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ABSTRACT. Let A = A(a, 8) be a graded down-up algebra with (degz,degy) = (1,n)
and 5 # 0, and let VA be the Beilinson algebra of A. If n =1, then a description of the
Hochschild cohomology group of VA was given by Belmans. In this report, we calculate
the Hochschild cohomology group of VA for the case n > 2. Moreover, we apply our

results to study the bounded derived category of the noncommutative projective scheme
of A.
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1. BEILINSON ALGEBRAS OF GRADED DOWN-UP ALGEBRAS

In this section, we give a brief overview of the Beilinson algebras of graded down-up
algebras. Throughout, let k£ be an algebraically closed field of char k = 0.

Definition 1 ([1]). A connected graded k-algebra A = k@& A & Ay & --- is called a
d-dimensional AS-regular algebra of Gorenstein parameter [ if it satisfies the following
conditions:
(i) gldim A = d < oo,
(ii) GKdim A := inf{a € R | dimy, (3", A;) < n® for all n > 0} < oo, where GKdim A
is called the Gelfand-Kirillov dimension of A, and

(iii) (Gorenstein condition) Ext'y(k, A) = { (l;(l) 8 ; 227

For example, if a graded algebra A is commutative, then A is an n-dimensional AS-
regular algebra if and only if A = k[zy,...,x,]. Also, a graded algebra

A= k(z,y)/(@%y + ya*, oy’ + y’x)
is a 3-dimensional AS-regular algebra.

Definition 2 ([6]). A graded algebra
A(a, B) = k(z,y)/(¢*y — Bya® — axyz, vy® — By’r — aywy)
degz = m,degy =n € N*
with parameters «, 8 € k is called a graded down-up algebra.

The detailed version of this paper has been submitted for publication elsewhere.
The first author was supported by JSPS Grant-in-Aid for Early-Career Scientists 18K13397. The
second author was supported by JSPS Grant-in-Aid for Early-Career Scientists 18 K13381.



Down-up algebras were originally introduced by Benkart and Roby [6] in the study of
the down and up operators on partially ordered sets. Since then, various aspects of these
algebras have been investigated. In particular, from the viewpoint of noncommutative
projective geometry, the following property is of importance.

Theorem 3 ([11]). Let A = A(a, B) be a graded down-up algebra. Then A is a noetherian
3-dimensional AS-reqular algebra if and only if B # 0.

Note that a graded down-up algebra has played a key role as a test case for more
complicated situations in noncommutative projective geometry.

Let A = A(a, 5) be a graded down-up algebra with 8 # 0, so that A is 3-dimensional
AS-regular. Then the Gorenstein parameter ¢ of A is equal to 2(deg z+degy) = 2(m+n).
The Beilinson algebra of A is defined by

Ao Ay - Apy
0 Ay - A,
vA.— | " 2
0 0 --- A

with the multiplication (a;;)(bi;) = ( l,;j) akjbik>. We remark that the Beilinson algebra

VA of A is a finite-dimensional k-algebra, and it can be given by a quiver with relations.
For example, if degx = 1,degy = 1, then V A is given by the quiver

T x2 T3

1 2 3 4

Y1 Y2 Y3

(where the Gorenstein parameter of A is ¢ = 2(1 + 1) = 4) with relations

T1T2Y3 — By1T203 — ar1yexs = 0, T1Yays — By1yaxs — ayizays = 0.
Also, if degz = 1,degy = 2, then VA is given by the quiver

1 z2 3 T4 Ts5

1 2 3 4 5 6
S T T T T

1 Y2 Y3 Ya

(where the Gorenstein parameter of A is ¢ = 2(1 + 2) = 6) with relations
T122Y3 — Pyi12rs — ax1yers = 0, T23ys — Syatars — axaysrs = 0,
T1Y2yYs — BY1ysxs — ayizzys = 0.

Let tails A be the quotient category of finitely generated graded right A-modules by
the Serre subcategory of finite-dimensional modules, and mod V A the category of finitely
generated right VA-modules. We remark that tails A is considered as the category of
coherent sheaves on the noncommutative projective scheme associated to A in the sense of
Artin-Zhang [2]. We write D®(tails A) and D?(mod V A) for the bounded derived categories

of tails A and mod V A, respectively.
The following result is obtained as a special case of [13, Theorem 4.14].

