TILTING THEORY FOR PERIODIC TRIANGULATED CATEGORIES

SHUNYA SAITO

ABsTrRACT. Tilting theory gives a way to relate a triangulated category with the derived
category of an algebra, and play a central role in representation theory of algebras.
However, it does not work m-periodic triangulated category. A triangulated category
T is m-periodic if its suspension functor 3 satisfies 3" ~ Idy as additive functors.
Such categories naturally arise in representation theory of self-injective algebras and
hypersurface singularities.

In this paper, we introduce a periodic analogue of tilting theory. We will explain m-
periodic tilting theorem, which asserts that an m-periodic triangulated category having
an m-periodic tilting object is equivalent to the m-periodic derived category under some
assumptions. As an application, we give an equivalence between the stable module
category of a self-injective algebra and the 2-periodic derived category of a hereditary
algebra.
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The detailed version of this paper will be submitted for publication elsewhere.



“ABEOBGHEY > 7 v, EMRERT TR U 257 E % thick 7B e WS, Fh0R
T e T ZE&THR/DOD thick BB T IC—HT 2 EZICTIET O thick £t TH % &
W,

Definition 1. T € T 23RD _S:F %73 &, BYRz V.

(1) TE T D thick ZRITTH 5.
(2) Ext'(T,T) = 0 BMERED i # 0120 L THILT 5.

Example 2. Z70IR A L OBRRERSZMEEDOFFEERD K E M ¥ —FE K°(projA) % A
DREERBEILES5. ZDL E A € projA C Kb(projA) IFENRTH 5. A DRBRITH
BIRD L =, Kb(projA) & BIRAER A IBEOE FEIRDERE Db (modA) 1 Z=AFET
Hb. XoTZDEXE A€ D(modA) BENRTH 5.

THHREIEFRFETHZ L1E, & =2l TEEDH e € Homp (X, X) 2%z Ho &
XIZED. FRAENBITDH 5 21X, DB Frobenius 5t 2B OLEEE & =AF{ET
HBHEZIZED. INODIREEFZ L D=AENMET. 2, 7—~LEADK
E M- K(A) RERE D(A) ZREHIDDOXNZZHETZHTDH 5 (cf. [10]).

Theorem 3 (fH/EH, [9]). T ENZEZEH{HIORBITH2 55, LT HENRT
2RO OIE=ARMET = KP(projA) 2fFE$ 5. ZTZTA:=Endr(T) TH5%.

Remark 4. Example 2 X D, 552ERE K°(projA) ¥ =M EMER = A BIXEN R 2 HD.
L7203 o TR EZESE MO OB =M ED D 2 ZILIRDO7TERERE L =MFREICRS Z &
CENREROZ EXFETD 5.

PR D BRI ICH 2485 5. ROBINIAHRENT A 2 RBORATE & JERTiR 2
TLEROBFRZRTBDOTH D, FEARREEAFO—DOHHERTH 2.

Example 5 (Beilinson D EH, [2]). cohP! % k LOSHER P! LodEEEOE L L,
O(n) € cohP! (n € Z) % Serre DIRUCDEL T 5. TDE X O O(1) € Db(cohP!) I3 fH
WNRTHD, ZoHCHERBIIRIE Kronecker i Q : 1 &= 2 DEZ TR kQ L FEITH 5.
o THEEM X D =MAFME D°(cohP!) = Db(modkQ) D3FET 5.

COXSIHEHEMIZ=Z=ABEMAT 2700 BNBEETH 20, KNGHTHENT S
FEHI=ABNIIEN R 2R 20 TR WS Z e i TER.

1.2. }ELHHE% IE?%%(m S ZZI %ﬁj—é

Definition 6. 7 23 m BHATH 2 &%, IEEFOEARRE Y™ ~ dr PFET DI =
WKES. THAmEMER2RNNDOm%Z T ORHE .

Example 7. B =AEDOHZHETT 5.

(1) Az BREXFVUACKAZILIRE §5. 2% D, BEERAERAER A MNEEOFRAHE
BHERETD D, GRAEMSE AMNEELE GRAERAS AMEFZ -T2, 2oL
= A OLGEMEEE mod A\ FEA=AETD % [4].

