518 & BEEYT B FEICDOWTOREEHELE
ON NAKAYAMA CONJECTURE AND RELATED CONJECTURES
WITH HISTORICAL VIEWPOINTS

MASAHISA SATO

ABSTRACT. In this article, we review famous and classical problem ”Nakayama Conjec-
ture”, which was proposed by Japanese mathematician Tadashi Nakayama in 1958.
This conjecture is as following;

Theorem Let A be a finite dimensional algebra over a field K and 0 — A — F; —
Ey — ... a mininal injective resolution of A. If all E;’s are projective, then oA is self-
imjective.

Also we give conjectures so called ” Generalized Nakayama Conjecture”, ” Strong Nakayama
Conjecture”, ” Tachikawa Conjecture”, ”Finitistic dimension Conjecture” and so on. We
discuss relations between their conjectures. The same lecture was given in International
Conference on Algebra and its Applications held in Aligarh Muslim University, India
from November 12 to 14, 2016. For the English version of this article will be published
as the proceeding of the conference. So explanation parts of this report are written in
Japanese.

1. INTRODUCTION

COMGETIZ, BHB IOEHRHY v AP 2 — AR INTH0AEZMZ 512H
720, BEROFARN 2 AKFRFEECH 2 TPy &, JrUcBhET 2R ERE £ &
DTEL, ZOWEDHICIZ., BEDFILOWITE TR b L7z FAR N 2 &0 T2 hEPr
WZhHh, ZNESHT L2 LT, HOREDBRROMEICEEZ RS, 2 ORI ik
T2 SOMPET, SBROBEGROERIK NS Z L2 MREL 72v», K, K EDoHR
RETEERETNT 4 VERTOEEOWEZIEZUCID, —OT7 VT4 VB (HE0IEE ) D
BR) OWFRICE T, HERDBGIZEDOWREDBIAD S 2 EZHI bDTH 5,

R AR, RIS X CHIS i R LR o PCH 5, HiliEdd: (BlER
27 1, MUKFRIR I No b u Y —RBOERNYE - HRIME R ) B bIAD T, 1958 4
RO PRZREI N & KIDIBAFEAE FIRRSE) 13 1994 4 0 e #&afizs < hlgE X
nTWwiz,

fhIlF18 (Nakayama Conjecture)

A%z K FOBRBRRELICE, 0 > 4A = By = By — ... % A OW/INEASRE T
5, ®TD E; BHHEIREG S, JAIZHOCBANTS 5,

% < OEGRZEE D, PP R ORI TE 2 A BT E 0, 2T, 2
DR DL EE 2 Rl Licoix, KINIGeATH 5, FILPHROKEDH T, FHD

The final version of this paper will be published in the proceeding of International Conference on
Algebra and its Applications 2016 (Aligarh India).
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BAZIRDEHDBEANBE, T2 LROBAUMPIHEIMEETH 5 L \v ) bzl §

B, QF-3BE ) 2T, ZoWEZE L THILFPEZEEICOIT L Tw b, Zhic

DWVLTE, 1973 IR I N2> 2 77 VA — DiEESR [14) Z 23 Nz v,
ZoWELTIE, LTOHXICH > THILPAEICBET 2 PEZ 2T CRHZ T 5,

Section 2. #1748 (Nakayama Conjecture)

Section 3. AKJJJII P+ (Tachikawa Conjecture+)

Section 4. —#&H LI (Generalized Nakayama Conjecture)

Section 5. FHILIFHE (Strong Nakayama Conjecture)

Section 6. HRHFEXILD FRFA (Finitistic Dimension Conjecture)

Section 7. ER—MH L4 (Tilting version of Generalized Nakayama Conjecture)
Section 8. flHD P (Related Results and Conjectures)

2. FLIP4 (NakAYAMA CONJECTURE)

A%zE K LOBRRXLILE., D(M) = Homg (M, K) Z X7 VZER] M OB 22 &
T2, FXThHFVA LI, ROTFED 1958 Fi2 [12] TRESI N PILPHTH 5,
FH8 (NC: #1174 (Nakayama Conjecture)).

