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Abstract. In [11] M. Harada studied a left artinian ring R such that every non-small
left R-module contains a non-zero injective submodule. (We can see the results also in
his lecture note [12, §10.2].) In [16] K. Oshiro called the ring a left H-ring and later in
[17] he called it a left Harada ring. Since then many significant results are invented. We
can see many results on left Harada rings in [9] and many equivalent conditions in [7,
Theorem B]. But results on two-sided Harada rings are few until [1], [2], [4] and [3]. In
this paper, we give the structure of two-sided Harada rings

In §1 we give basic definitions including H-epimorphisms, left co-H-sequences and
w-co-H-sequences which are induced to characterized two-sided Harada rings. In §2, we
study H-epimorphisms and left co-H-sequences In §3, we given important two one-to-
one correspondences between the set of all left w-co-H-sequences and the set of all right
w-co-H-sequences. In §4, we consider a new concept QF -well-indexed set. In §5, we
construct a two-sided Harada ring from a given QF ring uning QF -well-indexed set. In
§6, we consider a ring R(f) which is induced from a two-sided Harada ring R. In §7,
we show that if R is a two-sided Harada ring R but not QF, then R is isomorphis to a
two-sided Harada ring constructed in §5 using a QF ring R(f).

1. Definitions

　 Let R be a basic artinian ring. A ring R is called a left Harada ring or a left H-ring
if, for any primitive idempotent e of R, there exists a primitive idempotent fe of R with
E(T (RRe)) ∼= RRfe/Sne(RRfe) for some ne ∈ N.

By, for instance, [7, Theorem B (5),(6),(14) and the proof of (6) ⇒ (5)], the following
are equivalent:

(a) R is a left Harada ring.

(b) There exist a basic set { ei,j } m n(i)
i=1,j=1 of orthogonal primitive idempotents of R and a

set { fi }mi=1 of primitive idempotents of R such that E(T (RRei,j)) ∼= RRfi/Sj−1(RRfi)
for each i = 1, 2, . . . ,m and j = 1, 2, . . . , n(i).

(c) There exists a basic set { ei,j } m n(i)
i=1,j=1 of orthogonal primitive idempotents of R

such that ei,1RR is injective and ei,jRR
∼= ei,1J

j−1
R for each i = 1, 2, . . . ,m and

j = 1, 2, . . . , n(i).

We may consider the sets

{ei,j} m n(i)
i=1,j=1

in (b), (c) coincide and call it a well-indexed set of left Harada ring or a left well-indexed
set.

The detailed version of this paper will be submitted for publication elsewhere.



Further, for primitive idempotents e, f of R, we call

(eR, Rf)

is an i-pair if both S(eRR) ∼= T (fRR) and S(RRf) ∼= T (RRe) hold. And, since {ei,1R}mi=1

is a basic set of indecomposable projective injective right R-modules, for each i = 1, 2, . . . ,

m, there exists eσ(i),ρ(i) ∈ {ei,j} m n(i)
i=1,j=1 such that (ei,1R, Reσ(i),ρ(i)) is an i-pair by [10,

Theorem 3.1], where σ, ρ : {1, 2, . . . ,m} → N are mappings.

Unless otherwise stated, throughout this paper, we let R be an indecomposable basic

two-sided Harada ring, let {ei,j} m n(i)
i=1,j=1 be its well-indexed set of left Harada ring, let σ,

ρ be mappings above, and, for each i = 1, 2, . . . ,m and each j = 2, 3, . . . , n(i), let

θi,j : ei,jRR → ei,j−1JR

be an R-isomorphism.

Let R be an artinian ring, let {ei}ni=1 be a complete set of orthogonal primitive idem-
potents of R and let {fi}ki=1 ⊆ {ei}ni=1. A sequence f1R, f2R, . . . , fkR is called a right
co-H-sequence of R if the following (CHS1), (CHS2), (CHS3) hold.

(CHS1) For each i = 1, 2, . . . , k − 1, there exists an R-isomorphism ξi : fiRR →
fi+1JR .

(CHS2) The last term fkRR is injective.

(CHS3) f1R, f2R, . . . , fkR is the longest sequence among the sequences which satisfy
both (CHS1) and (CHS2), i.e., there does not exist an R-isomorphism: fRR →
f1JR, where f ∈ {ei}ni=1.

Similarly, we define a left co-H-sequence Rf1, Rf2, . . . , Rfk of R.

Obviously, for each i = 1, 2, . . . ,m

ei,n(i)RR, ei,n(i)−1RR, . . . , ei,1RR

is a right co-H-sequence of R. And, for an artinian ring R′, it is a left Harada ring if and

only if there exists a basic set {ei,j} m n(i)
i=1,j=1 of orthogonal primitive idempotents of R′ such

that ei,n(i)R
′, ei,n(i)−1R

′, . . . , ei,1R
′ is a right co-H-sequence of R′ for all i = 1, 2, . . . ,m.

From the definition of a left Harada ring, the following lemma holds:

Lemma 1. For a left Harada ring R′ and primitive idempotents f1, f2, . . . , fk of R′,
the following are equivalent.

(a) f1R
′, f2R

′, . . . , fkR
′ is a right co-H-sequence.

(b) f1R
′, f2R

′, . . . , fkR
′ satisfies (CHS1) and the following (CHS3′):

(CHS3′) f1R
′, f2R

′, . . . , fkR
′ is the longest sequence among sequences which

satisfy (CHS1).

Let {ei}ni=1 be a complete set of orthogonal primitive idempotents of R and let {fi}j+1
i=1 ⊆

{ei}ni=1, where f1, f2, . . . , fj+1 are mutually distinct. Then we call φ : f1RR → f2JR ( resp.



RRf1 → RJf2 ) a right (resp. left) H-epimorphism if φ is a non-zero R-epimorphism
with J · Kerφ = 0 ( resp. Kerφ · J = 0 ). And we call φ : f1RR → fj+1J

j
R ( resp.

RRf1 → RJ
jfj+1 ) a right (resp. left) weak H-epimorphism ( or simply a right (resp. left)

w-H-epimorphism ) if there exist right (resp. left) H-epimorphisms φi : fiRR → fi+1JR
( i = 1, 2, . . . , j ) with φ = φjφj−1 · · ·φ1 ( resp. φi : RRfi → RJfi+1 ( i = 1, 2, . . . , j ) with
φ = φ1φ2 · · ·φj ).

We call a sequence f1R, f2R, . . . , fkR a right weak co-H-sequence ( or simply a right
w-co-H-sequence ) if the following (WCHS1), (WCHS2) hold.

(WCHS1) For any i = 1, 2, . . . , k − 1, there exists a right H-epimorphism ξi :
fiRR → fi+1JR .

(WCHS2) There exists neither a right H-epimorphism ξ : fRR → f1JR nor a right
H-epimorphism ξ′ : fkRR → f ′JR for any f, f ′ ∈ {ei}ni=1−{ fi }ki=1, i.e.,
f1R, f2R, . . . , fkR is the longest sequence in the set of all sequences
which consist of distinct terms and satisfy the condition (WCHS1).

Further a right w-co-H-sequence f1R, f2R, . . . , fkR is called a right cyclic weak co-H-
sequence if there exists a right H-epimorphism ξk : fkRR → f1JR .

Similarly, we define a left (cyclic) weak co-H-sequence Rf1, Rf2, . . . , Rfk .

We call an artinian ring R a QF ring if R is injective as a left (or right) R-module.

Let Q be an indecomposable basic QF ring. Then we call { f ′
i,s }

m′ δ′i
i=1,s=1 a left QF-well-

indexed set of Q if { f ′
i,s }

m′ δ′i
i=1,s=1 is a complete set of orthogonal primitive idempotents of

Q which satisfies the following two conditions:

(QFWI 1) Qf ′
i,1, Qf

′
i,2, . . . , Qf

′
i,δ′i

is a left w-co-H-sequence for any i = 1, 2, . . . ,m′.

(QFWI 2) If δ′i ≥ 2, then ( f ′
i,sQ, Qf

′
i,s) is an i-pair for any s = 1, 2, . . . , δ′i .

We call an artinian ring R is a Nakayama ring if both RRe and eRR are uniserial for
any primitive idempotent e of R.

For a ∈ R, we write the left (resp. right) multiplication map by a

(a)L ( resp. (a)R ) .

And, for primitive idempotents e, f and g, we use the following terminologies.

• If both S(eReeRf) and S(eRffRf ) are simple, we call (eR,Rf) is a colocal pair
following [13] and [15]. And then S(eReeRf) = S(eRffRf ) holds. We abbreviate
it to

S(eRf) .

• We put

R(e)
put
:= eRe .



2. H-epimorphisms and left co-H-sequences of two-sided Harada rings

We characterize left (right) H-epimorphisms.

Theorem 2.

