ON TWO-SIDED HARADA RINGS

YOSHITOMO BABA

ABSTRACT. In [11] M. Harada studied a left artinian ring R such that every non-small
left R-module contains a non-zero injective submodule. (We can see the results also in
his lecture note [12, §10.2].) In [16] K. Oshiro called the ring a left H-ring and later in
[17] he called it a left Harada ring. Since then many significant results are invented. We
can see many results on left Harada rings in [9] and many equivalent conditions in [7,
Theorem B|. But results on two-sided Harada rings are few until [1], [2], [4] and [3]. In
this paper, we give the structure of two-sided Harada rings

In §1 we give basic definitions including H-epimorphisms, left co-H-sequences and
w-co-H-sequences which are induced to characterized two-sided Harada rings. In §2, we
study H-epimorphisms and left co-H-sequences In §3, we given important two one-to-
one correspondences between the set of all left w-co- H-sequences and the set of all right
w-co-H-sequences. In §4, we consider a new concept QF-well-indexed set. In §5, we
construct a two-sided Harada ring from a given QF ring uning QF-well-indexed set. In
§6, we consider a ring R(f) which is induced from a two-sided Harada ring R. In §7,
we show that if R is a two-sided Harada ring R but not QF, then R is isomorphis to a
two-sided Harada ring constructed in §5 using a QF ring R(f).

1. DEFINITIONS

Let R be a basic artinian ring. A ring R is called a left Harada ring or a left H-ring
if, for any primitive idempotent e of R, there exists a primitive idempotent f. of R with
E(T(rRe)) = gRf./Sn. (rRfc) for some n. € N.

By, for instance, [7, Theorem B (5),(6),(14) and the proof of (6) = (5)], the following
are equivalent:

(a) R is a left Harada ring.

(b) There exist a basic set { e; ; }Z;”l?g of orthogonal primitive idempotents of R and a
set { fi }i, of primitive idempotents of R such that E(T'(gRe; ;)) = rRfi/Si—1(rRf:)
foreach i =1,2,...,mand j =1,2,...,n(i).

(¢) There exists a basic set {e;; }Zflq;(:’)l of orthogonal primitive idempotents of R
such that e; 1 Rp is injective and e; jRr = ei,ljgl for each ¢ = 1,2,...,m and
j=1,2,...,n(i).

We may consider the sets

{ei,j}i;nlg(:Z)l
in (b), (¢) coincide and call it a well-indexed set of left Harada ring or a left well-indexed
set.

The detailed version of this paper will be submitted for publication elsewhere.



Further, for primitive idempotents e, f of R, we call
(eR, Rf)

is an i-pair if both S(eRg) = T(fRg) and S(rRf) = T(rRe) hold. And, since {e;1 R},
is a basic set of indecomposable prOJeCtIVQ injective right R-modules, foreachi =1,2,...,
m, there exists e,() i) € {e”}l 1] Z such that (e;1R, Reo()p)) is an i-pair by [10,
Theorem 3.1], where o, p:{1,2 m} — N are mappings.

Unless otherwise stated, throughout this paper, we let R be an indecomposable basic

two-sided Harada ring, let {e;;},_ ;21 "® be its well-indexed set of left Harada ring, let o,

p be mappings above, and, for each i = 1,2,...,m and each j = 2,3,...,n(i), let
91"]' : ei,jRR — 617]‘,1&73
be an R-isomorphism.
Let R be an artinian ring, let {e;}"_; be a complete set of orthogonal primitive idem-

potents of R and let {f;}F_, C {e;}",. A sequence fiR, foR, ..., fiR is called a right
co-H-sequence of R if the following (CHS1), (CHS2), (CHS3) hold.

(CHS1) For each ¢ = 1,2,...,k — 1, there exists an R-isomorphism &; : f;Rgr —
Jir1Jr -
(CHS2) The last term fi,Rp is injective.

(CHS3) fiR, f2R, ..., frRis the longest sequence among the sequences which satisfy
both (CHS1) and (CHS2), i.e., there does not exist an R-isomorphism: fRp —
fiJr, where f € {e;}],

Similarly, we define a left co-H-sequence Rf,, Rfs, ..., Rfr of R.

Obviously, for each i =1,2,...,m
€in( )RR, €in(i) IRR7 RS ei,lRR

is a right co- H-sequence of R. And, for an artinian ring R', it is a left Harada ring if and

only if there exists a basic set {e;;};7 " ] Y ) of orthogonal primitive idempotents of R’ such
that e; ni)R', € pn@)—1 R, . e;1 R is a right co-H-sequence of R' for all i =1,2,...,m
From the definition of a left Harada ring, the following lemma holds:

Lemma 1. For a left Harada ring R’ and primitive idempotents fi, fa, ..., fr of R,
the following are equivalent.

(a) AR, foR, ..., fxR is a right co-H-sequence.
(b) AR, foR, ..., frR' satisfies (CHS1) and the following (CHS3'):

(CHS3') fiR, foR, ..., fxR is the longest sequence among sequences which
satisfy (CHSI).

Let {e;}7_, be a complete set of orthogonal primitive idempotents of R and let { f;}/* C
{e;}1,, where f1, fa, ..., fi+1 are mutually distinct. Then we call ¢ : fiRr = foJr (resp



rRfi = rJfa) a right (vesp. left) H-epimorphism if ¢ is a non-zero R-epimorphism
with J - Ker¢p = 0 (resp. Kerg-J = 0). And we call ¢ : fiRgr — fj11J% (resp.
rRf1 — rJ7 fj11) a right (vesp. left) weak H-epimorphism (or simply a right (vesp. left)
w-H -epimorphism ) if there exist right (resp. left) H-epimorphisms ¢; : f;Rgr — fir1Jr
(i=1,2,...,7) with o = @;0;_1---¢p1 (resp. p;: gRfi = pJfix1 (i=1,2,...,7) with
P =p1p27 ;).
We call a sequence fiR, foR, ..., frR a right weak co-H-sequence (or simply a right
w-co-H-sequence) if the following (WCHS1), (WCHS2) hold.
(WCHS1) For any i = 1,2,...,k — 1, there exists a right H-epimorphism ¢&; :
JiRr = fix1JR.
(WCHS2) There exists neither a right H-epimorphism £ : fRr — f1Jg nor a right
H-epimorphism & : fyRp — f'Jg for any f, f' € {e;},—{ fi }r,, ie.,
R, foR, ..., frR is the longest sequence in the set of all sequences
which consist of distinct terms and satisfy the condition (WCHSI).
Further a right w-co-H-sequence fiR, foR, ..., fxR is called a right cyclic weak co-H -
sequence if there exists a right H-epimorphism & : frRgr — fiJgr.
Similarly, we define a left (cyclic) weak co-H-sequence Rfi, Rfa, ..., Rfx.

