THE STRUCTURE OF SALLY MODULES AND
NORMAL HILBERT COEFFICIENTS
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ABSTRACT. The Sally module of an ideal is an important tool to interplay between
Hilbert coefficients and the properties of the associated graded ring. In this talk we give
new insights on the structure of the Sally module. We apply these results characterizing
the almost minimal value of the first and the second normal Hilbert coefficients in an
analytically unramified Cohen-Macaulay local ring.
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1. INTRODUCTION

This report is based on a joint work with S. K. Masuti, M. E. Rossi, and H. L. Truong.

Throughout this report, let (R, m) be an analytically unramified Cohen-Macaulay local
ring of dimension d > 0 with infinite residue field R/m and [ an m-primary ideal of R.
We say that, for an ideal J in R, the element z € R is integral over J, if there exist an
integer n > 0 and elements a; € J* for 1 <4 < n such that the equality

" da" a4 a, =0
holds true. We set
J ={x € R | z is integral over J}

and call it the integral closure of J. Consider the so called normal filtration {I"},cz and
we are interested in the corresponding Hilbert-Samuel polynomial. It is well-known that
there are integers €;(/), called the normal Hilbert coefficients of I, such that for n > 0

(r(R/I™HY) =6o(I) (” ; d) —& (1) (" ;rf I 1) + e (=) %8y (1).

Here (g(N) denotes, for an R-module N, the length of N. Since R/m is infinite there
exists a minimal reduction J = (a4, ...,aq) of I and, under our assumptions, there ex-
ists an integer r > 0 such that I"*1 = JI" for all n > r. We set t,(I) := min{r >
0 | It = JT7 for all n > r} the normal reduction number of I with respect to J.

By [2, 3, 6, 8] it is known that
G(I) > (I) — (1) + Lr(R/T) > Lr(12/JT)

hold true and if either of the inequalities is an equality then "+l = J"flf for every
n > 1 (that is T;(/) < 2). In this case the normal associated graded ring G(I) of I is
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Cohen-Macaulay (see also Corollary 4). We notice that £z(I2/JT) does not depend on a
minimal reduction J of I (see for instance [14]).

Thus the ideals I with & (I) = & (I) — ¢r(R/I) + (x(I2/JI) and/or &(I) = & (I) —
& (1) +{r(R/I) enjoy nice properties. In Section 2 we will introduce some auxiliary results
on the structure of Sally module and explore the equality

&1(I) =co(I) — Lr(R/T) + €r(12)JI) + 1.

In Section 3 we will focus on the second normal Hilbert coefficient and investigate the
equality

& (1) =e,(1) —eo(I) + (r(R/T) + 1.

As the title outlines, an important tool in this report is the Sally module introduced
by W. V. Vasconcelos [15]. The aim of this report was to define a module in between
the associated graded ring and the Rees algebra taking care of important information
coming from a minimal reduction. Actually, a more detailed information comes from the
graded parts of a suitable filtration {C¥} of the Sally module that was introduced by M.
Vaz Pinto in [16]. In this report we introduce some important results on {C®} which
will be key ingredients for proving the main result. Some of them are stated in a very
general setting. Our hope is that these will be successfully applied to give new insights
to problems related to the normal Hilbert coefficients, for instance [8].

2. FILTERING THE SALLY MODULE

In this section we study the Sally module associated to any [-admissible filtration Z.
Following M. Vaz Pinto [16] we introduce a filtration of the Sally module, C*)(Z) for ¢ > 1.
This approach is extremely useful for relating the properties of the Hilbert coefficients
and the graded module associated to an I-admissible filtration Z, as evidenced in [1],
[12]. In [1] the authors analyzed the Sally module (=C)(Z)) of the normal filtration
to study the equality &, (I) = ey(I) — £r(R/I) + 1. In order to investigate the equality
e1(I) = eo(I)—Lgr(R/T)+LR(I?/JI)+1, in this section we prove some important properties
of C®®(T). These properties will play an important role in proving our main results.