(2) RZHMERFRES L T2, 2%, HRRESHEIR K[z, .., 2,] DD BIEHIT
[OFIEL T R ~K[[xo, ..., x,]]/(f) &7 5. T D& ZZLE Cohen-Macaulay
B CM(R) (& 2 AIA=AETDH 3 [5].
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0 # Hom(7,7T) ~ Homs (T, ¥™T) = Ext?(T, T)

7%, X512 Remark 4205 T IXZICIROTERERE L ZAFRMEICR OV b7
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JEIHRERE T H 5.

2. JAPERE

IEEH I m € Zsy ZIEEL, Z, T m OKEIFHZERT. ZOHTIIERO X 2
B Z 2 & EIEE Z,, \CHD HAR T FIEAR . 2 OERE 2 E AT 5.

Definition 8. A %27 —N)L[&E L T 5.
(1) A Lo m BEREER M = (M, d}))iez,, £1&, R M € Ahtd, : M" — M
DFETH->Tdit d, =0 &7z TbDESS.
()mﬂﬁﬁww%f_pﬂﬂ% M — N2& 8 f: M - NOKERTH->T
Fd, = di fi BT HDEES.
(3) Cn(A) TA LD m BHHEKRDOEERT.

REME—[AEPIFRERY —REEBEFOEREFERICERT S TE, AL
D m BEREEDFRENE—E K,,(A) % A D m BEERE D, (A) BERIN5.

Remark 9. m JEFPERE D,,(A) ZEA=ABTH 55, m B EIFRES V. EEE m
PEHD L % D,,(A) OREIE m TH %753, m#Tﬁ@Z%D()@H%@mitﬁ
2mTH 5. ZOBRIY 7 b T 2BIEEROMT OFEDPENT 2 Z LR T 5. fi
ZE, 1RGSR (M,d: M — M) D> 7 M& (M, —d: M — M) TdbhH, —cZD
ODEFEITH 2 LIFR S 20,

B OESRE L FHPERE O BRE RS, A% KIBXITHE R OGN EE 7
7—rULE Y T 5. OF DIEEONGUIARMNE R EROr 55, AFEIERM € D (A)

R LT

D M, da= P d

j=imodm j=imodm
CEDDHIZETr(M) € D,(A) ZEDS. ZAED =AMF 7 D'(A) — D, (A) 5
EED. mDIRIE D (A) DY K BHIERE DY(A)/Sm 127> TW5b. DD, fFED
M,N € D*(A) 2R LT

Homp,, 4 (mM,7N) @Home E"”W)

€L

DRALT 5. ADGBIEH, DX DEEONENES 1 0N eROL &, 7 I 3AREN
EHRTHS. XFoTZDEE D, (A) XD A) DI IZX2HEETH 5.

Emmﬂemu%m%192%3k%®ﬁgm AEEZZ. DY E modAIERKM
THDH, ZOHEFERE D (modA) 1ZXD & 5 72 Auslander-Reiten fE TR XN 5.



Z 2T e ldmodA C DP(modA) DNER, A 1 ZmodA C D’(modA) DIMHRERL TW
%. 2 JEIHAEKIE Dy(modA) 1 Db (modA) @ X212 & 2 HEETH 5 DT, £ Auslander-
Reiten fRIZRD X 5127 5.

7L Ry MREE— 2R T.

Remark 11. JEHPEREDREFICONWTHRS. Q ZH BRI L, kQ % ZDHEZTT
B35, [8IZBWVT Dy(modkQ) = DP(modkQ)/X? 1% Q DIL— FE I TWS.
IO HRIE Dy(modkQ) DEBHINR Y Q 2 SEF 20— ROV — b 2EOH O£ H
WOPEET B2 HKRTVE. ZORHGHI Gabriel DEH (c.f. [1]) 1T & % modkQ D
EEERRR IEL— OB OEME 2 HARIINR LD TH 5. ZoWE»rS5L— ME
(& Lie BER O BELO AR THIFE X T E 7. 2B, Bridgeland 13 [3] 123BWT Dy(modF,Q)
® Ringel-Hall &2 W TR TR U 4(00) 2R ZREM L. ZhoobiFizEifke LT
JEIHRER BN IR & 72 NITERE X T & 72 (6], [7), [13)].

