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Gabriel’s theorem for type A-quivers

For a quiver
1—>:->n

and its representations
V:V,—--- >V,

we have a unique decomposition of V

V =@z I[b;, di] "o,

id id

AT

where I[b;,d;] ==+ >0->k—> -5k —>0-> -
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Persistence module (1/7)

- Let P be a finite partially ordered set (poset).
(we see it as a category by a=b © 3! a—b)



Persistence module (1/7)
- Let P be a finite partially ordered set (poset).
(we see it as a category by a=b © 3! a—b)

- Persistence modules over P are functors from P to k-mod
(or equivalently modules over incidence algebra k[P]).



Intervals (2/7)

- A full subposet I of P iIs called interval if I Is

(1) connected (the Hasse diagram of I is connected),
(2)convex (x <y <z,and x,zelimplyy e ).
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Intervals (2/7)

- A full subposet I of P iIs called interval if I Is

(1) connected (the Hasse diagram of I is connected),
(2)convex (x <y <z,and x,zelimplyy e ).

- For an interval I of P, the interval module k; is defined by
k;(p) =k for p € I, otherwise k;(p) := 0,
k;(a - b) :=id, fora,b € I, otherwise 0.
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Intervals (2/7)

- A full subposet I of P iIs called interval if I Is

(1) connected (the Hasse diagram of I is connected),
(2)convex (x <y <z,and x,zelimplyy e ).

- For an interval I of P, the interval module k; is defined by
k;(p) =k for p € I, otherwise k;(p) := 0,
k;(a - b) = id, fora,b € I, otherwise 0.

- A module iIs interval decomposable if the module decomposes
Into interval modules.
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Right xX’-approximation (3/7)

- A : a finite dimensional k-algbra
- X . a full subcategory of mod A satisfying certain conditions.

(proj(4) € &, functorial finite, closed under direct summand, ...)
e.g. X = the set of all interval decomposable modules.

- A right x-approximation of M Is a morphism f:] - M with ] ex

s.t. forany Z €x,Hom,(Z, f) : Homy,(Z,]) - Hom,(Z, M)
1S surjective.




Right minimal (4/7)

- Amorphism f:] — M is right minimal If fg = f implies g Is an
automorphism.

> M



Right minimal (4/7)

- Amorphism f:] — M is right minimal If fg = f implies g Is an
automorphism.

] > M
5 f
9

- Amorphism f:] — M is right minimal X-approximation of M if f Is
right minimal and right x-approximation of M.
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- Right minimal x-resolution of M is an exact sequence
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- Right minimal x-resolution of M is an exact sequence
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- Right minimal x-resolution of M is an exact sequence
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Right minimal X’-resolution(5/7)

- Right minimal x-resolution of M is an exact sequence

%, 91 f
s Jy ——)1 —— ] ——M——0
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3// fzx 12/ fl\x Ll//



Resolution dimension (6/7)

- If M has a right minimal X’-resolution of the form

Im g g f
0 = Jm—- = Jp > J1 > ] > M0,

then we say that the x-resolution dimension of M Is m and write
X-res-dim M =m.

Otherwise, we say that the x-resolution dimension of M is Infinity.



Interval resolution global dimension (7/7)

Now, we consider

- k[P] : the incidence algebra of a poset P.
- Jp : the set of interval decomposable modules over k[P].
- For a module M, let int-res-dim(M) be the resolution dimension

of M with respect to Jp.
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- k[P] : the incidence algebra of a poset P.
- Jp : the set of interval decomposable modules over k[P].
- For a module M, let int-res-dim(M) be the resolution dimension

of M with respect to Jp.

- Interval resolution global dimension of k[P] Is

Int-res-gldim(k[P]) :=sup{ int-res-dim(M) | M € mod k[P] }.



Interval resolution global dimension (7/7)

Now, we consider

- k[P] : the incidence algebra of a poset P.
- Jp : the set of interval decomposable modules over k[P].
- For a module M, let int-res-dim(M) be the resolution dimension

of M with respect to Jp.

- Interval resolution global dimension of k[P] Is

Int-res-gldim(k[P]) :=sup{ int-res-dim(M) | M € mod k[P] }.

[Asashiba-Escolar-Nakashima-Yoshiwaki, Proposition 4.5, 2023]

Int-res-gldim(k[P]) is finite for any finite poset P.



Interval resolution global dimension (7/7)

(0) Let G be a direct sum of all interval modules k; over k[P].
Note that all indecomposable projective (resp., injective) are
Interval modules.

(1)[AENY, 23] shows that any submodule of interval module is an
Interval decomposable module.

(2) Then, ' :== End(G) is a left strongly quasi-hereditary algebra by
[Ringel, 09, Theorem 5] (see also [lyama, 03]). In particular, I" has
the finite global dimension.