We recall that C®(Z) has been studied in [12] for I-adic filtration. For our purpose we
need more deep results.

Throughout this section, let (R, m) be a Cohen-Macaulay local ring (not necessarily
analytically unramified) and / an m-primary ideal in R. Recall that a a filtration of ideals
7 := {I,}nez is a chain of ideals in R such that R = [ and I,, D I,,4; for all n € Z. We
say that a filtration Z is I-admissible if for all m,n € Z, I,,,- I, C I,,1p, I™ C I, and there
exists & € N such that I,, C I"7* for all n € Z. It is well known that if R is analytically
unramified, then {I"},cz is an I-admissible filtration.

For an [-admissible filtration Z = {I,, },,cz, let

R(Z)=) _I't CR[t], R(Z)=) I't CR[t,t""], and G(I)=R/(I)/t"'R'(T)

>0 1€Z



denote, respectively, the Rees algebra, the extended Rees algebra, and the associated
graded ring of Z where ¢ is an indeterminate over R. We set

R(I):= )Y Tt" CR[t], RI(I):=) I't" CR[t,t"], andG(I) :=R/(I)/t""R'(I)
n>0 nez
for the Rees algebra, the extended Rees algebra and the associated graded ring of {I"},,cz,
respectively.
Since R/m is infinite there exists a minimal reduction J = (ay, as, ..., aq) of Z, that is

there exists an integer r € Z such that the equality I,,.1 = JI, holds true for all n > r.
Let

rj(Z) := min{r > 0 | 1,11 = JI, hold true for all n > r }
be the reduction number of T with respect to J. We set
T :=R(J) =R{J" }nez)

and M = mT + T, denotes the graded maximal ideal of 7. Then R(Z) is a module finite
extension of T'. Hence there exist integers e;(Z), called as the Hilbert coefficients of Z such
that the equality

Cr(R/Isr) = eo(T) <" ; d) — e1(T) (" ;f; 1) 4o (—1)eg(T)

holds true for all n > 0 (c.f. [11, Proposition 3.1]). This polynomial is called the Hilbert-
Samuel polynomial of Z. For a graded T-module E and « € Z we denote by E(«a) the
graded T-module whose grading is given by [E(a)], = Eayp for all n € Z.

Following Vasconcelos [15], we consider

R(Z)s1t™?
SJ(I) = % = @Lﬂ»l/:]n[l

n>1

the Sally module of 7 with respect to J. Notice that S;(Z) is a finite T-module. In [16]
Vaz Pinto introduced a filtration of the Sally module in the case Z = {I"},¢z. Following
this line, we extend the definition to any I-admissible filtration Z.

Definition 1. For each ¢ > 1, consider the T-module
) o R(I)Zétfl ~ n—~f+1
oN(T) = T B/

n>/{
Let LY(T) = [C(Z)],T be the T-submodule of C)(Z). Then

LT = @ I T ) T

n>/{

Hence for every ¢ > 1 we have the following natural exact sequence of graded T-modules

0— LY(1) - V(1) - () - 0.



Throughout this section we set
S:=8,(), ¢ :=CP(T) and LY := LY(T)

unless otherwise specified. Notice that C(V) = S, and since R(Z) is a finite graded T-
module, C¥) and L are finitely generated graded T-modules for every ¢ > 1.
Let us begin with the following lemma.

Lemma 2. Let ¢ > 1 be an integer. Then the following assertions hold true.
(1) m*C® = (0) for integers k > 0; hence dimy O < d.
(2) CY = (0) if and only if r;(T) < ¢.

In this report, the structure of the graded module C® plays an important role. We
derive some basic properties of C'® which we need.

In the following result we need that J N I, = JI; holds true. This condition is au-
tomatically satisfied if Z = {m"},cz or if T = {I"},cz (see [4, 7, 9]). We also notice
that

gR([Q/J[]_) = eo(I) —+ (d — 1)£R(R/[1) — ER(Il/IZ)
holds true (see for instance [14, Corollary 2.1]), so that ¢g(I5/J1;) does not depend on a
minimal reduction J of Z. We remark that the following Proposition 3 was proved in [12,
Propositions 2.2, 2.8, and 2.9] in the case Z = {I"},cz.

