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Setting

- K: afield.

- A: afinite-dimensional K-algebra.

- projA: the category of fin. dim. proj. A-modules.
- P1,...,P,: all non-iso. indec. proj. A-modules.
- mod A: the category of fin. dim. A-modules.

« 51,...,5,: all non-iso. simple A-modules
(S; is the top of P;).

« Ko(C): the Grothendieck group of C.
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Euler form

Proposition

(1) (P, is a Z-basis of Ko(proj A) = Ko(KP(proj A)).
(2) (Sy), is a Z-basis of Ky(mod A) = Ko(DP(mod A)).
Definition

Euler form is the bilinear form
(?,?): Ko(projA) x Ko(mod A) — Z defined by

(T, X) = Z(—l)kdimK HoMpb(moa 4)(T, X[K])
keZ

for T € KP(projA) and X € DP(mod A).
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Standard dual bases

Proposition
(P;)!_, and (5;)_, give dual bases w.r.t. Euler form.

Foranyi,je{l,...,n},

e dimKEndA(S-) (i:j)
<P“5f>‘{o T i)
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Koenig—Yang correspondence

We will find other dual bases in terms of
. (2-term) basic silting objects in KP(proj A),
. (2-term) simple-minded collections in DP(mod A).

Proposition [Koenig—Yang, Briistle-Yang]
There exist bijections

sitA —-smcA, 2-siltA — 2-smcA

sending T to the set of simple objects
of the heart of the t-structure associated to T.
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Dual bases property

Proposition [Koenig—Yang]

Let T € silt A be sentto X € smc A.
Then, there exist (T;)!, and (X;)!_, satisfying

+ T=P., T, X ={X;},, and
- (Ty)!; and (X)), give dual bases w.r.t. Euler form.

Foranyi,je {1,...,n},

dimg EndDb(modA)(Xj) (i= ])
Tl-’ X\ = . N
T X7 {0 (i #))
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Additional setting

Setting in the rest

Let T € 2-silt A be sentto X € 2-smc A.
We take (Ty)L, and (X;)’, satisfying

- T=FP_, T, X = {Xi}L, a
- (), and (X)), give dual bases w.r.t. Euler form.

Foranyi,je {1,...,n},

<Ti/ X]> _ d|m1< EndDb(modA)(X]-) (1 — ]) |
0 (i #j)
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Cones for objects in KP(projA)
Now we consider the real-valued Grothendieck group
Ko(proj A)r := Ko(projA) ®z R = R".

For U = @Zl U; € KP(proj A) with U;: indec,
we define the cone C(U) associated to U by

CU) == {m[U1] + - +an[Un] | a1, ..., am € Ryo}
C Koy(proj A)r.

Later, we often assume U = T € 2-silt A.
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Cones and mutations

Remark

If T, T" € 2-siltA and add T Nadd T” = add U,
then C(T) N C(T”) = C(U).

« C(T) hasnwalls C(T/T;) withi € {1,...,n}.

- C(T/T;) is (n — 1)-dimensional.

- C(T/T;) corresponds to the mutation of T at T;.

- C(T/T;) is orthogonal to [X;] € Ko(mod A)
w.r.t. Euler form.

« IfT 27T € 2-silt A, then
C(T)> N C(T’") = @ (C(T)° is the interior of C(T)).
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Example
Let A = K(1 — 2).

[P2]

CEES e C@ AP e B

: : T = Pl @(Pz—)Pl)

[P {Pn] U :PZH@(Pz—ﬂ%)
: C(T) V =P[l]e P
CA]) - -+ cU) All]=Pi[1]® Py[1]

[P [[Pu-IPa]]




Numerical torsion(-free) classes

Each 6 € Ky(projA)r gives
0 :=(0,?): Ko(modA) — R: a Z-linear form.

