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Let Λ be a finite dimensional K-algebra.

ICE sequences in modΛ

t-structures on Db(modΛ)

torsΛ: the lattice of torsion classes in modΛ
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Convention
• K : a field.

• Λ: a finite dimensional K-algebra.

• modΛ: the category of finitely generated right Λ-module.

• Db(modΛ): the bounded derived category of modΛ.

• All subcategories are full and additive.
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Definition

A pair of subcategory (U ,V) of Db(modΛ) is a t-structure on
Db(modΛ) if it satisfies

1 Hom(U ,V) = 0,

2 U ∗ V = Db(modΛ),

3 U [1] ⊆ U .

• We call U the aisle of (U ,V).
• V = U⊥ := {X ∈ Db(modΛ) | Hom(U , X) = 0} holds.
• A t-structure is determined by its aisle.
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Definition

A subcategory U of Db(modΛ) is a preaisle of Db(modΛ) if it is
closed under extensions and positive shifts.

Aisles and thick subcategories are preaisles.

Proposition

TFAE for a subcategory U of Db(modΛ).

1 U is an aisle of a t-structure on Db(modΛ).

2 U is a preaisle and the inclusion U ↪→ Db(modΛ) has a right
adjoint functor.
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Hk : Db(modΛ)→ modΛ: the k-th cohomology functor (k ∈ Z)

U : a preaisle of Db(modΛ)

; HkU = {HkU | U ∈ U} : a subcategory of modΛ

; We consider a sequence {HkU}k∈Z of subcategories of modΛ.

Db(modΛ) U
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Hk : Db(modΛ)→ modΛ: the k-th cohomology functor (k ∈ Z)

U : a preaisle of Db(modΛ)

; HkU = {HkU | U ∈ U} : a subcategory of modΛ

; We consider a sequence {HkU}k∈Z of subcategories of modΛ.

Db(modΛ)
H0UH1UH2U
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Definition
Let C be a subcategory of modΛ.

1 C is a torsion class if C is closed under taking extensions and
quotients.

2 C is a wide subcategory if C is closed under taking extensions,
kernels and cokernels.

Torsion classes intermediate t-structures

wide subcategories H0-stable thick subcategories

modΛ Db(modΛ)
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Definition
A subcategory C of modΛ is an ICE-closed subcategory if it is
closed under Images, Cokernels and Extensions.

Torsion classes and wide subcategories are ICE-closed subcategories.

Proposition (Ingalls-Thomas, Enomoto)

Let C be an ICE-closed subcategory of modΛ. Then

αC = {X ∈ C | ∀(f : Y → X) ∈ C Ker f ∈ C}

is a wide subcategory of modΛ.
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Definition

A sequence of subcategory {C(k)}k∈Z of modΛ is an ICE sequnce
if for any k ∈ Z, it satisfies

1 C(k) is an ICE-closed subcategory of modΛ,

2 C(k + 1) is a torsion class in α(C(k)).

· · · ⊆ C(1) ⊆ C(0) ⊆ C(−1) ⊆ · · ·
This coincides with a narrow sequence introduced by Stanley and
van-Roosmalen. They consider narrow sequences in hereditary
abelian categories.
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Theorem (S)

There is a bijective correspondence between

1 the set of homology-determined preaisles of Db(modΛ),

2 the set of ICE sequences in modΛ.

Λ: hereditary ⇒ Every aisle is homology-determined.
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Theorem (S)

Let Λ be a τ -tilting finite algebra. Then there is a bijective
correspondences between

1 the set of bounded t-structures on Db(modΛ) whose aisles are
homology-determined,

2 the set of full ICE sequences in modΛ.

• An algebra Λ is τ -tilting finite if there are only finitely many
torsion classes in modΛ.

• An ICE sequence {C(k)}k∈Z is full if there exist m ≤ n such
that C(n) = 0 and C(m) = modΛ.
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torsΛ: the set of torsion classes in modΛ, a poset by inclusion.
Moreover torsΛ forms a lattice.
Hasse(torsΛ): the Hasse quiver of torsΛ.

Λ = K[1← 2] Λ = K[1← 2← 3]

We give a description of full ICE sequences using the lattice torsΛ.
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Proposition (Asai-Pfeifer, Enomoto-S)

Let T be a torsion class in modΛ. Set
T − := T ∩

∩
{U | T → U in Hasse(torsΛ)}. Then

1 αT = T ∩ (T −)⊥

2 [T −, T ] := {U | T − ≤ U ≤ T } is isomorphic to tors(αT ).
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0 = C(n) ⊆ C(n− 1) ⊆ · · · ⊆ C(1) ⊆ C(0) = modΛ

: an ICE sequence in modΛ.

T1

T2

··
·

T −2

T −1
Hasse(torsΛ)

αT2 αT1 ; {[T −i , Ti]}n−1i=1 : a decreasing sequence of
maximal meet interval.
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Theorem
Let Λ be a τ -tilting finite algebra. Then there are bijective
correspondences between

1 the set of (n+ 1)-intermediate t-structures on Db(modΛ)
whose aisles are homology-determined,

2 the set of ICE sequences in modΛ of length n+ 1,

3 the set of decreasing sequences of maximal meet intervals in
torsΛ of length n.

Every bounded t-structure on Db(modΛ) is (n+ 1)-intermediate
for some n ∈ Z≥0, up to shifts.
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Λ = K[1← 2← 3]

:a decreasing sequence of maximal meet interval of length 2.
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0 ⊆
1
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⊆ modΛ

:an ICE sequence in modΛ of length 3.

1

2
1

2

3
2
1

3
2

3

: an aisle of a 3-intermediate t-structure on Db(modΛ)
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