3. JE R
1] WEDWTAHER R & 2 ORI EHNT 5. EBBm e Zs ZEEL, TZmHA
Hi=fAE L35, ENROFEPEALE LTRXEEANT 2.
Definition 12 ([11]). T € T 22RO %=z & &, m BAEMENRE V5.
(1) T T D thick EITTH 5.
(2) Ext(T,T) = 0 DMEED i ¢ mZ X L THILT 5.
Theorem 3 D JEAHIALIE U TROEMHDHILT 5.

Theorem 13 (JEAHIEEH, [11)). T 3R EEFZMIORBITH 255, LT Hm
FIHES R T 285, ZOHECHERAER A = End (T) DKBRICE m LT TH 2R 5
X, ZAEMET = D,,(modA) BFEET 5.

FERH DRI VI RETIC Tib R B, & 2 TEFH L L b o 725644 TA DKIBRITH m
DITF ] icoWTH#RzT 5.

Example 14. Q ZX 1 D K5 R ATHRD» R 2 KEHE L, A Z2RX 4 DEIEKT S
WA T 7 K BEZITLERKQ DR LTED 5.



FIGURE 2. modA @ Auslander-Reiten f

CIZTRy MRIF—HEZRL, A ZFEI»OAG ANMEEEZET. NMZHCBAZITR
TH DY, modA I Frobenius 52 2B ¥ 72 2 DT, ZDZEEE modA ® Auslander-Reiten fifi
X 2005 A ZEUDBROVZH DI B, syzygy ZElE T2 Z 212 LD modA 1Z 2 BHA=
ML 532 LD D. T =@y moe 1 modd 02 FMENRTHD, ZoH Ot
FRIERIE Az AR DEZ TR kA LRIATH 5.

(kA DKIEXRIE) =1 < 2 = (modA DJEHH)
& D Theorem 13 DRE%E#i723 DT, ZAFMEmodA = Dy(kAs) BIFIET 5.

Example 15. 1 X7t A3 BRI R A R = Cl[z, y]]/(2* — y*) Z& X 5. Example 7 Tih
N7z & 51T FE Cohen-Macaulay IFFE CM(R) 1Z 2 AA=ME L 725. ZD& = CM(R)
@ Auslander-Reiten fRIFRXDERIZR D, ZZ06 RZFRWDH DD CM(R) @D Auslander-
Reiten fi TH 5.

N X CM(R) @ 2 EHAENSRTH 223, D HHERBERIX C[t]/(t?) WRBTH H K
WRICIEERTH 5. Ko T Theorem 13 Z@H T 5 Z L IETERWV. FHEEE, CM(R) &
Do(Clt]/(#*)) \F=AFRETR V. RE% s CM(R) DERFINROFREIL 3ETDH 20
Do(C[t]/(#*) 12137 < & B Clt]/(t2), (1) /(?) £ 2D > 7 + D AHDEBERIT R DI H % H>
BTH5. XD Theorem 1312812 TADKERITTHE m LT W REFINE 2
WHDTH 5.



4. RERH D RS

C OHITIIAAEER 13 OAtHOBIEZ BT 2. XTHPDICEREATD MR
B SO RBICOV TN T 5. REROBESR LIZOV TR [0 2BHE X,
Definition 16.

(1) PR SMARI A — (A dm) L1%, k L0 (A, d) & iEaIIHo Bl
728 m : Aoy A = A DTD o TREUT = Leibniz Rl d(a - b) = d(a) - b+
(—1)%e@q . d(b) ZifiIzTHDTH 5.

(2) WRRBFSHORBOG f: A - Bk, BHROMOF =4V E%f A B
TH>T fla-b)= f(a) f(b) 2T DDTH 5.

BUF, XEUT =277 (differential graded) A% DG ¥ FH L. DGRECA TR LT
ZOERE DA) ZERTHIENTES. ZHI=ABTHS. AZEL D(A) DI/
O thick 77 % perf(A) TRL, ADFTEELERE L V5.

