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ABSTRACT. We study the existence of a Batalin-Vilkovisky differential on the complete
cohomology ring of a Frobenius algebra. We construct a Batalin-Vilkovisky differential
on the complete cohomology ring in the case of Frobenius algebras with diagonalizable
Nakayama automorphisms.

1. INTRODUCTION

Inspired by Buchweitz’s result on Tate cohomology of Iwanaga-Gorenstein algebras,
Wang has defined Tate-Hochschild cohomology groups of an associative algebra A as
Extlyg, a00 (A, A) := Homp, (ag, a00) (A, A[r]), where r € Z and D(A @ AP) is the sin-
gularity category of A ®; A°P. He discovered in [?, ?] that Tate-Hochschild cohomology
Extig, a00 (A, A) 1= @,z Extlig, 400 (A4, A) has a Gerstenhaber algebra structure. If A
is a finite dimensional Frobenius algebra, then the Tate-Hochschild cohomology groups
of A are isomorphic to the complete cohomology groups ﬁﬁ*(A, A) of A, which are the
cohomology groups based on a complete resolution of A. Wang also showed that there ex-
ists a graded commutative product, called x-product, on ﬁﬁ.(A, A) such that ﬁﬁ.(A, A)
is isomorphic to Ext%e a0 (A, A) as graded algebras and that the complete cohomology

ring ﬁﬁ.(A, A) carries a BV algebra structure in the case that A is a symmetric algebra.
In this paper, we generalize Wang’s result to the case of finite dimensional Frobenius
algebras with diagonalizable Nakayama automorphisms.

Throughout this paper, A denotes a finite dimensional, associative and unital algebra
over a field k£ and let A® be the enveloping algebra A ®; A° of A. For simplicity, we write
® := ®, Hom := Hom,, and 51,n = Q@ ---Qb, € A" with the quotient vector space
A=Ak 1y).

2. PRELIMINARIES

Definition 1. A Gerstenhaber algebrais a graded k-module H* = €, ., H" equipped with
two graded maps, a cup product —: H™ @ H" — H™" of degree 0 and a Lie bracket,
called the Gerstenhaber bracket, [ , | : H™ @ H™ — H™ ! of degree —1, satisfying

(i) (H*,—) is a graded commutative algebra with unit 1 € H°.
(ii) (H°[1],[, ]) is a graded Lie algebra with components (H*[1])" = H" .
(iii) For homogeneous elements «, § and v € H*®

[0, 8= 7] = [, B] = v + (=1)=Pg — [, 4],
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where |a| denotes the degree of a homogeneous element « in H°.

Definition 2. A graded commutative algebra (H* = @, ., H",—) with 1 € H" is a
Batalin-Vilkovisky algebra (BV algebra, for short) if there exists a graded k-linear map
A H* — H*7L called BV differential, of degree —1 such that:

(i) A% =0 and Ay(1) = 0.
(ii) For homogeneous elements «, 8 and v in H®,
Ala—f—7) = Ala = ) = v+ (=1)%a — A(B — )
+ (=D)PEDE — Al —7) = Ala) — B — 5
— (=Dl = A() =y = (~1)HPla = o AG),
where || denotes the degree of a homogeneous element o € H®.

Remark 3. For each BV algebra (H®,—, A), we can associate a graded Lie bracket [, |
of degree —1 as

[, 8] = (= 1)l (1) A (0 — ) + (-1)¥A(a) — B+ a — A(B))

where «, § are homogeneous elements of H®. It follows from [?, Propositionl.2] that the
bracket |, | above makes (H®,—,[, |) into a Gerstenhaber algebra.

Definition 4. Let M be an A-bimodule. We define two complexes (C*(A, M), *) and
(C.(A, M), 0,) as follows:

CH(A, M) : COA, M) 55 CYA M) = - — O (A, M) 25 OV (A M) — - |
where

C°(A, M) := Hom(k, M) = M, C"(A, M) := Hom(A"", M),

()@ 1) = a1 f @2,ni1) + (=1 (@51 © Tliies @ Tiga,n) + (= 1) f(@1,n)n 11

=1

On the other hand,
C*<A7M> P Cn(AaM) 8_n> Cn71<A7M) T CI(A>M) 21_> CO(AaM)v
where

Co(A, M) =M, Cp(A,M):=Me A",
n—1
On(Mm®@ay ) = may ® s, + Z(—l)im ® G1,i—1 @ CiGig1 @ ivo,n + (—1)"anm @ 1, p—1.
i=1
The n-th Hochschild (co)homology group H.(A, M) (resp. H*(A, M)) of A with coefficients
in M is defined by the n-th cohomology group of C.(A, M) (resp. C*(A, M)).

The normalized bar resolution Bar(A) of A is a projective resolution of A as an A-
bimoudle with components Bar,(A) :== A ® A" © A and differentials d,, : Bar,(A) —



Bar,_1(A) given by

dn(a0 @ A1y @ py1) = Z(—l)iao @ ay,i-1 ® ajai11 Q 2,0 @ Apy1-
i=0

It is easy to check that the two complexes C*(A, M) and C.(A, M) are isomorphic to
Hom 4e(Bar(A), M) and Bar(A) ® 4. M. This implies that H*(A, M) = Ext’.(A, M) and
H.(A, M) = Tor" (A, M).

