THE MODULI OF 4-DIMENSIONAL SUBALGEBRAS OF THE FULL
MATRIX RING OF DEGREE 3

KAZUNORI NAKAMOTO AND TAKESHI TORII

ABSTRACT. We describe the moduli Molds 4 of 4-dimensional subalgebras of the full
matrix ring of degree 3. We show that Molds 4 has three irreducible components, whose
relative dimensions over Z are 5, 2, 2, respectively.
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1. INTRODUCTION

Let k be a field. We say that k-subalgebras A and B of M3(k) are equivalent (or A ~ B)
if P"'AP = B for some P € GL3(k). If k is an algebraically closed field, then there are
26 equivalence classes of k-subalgebras of M3(k) over k ([4]).

Definition 1 ([2, Definition 1.1}, [3, Definition 3.1]). We say that a subsheaf A of Ox-
algebras of M,,(Ox) is a mold of degree n on a scheme X if M,,(Ox)/A is a locally free
sheaf. We denote by rankA the rank of A as a locally free sheaf.

Proposition 2 ([2, Definition and Proposition 1.1], [3, Definition and Proposition 3.5]).
The following contravariant functor is representable by a closed subscheme of the Grass-
mann scheme Grass(d, n?):

Mold, 4 : (Sch)” — (Sets)
X — {A‘AisamnkdmoldofdegreenonX }

We consider the moduli Mold; 4 of rank d molds of degree 3 over Z. Ford =1,2,3,6,7,8,9,
we have the following theorem:
Theorem 3 ([4]). Letn=3. Ifd <3 ord > 6, then
Mold;y = SpecZ,

Moldz, = P3 x P3,

Molds 3 = dei% U Moldgf3 U Moldgs,;%, where the relative dimensions of
Wd?fg, de%, and m over Z are 6,4, and 4, respectively,

Moldss = Flagy := GL3/{(ai;) € GL3 | a;; =0 fori > j},

Molds» = P[P,

Moldss = 0,

Molds g = SpecZ.
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The cases d = 4,5 remain. In this paper, we describe the moduli Molds4 of rank 4
molds of degree 3. We introduce several rank 4 molds of degree 3 on a commutative ring

R.

Definition 4 ([4]). For a commutative ring R, we define

* *x 0
(1) (BQ X D1)<R> = 0 x 0 € Mg(R) s
0 0 =
a b ¢
(2) N3(R) = 0 a d a,b,c,d € R 3,
0 0 «a
a ¢ d
(3) Sg(R) = 0 a O a,b,c,d e R},
0 0 b
a 0 c
(4) S7(R) = 0 a d a,b,c,d € R 3,
0 0 b
a ¢ d
(5) Ss(R) = 0 b 0 a,b,c,d € R },
0 0 b
a 0 c
(6) So(R) = 0 b d a,b,c,d € R
0 0 b

There are 6 equivalence classes of 4-dimensional subalgebras of M3(k) over an alge-
braically closed field k: (Bs x Dq)(k), N3(k), Se(k), S7(k), Ss(k), and Sq(k).
The following theorem is our main result in this paper.

Theorem 5 (Theorem 19, [4]). When d = 4, we have an irreducible decomposition

Molds 4 = MoldB”Dl ]_[ Mold3, ]_[ Mold3

such that irreducible components are all connected components. The relative dimensions
of Mold?iXDl Moldga, and Moldsg4 over Z. are 5, 2, and 2, respectively. Moreover, both
Mold§74 and Mold§4 are isomorphic to P%, and

Moldy3*P* = Mold§3*P U Mold3%, U Molds?, U Moldy
is isomorphic to Flagg xpz Flagy xpz Flagy = {(Ly € Wy, Ly C Wy, Ly C Wy) € Flags x
Flag, x Flags}. In particular, Molds 4 is smooth over Z.

Remark 6 ([1]). We need to say the relation between Molds, and the variety Alg, of
algebras defined by Gabriel in [1]. Let V = ke; @ kea @ - - - @ keq be a d-dimensional vector
space over a field k. For ¢ € Hom(V @, V, V), put p(e; ® ¢;) = > 1", cﬁ-jel. We say that
¢ determines an algebra structure on V' with 1 if the multiplication e; - e¢; = céjel defines



an algebra V over k with 1. Then we define the variety Alg, of d-dimensional algebras in
the sense of Gabriel by

@ determines an .
Alg, =< ¢ € Hom(V ®;, V,V) | algebra structure C AY.
on V with 1

Then we can define a morphism ¥, : Alg;, — Mold, 4 by
e {p(v®—) € Endg(V) = My(k) | v eV}

If we could prove that Uy = {A C My(k) | A is a d-dimensional tame algebra } is open in
Mold 4 for any d, then W;*(U;) = {A| d-dimensional tame algebra } would also be open
in Alg,, which gives an affirmative answer to “Tame type is open conjecture”. Hence, we
believe that Mold,, 4 is an important geometric object. This is one of our motivations to
investigate Mold,, 4.

