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1. Introduction

What's the Clifford’s theorem?

- representation theory of finite groups
- normal subgroups, restriction functor
- semisimple modules

What's a wide subcategory?

- representation theory of rings
- extension-closed exact abelian subcategories
- semibricks, ring epimorphisms, torsion classes



Clifford’s theorem in wide subcategories

Why do we consider it?

—~—> This arises from the following perspectives
- brick version of Clifford’s theorem [Clifford]
- brick label, T -tilting theory [Koshio-Kozakai]



2. Wide subcategories

) : abelian cat. , subcat. = full and closed under isom.
A td. k-alg. . mod/\: the cat. of fin. gen. right /\-modules.
Def. W <. o : wide subcategory

"W W W
& W is closed under v v = D
- extensions oA=L
- kernels o
L - cokernels 0 = Ker§ = X =T — Lok o
, M M A
wow W W

Rmk. 4 W/ - abelian category
Extw (7)) SExty (X.Y) X Yew



€. §. Serre subcategories are wide subcategories

e.g. A ———?r - ring epimorph. satisfying Tor’,\([’, f’): 0

-
(for example K —> S R  localization )

Then Mod[T ——>Mod/\ : wide subcategory
_

Prop. /\: f.d. k-alg. , W/ < medA : wide subcat.
Then
W Emed\ : functorially finite

~:1.d. k-alg., Tort(F.T)=0
& A : ring epi. s.t
A~ 1Ngepl. sty i e W s modA

_



Def. 7T <.« : torsion class ;’J (j M:T

!
3@Tisclosedunder 0= X2V —7Z2—-0
- extensions T v
- quotients & “
- 0= XY —57Z—D

Prop. <Ingal|s—Thomas, Marks-é’cviéek}

There are operations T and X

T

{wide subcat. ofgﬁ} : ; {torsion classes in &9 }
o

satisfying { o ‘)]‘, id

-



Serre subcategory wide subcategory

simple module ~ ——8—> brick

semisimple module o g
Generalization semibrick

Def. S€ A : brick : & Em;[(S) . division ring

A set of isoclasses of bricks X < is semibrick
& XK, XxY = Hom (X, Y)=0
Mé/@ semibrick : 6 3x< 4 semibrick s.t. M =

ANx

Xé?(

®

- 9. - simple = brick = indecomposable
- sets of simple modules are semibricks
- semisimple modules are semibricks



Thm. (Ringel )
Suppose . : length abelian category.

{Wide subcat. of& } Q—Ll%{ semibricks in & }/’__.:'_
Ul | v
{Serre subcat. of/@} 4—'——[5 {sets of simple modules}/g

W I >Sim W/
Filt X ¢ i X

S'l mW : the set of isoclasses of simple objects in W/
FiltX ::{MG,@,(?:MOQM(E---sMwM st M €X (1Si4n) }




3. Clifford’s theorem

(3 finite group kG : group algebra over k
N4@G : normal subgroup
Compare modkG and modkN
— K@Nk@ -‘-“‘-Im{ . induction functor
S
modkN mod K
? K____/ G,

Re S restriction functor



Thm. ( Clifford )

S : simple kG-module
Then ResS :semisimple kN —module

Question. Is it possible to generalize the above to bricks,
that is,

S€modkG : brick =5 ResS: semibrick

This does not hold in general.
However, it is true under some assumptions.
We formalize Clifford’s theorem in wide subcatetgories for that.



4. Main results

N4&G * normal
Def. W <modKG: wide subcat.
{v(ae«) & Ywew  k[KJewew

Prop. (1) Ind (W) -'={Mémode}lnclM€W}
 wide subcat. of mod kN
(2) If W satisfies (¥%)
Res

then Kes induces modKG — moadk§
V1 VA

W — Ind"(w)



Clifford’s theorem in wide subcategories

W < mod kG : wide subcat. satisfying (%)
Then Clifford’s theorem holds in W/

Thm. ( Kozakai—S)
S : simple object in abelian cat. |/

Then KesS : semisimple in abelian cat. Ihd—l(W)

In particular, KesS : semibrick

Rmk. Applying the above to W=wmodk& |

we obtain the ordinary Clifford’s theorem.



Cor. ( brick version of Clifford’s theorem )
Suppose chark=P>0 and C"/N IS a }0 - group
Then for any brick S € modkG

ResS - semibrick

Sketch of a proof.

- S is a simple object in a wide subcat. FiltS (Ringel)
- Fil4+ S satisfies (&) by the assumption.
- Apply the previous theorem.



A perspective from the result by [Koshio-Kozakai]

Ind™(w)

H(s7-tilt kAy) : H(sT-tilt(kSs)) : W/

o R e

(o203  HEEM @4 93 1e0}0}

TN /\/\/\A/\z

Mot L e

* wideinterval | X Y, Z : brick label

Res X =Y ®7Z by the main theorem



Suppose chark=P>0 and G’/N isa P - group

{Xl, S XK} © 2-term simple-minded collection in Db(mo] k&)

— Xléyymc{kg or )(‘L[-)]Qmoc[ké) (BrUstIe—Yang)

am @M
~> ResXi=Xii @--@®Xjn; . semibrick (Cor.)

Thm. ( Kozakai-S )

{xl&}('j\ + 2-term simple-minded collection in Db(mode>




