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Abstract. We study the existence of a Batalin-Vilkovisky differential on the complete
cohomology ring of a Frobenius algebra. We construct a Batalin-Vilkovisky differential
on the complete cohomology ring in the case of Frobenius algebras with diagonalizable
Nakayama automorphisms.

1. Introduction

Inspired by Buchweitz’s result on Tate cohomology of Iwanaga-Gorenstein algebras,
Wang has defined Tate-Hochschild cohomology groups of an associative algebra A as
ExtrA⊗kAop(A,A) := HomDsg(A⊗kAop)(A,A[r]), where r ∈ Z and Dsg(A ⊗k A

op) is the sin-
gularity category of A ⊗k A

op. He discovered in [?, ?] that Tate-Hochschild cohomology
Ext•A⊗kAop(A,A) :=

⊕
r∈Z Ext

r
A⊗kAop(A,A) has a Gerstenhaber algebra structure. If A

is a finite dimensional Frobenius algebra, then the Tate-Hochschild cohomology groups

of A are isomorphic to the complete cohomology groups ĤH
∗
(A,A) of A, which are the

cohomology groups based on a complete resolution of A. Wang also showed that there ex-

ists a graded commutative product, called ⋆-product, on ĤH
•
(A,A) such that ĤH

•
(A,A)

is isomorphic to Ext•A⊗kAop(A,A) as graded algebras and that the complete cohomology

ring ĤH
•
(A,A) carries a BV algebra structure in the case that A is a symmetric algebra.

In this paper, we generalize Wang’s result to the case of finite dimensional Frobenius
algebras with diagonalizable Nakayama automorphisms.

Throughout this paper, A denotes a finite dimensional, associative and unital algebra
over a field k and let Ae be the enveloping algebra A⊗kA

op of A. For simplicity, we write

⊗ := ⊗k,Hom := Homk and b1, n := b1 ⊗ · · · ⊗ bn ∈ A
⊗n

with the quotient vector space
A := A/(k · 1A).

2. Preliminaries

Definition 1. A Gerstenhaber algebra is a graded k-moduleH• =
⊕

r∈Z Hr equipped with
two graded maps, a cup product ⌣: Hm ⊗ Hn → Hm+n of degree 0 and a Lie bracket,
called the Gerstenhaber bracket, [ , ] : Hm ⊗Hn → Hm+n−1 of degree −1, satisfying

(i) (H•,⌣) is a graded commutative algebra with unit 1 ∈ H0.
(ii) (H•[1], [ , ]) is a graded Lie algebra with components (H•[1])r = Hr+1.
(iii) For homogeneous elements α, β and γ ∈ H•

[α, β ⌣ γ] = [α, β] ⌣ γ + (−1)(|α|−1)|β|β ⌣ [α, γ],
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where |α| denotes the degree of a homogeneous element α in H•.

Definition 2. A graded commutative algebra (H• =
⊕

r∈ZHr,⌣) with 1 ∈ H0 is a
Batalin-Vilkovisky algebra (BV algebra, for short) if there exists a graded k-linear map
∆ : H∗ → H∗−1, called BV differential, of degree −1 such that:

(i) ∆2 = 0 and ∆0(1) = 0.
(ii) For homogeneous elements α, β and γ in H•,

∆(α ⌣ β ⌣ γ) = ∆(α ⌣ β) ⌣ γ + (−1)|α|α ⌣ ∆(β ⌣ γ)

+ (−1)|β|(|α|−1)β ⌣ ∆(α ⌣ γ)−∆(α) ⌣ β ⌣ γ

− (−1)|α|α ⌣ ∆(β) ⌣ γ − (−1)|α|+|β|α ⌣ β ⌣ ∆(γ),

where |α| denotes the degree of a homogeneous element α ∈ H•.

Remark 3. For each BV algebra (H•,⌣,∆), we can associate a graded Lie bracket [ , ]
of degree −1 as

[α, β] := (−1)|α||β|+|α|+|β| ((−1)|α|+1∆(α ⌣ β) + (−1)|α|∆(α) ⌣ β + α ⌣ ∆(β)
)
,

where α, β are homogeneous elements of H•. It follows from [?, Proposition1.2] that the
bracket [ , ] above makes (H•,⌣, [ , ]) into a Gerstenhaber algebra.

Definition 4. Let M be an A-bimodule. We define two complexes (C∗(A,M), δ∗) and
(C∗(A,M), ∂∗) as follows:

C∗(A,M) : C0(A,M)
δ0−→ C1(A,M) → · · · → Cn(A,M)

δn−→ Cn+1(A,M) → · · · ,

where

C0(A,M) := Hom(k,M) ∼= M, Cn(A,M) := Hom(A
⊗n

,M),

δn(f)(a1, n+1) = a1f(a2, n+1) +
n∑

i=1

(−1)if(a1, i−1 ⊗ aiai+1 ⊗ ai+2, n) + (−1)n+1f(a1, n)an+1.