We call an artinian ring R a QF ring if R is injective as a left (or right) R-module.

Let @ be an indecomposable basic QF ring. Then we call { f; }igﬂ 1 a left QF-well-

s=

indeved set of Q if { f; }i;nll,jil is a complete set of orthogonal primitive idempotents of

() which satisfies the following two conditions:
(QFWI1) Qfiy, Qfiy -, in”&; is a left w-co-H-sequence for any i = 1,2,...,m/.
(QFWI2) If 6; > 2, then ( f; @, Qf;,) is an i-pair for any s =1,2,...,6;.

We call an artinian ring R is a Nakayama ring if both gRe and eRpg are uniserial for
any primitive idempotent e of R.

For a € R, we write the left (resp. right) multiplication map by a

(a)r (resp. (a)r).
And, for primitive idempotents e, f and g, we use the following terminologies.

o If both S(creeRf) and S(eRfrry) are simple, we call (eR, Rf) is a colocal pair
following [13] and [15]. And then S(c.geeRf) = S(eRfrrys) holds. We abbreviate
it to

S(eRf).

e We put
put

R(e) *= eRe.



2. H-EPIMORPHISMS AND LEFT CO-H-SEQUENCES OF TWO-SIDED HARADA RINGS

We characterize left (right) H-epimorphisms.
Theorem 2.
(I) Suppose that ¢ : grRe;; — grJek,; is a left H-epimorphism. And, if gzRe;; is
injective, we let (e, 1R, Re; ;) be an i-pair. Then the following hold.
(1) (i) Suppose that e, ;Rp is injective, i.e., [ = 1. Then j = n(i), ie.,
¢: rRejpniy = rJCk -
(i1) Suppose that e Rp is not injective, i.e., [ # 1. Then (k,l) = (4,5 + 1)
(j<n(i)),ie, C: rRe;jj — rJeijt1.
(2) (i) Ker¢ = S(Rgr)eij =
n(p) _
T b il o e Fomsodule (1 wftsy s inoctive)
0 (if grRe;; is not injective)
(it) If rRe; ; is injective, then, for each ¢ = 1,2,...,n(p),
S(epqRr) = SlepqRr) €i; = S(epqltes;) .
(II) Suppose that € : e; ;Rr — ey Jr is a right H-epimorphism. And, if e; ;Rp is

injective, we put I; = {(»,q) | S(rRepq) = T(rRe;1) } and let n’ be the number
of elements in ;. Then the following hold.

(1) (¢) Suppose that e;;Rp is injective, i.e.,, j = 1. Then | = n(k), ie,
§:einRr — epni IR -
(i1) Suppose that e; ;R is not injective, i.e., 7 > 2. Then
(k,l)=1(i,7—1) (I<n(k)), ie, &€ ;Rr = e€ij-1Jr.
(2) (i) Ker{ = e;;S5(rR) =
Dpger €1 S(rRepq) = Sw(ei1Rr) # 0
and it is uniserial as a right R-module
0 (if §£1)
(i1) If e; ;RpR is injective, i.e., j =1, then, for each (p,q) € I,
S(rRepq) = €i1S(rRep,) = S(eiiReyy) -

(if j=1)

By the definition of a well-indexed set { e; ; };ﬁ?g of left Harada ring,
ei,n(i)Ra ei,n(i)flRa e 7€i,1R (’L = 1, 2, e ,m)
are right co- H-sequences of R. And, from Theorem 2, we obtain the following character-

ization left co- H-sequences of R using the same set {e; ; }Z;”l’;@l
Corollary 3. Every left co-H-sequence of R is of the form

Rei1,37 R€i1,s+17 DR Reil,’n(il)? Rei2,17 Reiz,?? ) Reiz,n(iQ)a Reig,lu ety Reiu,t )



where 1 <'iy,ig,...,0, <m, 1 <s<n(i) and 1 <t <n(i,).

Example 4. Let R be a basic indecomposable Nakayama ring with a complete set { g; }7_,
of orthogonal primitive idempotents which satisfies

(1) T(9;Jr) = T(gix1RR) for any i =1,2,...,6, and

(i7) c(giRr) =10, c(g2Rr) =9,
c(gsRr) =10, c(gaRr) =29,
c(gsRr) =11, c(gslr) =10, c(g:Rr) =9,
where ¢( M ) means the composition length of an R-module M.
We put
put put put put put put put
€11 *= g1, €12 ‘= g2, €21 ‘= g3, €292 = (4, €31 ‘= (5, €32 = (g, €33 ‘= gr.

And {61,1, €12, €21, €22, €31, €32, 6373} is a left well-indexed set of R and
(e11R, Reay), (ea1R, Res1), (es1R, Rei)

are i-pairs and

RBLQ, R€271

R€2727 R63’1

R63,2, R6373, Rel,l
are left co- H-sequences.

3. TWO ONE-TO-ONE CORRESPONDECES BETWEEN S; AND Sp.
In the following lemma, we give the form of left (right) weak co- H-sequences.

Lemma 5.
(I) (i) Ewvery left non-cyclic w-co-H-sequence is of the form
Rf{,lv Rf{,Q) Ty Rf{,nﬂ Rfé,lv Rfé,Qv Ty Rfinza Rf?/,,h Rfé,Qa """
""" ; Rf]g—l,nk71 ) Rfllc717 Rfllgza Ty Rf];nk )

where we let Rfj,, Rfiy,--+ , Rf;, be a left co-H-sequence for each i =
1,2,... . k.

(1)  And we may consider that every left cyclic w-co-H-sequence is also of the
same form by renumbering the indexes if necessary.

(IT) (i) We may assume that every right non-cyclic w-co-H-sequence is of the form

eikﬂ(ik)R? eikvn(ik)_lR’ T ei;mlR? eikflvn(ikfl)R’ eik—l:”(ik—l)_lR’
Gik_l,lR, €ik,2,n(ik,2)R, """ ) €¢2,1R, eil,n(il)Ra eil,n(il)flRa SR 61‘1,137
where {1, 9, ..., ix} C{1,2,...,m}.

(1) And we may consider that every right cyclic w-co-H-sequence is also of the
same form by renumbering the indexes if necessary.



