
https://fd-applet.dt.r.appspot.com

Computations of the structure

of module categories using

FD Applet

Haruhisa Enomoto (Osaka Metropolitan Univ.)



Contents

1
.

Demo .

2
.

Basics on String Algebras

3
. Algorithms for computable alg

4
.

Lean Theorem Prover



2
.

Basics on String Algebras

k forI special biserial alg)



of A string algebra is a fin .
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Ex Nakayama alg .
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Classification of indecs over string alg
I Every indec module over a string alg is

either of the following :

Combinatorics
(1) String module ift(2) Band module band

Moreover
, representation - finite
=) No band modules



string module

is a module looks like :

FD Applet -xWit! * Id
+ ext ⑰

a

4.
↳
a b c"def : string
nee

Lef String of k&/I is

a word I , . . . . In S
,t

.

- I

I
li = ai : arrow or ai · inverse of

-

arrow

f t ((i) = s(liti) FiS · does NOT contain "aa""" ""a" , and any relations .



bstring module & : 1
- 344

abc -

a a
- aYa ↳ ↓

draw ·

-

a a
- 1

us View this as rep of &!

Put "K" on each rix of diagram ,

I regard it as basis at the Label
,

and define actions of arrows by the diagram .
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Ex & ! I -I 2
-

-

b

↳ :
No linear alg

ab-
-)

is o needed !

k a v+Y2 computer programming !~ · Exercise in

-s -&I k
&

xDi

Obs For a given K&/I ,
it's

-computable to list all string .

See.
Combinatorics

string .



ad left-right

A band is an infinite periodic string .

Et ,
I 2-

- - ... abababt ... band

Band + indec k2x
, XY-module (Jordan if k=k)

unt
2

Band module "(details omitted)
.

↳ For a given k&/I
,

it's computable to check

whether there are No bands

(E) rep-fin(



In the rest
,

A = K&/I
: fed . String algebra

w
: string - M(w) : string module

Assume No Bands i - E
.neefin

Ihm If A has no bands
,

Sindecs in modAy5- <strings 3/N-nt1- 1
: !

Rep theory -...- Combinatories

Want to describe categorical str of modA

using only combinatorics of strings .



mresults

1
.
AR quiver is computable. (Butter-Ringel]

2
. dimp Hom (X

,Y is computable

Homa ( M(W.) , M (W21) has basis

-> [Crawley - Boevey]S w , sw wabI I

W in-#.

we X.   *& ↓
x ene

3
. Proj cover (in; hull) is computable



4
. Syzygy (cosyzygy) is computable

(Allen
. Syzygies of string modules for special biserial algebras]

etch Wi

.

***X.
Elisznig
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-
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proj cover ↳

.

·

yetSker

-

- I ...project...xY. X Ya

-

"* 1

'

* : syzygy



3
. Algorithm for

computable aly



-f" A f . d . all A is computable
-

if A is rep-fin and satisfies

(1) ind (modA) is computable
i
.
e
, ind (modA) IP < combinatorial objs]

(2) *
X
,
Y = ind (modAL

,

dimp Home (X ,) is computable .

(3) V
X = ind (modA)

,

Both proj cover) are computable↳
syzy9y

C4) All AR Seg are computable



Fro If A is computable , then

so are the following for F X , Y < modA

(1) dimn Ext4(X , 3) for every i = 0

12) Whether
"

Extx" (X
.Y) = 0 Fico

-

oh not
.

computable
i- 1

& (1) Extax. ) = Ext le X , Y) ,

so let i =1
.

-

0 + 2X+ P - x+ 0

mo - (x:) - (P
,
4) -- (rxis) --Extixi) - o

-) count dimension !

(2) 2
*
X :
= < ex1i =0} is computable

~ -

) Whether
-
M ,

Y) = 0 M = &
*
X

is computable A



Cor If A is computable , then so are the following .-

(1) F X
, pdaX ,

idxX ,

12) gl , dim A

13) The set of all

i) (partial) classical tilting modules

ii) Miyashita tilting modules

iii) Wakamatsu tilting
= semi-dualizing modules /

If 13) They are characterized by

sit . (i) pdT = / , Ext4CT ,T = 0
,

1 T1 = (A)

My
Result (ii) pdT <A , Ext, T , T) = 0 , 1t1 = (A)
-> (iii)& Ext ST,T1 =0 , 141 = (A)

&



Modules and subcats in I-tilting theory
-Semibrick Assume A : computable/alg - c . field

& B c ind (modA) : brick

= dimp Home (B , B) = 1

.. brick A :=4 bricks in modA7 : computable

Semibrick :

set of pairwise Hom-ortho bricks
nee

:. brick A : = 4 semibricks - 3 : computable

aim pairs

Fact I For Me modA ,
T(M)

: computable-

c
-

int
-

int : torsion pair u
!

TCM) : the smallest tows containing M .



Fact 2 .

& If A : -tilt
. fin .

-

Every torsion pair is of the form
>TCS)

,
st) for a sembrick S

.

-> Stors pairs7 : computable

Below are computable bijections in T-tilt . theory
I

T(-3 I
tors A - sbrickA -> forf A

Ext-proj ↑I ↳ Y =(3y
St-tilt A wideA sbrick A

4 : S
.
t

.

SA Y(S)[1] : 2- simple minded collection .

↑(S) :
= T(S) FCS) : wide for Sisbrick



#

subcats

(1) ICE - closed subcats ( : It closed under
(k) I1 Image- Coker-Ext)
fors in some wide

.

storf)

c) IE- closed subcats = In F
& 7 : tors

I : towf

13) Resolving subcats X
-

hereditary cotorsion

-- x =

+

/e) = Y : subcat Pin

14) Subcats Y closed under ext
,
summands

cotorsion
AND contains A > pain ,

-) X =

+

(2) =4 : subt
.



Questions
-

(1) Assume A is computable .

Are the following subcategories computable ?

(i) closed under extensions & summands

(ii) & xtensions & kernels

(iii) Kernels & cokernels
(iv) images
IV) submodules

... + c

(2) Is Dynkin path all computable ?



13) Can we make "computable" more rigorous ?

(Maybe computation theory needed ? CC Turing Machine etc)

14) How about "complexity" of actual computation ?

(Many problems reduce to graph clique problem)
Obtaining resolving subcut

,
fors->sbrick

....

I is slow
...,

efficient or optimal algorithm ?
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.

Lean Theorem Prover .
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https://haruhisa-enomoto.github.io/lean-math-workshop/
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