Definition [Baumann—Kamnitzer-Tingley]
For 6 € Ky(projA)r, we define

T o :={M € mod A | YN: quotient of M, O(N) > 0},
Fo:={M e modA | VL: submod. of M, O(L) < 0}

called the numerical torsion(-free) class.
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Func. fin. = numerical

Remark [Adachi—-lyama—Reiten]
There exist bijections

2-silt A — {func. fin. torsion classes},
T — 97 := FacHY(T),

2-silt A — {func. fin. torsion-free classes},
T+ Fr:=SubH'(vT).

Moreover, (77, Fr) is a torsion pair.

Proposition [Yurikusa]
T e 2siltA, 0 € C(T)° = T 9 =T7, Fo = Fr-
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NTF equivalence

Definition
We define NTF equivalence ~ in Ky(proj A)r by

0~0: = To=To, Fo=Feo,
and [0] c Ky(projA)r as the NTF equiv. class of 0.

Proposition
For T € 2-silt A, C(T)° is an NTF equiv. class.

Question
How can we extend the observation outside the cones?
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Semistable subcategories

Definition [King]
For O € Ko(projA)r, we define Wy € mod A by

We =T ¢ ﬂ?@ C Ker(0,?)
called the semistable subcategory.

Remark
(1) If 6,0’ € Ky(projA)r: NTF equivalent,
then W1_, o1+’ is constant for r € [0, 1].
(2) f T € 2-siltA and 6 € C(T)°, then Wy = {0}.
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Walls defined for bricks

Definition
S € mod A: brick : == End4(S): a division K-alg.
brick A := {all bricks in mod A}.

Definition [Bristle-Smith—Treffinger]
For S € brick A, we define ®s C Ky(projA)r by

Og := {0 € Kyp(projA)r | S € Wy} C Ker(?,S)

called the wall for S.

Remark
For T € 2-silt A and S € brick A, C(T)° N Og = (.
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Walls of cones vs. walls for bricks

Remark [Brustle-Yang]
Any X € 2-smc A satisfies X C (brick A) U (brick A)[1].

Proposition
Let T € 2-silt A be sentto X € 2-smc A.
We take (Ty)L, and (X;), satisfying
- T= @z 1T1’X {X }z 1’
- (T, and (X)), give dual bases w.r.t. Euler form.
Set S € brick A so that X; € {S, S[1]}, then

C(T/Ti) C Bgs.
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Example

Let A = K(1 — 2), then brick A = {S>, P1, 51}.

[P2]
C(IV)_éS_l___C(IA) A = P & P>
: | T = P1 ® (P,—D1)
-[P1] HPd] U =Po1] @ (P,—P1)
:@52 C(IT) V =P1]a P>
' All]=Pi[1]® P>[1]
CAND -~ CUN g,

|-[P2]]  |[P1]-[P2]]
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NTF equiv. and cones

Proposition

Let 6 € Ko(projA)g, then TFAE.

(a) The NTF equiv. class [O] is an open set.

(b) The interior [0]° is nonempty.

(c) There exists T € 2-silt A such that 6 € C(T)°.

Corollary
There exists a bijection

NTF equiv. classes

2-siltA — . o
with nonempty interiors

}, T — C(T)°.
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NTF equiv. characterized by walls

Proposition

Let 0, 6’ € Ko(proj A)gr, then TFAE.

(a) 6 and O’ are not NTF equivalent.

(b) IS € brick A, 31r € [0,1], (1 =70 +r0’ € Bs.

Corollary

Let 0, 6’ € Ko(proj A)gr, then TFAE.

(a) 0 and O’ are NTF equivalent.

(b) Wii_rne+re is constant for r € [0, 1].
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Cones = chambers

Theorem [A]
As subsets of Ky(proj A)g,

7

| | <@y =KoprojA)e \

Te2-silt A

J e

Sebrick A

where LHS is the decomp. to connected components.

There exist no cones C(T) for T € 2-silt A
where the walls ®g for S € brick A lie densely.
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Thank you for your attention.