Proposition 3. Let P = mT and suppose that JNIy = JI,. Then the following assertions
hold true.
(1) Assy (C?) C {P}. Hence dimyr C® = d, if C? # (0).
(2) For alln >0,
n+d n+d—1
tar/t) = @) ("5 ") = fel@) = tulr/) + tatrf (" Y

+r(Lo/J 1) (” zf ) 2) —Lr([C®]n).

(3) e1(Z) = eo(Z) — La(R/ L) + (r(Io/ TI1) + U1, (CY)).
(4) Suppose C? # (0) and let ¢ = depthy, C®. Then depth G(T) =c—1, ifc < d.
Moreover, depth G(Z) > d— 1 if and only if C® is a Cohen-Macaulay T-module.
Combining Proposition 3 (1), (3), (4), and Lemma 2 (2), and using the Valabrega-
Valla criterion (c.f.[14, Theorem 1.1]) we obtain the following result that was proven by

Elias and Valla [2, Theorem 2.1] in the case Z = {m"},cny and by Guerrieri and Rossi [3,
Theorem 2.2 and Proof of Proposition 2.3] for any /-admissible filtration.

Corollary 4. Suppose that J N Iy = JI;. Then we have
el(l') 2 60<I) — €R<R/Il) + ER([Q/Jll)

The equality e1(Z) = eo(Z) — lr(R/11) 4+ Lr(I2/J1y) holds true if and only if r3(Z) < 2.
When this is the case, the following assertions hold true:
(i) If d > 2, then es(Z) = Lr(la/J1) = e1(Z) — eo(Z) + Lr(R/11) and e;(Z) = 0 for
all 3 <1 <d, and



(i7) G(Z) is a Cohen-Macaulay ring, and so is R(Z) if d > 3.

We now prove an important property of C'®) in Proposition 5 which plays a crucial role
in the proof of the main result.

Proposition 5. Let d > 3 and 0 < n < d — 1. Suppose that J NIy = JI; and R(T)
satisfies Serre’s property (S,) as a T-module. Then C® also satisfies Serre’s property
(Sn) (as T-module).

We set C 1= Cf)({ﬁ}nez) and B :=T/mT = (R/m)[X1, Xo,- -+, X,] the polynomial
ring with d indeterminates over the field R/m. Then thanks to Proposition 5, the module
C satisfies Serre’s property (.Sy).

The first main result of this report is stated as follows.

Theorem 6. Let (R, m) be an analytically unramified Cohen-Macaulay local ring of di-
mension d > 0 and I an m-primary ideal in R, Then following statements are equivalent:

(1) &a(I) =2o(I) — (r(R/T) + LR(I2)JI) + 1;

(2) C'~ B(—m) as graded T-modules for some m > 2;

(3) Lp(I™+1/JIm) =1 and I"tt = JI" for all2 <n <m—1 andn > m+1 for some

m > 2.

In this case, the following assertions follow:

(i) t,(I) =m+1. -

(il) & (1) = Lr(12/JI) +m and &;(1) = (") for 3 <i<d.

(iii) depth G(I) >d — 1. o

(iv) G(I) is Cohen-Macaulay if and only if I3 ¢ J. In this case, we have m = 2.

3. THE STRUCTURE OF THE SALLY MODULE WHEN &,(I) = &,(I) —&(I) + {r(R/I) + 1

In this section let us introduce the structure theorem of the Sally module with the
equality 8,(1) = ©,(I) — So(I) + (r(R/T) + 1. We set C = C;(I) = CP ({T"}nez).

In the following theorem we recall few results on the vanishing of local cohomology
modules from [8] (see also [4]). From now onwards we set M’ = (t~!, m, It)R/(I) for the
graded maximal ideal of R'(I) := R'({I"}nez) and N' = ItR'(I).