By Lemma 5 (II), we may assume that there exist integers aq, as, ..., oy and Sy, P,
..., B which satisfy the following (i), (ii).
(1)) =1, 1<B<Pa< - <PBpw=m and a; =1+ 1foranyi=23,....,m .
(1i) Foreachi=1,2,...,m/,

egn@) Ry egnpy1 R, oo, eg iR, eg1n@-— R, €g1ns—n-1 R, -
(R—i) -+, eg—1,1R, eﬂi—ln(ﬂi—Q)R’ 65i—2,n(5i—2)—1R7 """ s €111,
eai,n(ai)R, eahn(ai),lR, ety e%lR
is a right w-co- H-sequence.
And, for each i = 1,2,...,m’, we also consider another sequence
(L—i) Req, 1, Rea,2, .. Rea;n(ay), Rea1,1, Rea112, -+ Reai1n(ait1);
Reg, 121, Reap22, -+ ) Reﬁﬁl,n(ﬂﬁlﬁ Reg, 1, Repg, 2, -+, Reﬁnn(ﬁi)

of left R-modules. Further, we put
put put

Sk i={(R—i)}™, and Spi={(L—i)}",.
Of course, Sg is the set of all right w-co-H-sequences.
Throughout this paper, we use the notations «;, 8;, (R—i), (L—i), Sy and Sg.
In this section, we give two one-to-one correspondences between Sy and Si. The first
one is as follows.
Theorem 6.
(1) Sy is the set of all left w-co-H-sequences.

(2) We can define a bijection
d - SL — SR

by S((L—i)) = (R—i)

forany i =1,2,...,m’.

(3) @ satisfy the following two properties.
(i) @ preserve the length of a sequence.
i preserve the property that it is cyclic (or not cyclic).
1) O th ty that it i li t li

Now we give a key lemma in this paper.

Lemma 7.

(I) Let
Rfi, Rfas, ..., Rfy,

be a left co-H-sequence and let ¢ : rRfy — rJf1 be a left H-epimorphism and
let (ex 1R, Rfo) and (ej1 R, Rfy,) be i-pairs, i.e., fo = €o)ptk) and fr, = €o()p0)-
Suppose that fo # fn,, i.e., k # l. Then there exists a right H-epimorphism

§:eRr — Chn(k)JR-
(II) Let&:e1Rr — epnmyJr be a right H-epimorphism and let
Rfi,Rfs, ..., Rfn, = Reow o)
be a left co-H -sequence. Suppose that k # . Then there exists a left H-epimorphism
¢ : rRResk) pk) = RIS f1 -



Remark. In Corollary 10, we will show that there exist & in (1) and ¢ in (II) even if

k=1.
Now, for each i = 1,2,...,m/, we abbreviate
eai,h €2y - eai,n(ai)a eai-i-l,h 6ai+1,27 sy eai—i-l,n(oci-i-l)) 60@4—271; Ca;4+2,2y + o v aeﬁi,n(ﬂi)

to

fi,l) fi,27 L fi,’yi .
Then a left w-co-H-sequence (L—1i) is written by

Rfii, Rfio, ..., Rfin,

and a right w-co-H-sequence (R—i ) is written by
fi7’)/iR7 fi,’)/i—lRa ) fi,lR-

It is obvious that a right co- H-sequence (R—i ) contains f; — o; + 1 = §; — §;_1 injective
right R-modules
eai,1R> eai+1,1R, RN eﬁi,le

where we let 5y = 0. Now we assume that a left co- H-sequence (L—i ) contains d; injective
left R-modules

Rfip.ys Bfipi2)s -+ Rfipisr) s
where (1 <) pi(1) < pi(2) <--- <pi(d;) (< ;). Further we let
(eq:1 By Bfipii)
be an i-pair for any j =1,2,...,06;.

Throughout this paper, we use these notations.

We note that p;(d;) = ~; does not hold necessarily. But the following Lemma 8 (1)
holds. And in Lemma 8 (2), we consider the case that p;(6;) # Vi, i.e., pi(d;) < ;.
Lemma 8.

(1) Suppose that (L—i) is not cyclic. Then p;(6;) =i, i.e., rRfi is injective.

(2) Suppose that p;(6;) < ;. Then the following hold.

(1) Rfipisy+1s Rfipistes > Bfines Bfins Rfigy ooy Rfipiay 45 a left co-H-
sequence.

(i1) There exists a right H-epimorphism &' : eq,1)1Rr — €q,5.)n(q:(5:)) IR -

Now we give new sequences [L—i] and [R—i] as follows.

Lemma 9. Fori:=1,2,...,m/, we consider the following two sequences:
' Reg, 1)1, Regy,2, -5 Regyn@), Rege)1, Regey2, - Reg@)mna@)
[L—i] Reg3)1, Reg@)2: -5 Regci—1)m(a(5:,-1)) Req0,1, Reg6)2, - - -

cee Reqi((si),n(%((si)) :



- CaG)n@@) T Cq@yn@en 11 - €)1l e - ma -1
[R—i] eq5i-1)mqidi—1)—1L1 -, €qisi—1),1 €q;(5:—2)m(as(5:-2) B> €qs(5:—2)m(q:(5:—2))—1 12,
...... s eqi(ng, eqz'(l)m(qz'(l))Rv eqi(l),n(qi(l))flf& ey eqi(l)le.

Then the following hold.

(1) (i) [L—i] is a left w-co-H-sequence, i.e., [L—i] € Sy,
(1) [R—i] is a right w-co-H-sequence, i.e., [R—i] € Sg.

(2) The following are equivalent.
(a) (L—1i) is cyclic.

b) (R—i) is cyclic.

[L—i] is cyclic.

[R—i] is cyclic.

The following Corollary complements the statement of Lemma 7.

Corollary 10.
(I) Suppose that
Rfi, Rfs, ..., Rfp

is a left co-H-sequence and it is cyclic as a left w-co-H-sequence. Let (ex1 R, Rf.)
be an i-pair. Then the right co-H-sequence

Chn(t) B Crm)y—1 1, .., ep1 R
18 cyclic as a right w-co-H -sequence.
(IT) Suppose that the right co-H-sequence
Cin@i) I, Cin@y—1 R, ..., €1 R

18 cyclic as a right w-co-H-sequence. Then a left co-H -sequence with the last term
Reg(i),p() 18 also cyclic as a left w-co-H-sequence.

Now we give the second one-to-one correspondence between S; and Sg.

Theorem 11. A bijection
v:S;, — Sk
is defined by
V((L—1)) = [R—i]
and the following hold.

(1) W preserve the number of injective modules in a w-co-H -sequence.
(1) W preserve the property that it is cyclic (or not cyclic).

We define a bijection
Y:{1,2,....m'}—={1,2,....m}

(R=(i)) = [R—i], ie, W((L—i)) = (R=4(i)).



Then we note that
(fowaRs Rfipy)

is an ¢-pair for any i = 1,2,...,m’ by the definition.
And, fori =1,2,...,m/, we put
fi pUt fZ] and R pit flRfZ .

Throughout this paper, we let 1) mean this bijection and use the notations f; and R;.
In the following theorem, we consider the case that (L—i) is cyclic.

Theorem 12. Suppose that (L—i) is cyclic. Then the following hold.

(1) R; is a Nakayama ring.
(2) A=fiRfi=fiR(1-fi)=0.
(3) {fis 2 = Leaa W2 5 e, (i) = i, e, W((Li)) = S((L—0)).

In the following lemma, we characterize 9;.
Lemma 13. §; = By — oy + 1.