On the other hand,

C∗(A,M) : · · · → Cn(A,M)
∂n−→ Cn−1(A,M) → · · · → C1(A,M)

∂1−→ C0(A,M),

where

C0(A,M) := M, Cn(A,M) := M ⊗ A
⊗n

,

∂n(m⊗ a1, n) = ma1 ⊗ a2, n +
n−1∑
i=1

(−1)im⊗ a1, i−1 ⊗ aiai+1 ⊗ ai+2, n + (−1)nanm⊗ a1, n−1.

The n-th Hochschild (co)homology group H∗(A,M) (resp.H∗(A,M)) of A with coefficients
in M is defined by the n-th cohomology group of C∗(A,M) (resp. C∗(A,M)).

The normalized bar resolution Bar(A) of A is a projective resolution of A as an A-

bimoudle with components Barn(A) := A ⊗ A
⊗n ⊗ A and differentials dn : Barn(A) →



Barn−1(A) given by

dn(a0 ⊗ a1, n ⊗ an+1) =
n∑

i=0

(−1)ia0 ⊗ a1, i−1 ⊗ aiai+1 ⊗ ai+2, n ⊗ an+1.

It is easy to check that the two complexes C∗(A,M) and C∗(A,M) are isomorphic to
HomAe(Bar(A),M) and Bar(A)⊗Ae M . This implies that H∗(A,M) ∼= Ext∗Ae(A,M) and
H∗(A,M) ∼= TorA

e

∗ (A,M).

Definition 5 ([?]). let σ be an automorphism of A. Define a k-linear map

Bσ
r : Cr(A,Aσ) → Cr+1(A,Aσ)

by

Bσ
r (a0 ⊗ a1, r) =

r+1∑
i=1

(−1)ir1⊗ ai ⊗ · · · ⊗ ar ⊗ a0 ⊗ σ(a1)⊗ · · · ⊗ σ(ai−1).

We call Bσ the Conne operator twisted by σ and write B := BidA . Let T : Cr(A,Aσ) →
Cr(A,Aσ) be the k-linear map defined by

T (a0 ⊗ a1, r) = σ(a0)⊗ σ(a1)⊗ · · · ⊗ σ(ar).

A direct calculation shows that ∂r+1B
σ
r −Bσ

r−1∂r = (−1)r+1(id− T ) for all r ≥ 0.
We end this section with recalling Wang’s result, which says that Tate-Hochschild

cohomology Ext•A⊗kAop(A,A) carries a Gerstenhaber algebra structure.

Theorem 6 ([?, ?]). There exists a graded map

[ , ]sg : Ext
•
A⊗kAop(A,A)⊗ Ext•A⊗kAop(A,A) → Ext•A⊗kAop(A,A)

of degree −1 such that the triple (Ext•A⊗kAop(A,A),⌣sg, [ , ]sg) forms a Gerstenhaber
algebra, where ⌣sg denotes the Yoneda product.

3. Complete cohomology of a Frobenius algebra

Recall that a k-algebra A is a Frobenius algebra if there exists a non-degenerate bilinear
form ⟨−,−⟩ : A⊗ A → k satisfying ⟨ab, c⟩ = ⟨a, bc⟩ for a, b and c ∈ A. The bilinear form
gives rise to a left A-module isomorphism t : A → D(A) given by x 7→ ⟨−, x⟩, where
the left (right) A-module structure of D(A) is given by (af)(x) := f(xa) ((fa)(x) :=
f(ax)). For a k-basis {ui}i of A, we have another k-basis {vi}i such that ⟨vi, uj⟩ = δij
for all 1 ≤ i, j ≤ r, where δij denotes the Kronecker delta. We call {vi}i the dual
basis of {ui}i. It is known that there exists an algebra automorphism ν, the so-called
the Nakayama automorphism, of A such that ⟨a, b⟩ = ⟨b, ν(a)⟩ for a, b ∈ A. Then the
Nakayama automorphism ν of A makes the left A-module isomorphism t : A → D(A) into
an A-bimodule isomorphism 1Aν → D(A). A Frobenius algebra A is called symmetric if
the Nakayama automorphism of A is the identity idA.

Definition 7. Let A be a Frobenius k-algebra.



(1) A complete resolution T of A as an A-bimodule is an exact sequence

T : · · · → T2
// T1

d1 // T0
//

""D
DD

D T−1
// T−2 → · · ·

A

;;wwww

where T≥0 is a projective resolution of A and T<0 is a (−1)-shifted injective reso-
lution of A (see [?] for more general cases).

(2) For r ∈ Z, the r-th complete cohomology group of A is defined by the r-th coho-

mology group of the cochain complex HomAe(T, A) and denoted by ĤH
r
(A,A).

