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ABSTRACT. In commutative ring theory, Knorrer’s periodicity theorem is a powerful tool
to study Cohen-Macaulay representation theory over hypersurfaces, and matrix factor-
izations are essential ingredients to prove the theorem. In order to study noncommutative
hypersurfaces, which are major objects of study in noncommutative algebraic geometry,
we introduce a notion of noncommutative matrix factorization and show noncommuta-
tive graded versions of Eisenbud’s matrix factorization theorem and Knorrer’s periodicity
theorem. Furthermore, we give four graphical methods to compute the stable category
of graded maximal Cohen-Macaulay modules over a skew quadric hypersurface.

1. INTRODUCTION

This article is based on our works [4] and [5].

Let S = E[[z1,...,2,]] be the formal power series ring in n variables over an alge-
braically closed field k of characteristic not equal to 2, and let f € (z1,...,2,)* C S be
a nonzero element. A matrix factorization of f is a pair (®, V) of r x r square matrices
whose entries are elements in S such that ®¥ = U® = fFE,. In [2, Section 6], Eisen-
bud showed the factor category MF(f) := MFg(f)/add{(1, f),(f,1)} of the category
MFgs(f) of matrix factorizations of f is equivalent to the stable category CM(S/(f)) of
maximal Cohen-Macaulay S/(f)-modules. By this equivalence, we can apply the theory
of (reduced) matrix factorizations to the representation theory of Cohen-Macaulay mod-
ules (with no free summand) over hypersurfaces. In [3, Theorem 3.1], Knérrer proved the
following famous theorem, which is now called Knorrer’s periodicity theorem.

Theorem 1 ([3]). Let S = k[[x1,...,2,]] and 0 # f € (x1,...,2,)% Then
CM(S/(f)) = MEg(f) 2= MF gy, (f +u* + %) = CM(S[[u, v]]/(f + u* +v7)).

In commutative ring theory, Knorrer’s periodicity theorem is a powerful tool to study
Cohen-Macaulay representation theory. In this article, we discuss what happens if we
replace S in the above theorem by an AS-regular algebra, which is a noncommutative
graded analogue of a regular local ring in noncommutative algebraic geometry.

2. PRELIMINARIES

2.1. Noncommutative Hypersurfaces. Throughout this paper, we fix an algebraically
closed field k of characteristic not equal to 2.
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The following classes of algebras are main objects of study in noncommutative algebraic
geometry.

Definition 2. A noetherian connected graded algebra S = k@ S, & So @ - - - is called an
AS-regular algebra (resp. AS-Gorenstein algebra) of dimension n if
(1) gldim S =n < oo (resp. injdimg S = injdimg, S = n < c0), and
0 if i1#n
k if i=n
where S° is the the opposite ring of S.

A quantum polynomial algebra of dimension n is a noetherian AS-regular algebra A of
dimension n with Hg(t) := Y., (dimy, S;)t* = (1 — )™

(2) Exti(k, S) = Extl (k, S) =

i€z
Definition 3. Let S be a ring.

(1) f € S is called regular if, for every a € S, af =0 or fa = 0 implies a = 0.
(2) f € S is called normal if Sf = fS.

Note that S is a domain if and only if every non-zero element is regular. Moreover a
central element is normal, so if S is commutative, then every element is normal.

If S is a quantum polynomial algebra of dimension n and f € S is a homogeneous
regular normal element of positive degree d, then A = S/(f) is a noetherian AS-Gorenstein
algebra of dimension n — 1, and A is regarded as (a homogeneous coordinate ring of) a
noncommutative hypersurface of degree d.

2.2. Totally Reflexive Modules. Let C be an additive category and S a set of objects
of C closed under direct sums. Then the factor category C/S has the same objects as
C and the morphism space is given by Home,s(M, N) = Home(M, N)/S(M, N) where
S(M, N) consists of all morphisms from M to N that factor through objects in S. Note
that C/S is also an additive category.

Definition 4. Let A be a (graded) ring. A (graded) right A-module M is called totally
reflexive if

(1) Exty(M, A) =0 for all i > 1,

(2) Ext’o(Homa(M, A), A) =0 for all i > 1, and

(3) the natural biduality map M — Hom 4o(Hom (M, A), A) is an isomorphism.
The category consisting of finitely generated totally reflexive modules is denoted by

TR(A). (The category consisting of finitely generated graded totally reflexive modules is
denoted by TR*(A).)