2. SEVERAL ToOOLS

In this section, we introduce several tools for describing Molds 4. Let A be an associative
algebra over a commutative ring R. Assume that A is projective over R. Let A° = AQr AP
be the enveloping algebra of A. For an A-bimodule M over R, we can regard it as an A°-
module. We define the i-th Hochschild cohomology group HH'(A, M) of A with coefficients
in M as Exty. (A, M).

Let A be the universal mold on Mold,, 4. For 2 € Mold,, 4, denote by A(z) = A®OMoldn .
k(z) C M,(k(z)) the mold corresponding to z, where k(z) is the residue field of z. As
applications of Hochschild cohomology to the moduli Mold,, 4, we have the following tools.

Theorem 7 ([3, Theorem 1.1]). For each point = € Mold,, 4,
dlmk(m) TMoldn,d/Z,z = dlmk(m) ]:‘I]:‘I1 (A(l'), Mn(k(ili))/A(l')) + Tl2 — dlmk(m) N(A(l’)),
where N(A(x)) = {b € M, (k(z)) | [b,a] = ba — ab € A(z) for any a € A(x)}.

Theorem 8 ([3, Theorem 1.2]). Let € Mold, 4. If HH*(A(z), M, (k(x))/A(z)) = 0,
then the canonical morphism Mold,, 4 — Z is smooth at x.

For a rank d mold A of degree n on a locally noetherian scheme S, we can consider a
PGL, s-orbit {P7*AP | P € PGL, s} in Mold, 4 ®z S, where PGL, s = PGL, ®z S.
For z € S, put A(x) = A ®pg k(x), where k(z) is the residue field of z. By using
HH'(A(x), M, (k(z))/A(z)), we have:

Theorem 9 ([3, Theorem 1.3]). Assume that HH'(A(z), M, (k(x))/A(x)) = 0 for each
x € S. Then the PGL,, g-orbit {P~*AP | P € PGL, s} is open in Mold, 4 ®z S.

These tools are useful for investigating Molds 4. For each rank 4 molds of M3(R) over
a commutative ring R, we obtained the following table:



TABLE 1. Hochschild cohomology HH*(A, M3(R)/A) for R-subalgebras A
of M3(R) (cf. [3, Table 2])

A d =rankA | H* = HH"(A, M3(R)/A) tA N(A) dim Thiold, 4/z,4
* % 0
0 0 =
N3(R) = g (b’ ; 4 H' = { R]?jl (i i ?) N3(R) Bs(R) 5
00 a (121)
a ¢ d
Ss(R){(O a o)} 4 H'=Rfori>0 So(R) S13(R) 5
00 b
a 0 c .
_ 0 [ B (i=0)
57(1%){(8 ‘ g)} 4 H { 0 (i>1) Ss(R) Py, (R) 2
a c d .
_ ) B i=0)
Ss(R) = { ( 8 (1) 2 ) } 4 H' = { 0 (i>1) S7(R) P1o(R) 2
a 0 c
Se(R) = { ( 0 b d ) } 4 Hi=Rfori>0 Se(R) S14(R) 5
000

3. DESCRIPTION OF Moldjs 4

In this section, we describe Molds 4. Let V' be a free module of rank 3 over Z. Fix a
canonical basis {e1, eq,e3} of V over Z. We define schemes P*(V'), P.(V'), and Flag(V)
over Z as contravariant functors from the category of schemes to the category of sets in
the following way:

P*(V)(X) = { W] W is arank 2 subbundle of Ox ®,V on X },
P.(V)(X) = { L| Lisarank 1 subbundle of Ox ®zV on X },

Flag(V)(X) = { (L,W)e P.(V)xP*(V))(X)|LCW }
for a scheme X.

Remark 10. If we consider the case over a field k, then P*(V'), P,(V), and Flag over k are
regarded as

P*(V) = {W CV |W is a 2-dimensional subspace of V'},
P.(V) = {L cCV|Lisa l-dimensional subspace of V},
Flag(V) = {(L,W)eP,(V)xP*(V)|0C LCW CV},

respectively.
Let us consider rank 4 molds

(By x Dy)(Z) = e M;(2) ;,

o O %
S % ¥
* O O



a 0 c
S/(Z) = 0 a d a,b,c,d € Z
00D
a c d
Ss(Z) = 0 b 0 a,b,c,d € Z
0 0 b
over Z. Let A =By x Dy, S, or Sg. Then HH'(A(k), (k)) = 0 for any field k£ by

Table 1. The image of the morphism ¢4 : PGL3; — Mold374 deﬁned by P — P1A(Z)P
is open by Theorem 9.

Definition 11 ([4]). We define open subschemes of Molds 4 by
Mold§3 ™" = Im ¢p,xp,,

Moldy, = Imés,,

Moldg%, = Imds,.
Remark 12. Let A = By x Dy, Sy, or Sg. Then HH?(A(k), M3(k)/A(k)) = 0 for any field
k by Table 1. By [3], the canonical morphism Mold:‘;4 — 7 is smooth.
Theorem 13 ([4]). The subschemes M01d§f4 and Moldgfs4 are open and closed in Molds 4.
Moreover, Moldj’, = P*(V) and Mold3%, = P.(V).