(I) Suppose that ζ : RRei,j → RJek,l is a left H-epimorphism. And, if RRei,j is
injective, we let (ep,1R, Rei,j) be an i-pair. Then the following hold.

(1) (i) Suppose that ek,lRR is injective, i.e., l = 1. Then j = n(i), i.e.,
ζ : RRei,n(i) → RJek,1 .

(ii) Suppose that ek,lRR is not injective, i.e., l ̸= 1. Then (k, l) = (i, j + 1)
( j < n(i) ), i.e., ζ : RRei,j → RJei,j+1 .

(2) (i) Ker ζ = S(RR) ei,j =
⊕n(p)
q=1S(ep,qRR) = Sn(p)(RRei,j) ̸= 0

and it is uniserial as a left R-module
( if RRei,j is injective )

0 ( if RRei,j is not injective )

(ii) If RRei,j is injective, then, for each q = 1, 2, . . . , n(p),

S(ep,qRR) = S(ep,qRR) ei,j = S(ep,qRei,j) .

(II) Suppose that ξ : ei,jRR → ek,lJR is a right H-epimorphism. And, if ei,jRR is

injective, we put Ii
put
:= { (p, q) | S(RRep,q) ∼= T (RRei,1) } and let n′ be the number

of elements in Ii. Then the following hold.

(1) (i) Suppose that ei,jRR is injective, i.e., j = 1. Then l = n(k), i.e.,
ξ : ei,1RR → ek,n(k)JR .

(ii) Suppose that ei,jRR is not injective, i.e., j ≥ 2. Then

(k, l) = (i, j − 1) ( l < n(k) ), i.e., ξ : ei,jRR → ei,j−1JR .

(2) (i) Ker ξ = ei,j S(RR) =
⊕(p,q)∈Ii ei,1 S(RRep,q) = Sn′(ei,1RR) ̸= 0
and it is uniserial as a right R-module

( if j = 1 )

0 ( if j ̸= 1 )

(ii) If ei,jRR is injective, i.e., j = 1, then, for each (p, q) ∈ Ii,

S(RRep,q) = ei,1 S(RRep,q) = S(ei,1Rep,q) .

By the definition of a well-indexed set { ei,j } m n(i)
i=1,j=1 of left Harada ring,

ei,n(i)R, ei,n(i)−1R, . . . , ei,1R ( i = 1, 2, . . . ,m )

are right co-H-sequences of R. And, from Theorem 2, we obtain the following character-

ization left co-H-sequences of R using the same set { ei,j } m n(i)
i=1,j=1.

Corollary 3. Every left co-H-sequence of R is of the form

Rei1,s, Rei1,s+1, . . . , Rei1,n(i1), Rei2,1, Rei2,2, . . . , Rei2,n(i2), Rei3,1, . . . , Reiu,t ,



where 1 ≤ i1, i2, . . . , iu ≤ m, 1 ≤ s ≤ n(i1) and 1 ≤ t ≤ n(iu) .

Example 4. Let R be a basic indecomposable Nakayama ring with a complete set { gi }7i=1

of orthogonal primitive idempotents which satisfies

(i) T (giJR) ∼= T (gi+1RR) for any i = 1, 2, . . . , 6, and

(ii) c( g1RR ) = 10, c( g2RR ) = 9,

c( g3RR ) = 10, c( g4RR ) = 9,

c( g5RR ) = 11, c( g6RR ) = 10, c( g7RR ) = 9,

where c(M ) means the composition length of an R-module M .

We put

e1,1
put
:= g1, e1,2

put
:= g2, e2,1

put
:= g3, e2,2

put
:= g4, e3,1

put
:= g5, e3,2

put
:= g6, e3,3

put
:= g7.

And { e1,1, e1,2, e2,1, e2,2, e3,1, e3,2, e3,3 } is a left well-indexed set of R and

( e1,1R, Re2,1 ), ( e2,1R, Re3,1 ), ( e3,1R, Re1,1 )

are i-pairs and
Re1,2, Re2,1
Re2,2, Re3,1
Re3,2, Re3,3, Re1,1

are left co-H-sequences.

3. Two one-to-one correspondeces between SL and SR .

In the following lemma, we give the form of left (right) weak co-H-sequences.

Lemma 5.

(I) (i) Every left non-cyclic w-co-H-sequence is of the form

Rf ′
1,1, Rf

′
1,2, · · · , Rf ′

1,n1
, Rf ′

2,1, Rf
′
2,2, · · · , Rf ′

2,n2
, Rf ′

3,1, Rf
′
3,2, · · · · · ·

· · · · · · , Rf ′
k−1,nk−1

, Rf ′
k,1, Rf

′
k,2, · · · , Rf ′

k,nk
,

where we let Rf ′
i,1, Rf

′
i,2, · · · , Rf ′

i,ni
be a left co-H-sequence for each i =

1, 2, . . . , k.

(ii) And we may consider that every left cyclic w-co-H-sequence is also of the
same form by renumbering the indexes if necessary.

(II) (i) We may assume that every right non-cyclic w-co-H-sequence is of the form

eik,n(ik)R, eik, n(ik)−1R, · · · , eik,1R, eik−1,n(ik−1)R, eik−1,n(ik−1)−1R, · · ·
eik−1,1R, eik−2,n(ik−2)R, · · · · · · , ei2,1R, ei1,n(i1)R, ei1,n(i1)−1R, · · · , ei1,1R ,

where { i1, i2, . . . , ik } ⊆ { 1, 2, . . . ,m }.
(ii) And we may consider that every right cyclic w-co-H-sequence is also of the

same form by renumbering the indexes if necessary.



By Lemma 5 (II), we may assume that there exist integers α1, α2, . . . , αm′ and β1, β2,
. . . , βm′ which satisfy the following (i), (ii).

(i) α1 = 1, 1 ≤ β1 < β2 < · · · < βm′ = m and αi = βi−1+1 for any i = 2, 3, . . . ,m′ .
(ii) For each i = 1, 2, . . . ,m′,

(R−i )
eβi,n(βi)R, eβi,n(βi)−1R, . . . , eβi,1R, eβi−1,n(βi−1)R, eβi−1,n(βi−1)−1R, . . .
· · · , eβi−1,1R, eβi−2,n(βi−2)R, eβi−2,n(βi−2)−1R, · · · · · · , eαi+1,1R,
eαi,n(αi)R, eαi,n(αi)−1R, · · · , eαi,1R

is a right w-co-H-sequence.

And, for each i = 1, 2, . . . ,m′, we also consider another sequence

(L−i ) Reαi,1, Reαi,2, . . . , Reαi,n(αi), Reαi+1,1, Reαi+1,2, . . . , Reαi+1,n(αi+1),
Reαi+2,1, Reαi+2,2, · · · · · · , Reβi−1,n(βi−1), Reβi,1, Reβi,2, · · · , Reβi,n(βi)

of left R-modules. Further, we put

SR
put
:= { (R−i ) }m′

i=1 and SL
put
:= { (L−i ) }m′

i=1 .

Of course, SR is the set of all right w-co-H-sequences.
Throughout this paper, we use the notations αi, βi, (R−i ), (L−i ), SL and SR .

In this section, we give two one-to-one correspondences between SL and SR . The first
one is as follows.

Theorem 6.

(1) SL is the set of all left w-co-H-sequences.

(2) We can define a bijection
Φ : SL → SR

by
Φ( (L−i ) ) = (R−i )

for any i = 1, 2, . . . ,m′.

(3) Φ satisfy the following two properties.
(i) Φ preserve the length of a sequence.
(ii) Φ preserve the property that it is cyclic (or not cyclic).

Now we give a key lemma in this paper.

Lemma 7.

(I) Let
Rf1, Rf2, . . . , Rfnl

be a left co-H-sequence and let ζ : RRf0 → RJf1 be a left H-epimorphism and
let (ek,1R, Rf0) and (el,1R, Rfnl) be i-pairs, i.e., f0 = eσ(k),ρ(k) and fnl = eσ(l),ρ(l).
Suppose that f0 ̸= fnl, i.e., k ̸= l. Then there exists a right H-epimorphism
ξ : el,1RR → ek,n(k)JR.

(II) Let ξ : el,1RR → ek,n(k)JR be a right H-epimorphism and let

Rf1, Rf2, . . . , Rfnl = Reσ(l),ρ(l)

be a left co-H-sequence. Suppose that k ̸= l. Then there exists a left H-epimorphism
ζ : RReσ(k),ρ(k) → RJf1 .



Remark. In Corollary 10, we will show that there exist ξ in (I) and ζ in (II) even if
k = l .

Now, for each i = 1, 2, . . . ,m′, we abbreviate

eαi,1, eαi,2, . . . , eαi,n(αi), eαi+1,1, eαi+1,2, . . . , eαi+1,n(αi+1), eαi+2,1, eαi+2,2, . . . . . . , eβi,n(βi)

to

fi,1, fi,2, . . . , fi,γi .