Let P be a set of finitely generated (graded) free right A-modules. Then the stable
category of TR(A) is defined by TR(A) := TR(A)/P. (The stable category of TR”(A) is
defined by TR*(A) := TR%*(A)/P.)

If A is a noetherian AS-Gorenstein algebra, then
CM%(A) := {finitely generated graded modules M such that Ext’,(M, A) = 0 for alli > 1}

coincides with TR%(A), and hence CM%(A) := CM%(A)/P coincides with TR”(A).



3. NONCOMMUTATIVE MATRIX FACTORIZATIONS

Definition 5 ([4]). Let S be a ring and f € S an element. A noncommutative right
matriz factorization of f over S is a sequence of right S-module homomorphisms {¢" :
Fl — F'}.cz where F' are free right S-modules of rank r for some r € N such that
there is a commutative diagram

9 (z)z ¢z+1

itz 20 pi
g g

for every i € Z. A morphism p : {¢" : F'™' — Fi}icz — {¢' 1 G — G'}iez of non-
commutative right matrix factorizations is a sequence of right S-module homomorphisms
{u': F" — G'}iez such that the diagram

FH—I Fz
witl l | J/ l
Gz—l—l v Gz

commutes for every i € Z. We denote by NMFg(f) the category of noncommutative right
matrix factorizations.

Let S be a graded ring and f € Sy a homogeneous element. A noncommutative graded
right matriz factorization of f over S is a sequence of graded right S-module homomor-
phisms {¢ : F*! — Fi},c; where F* are graded free right S-modules of rank r for some
r € N such that there is a commutative diagram

Fi+2 ¢i¢i+l Fz

-] ) |-
Dicy S(—misas) = Bisy S(—mis — d) —— B, S(—mis)

for every i € Z. We can similarly define the category of noncommutative graded right
matrix factorizations NMF%( f).

Remark 6. Let S be a (graded) ring and f € S a (homogeneous) element.

(1) Let {¢' : Fi*' — F'},cz be a noncommutative right matrix factorization of f
over S of rank r. We often identify £ = S”. In this case, every ¢’ is the left
multiplication of a matrix ® whose entries are elements in S, so that ®'®* ! = fE,
where F, is the identity matrix of size r.

(2) Let {¢" : F'*!' — F'},cz be a noncommutative graded right matrix factorization
of f over S of rank r such that F* = @’_, S(—mys). In this case, we may write
¢ = (¢,) where ¢, : S(—mjy14) — S(—mys) is the left multiplication of an
element in Sy, ,—m,,, 50 ¢" is the left multiplication of a matrix ®* whose entries
are homogeneous elements in S, so that ®'®*! = fE, where E, is the identity
matrix of size r.



Definition 7 ([4]). Let S be a ring and f € S. For a free right S-module F, we define
¢r, r € NMFs(f) by

F=idp:F—=F, ¢t ' =f :F—F
p¢* =fF—=F p¢*'=idp: F = F
We define F := {¢p | F € mod S is free}, G := {¢pr © ¢¢ | F,G € mod S are free} and

NMF(f) := NMFs(f)/G.
Let S be a graded ring and f € S;. For a graded free right S-module F', we define

¢, r¢ € NMFg(f) by
% =idp : F(—id) — F(—id), Op't=f 1 F(—id — d) — F(—id),
Frd* = f: F(—id —d) — F(—id), p¢*™" =idp: F(—id — d) — F(—id — d).

We define F := {¢p | F € grmod S is free}, G := {¢r ® ¢¢ | F,G € grmod S are free}
and NMF%(f) := NMF%(f)/G.

Theorem 8 ([4]). If S is a noetherian ring, f € S is a regular normal element, and
A = S/(f), then there are fully faithful embeddings

NMFs(f)/F — TR(A) and NMF(f) — TR(A)
A similar result holds in the graded case.

The following theorem is a noncommutative graded version of Eisenbud’s matrix fac-
torization theorem.

Theorem 9 ([1], [4]). Let S be a graded quotient algebra of a noetherian AS-regular
algebra and f € Sy a regular normal element, and A = S/(f). Then

NMF§(f)/F = TRG(A) and NMF(f) = TR5(A)
where TRE(A) := {M € TR%(A) | projdimg M < oo} and TRE(A) := TRE(A)/P. In

particular, if S is a noetherian AS-regular algebra, then

NMF%(f)/F = CM*(A) and NMFg(f) = CM*(A).