Theorem 4. Let A = A(a, ) be a graded down-up algebra with 8 # 0. Then the following
statements hold.

(1) The Beilinson algebra VA of A is an extremely Fano algebra of gldim VA = 2.



(2) There exists an equivalence of triangulate categories DP(tails A) = D?(mod V A).

We note that a Fano algebra was renamed as an n-representation infinite algebra in
Herschend-lIyama-Oppermann [9] from the viewpoint of higher-dimensional Auslander-
Reiten theory. By Theorem 4, the Beilinson algebras of down-up algebras are important
not only in noncommutative projective geometry but also in representation theory of
finite-dimensional algebras.

2. HOCHSCHILD COHOMOLOGY GROUPS OF BEILINSON ALGEBRAS OF GRADED
DOWN-UP ALGEBRAS

The aim of this report is to investigate the Hochschild cohomology groups HH*(V A) of
VA of a graded down-up algebra A = A(«, 8) with 3 # 0. The i-th Hochschild cohomology
group HH*(V A) of VA is defined by

HH'(VA) := Ext{g4.(VA,VA) (i >0),

where (VA)® := (VA)?®@V A is the enveloping algebra of VA. The family of right (VA)°-
modules is one-to-one corresponding to the family of V A-bimodules. The low-dimensional
Hochschild cohomology groups are described as follows:

e HH?(V A) is the center Z(VA) of VA.

e HH'(V A) is the space of derivations modulo the inner derivation. A derivations is
a k-linear map f : VA — VA such that f(ab) = af(b) + f(a)b for all a,b € VA.
A derivation f: VA — VA is an inner derivation if there is some x € VA such
that f(a) = ax — za for all a € VA.

e HH?*(V A) measures the infinitesimal deformations of the algebra VA.

It is known that the Hochschild cohomology of the Beilinson algebra of an AS-regular
algebra A is closely related to the Hochschild cohomology of tails A and the infinitesimal
deformation theory of tails A (see [12]).

If degx = degy = 1, then a description of HH(VA) has been obtained by Belmans,
using a geometric technique.

Theorem 5 ([3, Table 2]). Let A = A(a, ) be a graded down-up algebra with degx =
degy =1 and B # 0, and VA the Beilinson algebra of A. Then the dimension formula
of HH'(V A) is as follows:
e dim,HH(VA) = 1;
if =0,
if a« #0 and o® + 48 =0,
if a« #0 and o + 48 # 0;
if a =0,
if a #0 and o® + 48 =0,
\ if a # 0 and o + 48 # 0;
o dim,HH(VA) =0 fori > 3.

o dim,HH'(VA) =

\/

\
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o dim,HH?*(VA) =




In this report, for degz = 1,degy = n > 2, we give the dimension formula of HH*(V A).
In this case, the Beilinson algebra VA is given by the following quiver with relations:

1 x2 Tn—1 Tn Tn+41 Tn+2 T2n T2n+1

Q=172 n=>n+17>n+2>---72n+1">2n+2,

N S

Y1 Y2 Yn Yn+1 Yn+2

fi = i1 VYiv2 — BYiTignTitns1 — OTYiy1Tipns1 =0 (1 <0< n),
9 = T1Y2Yn+2 — BY1YUnt1T2n4+1 — QY1 Tnt1Ynt2 = 0.
The main result of this report is the following theorem.

