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ABSTRACT. Let A be a truncated quiver algebra over an algebraically closed field such
that any oriented cycle in the ordinary quiver of A is zero in A. We give the number of
the indecomposable direct summands of the middle term of an almost split sequence for
a class of Hochschild extension algebras of A by the standard duality module D(A).
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1. INTRODUCTION

Let K be an algebraically closed field and A = KA4/I a bound quiver algebra, where
A, is a finite connected quiver and the ideal I is admissible. We denote by D(A) the
standard duality module Homg (A, K). By a Hochschild extension over A by D(A), we
mean an exact sequence

0— DA ST -2 4A—0
such that T is a K-algebra, p is an algebra epimorphism and « is a T-bimodule monomor-

phism. The algebra T is called a Hochschild extension algebra. It is well known that T’
is isomorphic to A @ D(A) with the multiplication

(a, £)(b, g) = (ab, ag + fb+ afa, b)),

where av: A x A — D(A) is a 2-cocycle. We denote by T, (A) the Hochschild extension
algebra corresponding to a 2-cocycle a. Then, Ty(A) is just the trivial extension algebra
Ax D(A).

In [1], Brenner showed how to determine the number of indecomposable direct sum-
mands of the middle term of an almost split sequence starting with a simple module. As
a consequence of this result, for a self-injective artin algebra, she obtained the number
of indecomposable direct summands of rad P/soc P, where P is an indecomposable pro-
jective module. These results by Brenner play an important role in the representation
theory of algebras. However, in general, it is not easy to compute these numbers for a
given algebra. So there is few works to compute these numbers. In [2], Ferndndez and
Platzeck gave a simple interpretation of them in the particular case of the trivial extension
To(A). This is done by focusing on the number of nonzero cycles in Az ay. Ferndndez
and Platzeck proved that the set of nonzero cycles coincides with the set of elementary
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cycles. Using this fact, they gave the numbers considered by Brenner by computing the
cardinality of the equivalent classes of the set of nonzero cycles.

In this paper, for a truncated quiver algebra A such that any oriented cycle is zero in
A, we give a similar interpretation of the numbers considered by Brenner for a Hochschild
extension algebra T}, (A) such that A, 4y = Agya) holds. Unfortunately, for a Hochschild
extension algebra, the set of nonzero cycles does not coincide with the set of elementary
cycles in general. So by defining an a-revived cycle, we will prove that a nonzero cycle in
T, (A) is either an elementary cycle or an a-revived cycle. So we enumerate these nonzero
cycles and then we can give the numbers considered by Brenner easily.

2. A 2-COCYCLE INDUCED BY A CYCLE IN THE ORDINARY QUIVER

From now on, let K be an algebraically closed field, A a quiver and A := KA/R} (n >
2) a truncated quiver algebra such that any oriented cycle in A is zero in A. We assume
that dim A > 1.

Since A is a truncated quiver algebra, we can take aset Ml := {p; | i = 1,...,t} of paths
in A such that {p; | i = 1,...,t} is a basis of socqe A. Moreover, let {pr,...,Pr,...,Pa}
be a basis of A by taking paths p;i1,...,ps in A. We denote by {p1*,...,0",...,pa"} the
dual basis in D(A). We note that, by [2, Proposition 2.2.], the ordinary quiver Ag,4) is
given by

® (Azya))o = Ao,
hd (ATO(A))l =AU {ypla s 7ypt}7
where, for each i, y,, is an arrow from ¢(p;) to s(p;).

Next, under the notation of [3] and [4], we will define a 2-cocycle a. For n +1 < s <
2n—2,let v =z - - - s € AS be a cycle. Then it is easy to check that v is a basic cycle.
We regard the subscripts i of z; modulo s (1 <4 < s). Moreover, ((A ®4c P,)s, (d.)s) is
AS/Cs-graded and {v; = iy -+ Tiys—1 OKAE TiTip1* Tign—1 | 1 <@ < s} is a basis of
(A®gas KA,)s)5. We denote by {vj | 1 < i < s} the dual basis in D(((A®gas KA,)s)7)-
Then we have the following complex

D(((A®xas KA)L)5) —2D((A®xag KAL)
DU, (A @rag KDnir))y),
and we have the following isomorphism
D(HH,, . 5(A)) = Ker (D(((ds).)5)) = (v} + -+ + 7).

We denote the map O(v) : Ax A — D(A) by «; for i = 1,2,...,s. Then each «; is the
map as follows:

Titm  Tits_1. ifa,E#OinA,n§m<s
S and ab = ;- Tim_1,
a;(a, b) = « - ) B
s(x;) ifa, b0in Aand ab=1z;-- T s 1,

otherwise,

o



where a, b are paths in A, m denotes the length of ab. Moreover, > 7 | «; is a 2-cocycle
and the cohomology class [> "7, o] is a basis of D(H H,, 5 5(A)). We fix a nonzero element
k(#£0) € K and let @« = k). | ;. Then we have the following proposition.