Theorem 7. ([8, Proposition 13]) Suppose that d > 2. Then we have the following.
(1) [Hﬁv,@([))]n = (O)LOT alln >0 and all i > 0;
(2) Hy (R(1)) = H), (R'(1)) = (0);
(3) [Hip (R/(1))]n = (0) for n < 0;
(4) Hy, (R'(1)) = HY.(R/(I)) for0 <i<d—1.

To prove the main result of this section we use induction on the dimension d. One of
the main difficulties in applying the induction on d for the normal filtration is that the
image of a normal ideal going modulo a superficial element need not be normal. Thanks
to [8, Theorem 1] (see also [4]) we may choose a; € I such that I(R/(a1)) = I(R/(a1)),
and I"(R/(ay)) = I"(R/(ay)) for all n > 0. In particular, a;t is G(I)-regular. From now
onwards we set S = R/(ay).



We remark that the following result works like the Sally’s machine [14, Lemma 1.4],
but is not a consequence of it.

Proposition 8. Assume d > 3 and depth G(IS) > 2. Then we have depth G(I) =
depth G(IS) + 1.

The following result plays a key role for our proof of Theorem 10. Thanks to Proposition
8, we need only to show the case where d < 3 for the proof of Theorem 9.

Theorem 9. Suppose d > 2. Assume & (1) =& (1) —&(I) + (r(R/T)+ 1 and &5(I) # 0
(ifd > 3), then Lr(I?/JI?) =1 and I"*! = JI" for alln > 3. We then furthermore have
depthG(I) > d — 1.

Now we give a complete structure of the Sally module and we describe the Hilbert
series of the associated graded ring in the case € (I) = €,(I) —€y(I) + ¢r(R/I) + 1 and
es(I) # 0.

Theorem 10. Let (R,m) be an analytically unramified Cohen-Macaulay local ring of
dimension d > 2 and I an m-primary ideal in R. Suppose that d > 2. Then following
statements are equivalent:

(1) &) ==e(l) —e(l) + (r(R/T)+1 and, if d > 3, &3(I) # 0,
(2) &(1) = Lr(1?/J1) +2,
(3) Cy(I) = B(—2) as graded T'-modules, and
(4) Lr(I3/JI2) =1 and I = JI" for all n > 3.
In this case, the following assertions follow:
(i) & (1) =@o(I) — Lr(R/T) + Lr(I%/JI) + 1.
(i7) es(I) =1ifd >3, and & (1) =0 for 4 <i <d. B
(i4i) depth G(I) > d — 1, and G(I) is Cohen-Macaulay if and only if I3 ¢ J.

By the above result we notice that if d > 3 and &,(I) < & (1) —e(I) + (r(R/I) + 1,
then ég([) S 1.

The following example, due to Huckaba and Huneke [5, Theorem 3.12], shows that if
I is normal, ey(1) = e (1) — eo(I) + Lr(R/I) + 1 and e3() # 0, then G(I) need not be
Cohen-Macaulay and hence Theorem 10 is sharp.

Example 11. Let K be a field of characteristic # 3 and set R = K[X,Y, Z] the formal
power series ring over K, where XY, Z are indeterminates. Let N = (X* X (V3 +
Z3),Y(Y3+ 273, Z(Y3 + Z3)) and set I = N + m®, where m is the maximal ideal of
R. Then the ideal I is a normal m-primary ideal whose associated graded ring G(I) has
depth d — 1 = 2. Moreover,

31 +43t +t2+ 13
(1—1)3 ’

and hence (gr(R/I) = 31, eg(I) = 76, e1(I) = 48, ex(I) = 4, e3(I) = 1. Thus ex() =
er(I) —eo(I) + ¢r(R/I) + 1. For the computations see [1, Example 3.2].