Example 17. A #ZTtiRE 3 5.

(1) AMIREA O ICEFLEZDGHRBEEZONS. ZDL E DG REL LTOERK
D(A) & DERE D(ModA) 13— 3 5. £7-DGHRE L L TORERERE
perf(A) &l DTERERE K°(projA) —ET 5 [12].

(2) Al 2 A £ Laurent ZIHFIRE 5 5. deg(t) =m &35 Z & TAE ) & H
0DDGREEEZONS. ANDOKEBIILZARE T 5 L D(A[HFY]) ~ D,,,(ModA)
THDY, perf(AltrY]) ~ D,,(modA) TH % [11].

DCREZEZEZHXV vy MIXRO=AENIB I 2HFHOEMICH 5.
Theorem 18 ([9]). T ZRZFFZEmMAOMNBAVE 55, &L T D thick BT T € T %
R, % DGIREADBTFEL TREMZT.
(1) ZAEMET = perf(A) C D(A) BEET 3. '
(2) BT ERBORE H*(A) := P, H(A) =~ @,y Exti-(T,T) DT 5.

JEHMEEFE 13 1% Theorem 18 22 HE 3. SFHHO 7 A4 T 7 ZHHBIC T 5720 %3
Theorem 18 7> HIEERE 3 3E NS Z L ZEHT 5.

IBEE 3D T e T 2R3 5. ERRIIERD S thick £RUILIZ DT Theorem
1855525 DGREA L =AFMET = perf(A) BFFELT H*(A) = @, Ext’H(T,T) =
Hom (T, T)=A ¥7%%. ADi>0IXBII2UW rngAZEZ S .
Ts0Ad = (- = 0= Kerd® — A — A* — ...).
WKL T AaRERY —IZHFET 28 H (1504) — H(A) BAAETH2. T-BRKR
BRI ~0A — HO(A) = ADFET 5. &Ko TDGREBOEFRE D
A+ TzoA — A

2152, DGAREBOHEDHEFRANZZ D5ERERE DM O =M [FAEZ A5 S % DT =fMFHE
DH

T =~ perf(A) ~ perf(rs0A) ~ perf(A) = K®(projA)
Z15%. O



LOREHDEREA Y NI AL H(A) = ADXDGRE LTRAMTH-722 2512H
5. ZHUCED ADERE DA) 2 ZFDarEnY - O (A) »OiHETZIeNTE
oo TNEEHEE LTRD XS BN D 5.

Definition 19.
(1) DGIRBAPERNTH S 21X, At H(A)PRFARTH 5 & 212V ).
(2) JBt = [RB B HAREMICRITH 5 £ 1%, H'(A) ~ B & 72 5EED DC Y8
ADPERNTH S L Z2IZES.

FoRFICBWT ARERTH D, AN IAREMNNTERNTH 2. RO EAETHE 13
DI B HFHETH 5.

Lemma 20 ([11]). A[t* ]| ZZTTIR A LD Laurent ZIHAIRE L, deg(t) =m &322k
TA] 2P0 D DGREEEZ 5. gldimA < m 72513 A IAEINTER
TH3%.

BHRMEFEIR 13 DFERR. T ¢ 7 2 AMAEXR Y 3 5. Theorem 18 025H % DGIREL A ¥
=AFEfE T = perf(A) BFEEL T

H*(A) = PExti(T,T) = @ Exti(T, T) = @ Homr (T, T) = @5 A = Ajt*]

€L i€EMZ iEMZ i€EMZ

7%, ZZTOHOESE m AMENROERD SV, =DOHOFESE m A=
ABOERIOHMD. Flodeg(t) = m TH5. Lemma 20 & D, A& H*(A) = Aft*!]
X DG RE e U THEIFEZAZ DT perf(A) ~ perf(A[t¥Y]) £ 72 %. %7z Example 17 £ D
perf(A[t*!]) ~ D,,(A) TH 3. Mz E&DLE T=MFEIE

T = perf(A) ~ perf(A[t*]) ~ D,,,(A)
215, -
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