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§1 Preliminaries

gc: simple complex Lie algebra with root system &

dF(resp. ®7): set of all positive (resp. negative) roots

A = {ai,...,a;}: set of all simple roots

{eq, hi | . € &, 1 < < [}: Chavalley basis of gc with hj == [e,,, e—q;]
he := [€q,€—q] for a € ®

Ug: universal enveloping algebra of g¢

Set el := eh/n! and (ha:-c) = [[1(ha +c—j+1)/n!
(v € ®,n€Z>p,cel).
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Fo(=Z/pZ): prime field of p elements

G: simply connected and simple algebraic group defined over F, with root
system ¢

T: maximal split torus of G

W := Ng(T)/T: Weyl group

X(T) := Hom(T,F,): character group
E:=R®z X(T): euclidean space
(+,): W-invariant inner product on E

BY =28/(B,B): coroot of 3 € ®

EFH 2 (Yutaka Yoshii) (Ibaraki Univ.) Some commutation formulas September 16, 2024



For 5 € ® (C X(T)), let s3 € W be the reflection with respect to :
s3(0) == A— (A, 8Y)8 (A € E).
si i= Su,: simple reflection (1 </ </)

Then
W={(sq| €)= (s1,...,5).

For w € W and its reduced expression w = s;, - - - s;,, the integer t is called
the length of t and denoted by /(w).

wo: unique longest element of W (then /(wy) = |®T])
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Uz, : subring of Uc generated by all e&m) (e € d, m>0)
U = Uy, ®7 F), : hyperalgebra corresponding to G

We use the same symbols for images in U of the elements of Uz

(for example, ec(ym), (ho‘:c), ).

Then we have U = <eém) lacd,m> 0>1Fp-alg--
Ut = (e | a e dt,m>0), (CU)
U= (" |acd,m> 0. (CU)

U0 — <(71) |1<i<I,n>0). (CU)
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r: fixed positive integer

U= (el |ac®0<m< p — 1) 0

U =utntd, = (el |acdT 0<m<p" — 1) 0
U =U Nty = (e |aed ,0<m<p — 1)
U =U0NU = (M) |1<i<l, 0<n<p = 1)

Then we have U = U~UUT and U, = U U U
(i.e. the multiplication maps

U or, U @p, UT = U,

Uy @r, UL @5, U — U,

are [Fp-linear isomorphisms).
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§2 Commutation formulas

Proposition 2.1

Let o, € ®, c € Z, and m,n € Z>¢. In Uz, the following equalities hold.

elm+n)

(i) emelm = (m i ”>

n

min{m,n}
k=0

(111) e(m) (hﬁ aF C> _ <hﬁ +c— <a’ ﬂV>m> e(m).

(e n n (e}

(iv) ec(ym)eé") = eé")e(gm) ifa+ B3¢ ® and B # —a.

e (he) R RN (n h,
()= ()OG5
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Proposition 2.2 (Lucas’ Theorem)

Let myn € Z>o. Let m=3",oom;p’ and n =3, nip’ be their p-adic
expansions. Then we have

(7)=II(

7]) (mod p).

1
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Consider a, 3 € ® with a + 3 € ®.

&' (a, B) = (Za+ ZB) N ® forms a root system of type Ay, Ba, or Go.

Let m be a unique integer such that 5 — ma € ® and 8 — (m+ 1)a & ®.
Then there exists ¢, 3 € {£1} such that [e,, 3] = (m+ 1)cq gents in 9z.

For simplicity, we assume that ||a|| < ||3]| and « and /3 form a base of

®'(a, B).
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G,
A, B, 3a+2p

B atp B atp  22tE 5 a4p 2atp 3a+B
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Suppose that ®'(«, 3) is of type Ap. Then

18I = [l

(0, 8) = {0, £, (0 + B)}.
If we write [en, eg] = cq,3€n+5 in gz for some c, g € {1}, then
= Y cselelBel®) (abe Z2)
t1+tr=b,

t2+t3:a

in Uyz.
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Suppose that ®'(«, 3) is of type Ba. Then
1611 = V2|,

' (a, B) = {#a, +8, £(a + B), =(2a + 8)}.