In the following theorem, {¢;(j )}, J’ | 18, i.e., i-pairs in R are, characterized in (1)
and we give a condition to be cyclic for a w-co-H-sequence in (2).

Theorem 14.

1) @) (B~ () +1) = Bugy.
(i) qz(ﬂwu ¢i(1) +2) = aya -
(@i1) qi(j+1) = qi(j)+1 holds for anyj € {1,2,...,0; =1} —{ By —a(1)+1}.
(2) Suppose that q;(1) > ayu). Then (R—(i)) is cyclic (i.e., (L—i) is cyclic),
(i) =i and R; is a Nakayama ring.

Remark 15. Let R be an indecomposable ring. We suppose that R is not a Nakayama
ring. Then R; is also not a Nakayama ring for all ¢ = 1,2,...,m by Theorem 12 (2). So

(1) = oy
holds for any ¢ = 1,2, ..., m from Theorem 14 (2). And further
¢(j) = oy +Jj—1

holds for any ¢ = 1,2,...,m/ and any j = 1,2,...,6; = Byu) — ayu + 1 by Theorem
14 (1) (d23).

Example 16. Let R be a QF ring with a complete set {¢1,é} of orthogonal primitive
idempotents. And we put @Q; pg ¢, Ré; (1=1,2), A pg ¢,Ré; and B pg ¢ Ré;.



(1) Suppose that (& R, Ré,) and (&;R, Ré,) are i-pairs. (Then we note that A # 0
and B # 0.) We consider

Q1 Q1 @ A
@) e e a
R= 1 J(Q1) J(Q1) A
B B B Q2 @

B B B J(Q2) @

where J(Q;) means the Jacobson radical of Q; for i = 1,2, we put A e A/S(A)
and, for each j =1,2,...,5, let e; be the j-th matrix unit. Then R is a two-sided
Harada ring as follows.

For instance, we put

SN

€1,1 = €1, €12 = €3, €21 = €3, €31 = €4, €39 = €5.
Then {e11, €12, €21, €31, €32} is a left well-indexed set and
alz]-a 61:2a Oé2:3, 52:37

ie.,

(R—l) 62,13, 61,2R; 61,1R,

(R—Q) 6372R, 6371R
are right w-co- H-sequences. So

(L—l) Rel,l, RGLQ, R€2’1,

(L—Q) Reg,l, R6372

are left w-co-H-sequences. We put

put put put put put
f1,1 =€11, f1,2 = €12, f1,3 = €21, f2,1 = €31, f2,2 = €32.

Then
o1 =1, 0,=2, pi(1) =3, po(1) =1, p2(2) =2 and

(1) =3, (1) =1, 2(2) =2,

(63,1R, Rfl,:s), (61,1R> Rf2,1)> (62,13, Rf2,2)

ie.,
are i-pairs. So
U((L-1)) = [R—1] = (R—2) and V¥((L-2)) = [R-2] = (R-1).
Therefore
P(1) =2, ¥(2) =1 and ayay =3, Bypa) =3, aye) =1, Bye) =2.

Further we note that (R—i) and (L—i) (i = 1,2) are not cyclic by Theorem 12
since A # 0 and B # 0.

(2) Suppose that (&, R, Ré;) and (&R, Ré,) are i-pairs. We consider

Ql Ql 91 A A
ey @ @ a4 a
R:= [ J(Q1) J(Q1) @ A Al
B B B Q2 Q@
B B B J(Q) @



where we put Q1 = Ql/S(Ql) and, for each j = 1,2,...,5, let e; be the j-th
matrix unit. Then R is a two-sided Harada ring as follows

For instance, we put ey 1, €12, €21, €31, €g2 asin (1). Then { ey, €12, €21, €31,
es o }is aleft well-indexed set and «;, 5;, (R—1), (L—i), fi; (i=1,2,7=1,2,3)
are the same as in (1). And

51 = 27 52 - ]-7 pl(]') = 2a p1(2) = 37 p2<]‘) =2 and ql(l) = 17 q1(2) = 27 q2(1> = 37
ie.,
(61,1R, Rfl,z), (62,1R7 Rf1,3), (63,1R7 Rf2,2)
are ¢-pairs. So
U((L-1)) = [R—1] = (R—1) and V¥((L-2)) = [R-2] = (R-2).

Therefore

¢<1) = 1, Ip<2) =2 and a¢(1) = 1, 6¢(1) = 2, Oéw(g) = 3, BWQ) =3.

4. LEFT QF-WELL-INDEXED SET OF QF RINGS

Left QF-well-indexed sets have the following equivalent conditions.

Lemma 17. Let Q be an indecomposable basic QF ring and let { f; }i;n£75<sil be a complete
set of orthogonal primitive idempotents of Q which satisfies (QFWI2). The following are
equivalent.

(a) {fi, };ijil satisfies (QFWIL), e, {f, }i;nll,il is a left QF -well-indexed set
of Q.
(b) (i) If6; > 2, then QQfi./S(QQfi,) = QJ(Q)J";SJrl foranys=1,2,...,8, —1.

m/ 5

(”) Forcmyizl,Q, m ande{f]/t}] 1t1 {les }sélwlth(fQ Qf) an
i-pair, both oQf/S(oQf) % oJ(Q)F, and oQfly/S(0Qfy) % oJ(Q)f

hold.
(a") 15/62, fz’(;, Q, ..., [11Q is a right w-co-H-sequence for any i =1,2,...,m/.
) () 183 2, then J1on@alS(un@a) = £1.7(Qa for anys = 1.2.....51

m 5

(il) Foranyi=1,2,....m" and f € { £}, 020 = { fLs Yoo, with (fQ Qf) an
i-pair, both fQq/S(fQq) % flyT(Q)g and F,Q/S(F1Q0) % FI(Q)
hold.

Further left QF-well-indexed sets have the following properties.

Lemma 18. Let () be an indecomposable basic QF ring with a left QF -well-indexed set
{fis }Z;nllfil Then, since QF rings are two-sided Harada rings, bijection : {1,2,...,m'}
—{1,2,...,m'} given in [2, §3] is defined. With respect to 1, the following hold:
(1) Forany i=1,2,...,m  and any s = 1,2,...,7,, (fw(z Q. Qf”) is an i-pair. So
S( Loy s@Fi s ) is defined.



(2) In particular, if §; > 2, then (i) =
Let @ be an indecomposable basic QF ring with a left QF-well-indexed set { f; }i;n1’785i1.
For each i € {1,2,...,m'}, we put

and we take positive integers

to satisfy
6 <6 <.
Morevoer, we take
ri(u), pi(u) € {1,2,...,7} (u=1,2,...,4;)
to satisfy the following (1),(2),(3):
(1) The following ( {-1) holds.
(t-1) () 1<pi(1) <pi(2) <--- <pi(di) =
(i7) 1=r;i(1) <ri(2) <+ <ri(&) <7 (So ri( win )=7ri(1)=1)
(2) If 6/ =1 and i = (i), then the following ( {-2) holds.
(t-2) ri(u) <p(u—1)forallu=2,3,...,7.

