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Introduction

Quasi-hereditary algebra [Cline—Parshall-Scott’88]

Quasi-hereditary algebra (A, <1) consists of an algebra A and a partial order
on the complete set of simple A-modules satisfying certain conditions
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on the complete set of simple A-modules satisfying certain conditions

| A\

Question
@ Does there exist a partial order to be a quasi-hereditary algebra?
@ How to find a partial order to be a quasi-hereditary algebra?
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Introduction

Quasi-hereditary algebra [Cline—Parshall-Scott’88]

Quasi-hereditary algebra (A, <1) consists of an algebra A and a partial order
on the complete set of simple A-modules satisfying certain conditions

| \

Question
@ Does there exist a partial order to be a quasi-hereditary algebra?

@ How to find a partial order to be a quasi-hereditary algebra?

Give an answer to Question from the viewpoint of tilting theory
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Notation

e A: (basic) finite dimensional K-algebra, K: algebraically closed field
e {S(x) | x € N}: complete set of isoclasses of simple A-modules

@ e,: primitive idempotent of A corresponding to x € A

e P(x): projective cover of S(x)

e For an A-module M, [M : S(x)] := dimx Homa(P(x), M)
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Standard modules

Fix a partial order < on A and let x € A

Definition

A standard module A(x) is a maximal factor module of P(x) such that
[A(x): S(y)] #0=y Ix

Dually, costandard module V(x) is defined
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Standard modules

Fix a partial order < on A and let x € A

A standard module A(x) is a maximal factor module of P(x) such that

[A(x) : S(¥)] #0=y I x
Dually, costandard module V(x) is defined

Standard modules depend on the choice of a partial order

A=K(1—>2—>3)=§EB§E|93
011213 = A(x) =S(x)
031211 = A(x) = P(x)
0211,3=A(1)=1,A2)=2,A3) =3
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Quasi-hereditary algebras

A(>x) :={A(y) | y > x}

Definition

A pair (A, <) is called a quasi-hereditary algebra if for all x € A,
o [A(x):S(x)]=1
@ there is an exact sequence 0 — K(x) — P(x) — A(x) — 0 such that
K(x) € F(A(>x))
We call the partial order <1 a quasi-hereditary structure
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Quasi-hereditary algebras

A(>x) :={A(y) | y > x}

Definition

A pair (A, <) is called a quasi-hereditary algebra if for all x € A,
o [A(x):S(x)]=1
@ there is an exact sequence 0 — K(x) — P(x) — A(x) — 0 such that
K(x) € F(A(>x))
We call the partial order <1 a quasi-hereditary structure

A=K(1—-2—-3)= é @ 3 P 3, (A,2<1 < 3): quasi-hereditary
A(l)=1,A2)=2,A3) =3
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L 354 1 2 3 4
A=Ky N /<Ba,a5 > P(1):2 P(2):134 P(3):1 P(4): 3
1—=2 ae,yo3 1 %% 2 %

2
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A K(V3\‘5¢/4> Ba,ad \ P(1) % P(2) 1:23 ;
= a, : :
1—/—=2"° /<ae,7aﬂ> 1 !

(1) (A,1 <2 <3 <4): quasi-hereditary
A(1):1 A(2): 1 2 AQ3): % A(4):
2
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A K(V3\‘5¢/4> Ba,ad \ P(1) % P(2) 1:23 ;
= a, : :
1—/—=2"° /<ae,7aﬂ> 1 !

(1) (A,1 <2 <3 <4): quasi-hereditary
A(1):1 A(2): 1 2 AQ3): Z{: A(4):

2
(2) (A,1 <12 <4 < 3): quasi-hereditary

A(1):1 A(2): 1 2 AQ3): % A(4): 4
2
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A K(V3\‘5¢/4> Ba,ad \ P(1) % P(2) 1:23 ;
= a, : :
1—/—=2"° /<ae,7aﬂ> 1 !