Then a left w-co-H-sequence (L−i ) is written by

Rfi,1, Rfi,2, . . . , Rfi,γi

and a right w-co-H-sequence (R−i ) is written by

fi,γiR, fi,γi−1R, . . . , fi,1R .

It is obvious that a right co-H-sequence (R−i ) contains βi−αi+1 = βi−βi−1 injective
right R-modules

eαi,1R, eαi+1,1R, . . . , eβi,1R ,

where we let β0 = 0. Now we assume that a left co-H-sequence (L−i ) contains δi injective
left R-modules

Rfi,pi(1), Rfi,pi(2), . . . , Rfi,pi(δi) ,

where ( 1 ≤ ) pi(1) < pi(2) < · · · < pi(δi) (≤ γi ) . Further we let

(eqi(j),1R, Rfi,pi(j))

be an i-pair for any j = 1, 2, . . . , δi .

Throughout this paper, we use these notations.

We note that pi(δi) = γi does not hold necessarily. But the following Lemma 8 (1)
holds. And in Lemma 8 (2), we consider the case that pi(δi) ̸= γi , i.e., pi(δi) < γi .

Lemma 8.

(1) Suppose that (L−i ) is not cyclic. Then pi(δi) = γi , i.e., RRfi,γi is injective.

(2) Suppose that pi(δi) < γi . Then the following hold.
(i) Rfi,pi(δi)+1, Rfi,pi(δi)+2, . . . , Rfi,γi , Rfi,1, Rfi,2, . . . , Rfi,pi(1) is a left co-H-

sequence.

(ii) There exists a right H-epimorphism ξ′ : eqi(1),1RR → eqi(δi),n(qi(δi))JR .

Now we give new sequences [L−i ] and [R−i ] as follows.

Lemma 9. For i = 1, 2, . . . ,m′, we consider the following two sequences:

[L−i ]
Reqi(1),1, Reqi(1),2, . . . , Reqi(1),n(qi(1)), Reqi(2),1, Reqi(2),2, . . . , Reqi(2),n(qi(2)),
Reqi(3),1, Reqi(3),2, . . . , Reqi(δi−1),n(qi(δi−1)), Reqi(δi),1, Reqi(δi),2, . . .
. . . , Reqi(δi),n(qi(δi)) .



[R−i ]
eqi(δi),n(qi(δi))R, eqi(δi),n(qi(δi))−1R, . . . , eqi(δi),1R, eqi(δi−1),n(qi(δi−1))R,
eqi(δi−1),n(qi(δi−1))−1R, . . . , eqi(δi−1),1R, eqi(δi−2),n(qi(δi−2))R, eqi(δi−2),n(qi(δi−2))−1R,
. . . . . . , eqi(2),1R, eqi(1),n(qi(1))R, eqi(1),n(qi(1))−1R, . . . , eqi(1),1R .

Then the following hold.

(1) (i) [L−i ] is a left w-co-H-sequence, i.e., [L−i ] ∈ SL .
(ii) [R−i ] is a right w-co-H-sequence, i.e., [R−i ] ∈ SR .

(2) The following are equivalent.
(a) (L−i ) is cyclic.
(b) (R−i ) is cyclic.
(c) [L−i ] is cyclic.
(d) [R−i ] is cyclic.

The following Corollary complements the statement of Lemma 7.

Corollary 10.

(I) Suppose that
Rf1, Rf2, . . . , Rfn′

is a left co-H-sequence and it is cyclic as a left w-co-H-sequence. Let (ek,1R, Rfn′)
be an i-pair. Then the right co-H-sequence

ek,n(k)R, ek,n(k)−1R, . . . , ek,1R

is cyclic as a right w-co-H-sequence.

(II) Suppose that the right co-H-sequence

ei,n(i)R, ei,n(i)−1R, . . . , ei,1R

is cyclic as a right w-co-H-sequence. Then a left co-H-sequence with the last term
Reσ(i),ρ(i) is also cyclic as a left w-co-H-sequence.

Now we give the second one-to-one correspondence between SL and SR .

Theorem 11. A bijection
Ψ : SL → SR

is defined by
Ψ( (L−i ) ) = [R−i ]

and the following hold.

(i) Ψ preserve the number of injective modules in a w-co-H-sequence.
(ii) Ψ preserve the property that it is cyclic (or not cyclic).

We define a bijection

ψ : { 1, 2, . . . ,m′ } → { 1, 2, . . . ,m′ }
by

(R−ψ(i)) = [R−i ], i.e., Ψ( (L−i ) ) = (R−ψ(i) ) .



Then we note that

( fψ(i),1R, Rfi,pi(1) )

is an i-pair for any i = 1, 2, . . . ,m′ by the definition.
And, for i = 1, 2, . . . ,m′, we put

fi
put
:=

∑γi
j=1 fi,j and Ri

put
:= fiRfi .

Throughout this paper, we let ψ mean this bijection and use the notations fi and Ri.

In the following theorem, we consider the case that (L−i ) is cyclic.

Theorem 12. Suppose that (L−i ) is cyclic. Then the following hold.

(1) Ri is a Nakayama ring.
(2) (1− fi)Rfi = fiR(1− fi) = 0 .

(3) { fi,j } γi
j=1 = { eqi(k),l }

δi n(qi(k))
k=1,l=1 , i.e., ψ(i) = i, i.e., Ψ( (L−i ) ) = Φ( (L−i ) ) .

In the following lemma, we characterize δi.

Lemma 13. δi = βψ(i) − αψ(i) + 1 .

In the following theorem, { qi( j ) } m δi
i=1,j=1 is, i.e., i-pairs in R are, characterized in (1)

and we give a condition to be cyclic for a w-co-H-sequence in (2).

Theorem 14.

(1) (i) qi( βψ(i) − qi(1) + 1 ) = βψ(i) .
(ii) qi( βψ(i) − qi(1) + 2 ) = αψ(i) .
(iii) qi( j+1 ) = qi( j )+1 holds for any j ∈ { 1, 2, . . . , δi−1 }−{ βψ(i)−qi(1)+1 } .

(2) Suppose that qi(1) > αψ(i). Then (R−ψ(i)) is cyclic ( i.e., (L−i ) is cyclic ),
ψ(i) = i and Ri is a Nakayama ring.

Remark 15. Let R be an indecomposable ring. We suppose that R is not a Nakayama
ring. Then Ri is also not a Nakayama ring for all i = 1, 2, . . . ,m by Theorem 12 (2). So

qi(1) = αψ(i)

holds for any i = 1, 2, . . . ,m from Theorem 14 (2). And further

qi(j) = αψ(i) + j − 1

holds for any i = 1, 2, . . . ,m′ and any j = 1, 2, . . . , δi = βψ(i) − αψ(i) + 1 by Theorem
14 (1)(iii).

Example 16. Let R̃ be a QF ring with a complete set {ẽ1, ẽ2} of orthogonal primitive

idempotents. And we put Qi
put
:= ẽiR̃ẽi (i = 1, 2), A

put
:= ẽ1R̃ẽ2 and B

put
:= ẽ2R̃ẽ1.



(1) Suppose that (ẽ1R̃, R̃ẽ2) and (ẽ2R̃, R̃ẽ1) are i-pairs. ( Then we note that A ̸= 0
and B ̸= 0.) We consider

R
put
:=


Q1 Q1 Q1 A A

J(Q1) Q1 Q1 A A
J(Q1) J(Q1) Q1 A A
B B B Q2 Q2

B B B J(Q2) Q2

 ,

where J(Qi) means the Jacobson radical of Qi for i = 1, 2, we put A
put
:= A/S(A)

and, for each j = 1, 2, . . . , 5, let ej be the j-th matrix unit. Then R is a two-sided
Harada ring as follows.

For instance, we put

e1,1 = e1, e1,2 = e2, e2,1 = e3, e3,1 = e4, e3,2 = e5 .

Then { e1,1, e1,2, e2,1, e3,1, e3,2 } is a left well-indexed set and

α1 = 1, β1 = 2, α2 = 3, β2 = 3 ,

i.e.,
(R−1 ) e2,1R , e1,2R , e1,1R ,
(R−2 ) e3,2R, e3,1R

are right w-co-H-sequences. So

(L−1 ) Re1,1, Re1,2, Re2,1,
(L−2 ) Re3,1, Re3,2

are left w-co-H-sequences. We put

f1,1
put
:= e1,1, f1,2

put
:= e1,2, f1,3

put
:= e2,1, f2,1

put
:= e3,1, f2,2

put
:= e3,2 .