Definition 5 ([?]). let o be an automorphism of A. Define a k-linear map
BY : C.(A,Ay) = Cra(AAL)
by

r+1
Bl(ag®T1,) =Y (-)"1QG® @0 @G ®c(a) @ @ o(a,1).

=1

We call B? the Conne operator twisted by o and write B := B4, Let T : C,(A, A,) —
C,(A, A,) be the k-linear map defined by

T(ap®@ay,,) =0c(ay) ®o(a1) ®--- @ c(ay).
A direct calculation shows that 9,,1B? — B ,0, = (—1)""'(id — T') for all r > 0.

We end this section with recalling Wang’s result, which says that Tate-Hochschild
cohomology Ext% 400 (A, A) carries a Gerstenhaber algebra structure.

Theorem 6 ([?, ?]). There exists a graded map
[ Jse: m;l@kAop (A, A) ®m;1®k,40p (A, A) — M;l@,cmp (A, A)

of degree —1 such that the triple (Ext%q ao0(A, A),—cg, [ , lsg) forms a Gerstenhaber
algebra, where —, denotes the Yoneda product.

3. COMPLETE COHOMOLOGY OF A FROBENIUS ALGEBRA

Recall that a k-algebra A is a Frobenius algebra if there exists a non-degenerate bilinear
form (—, —) : A® A — k satisfying (ab, ¢) = (a,bc) for a,b and ¢ € A. The bilinear form
gives rise to a left A-module isomorphism ¢ : A — D(A) given by z +— (—,x), where
the left (right) A-module structure of D(A) is given by (af)(x) := f(za) ((fa)(x) :=
f(ax)). For a k-basis {u;}; of A, we have another k-basis {v;}; such that (v;,u;) = 0;;
for all 1 < 4,5 < r, where 0;; denotes the Kronecker delta. We call {v;}; the dual
basis of {u;};. It is known that there exists an algebra automorphism v, the so-called
the Nakayama automorphism, of A such that (a,b) = (b,v(a)) for a,b € A. Then the
Nakayama automorphism v of A makes the left A-module isomorphism ¢ : A — D(A) into
an A-bimodule isomorphism 14, — D(A). A Frobenius algebra A is called symmetric if
the Nakayama automorphism of A is the identity id 4.

Definition 7. Let A be a Frobenius k-algebra.



(1) A complete resolution T of A as an A-bimodule is an exact sequence

T: .51 —T 5T,

T—lﬁT—Q_)"'

~N
A

where T5¢ is a projective resolution of A and T is a (—1)-shifted injective reso-
lution of A (see [?] for more general cases).
(2) For r € Z, the r-th complete cohomology group of A is defined by the r-th coho-

mology group of the cochain complex Hom (T, A) and denoted by ﬁﬁr(A, A).

Remark that the well-definedness of complete cohomology groups of A follows form [?,
Lemma 5.3]. Using the normalized bar resolution Bar(A), Nakayama [?] constructed the
complete bar resolution X of a Frobenius algebra A defined as follows:

S X, dr X, . @ X, % X, A L. X_ng_sq—%"
sl TD(E)
A 4:> 1D(A)l,—1
where

X, :=Bar,(4) (r >0), X_;:=1DBar;_1(A)),-1 (s >1),

D(e)(f)=fe (f €1D(A)y1), do=Dle)te,  d_i(g) =gds (g€ X_y).

Sanada [?, Lemmal.1l] proved that Hom4.(X, A) is isomorphic to the cochain complex

82 31 H 50 1 51 2
coo = Co(A 1 A1) = CL(A) 1 A1) = 1A, 5 A— CHAA) — C7(AA) — -
where p 1 1A,-1 — A is given by p(z) := ), u;wv; and A is of degree 0. This complex
will be denoted by (D*(A, A),d*). Clearly, we have HH (A4, A) = H"(A4, A) for r > 1 and

HH (A, A) =H_,_1(A,1A,~1) for r < —2.
The following is the product

*x: D*(A,A) @ D*(A, A) — D*(A, A)
introduced by Wang ([?]): let f € C™(A, A),g € C"(A, A) and a = ay®a1,, € Cp(A,14,-1),
ﬁ — bo ® bl’q € Cq(A, lAu—l)-
(1) (myn >0)*: C™(A,A) @ C™"(A, A) — C™ (A, A) is given by
(f * 9 (@1, mtn) = [(T1,m)9(Trt1,mtn) ;
,p = 0,p>m)
tCp(A 1A, 1) @ C™(ALA) — Cpin(A, 1A,-1) is given by
ax fr=ma(a,,) @Gy, ;
(b) x: C™(A,A) @ Cp(A,1A,-1) = Cpp(A,1A,-1) is given by
[ra:= f(ap—m—&-l,p)aO ® a1, p—m ;

(3) (m=0,p=0,p<m)



(a) x: C™(A, A) @ Cp(A,1A,-1) — C™P7L(A A) is given by

(f *a)(T1mp-1) = Z (@1, m—p1 @ uv(ag) @ a1, p)vi ;

(b) *: Cp(A,14,-1) @ C™(A, A) — C™P~1(A  A) is given by

(Oé*f) xlm —p— l = Zuz @0 al,p ®6i®fl,m—p—l);

(4) (p,q>0) x: Cp(A1A,-1) @ Cy(A,1 A1) = Cpigr1(A,1A,-1) is given by

Oé‘kﬁ = Z'Uibo ®51,q X 'LLZ'V((lo) ®617p .