(1) (A,1 <2 <3 <4): quasi-hereditary
A(1):1 A(2): 1 2 AQ3): Z{: A(4):
2
(2) (A,1 <12 <4 < 3): quasi-hereditary
A(1):1 A(2): 1 2 AQ3): .;: A(4): 4
2

(3) (A,1 <4 <2 <3): NOT quasi-hereditary
A(1):1 A(2): . 2 A A(3): 213 A(4): 4
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Characteristic tilting modules

A:={A(x) | x e A}, V:={V(x)]| x € A}

Definition-Theorem [Ringel’91]

If (A, <) is quasi-hereditary, then there exists a tilting module T such that
add T, = F(A) N F(V)

The module T is called a characteristic tilting module
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Characteristic tilting modules

A:={A(x) | x e A}, V:={V(x)]| x € A}

Definition-Theorem [Ringel’91]
If (A, <) is quasi-hereditary, then there exists a tilting module T such that
add T, = F(A) N F(V)

The module T is called a characteristic tilting module

o T, =P T(x) such that [T(x) : S(x)] =1and [T(x): S(y)] #0 = y Ix
xEN
o [Ringel’91, Flores—Kimura—Rognerud’22]
{quasi-hereditary structures of A} — {characteristic tilting A-modules}
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IS-tilting modules

A basic tilting module T is called an IS-tilting module if there exists a partial
order < on A satisfying the following conditions:

3 indec. decomp. T = P, -, T(x) such that T(x)e, = S(x)ex,

where A, :={y € N | ydx} and e, := ) 5 e
In this case, we write (T, <) to specify the associated partial order
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IS-tilting modules

A basic tilting module T is called an IS-tilting module if there exists a partial
order < on A satisfying the following conditions:

3 indec. decomp. T = P, -, T(x) such that T(x)e, = S(x)ex,

where A, :={y € N | ydx} and e, := ) 5 e
In this case, we write (T, <1) to specify the associated partial order

Remark

For a partial order < on A, (T, <): IS-tilting module < 3 indec. decomp.
T = @D,cp T(x) such that [T(x) : S(x)] =1and [T(x): S(y)] #0 =y Ix

| A
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IS-tilting modules

Definition
A basic tilting module T is called an IS-tilting module if there exists a partial
order < on A satisfying the following conditions:

3 indec. decomp. T = P, -, T(x) such that T(x)e, = S(x)ex,

where A, :={y € N | ydx} and e, := ) 5 e
In this case, we write (T, <1) to specify the associated partial order

Remark

For a partial order < on A, (T, <): IS-tilting module < 3 indec. decomp.
T = @D,cp T(x) such that [T(x) : S(x)] =1and [T(x): S(y)] #0 =y Ix

| A

Characteristic tilting modules are IS-tilting
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A_K'ﬁf3\5/4 B,~é P(1):2 P(2): 13 P(3):3 P(4): 5 P(5): 3
= Kledie e/<gp:g5> (1): 2 ()-g (3): 3 P(4):5 P(5):

, 2

2 1
022040

3 2

5 3

2

T:=2€B3
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A:=K ¢2¢_>3\6/4 B,~é P(1):2 P(2): 13 P(3):3 P(4): 5 P(5): 3
= Kledie e/<gp:g5> (1):2 P(2):13 PQ):  P(4):5 P(5):

3
2 25 3 i
T:=20.,8 D4Pp 2
3 3 2
5
3
5 3 1 T(2 2
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A:=K ¢2¢_>3\6/4 B,~é P(1):2 P(2): 13 P(3):3 P(4): 5 P(5): 3
= Kledie e/<gp:g5> (1):2 P(2):13 PQ):  P(4):5 P(5):

> 3
2 253 1
T:=2d,® D4D 2493«
393 2
5
3
5 3 1 TQ):
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A:=K ¢2¢_>3\6/4 B,~é P(1):2 P(2): 13 P(3):3 P(4): 5 P(5): 3
= Kledie e/<gp:g5> (1):2 P(2):13 PQ):  P(4):5 P(5):

5 3
2 25 3 i
T:=206,® D4 2493«
3 3 2
5
3
5 3 1 T(2 2T3223
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5
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T(l—ez—e3)=5®5@1
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A:=K ¢2¢_>3\6/4 B,~é P(1):2 P(2): 13 P(3):3 P(4): 5 P(5): 3
= Kledie e/<gp:g5> (1):2 P(2):13 PQ):  P(4):5 P(5):