(3) If 0! > 2 (we note that, then ¢ = ¢(i) from Lemma 18 (2)), then the following
(1-3) holds, where we let

ri(s) € {1,2,...,7} (s=2,3,..
pi(t) e {1,2,...,%:} (t=1,2,...,0/—1)
; s=1
o

yi:t 6{1’27'“751'_1} .5(_1)‘

(t-3) (1) =21 <yin <Tig <yip < - < Tig—1 < Yioi—1 < Ty gl
(17) ri(@is)=ri(s) (s=2,3,...,0,)
(“Z> pz<yzt> Z<t) (t:12 5,—1)
(iv) pilxis—1)<ri(zis)<pi(xis) (s=2,3,...,0})
() il yie ) <pi(yie ) <mi(wyie+1) (t=1,2,...,6,—1)
Tig S u <Yy,
(U'L> Tz(u+1)<pz( ) <Where t:1,2,...,5;—1)
.. ' ' Yir < U< Tjty1,
(i) - pi(u) <ri(u) (Where t:1,2,...,5l’-—1)

Then the following holds.

Lemma 19. Let @ be an indecomposable basic QF ring with a left QF-well-indexed set
{fis }i:ml,sir Suppose that 6, > 2. Then

1=ri(1) <pi(1) <ri(2) <pi(2) < <ri( ;= 1) <pi(6; = 1) <ri(6;) < i



5. TWO SIDED HARADA RINGS CONSTRUCTED FROM (QF RINGS
Foreachi=1,2,...,m and s =1,2,...,7;, we put
7(s) e max{ v € {1,2,...,6;} | ri(u) <s}.
That is, 7/(s) € {1,2,...,9; } such that
ri(7i(s)) <s<ri(7(s)+1),
where we let ri((Si + 1) =v+1.
Now we construct two-sided Harada rings. Let () be an indecomposable basic QF ring

with a left QF-well-indexed set { f; }i31/786i1 and we use the terminologies that now we

define. For each i, j =1,2,....,m/, k=1,2,...,8, and [ = 1,2,...,0), we put

Y ]’
put
Qi,k;j,l = fz’l,ka]/',l'
And we put
put put put
Qi = Qigiks ik = J(Qig)y  Sugyaga = S(f;.Q@F )
(We note that Sy ;) is defined by Lemma 18 (1).) Moreover, we put

put

mig = ri(k+1)—ri(k),
where we let (0 + 1) = + 1,

( (Qin - - Q'“f
Jue o k) = (D)
put Ji,k e Ji,k Qi,k )
Qikyj = : (myk, myy;)-matrix,

Qikji - Qikji
- ) R 26D

C \Qikji - Qi
Qi,l;j,l Qi,l;j,? e Qi,l;j,é}

M pg @z’,2;j,1 Qi,Q;j,Z e @i,Q;j,é;

i (7, v;)-matrix,

Qisjn Qigge -+ Quayjer

J

(then we note that the (p,g)-component of Q; .;,; is the (r;(k) +p—1,7() +q— 1)—
component of M, ;) and

My; Moy - M,y
7 Moy Moo - My,
Mm’,l Mm/,2 Tt Mm’,m’

Further, for each p=1,2,...,m;; and ¢ = 1,2,...,m;;, we put



o ifizpb(j),/{;:l
ikl put Si ki i (T (T () +p = 1)) <rj(l) +q—1

0 otherwise

and

1,1 1,2 1,m‘j,l
A%kUJ ‘4Lh$l e ‘Amhil
2,1 2,2 2,mj.
put Ai,k;jyl Aiv’ﬁjJ T Ai,k;j,l

A = (: subset of Q;.j;-.)

my k,1 mik2 My ks |
1.k, i,k35,1 1.k,

For example, when d; = 07 = 1 and 7 = ¢(j), we put S e Siti1, and

p;(1) p;(2) pi(3) o pi(6;—1) p;(55)

ri(1) 0 0o s - 8
0--0 - s

0o..-0 S S

ri(2) 0 vveee -0 S S

0 ------ 0 S S

0 ovnne .0 S - S

ri(3) 0 oven- R R .8
[T -0 8- -8

Airjn = : . :
ri(d; — 1) 0 -vovvee ...0 S ---8
O ------ 0 S S

0 «veee 0 S 8

Tz((;z) 0 ------ .- 0

0 ...... 0




When ¢ > 2 and i = (i), we put S’ e ki, and for k=1,2,...,60; —1

ri(k) = ri(zik)

ri(zip + 1)

7i(Yi, k)

Ai,k;i,k -

ri(yik +1)

ri(@; 1 — 1)

t
where we put a - pi(Tig),

€ pg pj<xi,k+1 - 1)7 and

7i(67) = iz, 51)

Ti(l“i,ég +1)

Ti(l“i,ég +2)

Aisis =

i

0 -

...

a b---c d - e

08 - s
0S8 - . s S
0S8 ... 8

08 . Ty

ut ut ut
b= pi(zip +1), ¢ = pi(ik), d = pi(yir +1) and

a’ v’ d o d e’
0 covnes 05 —y
0 08" ... - S
0 08 S’
0 08" s
0 S s s
: Dk o |,
0 08
0 08 s
0 . 0
0 - 0

put , put , put

where we put o' ‘?it Pi(ﬂfi,ég), V= pi(ﬂfz’,ag +1), = Pi(fl?i,5;+2)7 d = pi(0; — 1) and

ut
¢ = pi(di) =i

For each i,j =1,2,...,m/, we put

Aiga

Airjoe

put | Aizg1 Ao

Ni‘ =

»J

Aisiir Aisjo

Ay
Aigjs

—~

: subset of M ; )

Aisrija,



Nii Nig -+ Ny
- u N N -+ No N
= ,2’1 22 , 2,’ (: subset of R ).
Nm’,l Nm’,? T Nm’,m’

