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Main theorem

Let A be a dg -algebra such that
(locally finite) H iA is finite dimensional for every i 2 Z,
(non-positive) H iA = 0 for every i 2 Z>0.

Then

isomorphism classes of
basic silting objects
of per(A)

algebraic t-structures
on pvd(A)

bounded co-t-structures
on per(A)

isomorphism classes of
simple-minded collections
of pvd(A)
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Conventions

is a field.
All (dg) algebras and categories are defined over .
All subcategoires are full, additive, and closed under taking direct
summunds.
T is a triangualted category.
addX is the smallest subcategory containing X .
FiltX is the smallest subcategory containing X and closed under
taking extensions.
thickX is the smallest thick subcategory containing X .

R. Fushimi, The correspondence between silting objects and t-structures
for non-positive dg algebras, arXiv:2312.17597.
R. Fushimi, Contravariant Koszul duality between non-positive and
positive dg algebras, arXiv:2409.08842.
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Differential graded algebras

Definition
A pair (A, d) of a Z-graded algebra A and a linear map d : A ! A is
differential graded (dg) algebra if

d(Ai
) ✓ Ai+1,

d2
= 0,

d(a · b) = d(a) · b + (�1)deg(a)a · d(b).

Example
Any algebra can be regarded as a dg algebra concentrated in degree 0.

Example
Let ⇤ be an algebra and M 2 D(⇤). Then REnd⇤(M ) := RHom⇤(M ,M )

has a natural dg algebra structure.

Riku Fushimi (Nagoya) ST correspondence 17 September, 2024 6 / 25



(Non-)positive dg algebras

Definition
Let A be a dg algebra.

A is called locally finite (l.f.) if H iA is finite-dimensional for every
i 2 Z.
A is called non-positive if H>0A = 0.
A is called positive if H<0A = 0 and H 0A is semisimple.

Example
Let ⇤ be a finite-dimensional algebra. Then

(i) ⇤ is a l.f. non-positive dg algebra,
(ii) REnd⇤(top⇤) is a l.f. positive dg algebra.

Let (Q,W ) be a Jacobi-finite quiver with potential. Then the
complete Ginzburg dg algebra b�(Q,W ) is l.f. non-positive dg algebra.
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Derived categories

For a dg algebra A, we can define the derived category D(A) of A as in
the case of ordinary algebras.

Definition
Let A be a dg algebra.

per(A) := thickD(A)A is called the perfect derived category of A.
pvd(A) := {M 2 D(A) | H ⇤M is finite-dimensional} is called the
perfectly valued derived category of A.

Example
If A = ⇤ be a finite-dimensional algebra, then we have
per(⇤) = Kb

(proj⇤) and pvd(⇤) = Db
(mod⇤).
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Silting objects

Definition
A object M 2 T is called a silting object if

T (M ,M [> 0]) = 0,
thickM = T .

A silting object M 2 T is called a tilting object if
T (M ,M [< 0]) = 0.

Remark (Aihara-Iyama)
Tilting objects cannot always be mutated , but silting objects can always
be mutated.

Example
A: non-positive dg algebra ) A is a silting object of per(A).
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Bounded co-t-structures

Definition
A pair of subcategories (T�0,T0) is a (bounded) co-t-structure on T if

T0[1] ✓ T0,
T (X ,Y [1]) = 0 for every X 2 T�0 and Y 2 T0,
T�0 ⇤ (T0[1]) = T ,
(bounded) thickT0 = T .

T0 := T�0 \ T0 is called the co-heart of (T�0,T0).

Fact (Mendoza-Sáenz-Santiago-Souto Salonia.)
Let A be a l.f. non-positive dg algebra. Then

isomorphism classes of
basic silting objects of per(A)

bounded co-t-structures
on per(A)

s.t. the coheart of the co-t-structure corresponding to M is addM .
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Simple-minded collections

Definition
A set of objects L ✓ T is called a simple-minded collection (SMC) if

T (L1,L2) =

(
division ring if L1 = L2
0 otherwise,

(Li 2 L)

T (L,L[< 0]) = 0,
thickL = T .

Remark
SMCs were first studied by Rickard in the context of derived equivalences
of symmetric algebras.