Then
δ1 = 1, δ2 = 2, p1(1) = 3, p2(1) = 1, p2(2) = 2 and

q1(1) = 3, q2(1) = 1, q2(2) = 2 ,
i.e.,

(e3,1R, Rf1,3), (e1,1R, Rf2,1), (e2,1R, Rf2,2)
are i-pairs. So

Ψ( (L−1 ) ) = [R−1 ] = (R−2 ) and Ψ( (L−2 ) ) = [R−2 ] = (R−1 ) .

Therefore

ψ(1) = 2, ψ(2) = 1 and αψ(1) = 3, βψ(1) = 3, αψ(2) = 1, βψ(2) = 2 .

Further we note that (R−i ) and (L−i ) ( i = 1, 2 ) are not cyclic by Theorem 12
since A ̸= 0 and B ̸= 0.

(2) Suppose that (ẽ1R̃, R̃ẽ1) and (ẽ2R̃, R̃ẽ2) are i-pairs. We consider

R
put
:=


Q1 Q1 Q1 A A

J(Q1) Q1 Q1 A A
J(Q1) J(Q1) Q1 A A
B B B Q2 Q2

B B B J(Q2) Q2

 ,



where we put Q1

put
:= Q1/S(Q1) and, for each j = 1, 2, . . . , 5, let ej be the j-th

matrix unit. Then R is a two-sided Harada ring as follows.
For instance, we put e1,1, e1,2, e2,1, e3,1, e3,2 as in (1). Then { e1,1, e1,2, e2,1, e3,1,

e3,2 } is a left well-indexed set and αi, βi, (R−i ), (L−i ), fi,j ( i = 1, 2, j = 1, 2, 3 )
are the same as in (1). And

δ1 = 2, δ2 = 1, p1(1) = 2, p1(2) = 3, p2(1) = 2 and q1(1) = 1, q1(2) = 2, q2(1) = 3 ,

i.e.,
(e1,1R, Rf1,2), (e2,1R, Rf1,3), (e3,1R, Rf2,2)

are i-pairs. So

Ψ( (L−1 ) ) = [R−1 ] = (R−1 ) and Ψ( (L−2 ) ) = [R−2 ] = (R−2 ) .

Therefore

ψ(1) = 1, ψ(2) = 2 and αψ(1) = 1, βψ(1) = 2, αψ(2) = 3, βψ(2) = 3 .

4. Left QF -well-indexed Set of QF Rings

Left QF -well-indexed sets have the following equivalent conditions.

Lemma 17. Let Q be an indecomposable basic QF ring and let { f ′
i,s }

m′ δ′i
i=1,s=1 be a complete

set of orthogonal primitive idempotents of Q which satisfies (QFWI 2). The following are
equivalent.

(a) { f ′
i,s }

m′ δ′i
i=1,s=1 satisfies (QFWI 1), i.e., { f ′

i,s }
m′ δ′i
i=1,s=1 is a left QF-well-indexed set

of Q.

(b) (i) If δ′i ≥ 2, then QQf
′
i,s/S(QQf

′
i,s)

∼= QJ(Q)f
′
i,s+1 for any s = 1, 2, . . . , δ′i − 1 .

(ii) For any i = 1, 2, . . . ,m′ and f ∈ { f ′
j,t }

m′ δ′j
j=1,t=1 − { f ′

i,s }
δ′i
s=1 with (fQ, Qf) an

i-pair, both QQf/S(QQf) ̸∼= QJ(Q)f
′
i,1 and QQf

′
i,δ′i
/S(QQf

′
i,δ′i

) ̸∼= QJ(Q)f

hold.

(a′) f ′
i,δ′i
Q, f ′

i,δ′i−1Q, . . . , f
′
i,1Q is a right w-co-H-sequence for any i = 1, 2, . . . ,m′.

(b′) (i) If δ′i ≥ 2, then f ′
i,s+1QQ/S(f

′
i,s+1QQ) ∼= f ′

i,sJ(Q)Q for any s = 1, 2, . . . , δ′i−1 .

(ii) For any i = 1, 2, . . . ,m′ and f ∈ { f ′
j,t }

m′ δ′j
j=1,t=1 − { f ′

i,s }
δ′i
s=1 with (fQ, Qf) an

i-pair, both fQQ/S(fQQ) ̸∼= f ′
i,δ′i
J(Q)Q and f ′

i,1Q/S(f
′
i,1QQ) ̸∼= fJ(Q)Q

hold.

Further left QF -well-indexed sets have the following properties.

Lemma 18. Let Q be an indecomposable basic QF ring with a left QF-well-indexed set

{ f ′
i,s }

m′ δ′i
i=1,s=1. Then, since QF rings are two-sided Harada rings, bijection ψ : { 1, 2, . . . ,m′ }

→ { 1, 2, . . . ,m′ } given in [2, §3] is defined. With respect to ψ, the following hold:

(1) For any i = 1, 2, . . . ,m′ and any s = 1, 2, . . . , δ′i,
(
f ′
ψ(i),sQ, Qf

′
i,s

)
is an i-pair. So

S
(
f ′
ψ(i),sQf

′
i,s

)
is defined.



(2) In particular, if δ′i ≥ 2, then ψ(i) = i.

(3) If δ′i = 1, then δ′ψ(i) = 1.

Let Q be an indecomposable basic QF ring with a left QF -well-indexed set { f ′
i,s }

m′ δ′i
i=1,s=1.

For each i ∈ { 1, 2, . . . ,m′ }, we put

r′i( 1 ) = 1, xi,1 = 1

and we take positive integers
δi , γi

to satisfy
δ′i ≤ δi ≤ γi .

Morevoer, we take

ri( u ), pi( u ) ∈ { 1, 2, . . . , γi } ( u = 1, 2, . . . , δi )

to satisfy the following (1),(2),(3):

(1) The following ( †-1) holds.
(†-1) (i) 1 ≤ pi(1) < pi(2) < · · · < pi( δi ) = γi

(ii) 1 = ri(1) < ri(2) < · · · < ri( δi ) ≤ γi
(
So ri( xi,1 ) = r′i( 1 ) = 1.

)
(2) If δ′i = 1 and i = ψ(i), then the following ( †-2) holds.

(†-2) ri( u ) ≤ pi( u− 1 ) for all u = 2, 3, . . . , γi .

(3) If δ′i ≥ 2 (we note that, then i = ψ(i) from Lemma 18 (2) ), then the following
( †-3) holds, where we let

r′i( s ) ∈ { 1, 2, . . . , γi } ( s = 2, 3, . . . , δ′i )
p′i( t ) ∈ { 1, 2, . . . , γi } ( t = 1, 2, . . . , δ′i − 1 )
xi,s ∈ { 2, 3, . . . , δi } ( s = 1, 2, . . . , δ′i )
yi,t ∈ { 1, 2, . . . , δi − 1 } ( t = 1, 2, . . . , δ′i − 1 ) .

(†-3) (i) 1 = xi,1 ≤ yi,1 < xi,2 ≤ yi,2 < · · · < xi, δ′i−1 ≤ yi, δ′i−1 < xi, δ′i
(ii) ri( xi,s ) = r′i( s ) ( s = 2, 3, . . . , δ′i )

(iii) pi( yi,t ) = p′i( t ) ( t = 1, 2, . . . , δ′i − 1 )

(iv) pi( xi,s − 1 ) < ri( xi,s ) ≤ pi( xi,s ) ( s = 2, 3, . . . , δ′i )

(v) ri( yi,t ) ≤ pi( yi,t ) < ri( yi,t + 1 ) ( t = 1, 2, . . . , δ′i − 1 )

(vi) ri( u+ 1 ) ≤ pi( u )

(
xi,t ≤ u < yi,t ,
where t = 1, 2, . . . , δ′i − 1

)
(vii) pi( u ) < ri( u )

(
yi,t < u < xi,t+1 ,
where t = 1, 2, . . . , δ′i − 1

)
Then the following holds.

Lemma 19. Let Q be an indecomposable basic QF ring with a left QF-well-indexed set

{ f ′
i,s }

m′ δ′i
i=1,s=1. Suppose that δ′i ≥ 2. Then

1 = r′i(1) ≤ p′i(1) < r′i(2) ≤ p′i(2) < · · · < r′i( δ
′
i − 1 ) ≤ p′i( δ

′
i − 1 ) < r′i( δ

′
i ) ≤ γi .



5. Two sided Harada rings constructed from QF rings

For each i = 1, 2, . . . ,m′ and s = 1, 2, . . . , γi , we put

τ ′i( s )
put
:= max

{
u ∈ { 1, 2, . . . , δi }

∣∣ ri( u ) ≤ s
}
.

That is, τ ′i( s ) ∈ { 1, 2, . . . , δi } such that

ri
(
τ ′i(s)

)
≤ s < ri

(
τ ′i(s) + 1

)
,

where we let ri
(
δi + 1

)
= γi + 1 .