And R is an artinian ring by usual addition and multiplication of matrix and I is its ideal
since Syj),;j; 1S simple both as a left )y (;);-module and as a right ;;-module and, for
any p’ < p, Pj(T{b(j)(T,:z,(j)(/f) +p —1)) < pj(T[Mj)(T;b(j)(k) +p—1)) by (-1)(). Hence
we consider a factor ring

put

R:=R/I.
From the definition of R, an element 7 of R is
S (~ P.q ) m' & 6 mik my
7= Gk i,j=1,k=1,1=1,p=1,q=1

where &i,kp;fl (p=1,2,....mup, q=1,2,...,my;) is a (p,q)-component of Q;x.;,

(k=1,2,...,0;, [ =1,2,...,0%) which is a part of M ;. Further we put

YA

put
§ = Ti(k)+p_1 and @ .. pit& P9
put I 4,8:9,t ~— Yi kil
ti=ri(l)+q—1
Then
L~ m' oy
r= (a“s?]’t)i,jzl,szl,tzl :
So an element r of R is
r=(a, %) m'8 8 M mj,l_( i) m oy
= \ Mkl ) =1, k=1,1=1,p=1, ¢g=1 6,80t )4 5=1,s=1,t=1
where we put
- e B ,
» put | Gisge T Sipga 1 i=0(), k=1, p;j(7(s)) <t
A; 1 = Qjgit =
Z,k?,j,l 38375 ~ h .
(5.5t otherwise.
Furthermore we put
put P,
Ai,S;j,t T AZ,k,j,l -

On the other hand, for any ¢,7 =1,2,...,m', s =1,2,...,y, and t =1,2,...,7;, we take
ks € {1,2,...,0}, ps € {1,2,...,mx. }
{ L€ {1,2,...,00}, a € {1,2,...,myy, }
to satisfy
s=ri(ks) +ps—1
{t:rg(lt)—l—qt—l.

And, for each i = 1,2,...,m' and s = 1,2,...,7;, we define an element

!

o= @) S T
1,8 — i85t il j'=1,s'=1,t'=1



of R by

1, ifi'=j'=iand s’ =t =s
a - i,ks
ool 41— .
voshat o otherwise,
ik r5d’ 1
and an element f;, of R by
put ~
fs,t = fs,t +1.
Then

{ Sikein i 1 =1(j), ks =1 and pj(TZ-I<S)) <t
Ai,s;j,t =

0 otherwise.

Hence, from the definition of R, f; ;R f;; is as follows
(1) We assume that i = j.

(i) Suppose that 6] > 2. (Then i = ¢(i) by Lemma 18(2).)
In the case k, = [;,

Qik. if s <tandp;(7/(s)) >t
Qik,/Sik, if sgtande(Tz(s)) <t

fusBie = Ji k., if s>tandp;(7/(s)) >t
Jig/Sig, if s>t and pi(7/(s)) <t.

In the case ks # 1y, fi sRfit = Qikaity -
(74) Suppose that 0, = 1. (Then k, =1, = 1 for any s,t =1,2,...,7v;.)
In the case i = (i), fisRfi+ coincides with one in the case (7)
ks = 1.
In the case 7 # (i),

A - Qi,l lf S S t
fZ’SRfZ’t o { Ji,l if s> t.
(2) Next we assume that i # j.

(1) Suppose that 07 > 2. Then f; ;Rfj: = Qir..j,
(41) Suppose that 0} = 1.

In the case i = ¥(j),
Qi eyl ifp'gT'/(S)g >t
- Rf., = Fsigle R
fisRise {Qi,ks;j,zt/5i7ks;j,lt if p;(7i(s)) <t

In the case ¢ # 1(j), (We note that, if 6, > 2, then i # 1(j)
Lemma 18 (2).)

JisBIje = Qikijle -

Throughout this paper, we use these terminologies



For each 4,5 =1,2,...,m/, we consider the following sequences, where we let p;(0) =0
and r;(6; +1) =~ + 1.

(L-j-u)  Rfjpju-1)+1, Bfjpj-1y42s -3 Bfjpjw (0=1,2,...,6;)
(L-j)  Rfj1, Rfja ..., RS %

(R-i-w)  firyus)—1 R, fl ro(ut1)— s JirwBR (u=1,2,...,6;)
(Ri)  fur R fir iR, ... me

Theorem 20. Then R is a two-sided Harada ring which satisfy the following:
(1) (fw ) oy () I Rfjp, (u)) is an i-pair for any u=1,2,...,9;.

(2) (i) (L-j) is a left w-co-H-sequence for any j =1,2,...,m/'.
(17) (R-i) is a right w-co-H-sequence for any i =1,2,...,m’.

(3) (i) (L-j-u) is a left co-H-sequence for any j =1,2,...,m" andu=1,2,...,0;.
(13) (R-i-u) is a right co-H-sequence for anyi=1,2,... m' and u =1, 2, oy 0p

Example 21. Let () be an indecomposable basic QF ring such that

(1) its QF-well indexed set is {f{yl, fl2 fls fon f31, fan }, and

(i) (fil@a fol)a (f?l,1Q> Qfél)a (f§1Q> Qf§1)> (filQ? szh) are ¢-pairs.
The bijection ¢ : {1,2,3,4} — {1,2,3,4} is defined by

YO =1, B2 =3, v(E) =2 v(4)=
from (ii) above, and
80 =3, 0,=08=0=1.
And for i = 1,2,3,4, we let, for instance, §;, v pi(u)and ri(u) (u=1,2,...,60;) as
follows.
e )1 =5, 0y=03=20,=2.

e =9 n=y3=2 Yu=3

o p(1)=2, p(2)=3, p(3)=5 pi(4)=6, p(5) =9
e r(l)=1, r(2)=2, m(3)=5, rn4) =8, r((b) =
o (l)=1, r(2)=2, po(1) =1, pa(2) =2
o r3(1)=1, r3(2) =2, p3(1) =1, p3(2)=2
o r(1)=1, r4(2)=2, ps(1) =2, ps(2)=3
Then ¢, < 0; <7;, (f-1) and (-2) hold. Further, for s =1,2,3(=07) and t = 1,2 (=
pi(t), xi1s, Y1+ as follows

Y11 = 2, Y12 = 3



Then (f-3) also holds. So, by Theorem 20, we can construct a two-sided Harada ring R
with i-pairs

(fi1R, Rf12),

f31R, Rfa1),

)

)

(
(feaR, Rf3:
(fa1R, Rfa2), (fa2R, Rfs3).
put

. put put —— put
And, putting Qix = Qikik, Jix = J(Qix) Qingy = fi,Qf;; and Qirjy =
Qik:ji/S(Qigji), R isisomorphic to

fi2R, Rf13), (fisR, Rfis), (figR, Rfie), (fioR, Rf19)
f32R, Rfa2),
fo2R, Rfs2),

)

i

~~ I~ —~

Qll Qll Qll Qll Qll;12 Qll;lQ Q11;12 Q11;12 Qll;liﬁ Qll;Ql Qll:?l Q11;31 Q11;31 Qll;-’ll Q11;4l Qll:4l
Jll Qll Qll Qll Qll;l? Q11:12 Q11;12 Q11;12 Q11;13 Q11;21 Qll:?l Q11;31 Q11:31 Q11:41 Q11;41 Q11;41
J]l Jl] Qll Qll Qll;lQ Qll:l? Qll;lZ Q]l:l? Ql]:]i} Q]l;Z] Qll;Ql Qll;Sl Q11:31 Ql];4l Q]l;4] Q11;41