Example
Let A be a l.f. non-positive dg algebra. Then the set of simple
H 0A-modules is a SMC of pvd(A).
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Algebraic t-structures

Definition
A pair of subcategories (T

0,T �0
) is called an (algebraic) t-structure if

T
0

[1] ✓ T
0,

T (X [1],Y ) = 0 for every X 2 T
0 and Y 2 T

�0,
(T

0
[1]) ⇤ T

�0
= T ,

(algebraic) T
0 is length and thickT

0
= T .

T
0
:= T

0 \ T
�0 is called the heart of (T 0,T �0

).

Fact (Deligne-Beilinson-Bernstein)
Let A be a l.f. non-positive dg algebra. Then

isomorphism classes of
SMC of pvd(A)

algebraic t-structures
on pvd(A)

s.t. the heart of the t-structure corresponding to L is FiltL.
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ST-correspondence

Theorem (Keller-Vossieck, Koenig-Yang, Keller-Nicolas, Su-Yang, F)
(ST-correspondence)
Let A be a l.f. non-positive dg algebra. Then the map

isomorphism classes of
basic silting objects of per(A)

algebraic t-structures
on pvd(A)

that maps M to (pvd(A)
0
M , pvd(A)

�0
M ) is bijective, where

pvd(A)
0
M := {X 2 pvd(A) | D(A)(M ,X [> 0]) = 0},

pvd(A)
�0
M := {X 2 pvd(A) | D(A)(M ,X [< 0]) = 0}.

Example
If A = ⇤ is a finite-dimensional algebra, then (pvd(⇤)0

⇤ , pvd(⇤)�0
⇤ ) is

the stundard t-structure on pvd(⇤) = Db
(mod⇤).
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ST-correspondence

Corollary
Let A be a l.f. non-positive dg algebra. The following sets correspond
bijectively:

{iso classes of basic silting objects of per(A)},
{bounded co-t-structures on per(A)},
{iso classes of SMCs of pvd(A)},
{algebraic t-structures on pvd(A)}.
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Kosul duals

The main ingredient in proving ST-correspondence is the Koszul duality for
dg algebras introduced by Keller.

Definition
Let A be a l.f. non-positive dg algebra. Then we put
A!

:= REndA(topH 0A).
Let A be a l.f. positive dg algebra. Then we put A!

:= REndA(H 0A).

In the following, we say a l.f. positive dg algebra A is nice if FiltA has a
projective generator.
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Theorem (Lu-Palmieri-Wu-Zhang, F) (Koszul duality)
Let A be a l.f. non-positive dg algebra. Then A! is a l.f. nice positive
dg algebra, and RHomA(�, topH 0A) induces

per(A) pvd((A!
)
op
)
op

⇢ ⇢

D�
fd(A) D+

fd((A!
)
op
)
op

⇢ ⇢

pvd(A) per((A!
)
op
)
op.

'

'

'

Let A be a l.f. nice positive dg algebra. Then A! is a l.f. non-positive
dg algebra, and RHomA(�,H 0A) induces

per(A) pvd((A!
)
op
)
op

⇢ ⇢

D+
fd(A) D�

fd((A!
)
op
)
op

⇢ ⇢
pvd(A) per((A!

)
op
)
op.

'

'

'
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Functorially finite subcategories

Definition
Let U be a subcategory of T . Let U 2 U and X 2 T . A morphism
f : U ! X is called a right U -approximation of X if

f � � : T (U 0,U ) ! T (U 0,X)

is surjective for every U 0 2 U . Dually, we define left U -approximations.

Definition
A subcategory U ✓ T is called contravariantly finite if every X 2 T

has a right U -approximation. Dually, we define covariantly finite
subcategories.
A subcategory U ✓ T is called functorially finite if U is
contravariantly finite and covariantly finite.
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Functorially finite hearts

A t-structure (T
0,T �0

) is called bounded if thickT
0
= T .

Theorem (Coelho Simões-Pauksztello-Ploog, F)
T : Hom-finite algebraic triangulated category.
L: SMC of T s.t. FiltL has a projective generator.
(1) T ' pvd(A) for some l.f. non-positive dg algebra A.
(2) For a heart H of a bounded t-structure on T , the following conditions

are equivalent:
(i) H is contravariantly finite in T ,
(i)’ H is covariantly finite in T ,
(ii) H is functorially finite in T ,
(iii) H is a length category,
(iv) H has a projective generator,
(v) H ' mod⇤ for some finite-dimensional algebra ⇤.
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Thank you for your attention!
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