Outline of proof. For simplicity, here we only consider the case over a field k. For
W e P*(V), set

Aw = {f € Endg (V) = M;3(k) | f(W) C W and f|W is scalar } C M3(k).
Let us define a morphism

vs, @ PH(V) — Mold3],

We can verify that g, is an isomorphism.
For L € P,(V), set

Ap ={f € End(V) = M;3(k) | f(L) C Land f:V/L — V/L is scalar }.
Let us define a morphism

vs, ¢+ P(V) — Mold3y
L — AL-

We can verify that g, is an isomorphism. O

Definition 14. We define
Q(V) = Flag(V) xp,v) Flag(V) xp-() Flag(V)
= {(L1,Wa; Ly, Wy; Ly, Wh) | dimy, L; = 1, dim W; = 2}
= {(L17L27W17W2> ’ Ll C WI;Ll C WQ,LQ C Wl}



Let us define the projection 7 : Q(V') — Flag(V') by
(Lla L27 W17 WQ) = (L17 Wl)
We can verify that 7 is a fiber bundle with fiber P! x P!

For (Ll,LQ,Wl,WQ) c Q(V), set

f(L;) C L, f(W;) C W; (i =1,2), and
A oW, w2) { f € Ms(k) Ly =2 Wy /Ly = V/Wy as k[f]-modules }

Let us define a morphism

1/)]32><D1 : Q(V) — M01d374
(L1, Lo, Wi, Wa) = ALy oWy, wa)-

Theorem 15 ([4]). The image of ¥p,xn, s open and closed in Molds 4. Moreover, {g,xn,
gives an isomorphism between Q(V') and the closure Mold?’jXD1 of MoldBQXDl.

Outline of proof. It can be verified that ip,«p, is @ monomorphism. By a long discus-
sion, we can also prove that 1p,«p, is formally étale. Hence, ¥p,«p, gives an isomorphism

between Q(V') and an open subscheme of Molds 4 which coincides with MoldB2XD1. U

Definition 16 ([4]). Let A = N3, Sg, or Sg. We define
Moldj, = {z € Moldss | A(z) @k k(z) ~ A(k(z))},

where k(x) is an algebraic closure of k(x).

We can also prove the following theorems.

Theorem 17 ([4]). For the closure Moldy%y”* of Moldyy*™*, we obtain
Moldg3 Pt = Moldy2** T Mold3, |  Moldsy, ] | Mold}

Theorem 18 ([4]). By the isomorphism MoldB"’XD1 >~ Q(V), we have
Moldy3 Pt = {(Ly, La, Wi, Wa) € Q(V) | Ly # Lo, Wy # Wa},
Mold5%, = {(L1,Ls, Wi, Wa) € Q(V) | Ly = Ly, Wy # Wa},
Mold3y = {(Li, Lo, Wi, W) € Q(V) | Ly # Lo, Wy = Wa},
Mold}4 = {(Ly,La, Wi, W) € Q(V) | Ly = Lo, Wy = Wa}.

By using Theorem 18, let us describe a deformation of 4-dimensional subalgebras of
M;. We define a 2-dimensional closed subscheme Q*(V') of Q(V) & Mold§3 .

For simplicity, let us consider the case over a field k. Set L§' = ke; and W5 = key @ kes.
Put x = (L5', W;") € Flag(V). Then we have the following fiber product:

QHV) = Q)
\ \
* —  Flag(V).



Note that Q*(V) = Pi x P}.

1 1 0
Let L2(81> = < —S51 > and WQ(SQ) = < 0 s 1 > Then
0 0 52

{(s1,52) € A} = (P \ {oo}) x (P, \ {o0})
gives an affine open subscheme of Q¥ (V') by considering (L5', Ly(sy), W, Wa(ss)). We

write
a+sb b c

A(s1,89) = 0 a d a,b,c,d € k
0 0 a-+ sxd

for ¥p,xp, (51, 52) € Moldyy ™.

Note that
A(sy,82) 1 Bo x Dy type  if 51 # 0,89 # 0,
A(0, s9) : S¢ type if s # 0,
A(s1,0) : S type if s1 #£0,
A(0,0) N3 type.

Summarizing the discussions above, we obtain the main theorem.
Theorem 19 ([4]). We have an irreducible decomposition

Molds 4 = Mold§3®" T Mold,, J Moldsy,

- , B2xD
whose irreducible components are all connected components. Moreover, Mold3? 2XP1 o

Q(V), Mold37, = P2, and Molds®, = P2 over Z.

By considering the PGLg3-orbits in Molds 4 over a field k, we have:

Corollary 20 ([4]). Let k be an arbitrary field. Then there exist 6 equivalence classes of
4-dimensional subalgebras of M3(k) over k: (By x Dy)(k), N3(k), Se(k), S7(k), Ss(k), and
So(k).

Remark 21. Let S be a 4-dimensional subalgebra of M3(k) over a field k. Let A be one
of (B2 x Dy)(k), N3(k), Se(k), S7(k), Ss(k), or So(k). If S ® K is equivalent to A ®; K
for an extension field K of k, then S is equivalent to A over k by Corollary 20.
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