If we write [en, eg] = co.g€n+s and [eqn; €a+8] = 2Cq,a+8€2q+3 In gz for

some Cq 3, Ca,a+8 € {1}, then

b
e = 3 clylcascaars)®elelel) el

ti+tr+t3=b,
tr+2t3+t4=a

b t t
e&a)eélﬁz Z (2Ca,a+ﬂ)t2e(gi)ﬁeéoiﬁec(ﬁ)
ti+tr=b,
tr+t3=a

in Z/{Z-
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Suppose that ®'(«, 3) is of type Gp. Then
1611 = V3|,

®'(a, ) = {*a, £8, £(a + B), £(2a + B), £(3a + 8), £(3a + 28)}.

If we write

[eou eﬁ] = Ca,3€a+p; [eav ea—‘rﬂ] = 2Ca,oz+ﬁe2a+ﬁa

[ea; e2a+ﬁ] = 3Ca,2o¢+,3630c+ﬁa [62044—6’ ea—l—ﬁ] = 3C2a+6,a+ﬁe3a+2ﬁ

in gz for some ¢, 3, Ca,a0+8 Ca2a+8s Ca+B,a+5 € {£1}. Then we have

[e3a+[37 eﬁ] = —Ca,pCa 20+ 04 6,a+5€3a428

in gz and
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el?) e[gb) = Z di(to, t3, ta, ts) egtl ) egj)ﬁ e§24)r2 5 eéz‘}r P egg’l 8 elto)

ti+tr+2t3+t4+ts=bh,
tr+3t3+2t4+3ts+tg=a

e&a) e(()é?ﬁ = Z d3(1.'2, t3, t4)e((xtj—)6 e§23r2ﬁe§£fiﬁe§23rﬁeg5),

t1+2tr+-t3+t4=b,
ty+t3+2t4+ts=a

b
Peshs = D (Bcazars)®es sesarges,

t1+t=b,
tr+t3=a
(a) (b)) _ t (1) (t2) (t3)
©atpCatps = Z (3c2atp,a+5) 2eo<j—ﬂe3of—|—26e20?+ﬁ7
t1+tr=b,
tr+t3=a
a b t: t; t:
eéa)weé ) = Z (—Ca,5Ca 20+ 80 +5,0+5) "> eél)egof-)ﬂﬁei(‘sof—)&-ﬁ
ti+t=b,
to+tz3=a
in Uz, where
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dl(t2> t3, ta, t5) = Col?’g(ca,ﬁcoz,a—i—,é’)m(Ca,ﬁca,a+,6’ca,2a+,3)t5

X (Ca,aJrB C2a+5,a+ﬁ)t3 s

d3(t27 i3, t4) = (2Ca,a+6)t3(3Ca,a+ﬁca,2a+ﬁ)t4(3Ca,a+6c2a+ﬁ,oz+6)t27
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wp: (unique) longest element of W
wo = sj,Sj, - - 5,: reduced expression (v := I(wp) = |®T])
If we set
Br = ai, B2 = si(a), -, By = sip - si, (i),

then we have @™ = {31, 82,...,8,} and the monomials

) )

with a; € Z>g for 1 < < v form a Z-basis of L{Z' and an [Fp-basis of ur.
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Proposition 2.3 (Y, 2022)

Suppose that v > 1. Fora,b € Z~g and j,k € Z with1 < j < k < v, the
(a) (b) o) (a)

element eg €s, in Uy, is a Z-linear combination of monomials of
J J

the form eéj i) ékk ) satlsfying the following:

oaj<bandak<a
oZ a,gbandz_1+1a;§a.
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Set N, :={0,1,...,p" — 1}. Using Proposition 2.3, we can prove the
following:

Proposition 2.4 (Y, 2025)

Let j, k be integers satisfying 1 < j < k <wv. Let r € Z~qo. Then the
following hold.

i) A Z-span of the monomials e(?j) e e(ak) with
i /Bj ﬁk
(aj, ..., ak) € (Z>0)k 1 forms a subring of U .
(ii) An F,-span of the monomials eg_’j) . eé‘zk) with
aj,...,ax) € (Z>o)*I*1 forms an F,-subalgebra of U™ .
J 2 P

(iii) An IFp-span of the monomials eéjj) . egk’k) with aj e N, for j < i < k
forms an I ,-subalgebra of U,".
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Proposition 2.5 (Y, 2025)