4. KNORRER’S PERIODICITY THEOREM

Definition 10. Let S be a (graded) ring and ¢ a (graded) ring automorphism of S. An
Ore extension Slu;o] of S by o is a (graded) ring such that Sfu; o] = Slu| as a (graded)
free right S-module, and au = uo(a) for a € S.

Theorem 11 ([5]). Let S be a noetherian ring, and f € S a regular normal element.
If 0,7 are ring automorphisms of S such that o(f) = 7(f) = f and af = fo(r(a)) =
fr(o(a)) for every a € S, then there is a fully faithful embedding

—NMFS(f) — —NMFS[u;o][v;T](f + U’U)'
A similar result holds in the graded case.

The first main result of this article is the following theorem, which is a noncommutative
graded version of Knorrer’s periodicity theorem.



Theorem 12 ([5]). Let S be a noetherian AS-reqular algebra and f € S a regular normal
homogeneous element of even degree. If there exists a graded algebra automorphism o

such that o(f) = f and af = fo*(a) for every a € S, then
CM*(S/(f)) = NMFg(f) = NMFg |(f +u? +0%) 2 CME(S[u; o] [v; 0]/ (f +u® +07)).

Slu;o][vie

where degu = degv = %deg f.

Note that the technical assumptions in Theorem 12 are needed to guarantee f-+u?+v? €
S|u; o][v; o] is a homogeneous normal element. If f € S is a regular central homogeneous
element of even degree, then we may take o = idg to apply Theorem 12.

Theorem 12 is a useful tool to compute CM*(S/(f)) over a noncommutative hypersur-
face S/(f) since it reduces the number of variables. If f is a central element of degree 2,
then there is another way to reduce the number of variables, which applies only in the
noncommutative setting.

Theorem 13. If S is a quantum polynomial algebra and f € S5 is a regular central
element, then

OM(S[u; —1][v; =1)/(f + v +v%)) = CM*(S[u; —1]/(f +u?)) x CM*(S[v; —1]/(f +v%)).

Example 14. If S = k(z,y,2)/(yz + 2y, 2z + zz,2y + yr) = k[z]ly; —1][z; —1] and
A= S/(z* 4+ y? + z%), then

CM?(A) = CM”(k[2][y; —1]/(«* + y?)) x CM®(k[z][2; —1]/(2* + 2%))
> CM”(k[z,y]/ (2 + y?)) x CM*(k[z, 2]/ (2* + 2%))
>~ D (mod k%) x D (mod k?) = D’(mod k*).

5. KNORRER’S PERIODICITY FOR SKEW QUADRIC HYPERSURFACES

It is well-known that A is the homogeneous coordinate ring of a smooth quadric hy-
persurface in P! if and only if A 2 k[xy,...,z,]/(2? + --- + 22). Applying the graded
Knorrer’s periodicity theorem (see also Theorem 12), we have

CMZ%(k[21]/(2?)) = D"(mod k) if n is odd,

CM*(A) =
M) {mz(k;[xl,xg]/(x% +22)) & DP(mod k?)  if n is even.

In this section, we study a skew version of this equivalence using graphical methods.
A graph G consists of a set V(G) of vertices and a set E(G) of edges between two
vertices. In this paper, we assume that every graph has no loop and there is at most one

edge between two distinct vertices. An edge between two vertices v, w € V(F) is written
by (v,w) € E(G).

Notation 15. For a symmetric matrix ¢ := (g;;) € M, (k) such that ¢;; = 1 and ¢;; =
€j; = 1, we fix the following notations:
(1) the standard graded algebra S. := k(z1,...,x,)/(zx; — €;52;2;), called a (£1)-
skew polynomial algebra in n variables,
(2) the point scheme E. of S,
(3) the central element f. :=2? + .-+ 22 € S,
(4) A, :=S./(fe), and



(5) the graph G. where V(G.) = {1,...,n} and E(G.) = {(i,7) | €;j = €j; = 1}.

Let G be a graph. A graph G’ is a full subgraph of G if V(G') C V(G) and E(G') =
{(v,w) € E(G) | v,w € V(G")}. For a subset I C V(G), we denote by G \ I the full
subgraph of G such that V(G \ I) = V(G) \ I. For a full subgraph G’ of G, we define the
complement graph of G' in G by G\ G' := G\ V(G).