Remark that the well-definedness of complete cohomology groups of A follows form [?,
Lemma 5.3]. Using the normalized bar resolution Bar(A), Nakayama [?] constructed the
complete bar resolution X of a Frobenius algebra A defined as follows:

· · · → Xr
dr // Xr−1

// · · · d1 // X0
d0 //

ε

��

X−1

d−1 // · · · // X−s

d−s // X−s−1 → · · ·

A
∼
t

//
1D(A)ν−1

D(ε)

OO

where

Xr := Barr(A) (r ≥ 0), X−s := 1D(Bars−1(A))ν−1 (s ≥ 1),

D(ε)(f) = fε (f ∈ 1D(A)ν−1), d0 = D(ε)tε, d−s(g) = gds (g ∈ X−s).

Sanada [?, Lemma1.1] proved that HomAe(X, A) is isomorphic to the cochain complex

· · · → C2(A, 1Aν−1)
∂2−→ C1(A, 1Aν−1)

∂1−→ 1Aν−1
µ−→ A

δ0−→ C1(A,A)
δ1−→ C2(A,A) → · · · ,

where µ : 1Aν−1 → A is given by µ(x) :=
∑

i uixvi and A is of degree 0. This complex

will be denoted by (D∗(A,A), d̂∗). Clearly, we have ĤH
r
(A,A) = Hr(A,A) for r ≥ 1 and

ĤH
r
(A,A) = H−r−1(A, 1Aν−1) for r ≤ −2.

The following is the product

⋆ : D∗(A,A)⊗D∗(A,A) → D∗(A,A)

introduced byWang ([?]): let f ∈ Cm(A,A), g ∈ Cn(A,A) and α = a0⊗a1, p ∈ Cp(A, 1Aν−1),

β = b0 ⊗ b1, q ∈ Cq(A, 1Aν−1).

(1) (m,n ≥ 0) ⋆ : Cm(A,A)⊗ Cn(A,A) → Cm+n(A,A) is given by

(f ⋆ g)(x1,m+n) := f(x1,m)g(xm+1,m+n) ;

(2) (m ≥ 0, p ≥ 0, p ≥ m)
(a) ⋆ : Cp(A, 1Aν−1)⊗ Cm(A,A) → Cp−m(A, 1Aν−1) is given by

α ⋆ f := mα(a1, p)⊗ ap+1, r ;

(b) ⋆ : Cm(A,A)⊗ Cp(A, 1Aν−1) → Cp−m(A, 1Aν−1) is given by

f ⋆ α := f(ap−m+1, p)a0 ⊗ a1, p−m ;

(3) (m ≥ 0, p ≥ 0, p < m)



(a) ⋆ : Cm(A,A)⊗ Cp(A, 1Aν−1) → Cm−p−1(A,A) is given by

(f ⋆ α)(x1,m−p−1) :=
∑
i

f(x1,m−p−1 ⊗ uiν(a0)⊗ a1, p)vi ;

(b) ⋆ : Cp(A, 1Aν−1)⊗ Cm(A,A) → Cm−p−1(A,A) is given by

(α ⋆ f)(x1,m−p−1) :=
∑
i

uiν(a0)f(a1, p ⊗ vi ⊗ x1,m−p−1) ;

(4) (p, q ≥ 0) ⋆ : Cp(A, 1Aν−1)⊗ Cq(A, 1Aν−1) → Cp+q+1(A, 1Aν−1) is given by

α ⋆ β :=
∑
i

vib0 ⊗ b1, q ⊗ uiν(a0)⊗ a1, p .

Proposition 8 ([?, Lemma 6.2, Propositions 6.5 and 6.9]). Let A be a Frobenius algebra.

Then the product ⋆ is compatible with the differentials d̂ of D(A,A). Moreover, the induced

product on ĤH
•
(A,A), still denoted by ⋆, is graded commutative and associative. In

particular, (ĤH
•
(A,A), ⋆) is isomorphic to (Ext•Ae(A,A),⌣sg) as graded algebras.

4. Main Result

From now, A denotes a Frobenius k-algebra. Let us recall the result of Wang.

Theorem 9 ([?, ?]). Let A be a symmetric k-algebra. Then the complete cohomology ring

(ĤH
•
(A,A), ⋆) is a BV algebra together with an operator ∆̂∗ : ĤH

∗
(A,A) → ĤH

∗−1
(A,A)

defined by

∆̂r =


∆r if r ≥ 1,

0 if r = 0,

(−1)r B−r−1 if r ≤ −1,

where B∗ is the Connes operator, and ∆∗ defined in [?] is the dual of the Connes oper-
ator B∗−1. In particular, the induced Gerstenhaber algebra is isomorphic to the one on
Ext•A⊗kAop(A,A).

