). When d = 5, we have an irreducible decomposition
Molds 5 = Moldy2*®t T Mold5% J] Mold§,

whose irreducible components are all connected components. The relative dimensions of
Mold}2*P1 | Mold3'?, and Mold5¥ over Z are all 4. Moreover,

Moldg2*Pt = Moldyz*P* U Mold3Y,
Mold3® = Mold3¥ U Mold3®,




Mold3¥ = Mold3% U Mold5Y.

Remark 7 ([1]). We need to say the relation between Mold,, and the variety Alg, of
algebras defined by Gabriel in [1]. Let V = ke; @ kea @ - - - @ keq be a d-dimensional vector
space over a field k. For ¢ € Homy(V @, V, V), put @(e; ® e;) = >, cl;e;. We say that
@ determines an algebra structure on V with 1 if the multiplication e; - e; = cﬁjel defines
an algebra V over k with 1. Then we define the variety Alg, of d-dimensional algebras in
the sense of Gabriel by

@ determines an ,
Alg, = ¢ ¢ € Homy(V ®;, V,V) | algebra structure C AL
on V with 1

Then we can define a morphism ¥, : Alg; — Mold, 4 by
o= {pv®—) € Endy(V) = My(k) | veV}.

If we could prove that Uy = {A C My(k) | A is a d-dimensional tame algebra } is open in
Mold 4 for any d, then W;*(U;) = {A| d-dimensional tame algebra } would also be open
in Alg,, which gives an affirmative answer to “Tame type is open conjecture”. Hence, we
believe that Mold,, 4 is an important geometric object. This is one of our motivations to
investigate Mold,, 4.

2. SEVERAL TOOLS

In this section, we introduce several tools for describing Molds 5. Let A be an associative
algebra over a commutative ring R. Assume that A is projective over R. Let A® = AR AP
be the enveloping algebra of A. For an A-bimodule M over R, we can regard it as an A®-
module. We define the i-th Hochschild cohomology group HH*(A, M) of A with coefficients
in M as Ext’.(A, M).

Let A be the universal mold on Mold,, 4. For z € Mold,, 4, denote by A(z) = A®o,,
k(x) C M, (k(z)) the mold corresponding to x, where k(x) is the residue field of z. As
applications of Hochschild cohomology to the moduli Mold,, 4, we have the following tools.

Theorem 8 ([3, Theorem 1.1]). For each point x € Mold,, 4, the dimension of the tangent
space Tiold,, /7. of Mold,, 4 at x is given by

dimk(w) TMoldn,d/Z,x = dimk(w) HH1 (A(I), Mn(k:(x))/.A(x)) + n2 - dimk(x) N(A(l‘)),
where N(A(x)) = {b € M, (k(z)) | [b,a] = ba — ab € A(z) for any a € A(x)}.

Theorem 9 ([3, Theorem 1.2]). Let z € Mold,, 4. If HH*(A(z), M, (k(x))/A(z)) = 0,

then the canonical morphism Mold,, 4 — Z is smooth at x.

For a rank d mold A of degree n on a locally noetherian scheme S, we can consider a
PGL, s-orbit {P"*AP | P € PGL, s} in Mold, 4 ®z S, where PGL, s = PGL, ®z S.
For x € S, put A(x) = A ®pg4 k(x), where k(z) is the residue field of z. By using
HH'(A(z), M, (k(x))/A(x)), we have:



Theorem 10 ([3, Theorem 1.3]). Assume that HH*(A(z), M, (k(z))/A(z)) = 0 for each
xr € S. Then the PGL,, g-orbit {P"*AP | P € PGL, s} is open in Mold, 4 ®z S.

These tools are useful for investigating Molds 5. For each rank 5 molds of M3(R) over
a commutative ring R, we obtained the following table:

TABLE 1. Hochschild cohomology H*(A, M3(R)/A) for R-subalgebras A of M3(R)

A d = rankA H* = H*(A,M3(R)/A) tA N(A) dim Tyiold, /2,4
* * 0
(My x Dy)(R) = { ( x % 0 ) } 5 Hi=0fori>0 (M x D1)(R) (M, x D)(R) .
00 =
a b c * % %
i ~ | R®Ann(2) (i:even)
S10(R) = 0 a d 5 H' = { . S12(R) a *x * 2a4=0 4
00 e R® (R/2R) (i:odd) 00
a b c
R (i=0,1
Su(R) = { ( 8 (c) d ) 5 H =~ { 0 (1@ > 2>) Su(R) By(R) 4
a
a b c * ok ok
i~ ] R®Amn(2) (i:even)
Si2(R) = 0 e d 5 H ~ { . Si0(R) 0 * 2a =0 4
00 e R® (R/2R) (i:odd) 0 a x
%k ok
Si(R)=1¢10 = 0 5 H'=0fori>0 Su(R) S13(R) 4
00 =
* 0 %
Su(R) = 0 * x 5 Hi=0fori>0 Si3(R) S14(R) 4
00 =*

3. DESCRIPTION OF Molds 5

In this section, we describe Moldss. Let V' be a free module of rank 3 over Z. Fix a
canonical basis {e1, e, e3} of V over Z. We define schemes P*(V'), P.(V), and Flag(V)
over 7Z as contravariant functors from the category of schemes to the category of sets in
the following way:

P*(V)(X) = { W | W is arank 2 subbundle of Ox ®,V on X },
P.(V)(X) = { L| Lisarank 1subbundle of Ox ®;V on X },
Flag(V)(X) = { (L,W)e P.(V)xP(V))(X)|LCW }
for a scheme X.