Now we construct two-sided Harada rings. Let Q be an indecomposable basic QF ring

with a left QF -well-indexed set { f ′
i,s }

m′ δ′i
i=1,s=1 and we use the terminologies that now we

define. For each i, j = 1, 2, . . . ,m′, k = 1, 2, . . . , δ′i and l = 1, 2, . . . , δ′j, we put

Qi,k;j,l
put
:= f ′

i,kQf
′
j,l .

And we put

Qi,k
put
:= Qi,k;i,k, Ji,k

put
:= J(Qi,k), Sψ(j),l;j,l

put
:= S( f ′

ψ(j),lQf
′
j,l ).

(We note that Sψ(j),l;j,l is defined by Lemma 18 (1).) Moreover, we put

mi,k
put
:= r′i( k + 1 )− r′i( k ),

where we let r′i( δ
′
i + 1 ) = γi + 1,

Qi,k;j,l
put
:=



Qi,k · · · · · · Qi,k

Ji,k
. . .

...
...

. . . . . .
...

Ji,k · · · Ji,k Qi,k

 if (i, k) = (j, l)

Qi,k;j,l · · · Qi,k;j,l
...

...
Qi,k;j,l · · · Qi,k;j,l

 if (i, k) ̸= (j, l)

: (mi,k, mj,l)-matrix,

Mi,j
put
:=


Qi,1;j,1 Qi,1;j,2 · · · Qi,1;j,δ′j

Qi,2;j,1 Qi,2;j,2 · · · Qi,2;j,δ′j
...

...
. . .

...
Qi,δ′i;j,1

Qi,δ′i;j,2
· · · Qi,δ′i;j,δ

′
j

 : ( γi, γj)-matrix,

( then we note that the (p, q)-component of Qi,k;j,l is the
(
r′i(k) + p − 1, r′j(l) + q − 1

)
-

component of Mi,j ) and

R̃
put
:=


M1,1 M1,2 · · · M1,m′

M2,1 M2,2 · · · M2,m′

...
...

. . .
...

Mm′,1 Mm′,2 · · · Mm′,m′

 .

Further, for each p = 1, 2, . . . ,mi,k and q = 1, 2, . . . ,mj,l, we put



A p,q
i,k;j,l

put
:=

 Si,k;j,l
if i = ψ(j), k = l and
pj
(
τ ′ψ(j)

(
r′ψ(j)(k) + p− 1

))
< r′j(l) + q − 1

0 otherwise

and

Ai,k;j,l
put
:=


A 1,1
i,k;j,l A 1,2

i,k;j,l · · · A
1,mj,l
i,k;j,l

A 2,1
i,k;j,l A 2,2

i,k;j,l · · · A
2,mj,l
i,k;j,l

...
...

. . .
...

A
mi,k,1

i,k;j,l A
mi,k,2

i,k;j,l · · · A
mi,k,mj,l
i,k;j,l

 ( : subset of Qi,k;j,l.)

For example, when δ′i = δ′j = 1 and i = ψ(j), we put S
put
:= Si,1;j,1, and

Ai,1;j,1 =

pj(1) pj(2) pj(3) · · · pj(δj − 1) pj(δj)

ri(1)

ri(2)

ri(3)

...

ri(δi − 1)

ri(δi)



0 · · · 0 S · · · · · · S
0 · · · 0 S · · · · · · S...

...
...

...

0 · · · 0 S · · · · · · S
0 · · · · · · · · · 0 S · · · · · · S
0 · · · · · · · · · 0 S · · · · · · S...

...
...

...

0 · · · · · · · · · 0 S · · · · · · S
0 · · · · · · · · · 0 S · · · · · · S
0 · · · · · · · · · 0 S · · · · · · S...

...
...

...

0 · · · · · · · · · 0 S · · · · · · S
...

. . .
...

0 · · · · · · · · · 0 S · · · S
0 · · · · · · · · · 0 S · · · S...

...
...

...

0 · · · · · · · · · 0 S · · · S
0 · · · · · · · · · 0

0 · · · · · · · · · 0...
...

0 · · · · · · · · · 0



.



When δ′i ≥ 2 and i = ψ(i), we put S ′ put:= Si,k;i,k, and for k = 1, 2, . . . , δ′i − 1

Ai,k;i,k =

a b · · · c d · · · e

r′i(k) = ri(xi,k)

ri(xi,k + 1)

...

ri(yi,k)

ri(yi,k + 1)

...

ri(xi,k+1 − 1)



0 · · · · ·· 0 S′ · · · · · · S′
...
. . .

...
...

...
0 · · ·

. . . · · 0 S′ · · · · · · S′

0 · · ·
. . . · · · 0 S′ · · · · · · S′

...
. . .

...
...

...
0 · · ·

. . . · · · 0 S′ · · · · · · S′
...

. . .
. . .

...
0 · · ·

. . .· · · 0 S′ · · · · · · S′
..
.

. . .
..
.

..

.
..
....

. . .
...

...
......

. . .
...

...
......

. . .
...

...
......

. . .
...

...
...

0 · · · · · · 0 S′ · · ·
. . . · · · S′

0 · · · · · · 0 S′ · · ·
. . . · · · S′

...
...

...
. . .

...
0 · · · · · · 0 S′ · · ·

. . . · · · S′
...

. . .
. . .

...
0 · · · · · ·0 S′ · · ·

. . . · · · S′
.
..

.

..
.
..

. . .
.
..

0 · · · · · ·0 S′ · · · S′



,

where we put a
put
:= pi(xi,k), b

put
:= pj(xi,k + 1), c

put
:= pj(yi,k), d

put
:= pj(yi,k + 1) and

e
put
:= pj(xi,k+1 − 1), and

Ai,δ′i;i,δ
′
i
=

a′ b′ c′ · · · d′ e′

r′i(δ
′
i) = ri(xi,δ′i

)

ri(xi,δ′i
+ 1)

ri(xi,δ′i
+ 2)

...

ri(δi − 1)

ri(δi)



0 · · · · · · 0 S′ · · · · · · S′
...
. . .

...
...

...

0 · · ·
. . .· · · 0 S′ · · · · · · S′

0 · · ·
. . . · · · 0 S′ · · · · · · S′

...
. . .

...
...

...
0 · · ·

. . .· · · 0 S′ · · · · · · S′

0 · · ·
. . . · · ·0 S′ · · · · · · S′

...
. . .

...
...

...
0 · · ·

. . . · · ·0 S′ · · · · · · S′
...

. . .
. . .

...
0 · · ·

. . . · · · 0 S′ · · ·S′
...

. . .
...

...
...

0 · · ·
. . .· · · 0 S′ · · ·S′

0 · · ·
. . . · · · 0

...
. . .

...
..
.

. . .
..
.

0 · · · · · · 0



,

where we put a′
put
:= pi(xi,δ′i), b′

put
:= pi(xi,δ′i + 1), c′

put
:= pi(xi,δ′i+2), d′

put
:= pi(δi − 1) and

e′
put
:= pi(δi) = γi .

For each i, j = 1, 2, . . . ,m′, we put

Ni,j
put
:=


Ai,1;j,1 Ai,1;j,2 · · · Ai,1;j,δ′j

Ai,2;j,1 Ai,2;j,2 · · · Ai,2;j,δ′j
...

...
. . .

...
Ai,δ′i;j,1

Ai,δ′i;j,2
· · · Ai,δ′i;j,δ

′
j

 ( : subset of Mi,j )



and

Ĩ
put
:=


N1,1 N1,2 · · · N1,m′

N2,1 N2,2 · · · N2,m′

...
...

. . .
...

Nm′,1 Nm′,2 · · · Nm′,m′

 ( : subset of R̃ ).

And R̃ is an artinian ring by usual addition and multiplication of matrix and Ĩ is its ideal
since Sψ(j),l;j,l is simple both as a left Qψ(j),l-module and as a right Qj,l-module and, for

any p′ ≤ p, pj
(
τ ′ψ(j)

(
r′ψ(j)(k) + p′ − 1

) )
≤ pj

(
τ ′ψ(j)

(
r′ψ(j)(k) + p− 1

) )
by (†-1)(i). Hence

we consider a factor ring

R
put
:= R̃/Ĩ .

From the definition of R̃, an element r̃ of R̃ is

r̃ =
(
ã p,q
i,k;j,l

) m′ δ′i δ′j mi,k mj,l

i,j=1, k=1, l=1, p=1, q=1
,

where ã p,q
i,k;j,l ( p = 1, 2, . . . ,mi,k, q = 1, 2, . . . ,mj,l ) is a (p, q)-component of Qi,k;j,l

( k = 1, 2, . . . , δ′i, l = 1, 2, . . . , δ′j ) which is a part of Mi,j. Further we put{
s
put
:= r′i( k ) + p− 1

t
put
:= r′j( l ) + q − 1

and ãi,s;j,t
put
:= ã p,q

i,k;j,l .

Then

r̃ =
(
ãi,s;j,t

) m′ γi γj

i,j=1, s=1, t=1
.