Proposition 1. The ordinary quiver of To(A) coincides with Aqy(a.
Proof. We can prove this proposition by a similar way to [3, Theorem 4.3]. O

3. ELEMENTARY CYCLES AND «a-REVIVED CYCLES

Let @« = k>, | a; be the 2-cocycle defined in Section 2. We define an elementary
cycle and its weight for T, (A) based on [2, Definition 3.1]. Let C be an oriented cycle in
Ar,a). We say that C is elementary if C' = 51,01 for some paths 4; and d in KA and
pi € M such that p;*(6,02) # 0. Now let C' = a; - - - a; be an oriented cycle in Ar, (a) where
ai,...,a; € A;. We say that C' is a-revived if there exist a, b € A, such that @, b+#0in
A C=a; - -a; =aband aa, b) # 0. Then, under the notation above, it is easy to see
that j = s, C = x;--- 2,451 for some i and a(a, b)(14) = k, where k is the fixed element
in the above. Moreover, we define a weight w(C') of an elementary cycle C' = day,,61 by
Pi*(6162), and we also define a weight w(C) of an a-revived cycle C by k.

We say that a path ¢ is contained in a path ¢, if ¢ = v1¢72, where 71, 72 are paths
with t(y1) = s(q) and s(y2) = t(q).

Remark 2 (cf. [2, Remark 3.3]). If 0 # ¥ € A, then there are paths d;,d, in KA and
p; € M such that p;*(d1v02) # 0, and in particular, any nonzero path in A is contained
in an elementary cycle.

Remark 3. If C = ay---an, with ay,...,a, € (Ag,(a))1 is an elementary cycle, then
asas - - - a;,paq is also an elementary cycle.

Remark 4. If C = ay---a; with ay,...,a; € Ay is an o-revived cycle, then asas - - - a;aq
is also an a-revived cycle.

Definition 5 (cf. [2, Definition 3.4]). Let ¢ be a path contained in an elementary cycle
C of length less than or equal to the length of C'. The supplement of ¢ in C' is defined as
follows:

the trivial path ey if s(q) = t(q),

the path formed by the remaining arrows of C' if s(q) # t(q).

Theorem 6. Let C be an oriented cycle in KAg, ). Then the following conditions are
equivalent:

(1) C is an elementary cycle or a-revived cycle.
(2) C is nonzero in T,(A).

4. AN APPLICATION OF A THEOREM OF BRENNER

In this section, we give the number of indecomposable direct summands of the middle
term of almost split sequence for T,,(A). We define a relation on the set of nonzero oriented
cycles with same origin in Az, 4). We will show that the above number is equal to the
cardinality of the equivalence classes.



Definition 7. For each h € (Ar,(a))o, let us denote by C;, the set of all oriented cycles
C such that C'# 0 in T,(A) and s(C) = t(C) = h. Let C, C’ be in €. If there exists an
arrow a belonging to C' and C” with s(a) = h or t(a) = h, then we write CRC".

Definition 8. For each h € (Ar,(a))o, let Ay = {a € (Ar a1 | t(a) = h}. For
a, a’ € Ay, if there exists an arrow b € (Ar,(4))1 such that ab # 0 and a’b # 0 in T, (A)
then we write aR'a’.

We note that, for any path a € Ay, aR'a holds.

From now on, we denote by “=" and “ a7 the equivalence relations generated by R
in G, and by R’ in Ay, respectively.

Proposition 9. card(C,/=) = card(A/=).
We have the following theorem, which is similar to [2, Proposition 4.9]:

Proposition 10. Let h be a vertex in Ar,(a), and let e, be the idempotent element
corresponding to h. Then we have N., = n., = card(C,/=).

The following theorems are partial generalizations of [2].

Theorem 11. Let Sy, be the simple T, (A)-module corresponding to the vertex h. Then the
number of indecomposable direct summands of the middle term of almost split sequence

0—S, —E—7115,—0

is equal to the number of equivalence classes in Cy. Furthermore, the number of indecom-
posable projective summands of E is equal to zero.

Theorem 12. Let Py, be the indecomposable projective T, (A)-module corresponding to the
vertex h. Then the number of indecomposable direct summands of rad Py, /soc P, is equal
to the number of equivalence classes in Cy,.

Corollary 13. Let n > 3 and h € Ay be neither sink nor source in A. Then we have
card(C,/=) = 1.
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