5 3
2
2 25 3 1 1
T:=20%0 ey s 24934 <«
3 3 2 5
5
3
531 T1%T22T3223 T5235
T(l-—e)=36 ; @4@3 ()-2 (2): (3): (5):
5 3

i}
T(l—ez—e3)=5®5@1

T(l—e—ea—e3—e5)=4
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A:=K ¢2¢_>3\6/4 B,~é P(1):2 P(2): 13 P(3):3 P(4): 5 P(5): 3
= Kledie e/<gp:g5> (1):2 P(2):13 PQ):  P(4):5 P(5):

5 3
2
2 25 3 1 1
T:=20%0 ey s 2434 <4
3 3 2 5
5
3
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i}
T(l—ez—e3)=5695@1

T(l—eg—e—e3—e5) =4
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T(l—eg—e—e3—e5) =4
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A:=K ¢2¢_>3\6/4 B,~é P(1):2 P(2): 13 P(3):3 P(4): 5 P(5): 3
= Kledie e/<gp:g5> (1):2 P(2):13 PQ):  P(4):5 P(5):

5 3
2
2 25 3 4 1 -
T:=20 .8 [anyy; e T,2<193<1 <4 ): IS-tilting
3 3 2 5
5
3
5 3 1 T1%T22T3223T4?1T5235
r-ey=30 Joapl T T@: TE:S T@:E TE):
5 3

Tl—e—a)=5® g D1 condition: T (x)ex = S(x)ey,

Tl—ee—e—ea—e)=4 where €, 1= ZyE{yEI\IyﬂX} €y
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Main results

Theorem 1 [Adachi—Chan—-Kimura—T]

If there exists an IS-tilting A-module (T, <), then (A, <) is quasi-hereditary
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Main results

Theorem 1 [Adachi—Chan—-Kimura—T]
If there exists an IS-tilting A-module (T, <), then (A, <) is quasi-hereditary

Strategy
e (T,<): IS-tilting A-module and B := End,(T)
= @ (g T, <°P): IS-tilting B°°-module (@ (B, <1°P): quasi-hereditary
o (T,<): IS-tilting A-module = (5T, <I°P): IS-tilting B°P-module (.- @)
= (Endgor(T), <1): quasi-hereditary (-.- @)
= (A, <): quasi-hereditary (" Endgor(T) = A)
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Main results

Theorem 2 [ACKT]
There exist mutually inverse bijections

{quasi-hereditary structures of A} = {IS-tilting A-modules}
= Ty

1+ T ((T,<): IS-tilting)
In particular, characteristic tilting modules coincide with IS-tilting modules
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Main results

Theorem 2 [ACKT]
There exist mutually inverse bijections

{quasi-hereditary structures of A} = {IS-tilting A-modules}
= Ty

1+ T ((T,<): IS-tilting)
In particular, characteristic tilting modules coincide with IS-tilting modules

V.

If (T,<) and (T, <) are IS-tilting modules, then A(x) = A’(x) for all x € A \
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2134 1 2 3 4 5
A:=Klalls N/ /< a5,76> P(1):2 P(2):13 P(3):4 P(4):5 P(5): 3
1 5 3 % 5
T:=20292° 3
=2030 7, 046

1
249341 <4
5 5

2
1
2
3

(T, <): IS-tilting module
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2134 1 2 3 4 5
A:= K(aMﬂ N A >/< a5,76> P(1):2 P(2):13 P(3):4 P(4):5 P(5): 3
1 5 3 % 5

3
2 25
T:=2EB3EB 3 Da4Pp

1
249341 <4
5 5

2
1
2
3
(T, <): IS-tilting module
". (A, <): quasi-hereditary

A(l):% A(2): 2 A@3):3 A4): 151 A(5): g
3
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Main results

When are all tilting modules IS-tilting?

Mayu Tsukamoto (Yamaguchi University) Quasi-hereditary structures and tilting modules 17th September 2024 14 /14



Main results
When are all tilting modules IS-tilting? \

Theorem 3 [ACKT]

For an algebra A, the following statements are equivalent
o All tilting A-modules are IS-tilting

@ A: quadratic linear Nakayama algebra
(< A= K(1 - 2 — --- — n)/{quadratic relations))
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Main results
When are all tilting modules IS-tilting? \

Theorem 3 [ACKT]

For an algebra A, the following statements are equivalent
o All tilting A-modules are IS-tilting

@ A: quadratic linear Nakayama algebra
(< A= K(1 - 2 — --- — n)/{quadratic relations))

We can give recursive formulas for enumerating tilting modules (in Theorem 3) \
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