Let e/g i) éak) be a fixed monomial of U satisfying a; € N, for each i

with j < i < k. Let ¢ € Z~q. Then the following hold.

e If k # v, then the element

(c) _(a) (ak) (aj) (ak) ()
e,Bk+le,8 ’ eﬁkk a eﬁj ”.eﬂkk eﬁkﬂ

in U is an IF,-linear combination of monomials of the form
eg’j) egik)eéb"“) satisfying b1 < c and b; € N, for j < i < k.
e Ifj # 1, then the element

@) e e o) @) (a)
Bj /Bk /BJ Bj 1 /Bj Bk
inU is an F-linear combination of monomials of the form

g’f 2 (j’) --eé’k’k) satisfying bj_1 < ¢ and b; € N, for j < i < k.
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§3 Linear isomorphisms

Let Fr: U/ — U be an [Fy-algebra endomorphism defined by

(n/p) , hiy
e(gn) — €a If P ‘ n, then (h’> — (n p) If P | n,
0 if ptn n 0 if ptn

fora € . Let
Fit . ut —>L{+, F'— U~ = u-, Fr/0 - 140 —>Z/l0,

be IFp-algebra homomorphisms defined by

Frt(el?) = e, Fr=(el) ) = e, FrO <<h’>> B <hi).

n np
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Then there is a (unique) F,-linear map Fr' : ¢ — U defined by
fhe — Fr'~(F)F°(h)F't(e) (FeU ,hcul ecu™).
Clearly we have Fro Fr' = idy,.

Caution! Fr' is not an Fp-algebra homomorphism.
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Theorem 3.1 (Y, 2025)

Let n € Z~o. Then the multiplication on U induces IFp-linear isomorphisms

Ut @r, F'US) = U, US @p, FTUT) - Ut

A,

Theorem 3.2 (Y, 2025)

Let n € Z~o. Then the multiplication on U induces IFp-linear isomorphisms

ur ®]Fp Fr/r(un) — ur—l—na Z/{r ®]Fp Fr,r(Z/{) —U.

| A\,

Proposition 3.3

Let n € Z~o. Then the multiplication on U induces IF,-algebra
isomorphisms

U @p, Fr"(UD) = UYL, U @F, F"(U°) — UC.

A,
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Outline of proof of Theorem 3.1

Fora=(a1,...,a,) € (Z>0)", set

@ .— e[(;'l) éf)---e,éi”)-

We proceed by induction on n. Suppose that n = 1. Since
dimg, (U} @, FY'"(U;")) = dimp, U}, = (r1)v,
it is enough to show that
U or, Fr (Ut) = U,
is injective. Consider the elements

e@Fr(e®) (ae (W), be (M)).
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Proposition 3.4

For n € Z>q, set qp ,(n) := |n/p"|. Suppose that
a=(a1,...,a,) € (N,)” and that b = (by, ..., by) € (N1)* with
1 < k <wv. Then we have

k v
r a;+p’b; aj
elFr" () = (H 5" )> [T+ X &
i=1 i=k+1 c=(c1,...,¢v)
inU, where £(c) € Fp, and each ¢ with £(c) # 0 satisfies
(qp,r(C1)7 ceey qp,r(Ck)) 7& (bla s bk)

in (Z>0)", qp.r(ci) < bj for 1 < i<k, and qp,(c;)=0fork+1<i<uw.

v

Using the proposition, we can show that the elements
e@Fr(e®) (ae (WN,)",be (M))

are linearly independent over Iy,
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Suppose that n > 2. We obtain the following commutative diagram
induced by multiplication:

Ut @, B (UL_y) @, FOTHUS) —— U @p, B (UT)
U, @r, FO (U - U,
Therefore, the multiplication map
U @ FOTUD) S U,
is a Fp-linear isomorphism.

@ Y. Yoshii, Some results on certain finite-dimensional subalgebras of

the hyperalgebra of a universal Chevalley group, J. Lie Theory 32
(2022), 899-916.

[@ Y. Yoshii, Certain linear isomorphisms for hyperalgebras relative to a
Chevalley group, J. Algebra Appl. (2025), No.2550185.
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