In the case that A is a symmetric algebra, the Nakayama automorphism ν of A is the

identity idA, and hence ∆̂ defined on D∗(A,A) can be always lifted to the homology level.

In general, ∆̂ can not be necessarily defined on the homology level. For this, we use
the the subcomplexes of C∗(A,A) and C∗(A, 1Aν−1) defined in [?]: let Λ be the set of

eigenvalues of the Nakayama automorphism ν of A. We assume that Λ ⊂ k. Let Λ̂ := ⟨Λ⟩
be the submonoid of k× generated by Λ. For λ ∈ Λ with eigenspace Aλ, we write Aλ = Aλ

for λ ̸= 1 and A1 = A1/(k · 1A) for λ = 1. For any automorphism σ of A and µ ∈ Λ̂, we
define subcomplexes

C(µ)
r (A, 1Aσ) :=

⊕
µi∈Λ,

∏
µi=µ

Aµ0 ⊗ Aµ1 ⊗ · · · ⊗ Aµr ,

Cr
(µ)(A,A) :=

{
f ∈ Cr(A,A)

∣∣f(Aµ1 ⊗ · · · ⊗ Aµr) ⊂ Aµµ1···µr , for any µi ∈ Λ
}
.



The n-th homology groups of C
(µ)
∗ (A, 1Aσ) and C∗

(µ)(A,A) are denoted by H
(µ)
n (A, 1Aσ)

and Hn
(µ)(A,A), respectively.

Proposition 10. For any automorphism σ of A, the restriction of Bσ : C∗(A, 1Aσ) →
C∗+1(A, 1Aσ) to C

(1)
∗ (A,Aσ) induces an operator

Bσ : H(1)
∗ (A,Aσ) → H

(1)
∗+1(A,Aσ),

and it satisfies (Bσ)2 = 0.

For any µ ∈ Λ̂, we define a subspace D∗
(µ)(A,A) of D∗(A,A) as follows: for any µ ∈ Λ̂,

Dr
(µ)(A,A) :=

{
Cr

(µ)(A,A) if r ≥ 0,

C
(µ)
−r−1(A, 1Aσ) if r ≤ −1.

One easily check that D∗
(µ)(A,A) is a subcomplex of D∗(A,A). We denote ĤH

r

(µ)(A,A) :=

Hr(D•
(µ)(A,A)). Using the results of Lambre-Zhou-Zimmermann in [?] yields the following.

Proposition 11. If the Nakayama automorphism ν of A is diagonalizable, then the fol-
lowing statements hold.

(1) For µ ̸= 1 ∈ Λ̂, we get ĤH
∗
(µ)(A,A) = 0.

(2) There exists an isomorphism ĤH
∗
(1)(A,A)

∼= ĤH
∗
(A,A).

A direct computation shows that the product ⋆ on ĤH
∗
(A,A) restricts to ⋆µ, µ′ :

ĤH
∗
(µ)(A,A)⊗ ĤH

∗
(µ′)(A,A) → ĤH

∗
(µµ′)(A,A) for any µ and µ′ ∈ Λ̂. Putting ⋆1 := ⋆1,1, we

get the following.

Proposition 12. If the Nakayama automorphism ν of A is diagonalizable, then we have

an isomorphism (ĤH
•
(1)(A), ⋆1)

∼= (ĤH
•
(A), ⋆) of graded algebras.

We are now ready to prove our main result. Using Lambre-Zhou-Zimmermann’s BV
differential BV differential ∆ν on H∗

(1)(A,A) and the twisted Connes operator Bν−1
on

H
(1)
∗ (A, 1Aν−1), we have the following.

Theorem 13. Let A be a Frobenius k-algebra. If the Nakayama automorphism ν is di-

agonalizable, then the graded commutative ring (ĤH
•
(1)(A,A), ⋆1) is a BV algebra together

with an operator ∆̂∗ : ĤH
∗
(1)(A,A) → ĤH

∗−1

(1) (A,A) defined by

∆̂r =


∆ν

r if r ≥ 1,

0 if r = 0,

(−1)i Bν−1

−r−1 if r ≤ −1,

where Bν−1
is the Connes operator twisted by ν−1, and ∆ν

∗ defined in [?] is the dual of
the Connes operator Bν twisted by ν. In particular, the induced Gerstenhaber algebra is
isomorphic to the one on Ext•A⊗kAop(A,A).

Since ĤH
•
(A,A) ∼= ĤH

•
(1)(A,A) as graded algebras, we have our main result.



Corollary 14. Let A be a Frobenius k-algebra whose Nakayama automorphism ν is di-

agonalizable. Then the complete cohomology ring ĤH
•
(A,A) of A is a BV algebra such

that the induced Gerstenhaber algebra is isomorphic to the one on Ext•A⊗kAop(A,A).
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