Jin Jn Jin Qu Q2 Que Quae Qi Quas Quar Quzr Quat Quan Quan Quar Quia

Q21 Quznn Qe Qi Qe Q. Q. Qun Qs Qo Qo Qs Qs Qua Qua Qua
Qi Quar Qun Quu Sz Q. Qi Qun Quis Qua Qua Qs Qs Qua Qua Qi
Qiznn Quiznn Quznn Quzn Ji2 Jo Qn  Qn Qi Qua Qua Qua Qs Qua Q. Qua
Quiznn Quznn Quznn Quznn Ji Jiz 2 Qo Quas Qo Qo Quar Qs Qua Qua Qua

QL’S:H Q125:11 Q13;11 Q115;11 Q13;12 QL’i:IZ Q13;12 Q13;12 QL’i Q13;21 Ql!i:?l Q13;31 QL’S:!S] Q115:41 Q13;41 Q125;41

Q21:11 Q21;11 QQI;I] Q‘Zl:ll Q21;12 Q21:12 Q21;12 Q21;12 Q21:13 Q21 QZI Q21;31 QQI:S] Q21;41 Q21;41 Q21:41
QZI;I] Q21;11 Q21;11 Q21:11 Q21;12 QZI;IZ Q21;12 Q21;12 Q21:13 ']21 Q21 Q21;31 QZI;S] Q21;41 Q21;41 Q21:41

Qiﬂ;ll Qi{l;ll Qiﬂ;ll Q:{l;ll QSl;lZ Q31;12 Qiﬂ;lZ QZﬂ;lZ Qi{l;li{ Qlil;Ql Q:ﬂ:Zl Qi{l Qlﬂ Qi{l;ﬂ Qiﬁ;éﬂ Qi{l;éll
QSI;U Qfﬂl:ll Qiﬂ;ll inl;ll Qlil;l? Q31:12 Q151:12 Q31;12 Qfﬂl;l.‘i Q41;21 Q31:21 J31 Q31 Qfﬂl:éll Q31;41 Q31;41

Q41:1] Q4];]1 Q41;1] Q-ﬂ:]l Q41;12 Q41:12 Q4];]2 Q41:12 Q4]:]3 Q41;‘2] Q41;21 Q41;31 Q41:3] Q4l Q41 Q4l
Q41;11 Q41;11 Q41;11 Q41:11 Q41;12 Q41:12 Q41;12 Q41;12 Q41:13 Q41;21 Q-’11:21 Q41;31 Q41;31 ']41 Q41 Q41
Q41;11 Q41;11 Q41;11 Q41:11 Q41;12 Q-’ll;lZ Q41;12 Q41;12 Q41;13 Q41;21 Q4l:21 Q41;31 Q41;31 -]41 ']41 Q41

6. QF RING R(f) INDUCED FROM TWO-SIDED HARADA RING R AND DEFINITIONS OF
X’i7 }/:L

Let i, j € {1,2,...,m} and we assume that i = ¢(j). Then we let
(firriu) By Bfjps(u))
be an i-pair for all u =1,2,...,6;.

Lemma 22. Leti, j=1,2,...,m' with i =(j).
(1) Foranyu=1,2,...,; andv, =1,2,...,n(g;(u)), the following hold.

(D) firitva—1 = €q;w)wa - 50, in particular, fi vy = €q;).1 -



(II) Suppose that r;(1) = 1. And we put r;(d;+1) =~;+1. Then the following
also hold.

(1) gj(u)=a;+u—1.
(@) n(qi(u)) =ri(u+1)—ri(u).
(1ii) The set of all right co-H-sequeces in (R—i) is
{ qu(u) n(g;(u R eqj(“ n( 1R ) el]] 1R }
= { fz ri(u+1l) 71R fz ri(u+1)— fz r,(u)R }u 1

{fz ri(uw)+n(a;+u—1) IR fz ri(u)+n(a;+u—1)— 2R fz ri(uw)+n(a;+u—1)— 3R
) fi,m(u)R }uzl :

(iv) 1T =ri(1) <ri(2) <r(3) < - <ri(d;).

(U) Ti(”)— Zz;f”(ai+3_1>+1 ifu:2,3,...,5j-

(2) Suppose that R is not a Nakayama ring. Then r;(1) = 1.

Leti, j=1,2,...,m, s=1,2,...,7 and t =1,2,...,~,; and suppose that r;(1) = 1.
Then we put

() ™ minf{u e {1,2,...,8;} | t < pj(u))}

77(s) "= max{ue{1,2,..., 0410 | ri(u) < s}

7

We note that
E(rRfj1) = rRSj i)y and  E(fisRr) = fir(re) Rr
and
pi(Tj(t)=1) <t <pj(7(t)) and r;(7/(s)) < s <ri(7(s)+1),

where we let p;(0) =0 and r; (dp-15+1) = 7+ 1.

From here throughout this section, we suppose that r;(1) =1 holds for any

= 1,2,...,m'. (For instance, when R is not a Nakayama ring by Lemma
22(2).)
For each i=1,2,...,m/, we put

X.PE{ {1} u{uve{23,....0} | p(u—1) <ri(u) < pi(u)} if $@) =i
G i (i) £



Further we put

f put { ZUEX.L- fi,ri(u) if (i) =1
i - fi,l if @b(@)#z’

put

FETE

Moreover, in the case (i) =i, we put
D) by = {00, 7@, o o) ),
where we let 1 =7i(1) < 7}(2) < --- < ri(d;). (So fi = 2%{:1 fiv,n;(k).)

2

And, in the case (i) # 4, we put
Py, s

Theorem 23. Then, for R(f) (= fRf), the following hold.

(1) A firw }Z;”{kfl is a complete set of orthogonal primitive idempotents of R(f)
such that, for each i =1,2,...,m/, the following (i), (ii) hold.

(1) (fo@aR(f), R(f)fir) is an i-pair.

(13) Suppose that 0} > 2. Then (i) =i and (fi7r§(k)R(f), R(f)fi,rg(k)) is an
i-pair for any k=1,2,...,0}.

(2) R(f) is an indecomposable basic QF ring.

For each i € {1,2,...,m'}, the sequences
R(f) firqys RUF) fiwrys oo R(F) iy and  firenR(f), fire-0yR(f)s -y fim@yR(Sf)
of left and right R(f)-modules are denoted by
(L—i)R(f) and (R—’i)R(f) s
respectively.

Theorem 24. For any i € {1,2,...,m'}, the following hold.
(1) ()
(47)

(2) ()
(i)

(L—i)p(y) is a left w-co-H-sequence.
zs cyclzc if and only if (L—1i)g(y) is so.

(L—1)
(R— Z)R( is a right w-co-H -sequence.
(R—1) is cyclic if and only if (R—1)g(y) is so.