So an element r of R is

r =
(
a p,q
i,k;j,l

) m′ δ′i δ′j mi,k mj,l

i,j=1, k=1, l=1, p=1, q=1
=

(
ai,s;j,t

) m′ γi γj

i,j=1, s=1, t=1
,

where we put

a p,q
i,k;j,l = ai,s;j,t

put
:=

{
ãi,s;j,t + Si,k;j,l if i = ψ(j), k = l, pj

(
τ ′i( s )

)
< t

ãi,s;j,t otherwise.

Furthermore we put

Ai,s;j,t
put
:= A p,q

i,k;j,l .

On the other hand, for any i, j = 1, 2, . . . ,m′, s = 1, 2, . . . , γi and t = 1, 2, . . . , γj, we take{
ks ∈ { 1, 2, . . . , δ′i }, ps ∈ { 1, 2, . . . ,mi,ks }
lt ∈ { 1, 2, . . . , δ′j }, qt ∈ { 1, 2, . . . ,mj,lt }

to satisfy {
s = r′i( ks ) + ps − 1

t = r′j( lt) + qt − 1 .

And, for each i = 1, 2, . . . ,m′ and s = 1, 2, . . . , γi, we define an element

f̃i,s =
(
ãi′,s′;j′,t′

) m′ γi γj

i′,j′=1, s′=1, t′=1



of R̃ by

ãi′,s′;j′,t′ =

{
1
Qi,ks

if i′ = j′ = i and s′ = t′ = s

0
Qi′,ks′ ;j

′,lt′
otherwise,

and an element fs,t of R by

fs,t
put
:= f̃s,t + Ĩ .

Then

Ai,s;j,t =

{
Si,ks;j,lt if i = ψ(j), ks = lt and pj

(
τ ′i
(
s
))
< t

0 otherwise.

Hence, from the definition of R, fi,sRfj,t is as follows:

(1) We assume that i = j.

(i) Suppose that δ′i ≥ 2. (Then i = ψ(i) by Lemma 18 (2).)
In the case ks = lt,

fi,sRfi,t =


Qi,ks if s ≤ t and pi

(
τ ′i( s )

)
≥ t

Qi,ks/Si,ks if s ≤ t and pi
(
τ ′i( s )

)
< t

Ji,ks if s > t and pi
(
τ ′i( s )

)
≥ t

Ji,ks/Si,ks if s > t and pi
(
τ ′i( s )

)
< t.

In the case ks ̸= lt, fi,sRfi,t = Qi,ks;i,lt .

(ii) Suppose that δ′i = 1. (Then ks = lt = 1 for any s, t = 1, 2, . . . , γi .)

In the case i = ψ(i), fi,sRfi,t coincides with one in the case (i)
ks = lt.

In the case i ̸= ψ(i),

fi,sRfi,t =

{
Qi,1 if s ≤ t
Ji,1 if s > t.

(2) Next we assume that i ̸= j.

(i) Suppose that δ′j ≥ 2. Then fi,sRfj,t = Qi,ks;j,lt .

(ii) Suppose that δ′j = 1.

In the case i = ψ(j),

fi,sRfj,t =

{
Qi,ks;j,lt if pj

(
τ ′i( s )

)
≥ t

Qi,ks;j,lt/Si,ks;j,lt if pj
(
τ ′i( s )

)
< t.

In the case i ̸= ψ(j), (We note that, if δ′i ≥ 2, then i ̸= ψ(j) by
Lemma 18 (2).)

fi,sRfj,t = Qi,ks;j,lt .

Throughout this paper, we use these terminologies.



For each i, j = 1, 2, . . . ,m′, we consider the following sequences, where we let pj(0) = 0
and ri( δi + 1 ) = γi + 1.

(L-j-u) Rfj, pj(u−1)+1, Rfj, pj(u−1)+2, . . . , Rfj, pj(u) ( u = 1, 2, . . . , δj )

(L-j) Rfj,1, Rfj,2, . . . , Rfj, γj

(R-i-u) fi, ri(u+1)−1R, fi, ri(u+1)−2R, . . . , fi, ri(u)R ( u = 1, 2, . . . , δi )

(R-i) fi, γiR, fi, γi−1R, . . . , fi,1R

Theorem 20. Then R is a two-sided Harada ring which satisfy the following:

(1)
(
fψ(j), rψ(j)(u)R, Rfj, pj(u)

)
is an i-pair for any u = 1, 2, . . . , δj.

(2) (i) (L-j) is a left w-co-H-sequence for any j = 1, 2, . . . ,m′.

(ii) (R-i) is a right w-co-H-sequence for any i = 1, 2, . . . ,m′.

(3) (i) (L-j-u) is a left co-H-sequence for any j = 1, 2, . . . ,m′ and u = 1, 2, . . . , δj.

(ii) (R-i-u) is a right co-H-sequence for any i = 1, 2, . . . ,m′ and u = 1, 2, . . . , δi.

Example 21. Let Q be an indecomposable basic QF ring such that

(i) its QF -well indexed set is { f ′
1,1, f

′
1,2, f

′
1,3, f

′
2,1, f

′
3,1, f

′
4,1 }, and

(ii) (f ′
1,1Q, Qf

′
1,1), (f

′
3,1Q, Qf

′
2,1), (f

′
2,1Q, Qf

′
3,1), (f

′
4,1Q, Qf

′
4,1) are i-pairs.

The bijection ψ : { 1, 2, 3, 4 } → { 1, 2, 3, 4 } is defined by

ψ(1) = 1, ψ(2) = 3, ψ(3) = 2, ψ(4) = 4

from (ii) above, and
δ′1 = 3, δ′2 = δ′3 = δ′4 = 1.

And for i = 1, 2, 3, 4, we let, for instance, δi, γi pi( u ) and ri( u ) (u = 1, 2, . . . , δi ) as
follows.

• δ1 = 5, δ2 = δ3 = δ4 = 2.

• γ1 = 9, γ2 = γ3 = 2, γ4 = 3.

• p1(1) = 2, p1(2) = 3, p1(3) = 5, p1(4) = 6, p1(5) = 9

• r1(1) = 1, r1(2) = 2, r1(3) = 5, r1(4) = 8, r1(5) = 9

• r2(1) = 1, r2(2) = 2, p2(1) = 1, p2(2) = 2

• r3(1) = 1, r3(2) = 2, p3(1) = 1, p3(2) = 2

• r4(1) = 1, r4(2) = 2, p4(1) = 2, p4(2) = 3

Then δ′i ≤ δi ≤ γi, (†-1) and (†-2) hold. Further, for s = 1, 2, 3 (= δ′1 ) and t = 1, 2 (=
δ′1 − 1 ), we let r′1( s ), p′1( t ), x1,s, y1,t as follows:

• r′1(1) = 1, r′1(2) = 5, r′1(3) = 9

• p′1(1) = 3, p′1(2) = 5

• x1,1 = 1, x1,2 = 3, x1,3 = 5

• y1,1 = 2, y1,2 = 3



Then (†-3) also holds. So, by Theorem 20, we can construct a two-sided Harada ring R
with i-pairs

(f1,1R, Rf1,2), (f1,2R, Rf1,3), (f1,5R, Rf1,5), (f1,8R, Rf1,6), (f1,9R, Rf1,9)

(f3,1R, Rf2,1), (f3,2R, Rf2,2),

(f2,1R, Rf3,1), (f2,2R, Rf3,2),

(f4,1R, Rf4,2), (f4,2R, Rf4,3) .