Theorem 6 ([10, Theorem 1.4]). Let A = A(«, 5) be a graded down-up algebra with
degx = 1,degy =n > 2, and B # 0. We define

5, = (1 0) (g é)nG))ek

(e.g. 03 = a® + 3,63 = a? + 203,64 = ot + 3028 + 32,05 = a® + 4a3B + 3ap%).  Then the
dimension formula of HH'(V A) is as follows:
e dim,HH’(VA) = 1;
(4 ifn is odd and a = 0 (in this case &, = 0),
if n is odd, o # 0, and 9, = 0, or if n is even and o, = 0,
if > + 48 = 0 (in this case 6, # 0),
if 0, # 0 and o + 4 # 0;
ifn=2 and 65 =0,
ifn=2 and o® + 48 = 0 (in this case 6y # 0),
6 ifn=2,00#0,and o®+48 #0,
o dim;HH*(VA) = {n+5 ifn is odd and o = 0 (in this case 5, = 0),
n—+4 ifnis odd,a # 0, and 6, = 0, or if n > 4 is even and 9, = 0,
n+3 ifn>3 and o®+ 48 =0 (in this case 5, # 0),
(n+2 ifn>3,0,#0,and o®+ 48 #0;
o dim,HH (VA) =0 fori > 3.
Remark 7. In the setting of Theorem 6, A is not generated in degree 1, so the geometric

approach due to Belmans does not work naively. Our proof of Theorem 6 is purely
algebraic by using Green-Snashall’s method (see [7] for details).

o dim,HH'(VA) =

\ 7

~J 00 H N W

Recall that Hochschild cohomology is invariant under derived equivalence. Using The-
orem 4, Theorem 5, and Theorem 6, we have the following consequence.

Corollary 8 ([10, Corollary 1.5]). Let A = A(«, B) and A" = A(d/, ') be graded down-up
algebras with degx = 1,degy =n > 1, where 5 #£ 0,5 #£0. If

5, = (1 0) (g é)n ((1)) —0 and &, =(1 0) (g é)n (é) £0,

then DP(tails A) 2 DP(tails A").



3. APPLICATION TO THE STUDY OF GROTHENDIECK GROUPS

In this last section, we apply our results to the study of Grothendieck groups. Let T
be a triangulated category, Ko(T) the Grothendieck group of T (see [5, Section 3| for
details). If T admits a full strong exceptional sequence of length r, then Ky(T) is Z", so
tk Ko(T) = r. If T has the Serre functor S in the sense of Bondal-Kapranov [4], then S
induces an automorphism s of Ky(T).

Theorem 9 ([3],[5]). Let D*(coh X) be the bounded derived category of coherent sheaves
on a smooth projective variety X .

(1) ([5, Lemma 3.1]) The action of (—1)%™Xs on Ky(DP(coh X)) is unipotent.
(2) ([3, Corollary 25]) If DP(coh X)) admits a full strong exceptional sequence, then

Y(HH®* (X)) = (—1)%™*1k Ko(DP(coh X)).
where x(HH*(X)) := Y., (—1)'dim; HH(X).

Let A = A(a, ) be a graded down-up algebra with degz = 1,degy = n > 1, and
B # 0. Then DP(tails A) has a full strong exceptional sequence of length 2n + 2 by [13,
Propositions 4.3, 4.4], so tk Ko(DP(tails A)) = 2n + 2. Moreover D®(tails A) has the Serre
functor by [14, Appendix A]. Note that gldim (tails A) = gldimn VA =2. If n =1, then s
acts unipotently on Ky(DP(tails A)) ([3, comments after Remark 26]), and it follows from
Theorem 5 that

Y(HH®*(VA)) = 4 = 1k K((D"(tails A))
where y(HH®*(VA)) = >, ., (—1)'dim;HH (VA), so an analogue of Theorem 9 holds.
Using Theorem 6 and Happel’s trace formula [8, Theorem 2.2], we have the following
result.

Proposition 10 ([10, Proposition 3.2]). Let A = A(a, B) be a graded down-up algebra
with degx = 1,degy = n, and 5 # 0.
(1) If n =2, then s acts unipotently on Ky(DP(tails A)) and

Y(HH®*(VA)) = 6 = 1k Ko(D"(tails A)).
(2) If n > 3, then s does not act unipotently on K,(DP(tails A)) and
X(HH*(VA)) = n+ 2 # 2n + 2 = 1k K,(DP(tails A)).

Remark 11. In respect of Proposition 10, when n = 2, DP(tails A) behaves a bit like
a geometric object (a smooth projective surface), but, when n > 3, DP(tails A) is not
equivalent to the derived category of any smooth projective surface.
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