Proposition 8 ([?, Lemma 6.2, Propositions 6.5 and 6.9]). Let A be a Frobenius algebra.
Then the product x is compatible with the differentials c?ofD(A, A). Moreover, the induced
product on ﬁﬁ.(A,A), still denoted by x, is graded commutative and associative. In
particular, (ﬁﬁ.(A,A),*) is isomorphic to (Ext%.(A, A), —s) as graded algebras.

4. MAIN REsSULT
From now, A denotes a Frobenius k-algebra. Let us recall the result of Wang.

Theorem 9 ([?, ?]). Let A be a symmetric k-algebra. Then the complete cohomology ring

(ﬁﬁ.(A, A), %) is a BV algebra together with an operator A, : ﬁﬁ*(A, A) — ﬁﬁ*il(A, A)
defined by

A, ifr > 1,
A, =<0 ifr =0,
(=1)" B_,—1 ifr<-—1,
where B, is the Connes operator, and A, defined in [?] is the dual of the Connes oper-

ator B,_1. In particular, the induced Gerstenhaber algebra is isomorphic to the one on
Extys, qor(A, A).

In the case that A is a symmetric algebra, the Nakayama automorphism v of A is the
identity id 4, and hence A defined on D*(A, A) can be always lifted to the homology level.
In general, A can not be necessarily defined on the homology level. For this, we use

the the subcomplexes of C*(A, A) and Ci(A,1A4,-1) defined in [?]: let A be the set of
eigenvalues of the Nakayama automorphism v of A. We assume that A C k. Let A= (A)
be the submonoid of k* generated by A. For A\ € A with eigenspace Ay, we write Ay = A,
for A # 1 and A; = A;/(k - 14) for A = 1. For any automorphism o of A and u € /A\, we
define subcomplexes

Cr(“)<A, 1A0) = @ Auo ® ZN«I D@ Zura
€A, TTi=p
Ciy(AA) = {re C’T(A,A)U’(AM1 ® - @A, ) C Ay, for any p; € A}



The n-th homology groups of C*(A4,1A,) and C( (A, A) are denoted by H (A, A,)
and H{,, (A, A), respectively.

Proposition 10. For any automorphism o of A, the restriction of B° : C.(A,1A,) —
Cii1(A14,) to C’il)(A,AJ) induces an operator
B° :HW(A,A,) - HY (4, A,),
and it satisfies (B7)? = 0.
For any p € A, we define a subspace D, (A, A) of D*(A, A) as follows: for any p € A,

i Cly (A, A) if r >0,
Di (A A) = ) ‘
Ccr (A A,)  ifr < —1.

One easily check that D (A, A) is a subcomplex of D*(A, A). We denote ﬁﬁz (A A) =
H" (D, (A, A)). Using the results of Lambre-Zhou-Zimmermann in [?] yields the following.

Proposition 11. If the Nakayama automorphism v of A is diagonalizable, then the fol-
lowing statements hold.

(1) For u+#1¢€ A, wegetHH (A A)

(2) There exists an isomorphism HH (4, A) H*(A,A).

A direct computatlon shows that the product « on HH (A A) restricts to *,
HH(H (A, A) ®HH(N (A A) — HH (A, A) for any pand p' € A. Putting +; := % 1, we
get the following.

Proposition 12. If the Nakayama automorphism v of A is diagonalizable, then we have
an isomorphism (HH y(A),*1) = (HH (A),x) of graded algebras.

We are now ready to prove our main result. Using Lambre-Zhou-Zimmermann’s BV
differential BV differential A” on Hf},(A, A) and the twisted Connes operator B on
Hfﬁl)(A, 1A,-1), we have the following.

Theorem 13. Let A be a Frobenius k-algebra. ]f the Nakayama automorphism v is di-
agonalizable, then the graded commutative rmg (HH (A A), 1) is a BV algebra together

with an operator A, HH(1 (A A) — HH (A A) defined by
AY ifr>1,

T

A, =40 ifr=0,
(=1 B”,", ifr<-1,

where B is the Connes operator twisted by v, and AY defined in [?] is the dual of
the Connes operator BY twisted by v. In particular, the induced Gerstenhaber algebra is
isomorphic to the one on Ext%g 400(A, A).

Since ﬁﬁ.(A, A) = ﬁﬁzl)(A, A) as graded algebras, we have our main result.



Corollary 14. Let A be a Frobenius k-algebra whose Nakayama automorphism v is di-

agonalizable. Then the complete cohomology ring ﬁﬁ.(A,A) of A is a BV algebra such
that the induced Gerstenhaber algebra is isomorphic to the one on Extg 400 (A, A).
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