Remark 11. If we consider the case over a field k, then P*(V'), P.(V), and Flag(V') over
k are regarded as

P*(V) = {W CV | W is a 2-dimensional subspace of V'},
P.(V) = {L CV|Lisa l-dimensional subspace of V},
Flag(V) = {(L,W)eP,(V)xP(V)|0CLCW CV},

respectively.

Definition 12. Let A = Mg X Dl, Slo, 8117 8127 813, or 814. We define
Moldjs = {z € Moldss | A(z) ® k(z) ~ Alk(z))},

where k(x) is an algebraic closure of k(x).



Definition 13. Let us define morphisms

(13272 : MOleQ — M01d375

* k%
A —> 0
0 A
and
(13/2’2 . M01d2’2 — M01d3’5
*
A — A *
0 0 x

Example 14. Recall that

P(Mg/([g))g]}n% — MOIdQ,Q
[A] = (4)

is an isomorphism.

There are two types of rank 2 molds of degree 2:

o {( )5 {(51)

By the isomorphism above, we have:
Moldy3 = {[A] € P | tr(A)® — 4det(A) # 0},
Moldy3 = {[A] € P | tr(A)* — 4det(A) = 0}.

Note that GLy acts on Moldg s by A — PAP™!. Set

% k% %k x
PLQ = 0 % = € GL3 , P271 = * ok ok S GLg
0 * = 0 0 =
We define the action of Py (or Py;) on Molds s by
% k%
0 -A=PAP™!
0
P
or * - A= P'AP'? respectively |, where P’ € GLs.
0 0

Let us consider GL3 Xp,, Moldyo and GL3 Xp,, Moldy,. For example, GL3 Xp,,
Moldg s = {(g,A) | g € GL3, A € Moldy 5}/ ~, where (g, A) ~ (gb~*,bAb™") for b € Py 5.



Definition 15. The morphisms ®, and @5, induce Wy, and Wy ,, respectively:

\11272 . GLs XPy M01d272 — M01d375
* ko ok
-1
(9, 4) =9l 0 4 ]9
0
and
\11/2’2 : GL3 X Py, M01d272 — M01d3’5
*
A _
(9,A) =g S
0 0 =

Theorem 16. The morphism V5 : GL3 Xp, , Moldy o — Molds 5 induces an isomorphism

between GL3 Xp, , Moldy 5 and Moldgfg’. Moreover, we have the following correspondences
as sets:

Mold§¥ = GLj xp,, Mold}3,
Mold3¥ GL3 xp, , Mold}3.
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Theorem 17. The morphism V5, : GL3 Xp,, Moldy 2 — Molds 5 induces an isomorphism

between GL3 Xp,, Moldy 5 and Moldgfg. Moreover, we have the following correspondences
as sets:

12

Mold3¥
Mold3Y

GL3 xp,, Moldy3,
GL3 xp,, Mold}3.

12

For (L, W) € P.(V) x P*(V), set

Ay = { f € End(V) 2 My (k) f(L) C L, f(W) C W such that }

L =V/W as k[f]-modules

Let us define a morphism

Priyxp, @ Pu(V) x P(V) — Moldss
(L,W) — A(L,W)-

Theorem 18. The image of Pu,xp, @5 open and closed in Moldss. Moreover, ®y,xp,

gives an isomorphism between P, (V') x P*(V') and the closure 1\/Iold§%XD1 of Moldg/EXDl.
Moreover, we have the following correspondences as sets:

Moldy 2Pt =~ {(L,W) e P, (V) x P*(V) | L ¢ W},
Mold3¥ = Flagy = {(L,W) € P.(V) xP*(V)| L C W}.

By the results above, we have:



Theorem 19 ([5]). We have an irreducible decomposition

Molds 5 = Moldy2*®* T Mold3% J] Moldsy,

whose irreducible components are all connected components. The relative dimensions of
Mold}2 Pt Mold3'?, and Mold5"! over Z are all 4. Moreover,

Moldy'2*P* = Moldy'2*"* U Mold3Y,
Mold3%¥ = Mold3¥ UMold3,
Mold3%¥ = Mold34 UMold3Y.

Summarizing the results on Molds 4 (1 < d <9), we obtain the following corollary.

Theorem 20. Let A and B be d-dimensional subalgebras of M3s(k) over an arbitrary field
k. Assume that d # 3,5. If AQr k ~ B®y k, then A ~ B.

Theorem 20 does not hold in the case d = 3 or 5, as shown by the following examples.

0 —1
1 -1
teristic polynomial det(zly — A) of A is 2? + x + 1 whose smallest splitting field is F,.
Set

Example 21 (The case d = 5). Let A = ) € My (F2). Note that the charac-

x ok ok
Al — O X c Mg(FQ) X € FQ]Q +]F2A ;
0
* kX
AQ = 0 x 0 S Mg(Fg)
0 0 =%

Then A; # Ay, while A, QR Fy~ A, QRy Fy.

0 0 —C3
Example 22 (Thecased =3). Let A= 1 0 —co | € M3(k) over a field k. Assume
0 1 —C

that the characteristic polynomial det(xl3 — A) = 23 + c12* + cox + c3 of A is irreducible
over k and has distinct roots. Set

A = kI + kA + kA2,
k
Ay = 0
0

Then Al ’7(‘ ./42, while .Al Rk E ~ .AQ Rk E
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