And, putting Qi,k
put
:= Qi,k;i,k, Ji,k

put
:= J(Qi,k), Qi,k;j,l

put
:= f ′

i,kQf
′
j,l and Qi,k;j,l

put
:=

Qi,k;j,l/S(Qi,k;j,l ), R is isomorphic to



Q11 Q11 Q11 Q11 Q11;12 Q11;12 Q11;12 Q11;12 Q11;13 Q11;21 Q11;21 Q11;31 Q11;31 Q11;41 Q11;41 Q11;41

J11 Q11 Q11 Q11 Q11;12 Q11;12 Q11;12 Q11;12 Q11;13 Q11;21 Q11;21 Q11;31 Q11;31 Q11;41 Q11;41 Q11;41

J11 J11 Q11 Q11 Q11;12 Q11;12 Q11;12 Q11;12 Q11;13 Q11;21 Q11;21 Q11;31 Q11;31 Q11;41 Q11;41 Q11;41

J11 J11 J11 Q11 Q11;12 Q11;12 Q11;12 Q11;12 Q11;13 Q11;21 Q11;21 Q11;31 Q11;31 Q11;41 Q11;41 Q11;41

Q12;11 Q12;11 Q12;11 Q12;11 Q12 Q12 Q12 Q12 Q12;13 Q12;21 Q12;21 Q12;31 Q12;31 Q12;41 Q12;41 Q12;41

Q12;11 Q12;11 Q12;11 Q12;11 J12 Q12 Q12 Q12 Q12;13 Q12;21 Q12;21 Q12;31 Q12;31 Q12;41 Q12;41 Q12;41

Q12;11 Q12;11 Q12;11 Q12;11 J12 J12 Q12 Q12 Q12;13 Q12;21 Q12;21 Q12;31 Q12;31 Q12;41 Q12;41 Q12;41

Q12;11 Q12;11 Q12;11 Q12;11 J12 J12 J12 Q12 Q12;13 Q12;21 Q12;21 Q12;31 Q12;31 Q12;41 Q12;41 Q12;41

Q13;11 Q13;11 Q13;11 Q13;11 Q13;12 Q13;12 Q13;12 Q13;12 Q13 Q13;21 Q13;21 Q13;31 Q13;31 Q13;41 Q13;41 Q13;41

Q21;11 Q21;11 Q21;11 Q21;11 Q21;12 Q21;12 Q21;12 Q21;12 Q21;13 Q21 Q21 Q21;31 Q21;31 Q21;41 Q21;41 Q21;41

Q21;11 Q21;11 Q21;11 Q21;11 Q21;12 Q21;12 Q21;12 Q21;12 Q21;13 J21 Q21 Q21;31 Q21;31 Q21;41 Q21;41 Q21;41

Q31;11 Q31;11 Q31;11 Q31;11 Q31;12 Q31;12 Q31;12 Q31;12 Q31;13 Q31;21 Q31;21 Q31 Q31 Q31;41 Q31;41 Q31;41

Q31;11 Q31;11 Q31;11 Q31;11 Q31;12 Q31;12 Q31;12 Q31;12 Q31;13 Q41;21 Q31;21 J31 Q31 Q31;41 Q31;41 Q31;41

Q41;11 Q41;11 Q41;11 Q41;11 Q41;12 Q41;12 Q41;12 Q41;12 Q41;13 Q41;21 Q41;21 Q41;31 Q41;31 Q41 Q41 Q41

Q41;11 Q41;11 Q41;11 Q41;11 Q41;12 Q41;12 Q41;12 Q41;12 Q41;13 Q41;21 Q41;21 Q41;31 Q41;31 J41 Q41 Q41

Q41;11 Q41;11 Q41;11 Q41;11 Q41;12 Q41;12 Q41;12 Q41;12 Q41;13 Q41;21 Q41;21 Q41;31 Q41;31 J41 J41 Q41



.

6. QF ring R(f) induced from two-sided Harada ring R and definitions of
Xi, Yi

Let i, j ∈ { 1, 2, . . . ,m′ } and we assume that i = ψ(j). Then we let

( fi, ri(u )R, Rfj, pj(u ) )

be an i-pair for all u = 1, 2, . . . , δj.

Lemma 22. Let i, j = 1, 2, . . . ,m′ with i = ψ(j).

(1) For any u = 1, 2, . . . , δj and vu = 1, 2, . . . , n(qj(u)), the following hold.

(I) fi, ri(u)+vu−1 = eqj(u),vu . So, in particular, fi, ri(u) = eqj(u),1 .



(II) Suppose that ri( 1 ) = 1. And we put ri( δj +1 ) = γi+1 . Then the following
also hold.

(i) qj( u ) = αi + u− 1 .

(ii) n( qj(u) ) = ri( u+ 1 )− ri( u ) .

(iii) The set of all right co-H-sequeces in (R−i ) is

{ eqj(u), n(qj(u))R, eqj(u), n(qj(u))−1R, . . . , eqj(u), 1R } δj
u=1

= { fi, ri(u+1 )−1R, fi, ri(u+1 )−2R, . . . , fi, ri(u)R } δj
u=1

= { fi, ri(u )+n(αi+u−1)−1R, fi, ri(u )+n(αi+u−1)−2R, fi, ri(u )+n(αi+u−1)−3R,

. . . , fi, ri(u )R } δj
u=1 .

(iv) 1 = ri( 1 ) < ri( 2 ) < ri( 3 ) < · · · < ri( δj ) .

(v) ri( u ) =

{
1 if u = 1∑u−1

s=1 n(αi + s− 1 ) + 1 if u = 2, 3, . . . , δj .

(2) Suppose that R is not a Nakayama ring. Then ri( 1 ) = 1.

Let i, j = 1, 2, . . . ,m′, s = 1, 2, . . . , γi and t = 1, 2, . . . , γj and suppose that ri( 1 ) = 1.
Then we put

τ lj( t )
put
:= min{u ∈ { 1, 2, . . . , δj } | t ≤ pj( u ) }

τ ri ( s )
put
:= max{ u ∈ { 1, 2, . . . , δψ−1(i) | ri( u ) ≤ s }

We note that

E(RRfj,t) ∼= RRfj, pj( τ lj(t) ) and E(fi,sRR) ∼= fi, ri( τri (s) )RR

and

pj
(
τ lj(t)− 1

)
< t ≤ pj

(
τ lj(t)

)
and ri ( τ

r
i (s) ) ≤ s < ri ( τ

r
i (s) + 1 ) ,

where we let pj(0) = 0 and ri
(
δψ−1(i) + 1

)
= γi + 1.

From here throughout this section, we suppose that ri( 1 ) = 1 holds for any
i = 1, 2, . . . ,m′. ( For instance, when R is not a Nakayama ring by Lemma
22 (2). )

For each i = 1, 2, . . . ,m′, we put

Xi
put
:=

{
{ 1 } ∪

{
u ∈ {2, 3, . . . , δi}

∣∣ pi( u− 1 ) < ri( u ) ≤ pi( u )
}

if ψ(i) = i

{ 1 } if ψ(i) ≠ i .



Further we put

fi
put
:=

{ ∑
u∈Xi fi,ri(u) if ψ(i) = i

fi,1 if ψ(i) ̸= i ,

f
put
:=

∑m′

i=1 fi .

Moreover, in the case ψ(i) = i, we put{
ri( u )

}
u∈Xi

=
{
r′i(1), r

′
i(2), . . . , r

′
i( δ

′
i )
}
,

where we let 1 = r′i(1) < r′i(2) < · · · < r′i( δ
′
i ). ( So fi =

∑δ′i
k=1 fi, r′i(k) . )

And, in the case ψ(i) ̸= i, we put

r′i(1)
put
:= 1, δ′i

put
:= 1 .

Theorem 23. Then, for R(f) (= fRf), the following hold.

(1) { fi, r′i(k) }
m′ δ′i
i=1,k=1 is a complete set of orthogonal primitive idempotents of R(f)

such that, for each i = 1, 2, . . . ,m′, the following (i), (ii) hold.

(i)
(
fψ(i),1R(f), R(f)fi,1

)
is an i-pair.

(ii) Suppose that δ′i ≥ 2. Then ψ(i) = i and
(
fi, r′i(k)R(f), R(f)fi, r′i(k)

)
is an

i-pair for any k = 1, 2, . . . , δ′i .

(2) R(f) is an indecomposable basic QF ring.

For each i ∈ { 1, 2, . . . ,m′ }, the sequences

R(f)fi,r′i(1), R(f)fi,r′i(2), . . . , R(f)fi,r′i(δ′i) and fi,r′i(δ′i)R(f), fi,r′i(δ′i−1)R(f), . . . , fi,r′i(1)R(f)

of left and right R(f)-modules are denoted by

(L−i)R(f) and (R−i)R(f) ,

respectively.

Theorem 24. For any i ∈ { 1, 2, . . . ,m′ }, the following hold.

(1) (i) (L−i)R(f) is a left w-co-H-sequence.
(ii) (L−i) is cyclic if and only if (L−i)R(f) is so.

(2) (i) (R−i)R(f) is a right w-co-H-sequence.
(ii) (R−i) is cyclic if and only if (R−i)R(f) is so.

We put f ′
i,k

put
:= fi,r′i(k) for any i = 1, 2, . . . ,m′ and k = 1, 2, . . . , δ′i . Then R(f) is an

indecomposable basic QF ring with a complet set { f ′
i,k }

m′ δ′i
i=1,k=1 of orthogonal primitive

idempotents by Theorem 23 (2). Next we further show the following.

Corollary 25. { f ′
i, k }

m′ δ′i
i=1,k=1 is a left QF-well-indexed set of R(f).



For each i = 1, 2, . . . ,m′, we put

Yi
put
:=

{ {
u ∈ {1, 2, . . . , δi − 1}

∣∣ ri( u ) ≤ pi( u ) < ri( u+ 1 )
}

( if ψ(i) = i )

ϕ ( if ψ(i) ̸= i )

And, in the case ψ(i) = i, we let{
pi( u )

}
u∈Yi

=
{
p′i(1), p

′
i(2), . . . , p

′
i( δ

′′
i )

}
,

with p′i(1) < p′i(2) < · · · < p′i( δ
′′
i ).

