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1. Motivation

e R : a left noetherian ring

e Modules = finitely generated left modules

Definition (Buchweitz '86, Orlov '04)

Dye(R) := D"(R-mod)/KP(R-proj) : the singularity category of R

e pdpM < 00 <= M =0 in Dy(R)

Can we use Dy, (R) to describe homological properties of M with pdz M = co?
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e In the rest, R : a left artin ring

Definition
(1) M : periodic <% QP (M) = M in R-mod (3p > 0)
The least such p is called the period of M

(2) gM : eventually periodic Lo Q% (M) is non-zero periodic (3n > 0)

Remark Eisenbud ('80) dealt with eventually periodic modules

Ai17=—=2 afa=0; Pi=3% P=
B
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e S1 = 1 is eventually periodic, because
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Definition (B '86)

Extg(M, M) := Homp,, gy (M, M[i]) (i € Z)

is called the Tate cohomology group of g M

Remark He observed that E}R%G(Z,Z) & ICIZ(G, Z) for a finite group G

. ET)R;%(M, M) = @E}R%(M, M) : the Tate cohomology ring of M
i€z

Remark pdpM < oo <= Extp(M, M) =0

S. Usui (Tokyo University of Science) Characterization of eventually periodic modules September 7, 2022



Theorem (U '21)

A : afin. dim. Gorenstein algebra (i.e. idpA, id Ay < 00). TFAE for M.
@ M is eventually periodic

e
@ Ext, (M, M) has a non-zero homogeneous invertible element of positive
degree

extend the above theorem to more general rings!

Remark Eventually periodic modules have been characterized by Croll ('13) and
Bergh ('06)
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2. Main result

Theorem (U '22)

R : a left artin ring, and p > 0. TFAE for g M.
Q QFP(M) = QL (M)( 0) in R-mod for some n >0

(2] ﬁ}?c;z(M, M) has a homog. invertible element x(# 0) with deg x = p

Remark Ext (M, M) is related only to p in Q%77 (M) = Qn (M)
Proof The existence of an invertible element x with degx = p
— M = MIp] in Dey(R)
— OP(M) = Qb(M)  in Rmod (31> 0)
— QFP(M)=Q%(M) in Rmod (3In>0)

Homp_ gy (M, Mp]) = lliglo HomR(Qgp(M),Qﬁq(M)) (Keller-Vossieck '87)
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Definition (Kiipper '10)

A : eventually periodic PN Ac A is eventually periodic, where A® = A ® A°P

Recall A : periodic PN Ac\ is periodic

A:17=2 afa=0 and T:a( 1792 o?=0
5

e Q3.(A) and Q2.(T) are the first periodic syzygies v A R—

e I' is Gorenstein, while A is not Gorenstein

Definition (Wang '15)

ﬁﬁZ(A) = E}Rj\e(A, A) : the Tate-Hochschild cohomology group of A

Theorem (W '21)

ﬁﬁ.(A) = E}?c;\e(A,A) is graded commutative
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e Applying our main result to gM = AcA, we have

Corollary

TFAE for a finite dimensional algebra A
@ A is eventually periodic

(2] ﬁﬁ.(A) has a homog. invertible element x # 0 with degx > 0

. ——e —>0
In this case, HH (A) 2 HH™ (A)[x 7]
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3. Applications

e There are two results obtained from the corollary

e Let A and T be finite dimensional algebras over a field &

Definition (W '15)

(AMr, 1 Np) defines a singular equivalence of Morita type with level (SEML) 1 > 0
def
<~

Q@ AM, Mr, r N, N, are projective

Q@ M®r N=Q,(A)in A>mod and N ®x M =QL.(T) in I®-mod

Theorem (W '15)

0 AT — D (A) 2Dy, () and HH (A) = HH (I)
@ ANT = ASRT
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e There are many invariants under SEML such as fin.dim < oo (W '15), finiteness
condition (Skartszterhagen '16), being syzygy-finite, being Igusa-Todorov,
injectives generation, and projectives cogenerarion (Qin '21)

Theorem (Erdmann-Skowroriski '08)

Assume A < T If A is connected and periodic, then so is I'. Moreover, their
periods coincide.

Theorem (U '22)

Assume A ST If A s eventually periodic, then so is I". Moreover, the periods

of their periodic syzygies coincide.

o The key is the fact that ﬁﬁ.(A) = ﬁﬁ.(f‘)
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A:aCl a? =0,

F:aCli)Q a?=0=fa,
S 1/=2 afa =0
B
o iy PR p R Y, and A is periodic = I and X are eventually periodic

o A, Q3.(T), Q%.(X) are the first periodic syzygies

"'\___/\_/\_A//l-
"'\_/W@ (7
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e Assume now that k =k (= pd,.A = gl.dimA)
e CN := { finite dimensional connected Nakayama algebras }
e A € CN is Morita equivalent to kQ/I, where Q is one of

1—2

1 —2—...—e and Z.: e 3

hN
"
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e Thanks to Asashiba ('99), Shen ('14,'15) and Qin ('21), we obtain

Proposition

{k, kZ./RN | e >1,N >2 } is a complete set of representatives of equivalence

: SEML
classes in CA// 7'~

A € CN is eventually periodic <= gl.dimA = o

Proof It suffices to show (<).

gldimA =0 = A 2™ 2z, /RN, and kZ./RYN is periodic

— A is eventually periodic
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