(3)We have int-res-gldim(k[P]) = gldim (I') — 2 < oo.( [Erdmann-
Holm-lyama-Schroer, 17])

See [AENY, 23] for the detail.
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Theorem 1 [Aoki-Escolar-T]

Let P be a finite poset, Jp be the set of interval decomposable modules
over k[P]. For any right minimal J,-approximation of M

f=UD: Dizs ki, = M,
the following holds.

(1) f issurjective.
(2) Each f; : k;, — M is injective.
(3) supp M = supp (Di=1 ki,).

In particular, every k,l. is given by an interval submodule of M.

Remark

Recently, [Asashiba, 2023, Proposition 4.8, arXiv:2307.06559] gave the
essentially same result (see also [Blanchette-Brustle-Hanson, Proposition
6.7, 2021, Canadian Journal of Mathematics, 1-38]).
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Theorem 2 [Aoki-Escolar-T]

Let P be a finite poset. For any full subposet Q of P, the
following inequality holds.

Int-res-gldim k[Q] < int-res-gldim k[P].

Remark



Theorem 2 [Aoki-Escolar-T]

Let P be a finite poset. For any full subposet Q of P, the
following inequality holds.

Int-res-gldim k[Q] < int-res-gldim k[P].

Remark

The above monotonicity does not hold for (usual) global
dimension in general [[gusa-Zacharia, 1990].

®
[ ] [ ] [

| ><|

Y
®

N
SN/
NN

Poset ¢ =
Global dimension 3
Interval global dimension 1

N N O

(over a field with two elements)



For a full subposet Q of P, we have an isomorphism
k[Q] = ek[P]e
of k-algebras, where e := X, ¢qe,. It induces adjoint functors

T =_®R[Q] ek[P]
e TN
mod k[P]—XES— mod k[Q]
N -~
L :== Homyq(ek[P], —)

* Res preserves interval decomposability of modules.
* T and L do NOT preserve interval decomposability of modules in general.

We find a functor © that sends to interval modules over Q to
Interval modules over P by using T and L.



The functor ®

Using adjoint functors, we have

Homy o1 (M, M) = Homyp(T(M), L(M)).
W W
1M : - HM

For a given module M € mod k[Q], let
OM) :=Im(0y).

It gives rise to a functor ®. It is called intermediate extension in [Kuhn, 94],
and prolongedment intermediare in [Beilison-Bernstein-Deligne, 82].

Proposition For a given interval I of Q, let k; be the corresponding
interval k[Q]-module. Then, we have

®(kl) = kconv(l):

where conv(]) is the smallest interval of P containing I.



The functor ®

We obtain a pair of functors

0
mod k[P] Roc mod k[Q]

satisfying the following properties :

(i) Res preserves interval decomposability of modules.
(if) ® sends interval modules to interval modules by Proposition.

(|||) 1mod k[Q] =~ Res o 0,

Proposition For any M € mod k[Q], we have the following inequality
int-res-dim(M) < int-res-dim(@(M)).

Since M is an arbitrary module, we obtain the desired inequality
int-res-gldim(k[Q]) < int-res-gldim(k[P]). O
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Theorem 3 [Aoki-Escolar-T]

Let P be a finite poset. The following are equivalent.

(a) Every k[P] modules is interval decomposable
(or equivalently, int-res-gldim k[P] = 0).
(b) The Hasse diagram of P is one of the following form:

1> 2 ->-->n

l<—-.---—=n 0 ® 1

A (a)
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Let P be a finite poset. The following are equivalent.

(a) Every k[P] modules is interval decomposable

(or equivalently, int-res-gldim k[P] = 0). 129 mmn
(b) The Hasse diagramof PiS 1« ...« n Or oo i
Ay (a) 1'-2' 5 ->m Crm

|dea of proof (a = b)

* P does not have a vertex with degree 3. \



Theorem 3 [Aoki-Escolar-T]

Let P be a finite poset. The following are equivalent.
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- Carlsson, Gunnar, and Vin De Silva. “Zigzag persistence.” Foundations
of computational mathematics 10 (2010): 367-405.

- Botnan, Magnus, and Michael Lesnick. “Algebraic stability of zigzag
persistence modules.” Algebraic & geometric topology 18.6 (2018): 3133-
3204,



Discussion

* Can we apply C, ,,, to topological data analysis? Stability?

* Does int-res-gldim depend on the characteristic of fields?
* Computation using GAP package QPA(“Quiver and Path Algebras”)

-pmgap : (n X m)-grid by E. G. Escolar

-our project: an arbitrary finite poset
e.g. interval approximations / resolutions of modules

GAP - Groups, Algorithm, Programming -
a System for Computational Discreate Algebra

TEBRHYHDE ) TIVE L.
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