HSqn(t) =




4. THE STRUCTURE OF THE SALLY MODULE WHEN &3(/) =0

In the rest of this report let us consider the case where €,(1) = &,(I)—ey(I)+{r(R/I)+1
and €3(/) = 0 in three dimensional case.

This case faces the difficult problem stated by Itoh in [8] on the vanishing of €s(/)
which asserts that if e3(/) = 0 and R is Gorenstein, then G(I) is Cohen-Macaulay or
equivalently & () = & (I) —ey(I) + £r(R/I). Hence for the class of ideals verifying Itoh’s
conjecture the assumptions of this section doesn’t occur. This is the case for instance
when I = m and R is Gorenstein, see [8, Theorem 3(2)] (more generally, R satisfying
(r(12/JT) > type(R) — 2, see [1]). If R is not Gorenstein or R is Gorenstein and T # m,
our analysis can be useful for proving or disproving Itoh’s conjecture, also because the
doubt of the validity of Itoh’s conjecture is growing among the experts.

In Theorem 14 we prove that if &(1) = &, (1) —&y(I) + (r(R/I)+ 1 and &3(I) = 0, then
G(I') is Cohen-Macaulay for all ¢ > 2. For this purpose we need the following proposition
which is a consequence of Serre’s formula and it seems to be well known. We set, for
(€7, T = {Ly}nez, and a;(G(Z)) = max{n € Z | [H},;(G(T)], # (0)} for i € Z.

Proposition 12. Let ¢ > max{a;(G(Z))|0 < i < d} be an integer. Then we have
Cr(R/Lin1y) = Z?ZO(—l)iei(I(z))(";‘_i;Z) for all n > 0. In particular, the equality

(r(R/ 1) = S o (—=1)e;(ZV) holds true for all n > 0.

As a consequence of Proposition 12 we obtain a result of Rees [13, Theorem 2.6] (see
also [7, Theorem 4.5]) in dimension two which states that: &(/) = 0 if and only if
e (1Y) = eo(I*) — (r(R/IY) for all £ > 1. In particular, by [14, Theorem 2.9], G(I*) is
Cohen-Macaulay for all £ > 1.

Analogously we obtain the following result on vanishing of €;(I) in dimension three as
a consequence of Proposition 12. Notice that next result for normal ideals can be also
obtained as a consequence of [10, Corollary 5.3.]

Corollary 13. Let d = 3, then the following conditions are equivalent.

(1) &s(1) =0, o .

@) &T) = TP+ n(R/T)~ta/T) or some (equto al) £ > ma{au( @) |1 <
1 < 3}, an o _

(3) @gf}}: &1(1) = (1) + Cr(R/T7) for some (equiv. all) £ > max{a;(G(1)) |1 <

In particular, G(I%) is Cohen-Macaulay for all £ > max{a;(G(I)) | 1 <i < 3} if any of

the above conditions are satisfied.

The last assertion of Corollary 13 is a consequence of [8, Theorem 2(2)]. Now we are
ready to introduce the main theorem of this section.

Theorem 14. Let (R,m) be an analytically unramified Cohen-Macaulay local ring of
dimension three and let I be an m-primary ideal in R. Suppose d = 3. Then the following
conditions are equivalent.

(1) (1) =1 (I) —eo(I) + Lr(R/I) + 1 and &3(I) = 0;



(2) there exists an exact sequence
0— B(-3) = B(-2)" - C -0
of graded T'-modules.
When this is the case, the following assertions hold true:
(i) mC = (0) and rankp C = 2, and depth; C' = 2,
(1) mI3 C JI?, (r(13)JI?) =3, Intt = JI™ for all n > 3,
(131) & (1) = (1) — Lr(R/T) 4+ Lr(1%/JI) + 2 and &(I) = (r(1%2/JI) + 3,
(iv) depth G(I) = 1, and Hy,,(G(1) = [Hly, (G(I))]o, £n([Hh (GU)]o) = 1, ax(G(1)) =
1, and ag(G(1)) < —1,
(v) G(I%) is Cohen-Macaulay for all { > 2.
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