We put f;, e fizrey for any i = 1,2,...,m" and k = 1,2,...,6;. Then R(f) is an

indecomposable basic QF ring with a complet set { f;, }2:1/,5/:1 of orthogonal primitive
idempotents by Theorem 23 (2). Next we further show the following.

Corollary 25. { f;, }Z;nllkjl is a left QF -well-indexed set of R(f).



For each i =1,2,...,m/, we put

Y-Pit{ {ue{l,z,...,éi—l} | Tl(U) < pl(u) < ri(u—l—l)} (ifw('
B (i (i) #1)

And, in the case (i) = i, we let
{piu) } ooy, = {PD), 15(2), -, PO )
with pi(1) < pi(2) < --- < pi( 7).

~
~—
I
~.
~—

We note that, from the definition of p;(1), p;(1),...,pi(d;)
pi(1) <pi(2) <--- <pi(6s)
holds. Further, if r;(1) = 1, then
L=ri(1) <ri(2) < <o)
also holds by [2, Theorem 3.3 (1)].

We let i =1,2,...,m'. In the case ¥ (i) # i we put

Ti1 pg 1
And in the case (i) = i we put
o X, e {xix, Tigy .-, Ti g b, where z;; < x;0 < --- < Ti 50 (Soz;1=1.)
o Y, e {Yi1s Yizs -5 Yigr b, where g1 < yio < -+ < yigr.

Then it is clear that the following hold from the definitions of X; and Y;.
(x1) pi(xis—1)<ri( w5 ) <pi(xis) foranys=23,...,0}.
(#2) 1 Yie ) <pi(yie ) <ri(yir+1) forany t=1,2,...,6/,
where we let 7;(0; +1) = ;.
Theorem 26. We let i € {1,2,..., m'} with (i) =i. Then the following hold.
(1) Either 0] = 6, —1 or o0 = 6. holds
(2) (i) Suppose that §] = 6. — 1, then
L=win Swyin < Tig S Yipg < -0 < Tig1 < Yig—1 < Tig,
(i3) Suppose that 6] = 0}, then
=20 Syin < Tig < Yip < - < Tig1 < Yig—1 < Tig, < Yigl -

Theorem 27. Suppose that ( L—i) is not cyclic. Then 6! = 6, —1 holds.



7. MATRIX REPRESENTATION

Throughout this section, we assume that R is not Nakayama ring. Then we note that
0/ = 0} — 1 by Theorem 12 and Proposition 27.
Lemma 28. Weleti=1,2,...,m’
(1) The following (1-1) holds.

(-1) () 1<p(1) <pi(2) <--- <pi(di) =

(2) Ifd. =1 and i = (i), then the following condition (-2) holds.
(T_2> Tl(u) sz(u_ ]‘) fO’]” all uw = 2a37"'77i'

(3) If 6. > 2 (we note that, then i = (i) from Theorem 23 (1)(it) ), the following
(1-3) and () hold.

(1-3) (i) 1=z <wyin <Tip<Yip < < x; 51 < Yior—1 < Ti g

(17) 1i( s ) =7i(s) (5—23 ..,5;)

(119)  pi( yir ) = pi(t) (t—1,2,...,(51’»—1)

(i) pixis—1)<ri(zs)<pi(zis) (5=2,3,...,0)

() rilyie) <pilyie) <ri(yie+1) (= 27---752—1)
. Tig S U< Yy,

(vi) ri(u+1) <pi(u) where t=1,2,...,0;,—1
.. ' , Yig < U< Tjtq,

(vit)  pi(u) <ri(u) where t=1,2,...,0; —1

() 1=ri(1) < pi(D) <7ri(2) < pi(2) <7riB) < piB) < --- < —1) <
pi( & = 1) < ri(4)

For each i =1,2,...,m and kK =1,2,...,9,, we put

Mip = (k+1) —7ri(k),
where we let (0] +1) = ~ + 1.

For an indecomposable basic two-sided Harada ring R, by Theorem 23 (2) and Corollary
25, we see that R(f) = fRf is an indecomposable QF ring with a left QF-well-indexed

set { fip}s T/k 51, where we put f;, m i,r/(k)- Further we obtain a bijection

v {1,2,....m'}—=>{1,2,...,m'}

and, for each i =1,2,...,m/,

pi(u), ri(u) (u=1,2,...,8)
T;(S)a Tis (3 = 1,2,. .. 5/)
), vy (E=1,2,..,00~1)
to satisfy the conditions just after Lemma 18 by Lemma 28. So, by §5, we have a

two-sided Harada ring as follows:



For each i, j =1,2,...,m, k=1,2,...,0; and [ = 1,2,...,0’, we put

put

Qi,k;j,l = z'/,kQ(f)fj/',l (Z f{,ka/',z)-

And we put

put put put
Qi,k = Qi,k;z’,lm Jz',k = J(Qi,k)7 S¢(j),l;j,l = S(fql/J(j),le]/',l)'

((Qik - o Qik
T (k) = ()

put Ji,k e Ji,k Qi,kz .
Qiksjt == : (mi7k, mﬂ)—matrlx,

Qi,k;j,l Qi,k;j,l
- - if (i,k) # (j,1)

\ Qi,k;j,l Qi,k;ayl
@z’,l;j,l Qz‘,l;j,Q @i,l;jﬁ;

- Qizgar Qizgz - Qizye

ij - : (’Yz; %‘)—matrix,

Qiorgn Qigie - Qisyor

(then we note that the (p,q)-component of Q; x.;; is the (ri(k’) +p—-1L () +q—1 )—
component of M ;) and

Mi; Moy - M,y
~oput | Moy Moy -0 Mgy

Mm’,l Mm’,? e Mm’,m’
Further, for each p =1,2,...,m;; and ¢ = 1,2,...,m;;, we put

o ifi=y(), k=1 and
pg PUL ) ki i) < pi (7 (rygy(R) +p—=1)) < rj(l) +q—1

ikl T J J
0 otherwise
and
1,1 1,2 1,m;
Ai,k;jyl Ai,k;jyl T Ai,k;jvl
2,1 2,2 2,m;,1
put 1,k55,0 i,ks5,0 i,k;57,l
A = . ‘ _ (: subset of Q1) -
my k1 m; 2 My ks |
Aiv’ﬁjJ Ai,k;jvl T i,kij,l

For each i,j = 1,2,...,m/, we put



Airga Airge - Mg

Aot DNioio con ANioo
t 12,1 1234,2 1233,0
N;; = - v ' PRS2 subset of M, )
Aigijn Aisrge - Aigja
and
Nig Nigooooo Ny
. N N <o Nogw .
t 2,1 2,2 2,
= ] ) ) o (: subset of R ).
~ Nm’,l Nm’,~2 e Nm’7m/
Then I is an ideal of R and the factor ring
R ™ R/I

is a two-sided Harada ring by [3, Theorem 3.1].

Theorem 29. Then
R = R as rings.
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