Definition 16 (Mutation [5]). Let G be a graph and v € V(G). The mutation u,(G) of
G at v is a graph u,(G) where V(u,(G)) = V(G) and

E(ul(@)) = {(v,u) | (v,0) € E(G),u# v} U{(u, ) | (u, ) € B(G),u,’ # v},
Example 17.

Lemma 18 (Mutation Lemma [5]). If G = u,(G.) for somev € V(G.), then CM%(A,) =
C_MZ(Aa’)'

Definition 19 (Relative Mutation [5]). Let v,w € V(G) be distinct vertices. Then
the relative mutation i, ,(G) of G at v with respect to w is a graph pi,«,(G) where
V(poew(G)) = V(G) and E(pyw(G)) is given by the following rules:
(1) For distinct vertices u,u’ # v, we define that (u,u') € E(iyew(G)) & (u,u’) €
E(G).
(2) For a vertex u # v, w, we define that

. (v,u) € E(GQ) and (w,u) ¢ E(G),or
(v,0) € Bltou(G)) {(v,u) ¢ E(G) and (w,u) € E(G).

(3) We define that (v, w) € E(tyew(G)) & (v,w) € E(G).

Example 20.
1 1
2 %6 276
G = = ,U6<—5(G) =
4

3——5 375
4
Lemma 21 (Relative Mutation Lemma [5]). Suppose that u € V(G.) is an isolated vertex.
If Go = pyew(G2) for some distinct v,w € V(G.) not equal to u, then CM*(A.) =
C_MZ(Aa’)-

Definition 22. An isolated segment [v, w] of a graph G consists of distinct vertices v, w €
V(G) with an edge (v, w) € E(G) between them such that neither v nor w are connected
by an edge to any other vertex.

Lemma 23 (Knorrer's Reduction [5]). Suppose that [v,w] is an isolated segment in G..
If G = G\ {v,w}, then CM*(A,) = CM%(A.).



Note that Knorrer’s reduction is a consequence of Theorem 12.

Lemma 24 (Two Points Reduction [5]). Suppose that v,w € V(G.) are two distinct
isolated vertices. If Go = G\ {v}, then CM?%(A,) = CM*(A.)*2.

Note that two points reduction is a consequence of Theorem 13.
The second main result of this article is the following theorem, which shows that the
four graphical operations are very powerful in computing CM%(A,).

Theorem 25 ([5]). By using mutation, relative mutation, Knérrer reduction, and two
points reduction, we can completely compute CMZ(Aa) up ton = 6.

Example 26. Let S. = k(xy,...,x¢)/(v;z; — €ijz;x;) where

€19 = €14 = €93 = €25 = €35 = €36 = €46 = €56 = +1,

€13 = €15 = €16 = €24 = €96 = €34 = €45 = — 1.

Let A. = S./(f.) where f. =22 +---+ 22 € S.. Then

1
27| 6
Ga - ‘ ‘ .
3 5
4
One can check that
1
2——6
G = papa(Ge) = / \
3——5
\4/
and
1
) 2——6
M4<—5M4<—3M3<—2M5<—2(G) = .
3——5
4

Hence, by using Knorrer’s reduction and two points reduction, we have
CMZ%(A,) = CM”(k[x]/(2*))*? = D (mod k)*? = D’(mod k?).
By using Theorem 25, we can obtain the following result.

Theorem 27 ([5]). Let ¢ be the number of irreducible components of E. that are isomor-
phic to P'. Assume that n < 6.

(1) If n is odd, then ¢ < 10 and
0 =0+ CM*(A,)
0 < ¢ <3<+ CM%(A,)
3 < (<10 <= CM%(A,)

124

D’(mod k),
D’(mod k*),
D’(mod k'°).

I

Il



(2) If n is even, then £ < 15 and
0<(<1<+= CM*A)
1 <0 <6+= CM*(A,)
6 < ¢ <15 <= CM%(A,

1%

D(mod k?),
*(mod k%),
®(mod k3?).

1%

D
D

I

IA

6.

Remark 28. 1t is known that [6, Conjecture 1.3] fails in the case n = 7 (see [5, Remark
6.21)).

In particular, [6, Conjecture 1.3| holds true for n
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