We note that, from the definition of pi(1), pi(1), . . . , pi(δi)

pi(1) < pi(2) < · · · < pi(δi)

holds. Further, if ri(1) = 1, then

1 = ri(1) < ri(2) < · · · < ri(δi)

also holds by [2, Theorem 3.3 (1)].

We let i = 1, 2, . . . ,m′. In the case ψ(i) ̸= i we put

xi,1
put
:= 1

And in the case ψ(i) = i we put

• Xi
put
:= {xi,1, xi,2, . . . , xi,δ′i } , where xi,1 < xi,2 < · · · < xi,δ′i . ( So xi,1 = 1.)

• Yi
put
:= { yi,1, yi,2, . . . , yi,δ′′i } , where yi,1 < yi,2 < · · · < yi,δ′′i .

Then it is clear that the following hold from the definitions of Xi and Yi.

(∗1) pi( xi,s − 1 ) < ri( xi,s ) ≤ pi( xi,s ) for any s = 2, 3, . . . , δ′i .

(∗2) ri( yi,t ) ≤ pi( yi,t ) < ri( yi,t + 1 ) for any t = 1, 2, . . . , δ′′i ,

where we let ri( δi + 1 ) = γi .

Theorem 26. We let i ∈ { 1, 2, . . . , m′ } with ψ(i) = i. Then the following hold.

(1) Either δ′′i = δ′i − 1 or δ′′i = δ′i holds

(2) (i) Suppose that δ′′i = δ′i − 1, then

1 = xi,1 ≤ yi,1 < xi,2 ≤ yi,2 < · · · < xi,δ′i−1 ≤ yi,δ′i−1 < xi,δ′i .

(ii) Suppose that δ′′i = δ′i, then

1 = xi,1 ≤ yi,1 < xi,2 ≤ yi,2 < · · · < xi,δ′i−1 ≤ yi,δ′i−1 < xi,δ′i ≤ yi,δ′i .

Theorem 27. Suppose that (L−i ) is not cyclic. Then δ′′i = δ′i − 1 holds.



7. Matrix representation

Throughout this section, we assume that R is not Nakayama ring. Then we note that
δ′′i = δ′i − 1 by Theorem 12 and Proposition 27.

Lemma 28. We let i = 1, 2, . . . ,m′.

(1) The following (†-1) holds.
(†-1) (i) 1 ≤ pi(1) < pi(2) < · · · < pi( δi ) = γi

(ii) 1 = ri(1) < ri(2) < · · · < ri( δi ) ≤ γi
(
So ri( xi,1 ) = r′i( 1 ) = 1.

)
(2) If δ′i = 1 and i = ψ(i), then the following condition (†-2) holds.

(†-2) ri( u ) ≤ pi( u− 1 ) for all u = 2, 3, . . . , γi .

(3) If δ′i ≥ 2 ( we note that, then i = ψ(i) from Theorem 23 (1)(ii) ), the following
(†-3) and (†) hold.

(†-3) (i) 1 = xi,1 ≤ yi,1 < xi,2 ≤ yi,2 < · · · < xi, δ′i−1 ≤ yi, δ′i−1 < xi, δ′i
(ii) ri( xi,s ) = r′i( s ) ( s = 2, 3, . . . , δ′i )
(iii) pi( yi,t ) = p′i( t ) ( t = 1, 2, . . . , δ′i − 1 )
(iv) pi( xi,s − 1 ) < ri( xi,s ) ≤ pi( xi,s ) ( s = 2, 3, . . . , δ′i )
(v) ri( yi,t ) ≤ pi( yi,t ) < ri( yi,t + 1 ) ( t = 1, 2, . . . , δ′i − 1 )

(vi) ri( u+ 1 ) ≤ pi( u )

(
xi,t ≤ u < yi,t ,
where t = 1, 2, . . . , δ′i − 1

)
(vii) pi( u ) < ri( u )

(
yi,t < u < xi,t+1 ,
where t = 1, 2, . . . , δ′i − 1

)
(†) 1 = r′i(1) ≤ p′i(1) < r′i(2) ≤ p′i(2) < r′i(3) ≤ p′i(3) < · · · < r′i( δ

′
i − 1) ≤

p′i( δ
′
i − 1) < r′i( δ

′
i)

For each i = 1, 2, . . . ,m′ and k = 1, 2, . . . , δ′i , we put

mi,k
put
:= r′i( k + 1 )− r′i( k ) ,

where we let r′i( δ
′
i + 1 ) = γi + 1.

For an indecomposable basic two-sided Harada ring R, by Theorem 23 (2) and Corollary
25, we see that R(f) = fRf is an indecomposable QF ring with a left QF -well-indexed

set { f ′
i,k }

m′ δ′i
i=1,k=1 , where we put f ′

i,k

put
:= fi, r′i(k). Further we obtain a bijection

ψ : { 1, 2, . . . ,m′ } → { 1, 2, . . . , m′ }

and, for each i = 1, 2, . . . ,m′,

pi(u), ri(u) ( u = 1, 2, . . . , δi )
r′i(s), xi,s ( s = 1, 2, . . . , δ′i )
p′i(t), yi,t ( t = 1, 2, . . . , δ′i − 1 )

to satisfy the conditions just after Lemma 18 by Lemma 28. So, by §5, we have a
two-sided Harada ring as follows:



For each i, j = 1, 2, . . . ,m′, k = 1, 2, . . . , δ′i and l = 1, 2, . . . , δ′j, we put

Qi,k;j,l
put
:= f ′

i,kQ(f)f
′
j,l (= f ′

i,kRf
′
j,l ) .

And we put

Qi,k
put
:= Qi,k;i,k, Ji,k

put
:= J(Qi,k), Sψ(j),l;j,l

put
:= S( f ′

ψ(j),lQf
′
j,l ).

Qi,k;j,l
put
:=



Qi,k · · · · · · Qi,k

Ji,k
. . .

...
...

. . . . . .
...

Ji,k · · · Ji,k Qi,k

 if (i, k) = (j, l)

Qi,k;j,l · · · Qi,k;j,l
...

...
Qi,k;j,l · · · Qi,k;j,l

 if (i, k) ̸= (j, l)

: (mi,k, mj,l)-matrix,

Mi,j
put
:=


Qi,1;j,1 Qi,1;j,2 · · · Qi,1;j,δ′j

Qi,2;j,1 Qi,2;j,2 · · · Qi,2;j,δ′j
...

...
. . .

...
Qi,δ′i;j,1

Qi,δ′i;j,2
· · · Qi,δ′i;j,δ

′
j

 : ( γi, γj)-matrix,

( then we note that the (p, q)-component of Qi,k;j,l is the
(
r′i(k) + p − 1, r′j(l) + q − 1

)
-

component of Mi,j ) and

R̃
put
:=


M1,1 M1,2 · · · M1,m′

M2,1 M2,2 · · · M2,m′

...
...

. . .
...

Mm′,1 Mm′,2 · · · Mm′,m′

 .

Further, for each p = 1, 2, . . . ,mi,k and q = 1, 2, . . . ,mj,l, we put

A p,q
i,k;j,l

put
:=

 Si,k;j,l
if i = ψ(j), k = l and
r′j(l) ≤ pj

(
τ rψ(j)

(
r′ψ(j)(k) + p− 1

))
< r′j(l) + q − 1

0 otherwise

and

Ai,k;j,l
put
:=


A 1,1
i,k;j,l A 1,2

i,k;j,l · · · A
1,mj,l
i,k;j,l

A 2,1
i,k;j,l A 2,2

i,k;j,l · · · A
2,mj,l
i,k;j,l

...
...

. . .
...

A
mi,k,1

i,k;j,l A
mi,k,2

i,k;j,l · · · A
mi,k,mj,l
i,k;j,l

 ( : subset of Qi,k;j,l) .

For each i, j = 1, 2, . . . ,m′, we put



Ni,j
put
:=


Ai,1;j,1 Ai,1;j,2 · · · Ai,1;j,δ′j

Ai,2;j,1 Ai,2;j,2 · · · Ai,2;j,δ′j
...

...
. . .

...
Ai,δ′i;j,1

Ai,δ′i;j,2
· · · Ai,δ′i;j,δ

′
j

 ( : subset of Mi,j )

and

Ĩ
put
:=


N1,1 N1,2 · · · N1,m′

N2,1 N2,2 · · · N2,m′

...
...

. . .
...

Nm′,1 Nm′,2 · · · Nm′,m′

 ( : subset of R̃ ).

Then Ĩ is an ideal of R̃ and the factor ring

R′ put
:= R̃/Ĩ

is a two-sided Harada ring by [3, Theorem 3.1].

Theorem 29. Then
R ∼= R′ as rings.
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