Assume g A has a minimal injective resolution

0—>A—FE —-FE—- - —FE, —---

such that all E;’s are projective, then A is self-injective.
KT, PR K0 2 > DA TR T 72, (L 2.4 B10)

FA8 (TC: KJI)IFHE (Tachikawa Conjecture)).
[T1] Extyy(4aD(A),4A) = 023, TRTDi >0 THRILT %56, JAFHABANT
»H5

T2 A% HOBASITER (7 0~ 2—2A%5EE) | oM & HRAERA AN L T
%, Extiy(M, M) =058 T0i> 0 CHRILT 556, M IZHEIETS 5,

HE. PPk, AZHRRXEITERTR, TAT 4 VERELTHTPRBERBAENT
Hb, LL, FH[T2 37T 4 VERTIEMISHKLL 2\, fEoT, FILFHL 7
VT4 VERTIFESZL v, ZHud, 8 (7) THEELT 5. ZORKT, FILTFRIEAR
R%ICERICB T 2 PRI 2 E 5 2 5,

PP OEEZ KT 2 H0C, EEOWERICBEL T, AIRXLILERE 7 LT 4 VEROM
DED L) IBESHRINTRICHEEZ L5 T E0EZLTHRT,

—DIlE, 7T 4 VBRI RIEACI TR W BT o b, T, BIRX
ZIBRIZR Y FOVZEBOBOHEICBI L CHOXCh 5, 22T, HEW B 7 LT 4 &~
BIZOWT, RPN T 20089 2, LTS TH W,

FA8 (NNC: #HirhilIF8 (New Nakayama Conjecture)).
A%z B X (self-duality) ZFF2 7V 7 4 VBT, 4 A OUNE AR

02 A A= F - F— - —E, — -
TRTD E, BENE S, ATHCBANTS 5,
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H OB 7 7V T 4 Y BROBURIBNE 7 V7 4~ %I0ER (artin algebra), $7%b 6, Hul b
AIRERET VT 4 VETH L, TOTNVT 4 YSILERIZT S —+ 7)LT 4 ¥ (Emil Artin)
WKLo TERINIZDDTH S, FflicOVTIE, €YY R+ 77 AT V¥ — (Maurice
Auslander), 4 727 ¥« 74 7 (Idun Reiten), A7 =L + 2 X1 — (Sverre O. Smalg)
Dim X [3] ZZH I N0,

Rix. B RIABAEDFRHERFICET AN B 7 VT 1+ VEROBITH S, F7-,
%%?ﬁﬁz 3. HARB A2 OMER r@% 4] DfmFEiFEOH T, HOMNZ T VT 4 VB
DEEEZILY BT L Tw 5
1) wfaBy
) HiFIBR (Amdal, Ringdal, 1968 [1])
) socR 232D BFINEE DA BRE DEM & 72 > T 2 JHHER
) BREY =7 ABHEE (KA, RIALR T [9))
) & % D HEF HER

EE. (1) EEOBEBEISENEE gP I LT, & 2 BRI DB AR 22N
rI EHDLARB nDHD, P=(rad"R) L2 XH) KRR REZERBRE V),
(2) (LR DOHEMBLIHERL A (quasi injective) MIFEL 725 X 9 ZBRZERHIR &9,
(3) ROMfESZ - TR AZEQF-3/RE VI,

(a) E(A) C []A.
ZIT., E(A)F JADBAUETH %,
(b) A IHANEFEINEE JM 2RO,
Thbb, JMIZEFEMFT, EEDLEMEE 4N (& M OEMRKT & FHT
b5,
(c) BHMEIL f=fPc ATAfDEEBAMBEE 25,
(4) BRAIZ, AV OLEQF-3 RO L Z QF-3IRE VT,

ROEHIZ X D, QH BRI QF-3 BROILEM S TH 2 Z L 3bd 5

EE 2.1 (5%)). QH B3 QF-35TH 5, eRe HIRATHISIE (local serial ring) T
(center of eRe) N (e - radRe — (e - radRe)?) DIZREA TR IFIUE, RIFHCHINTH %,

Rix, LEOEHOSEF2HTERE L TEEEERH T 5D TH S,
Bl. DA, £EAE R=Dx D x D IZRDOEZ AL 5,

(@1, 2, 23) (Y1, Y2, Y3) = (T1Y1, T1Y2 + Talr, T1Y3 + Tay2 + T3y1).

ZDEE, RIiZloewy length 3 DIEATHAEPTHIER T
(0,1,0) & (center of eRe)N(e(radR)e — (e(radR)e)?) DILTH 5,

FE. EERo#lo R, D EOLIERE Djx) DA 77V (23) 12 X 2 FIRER Dz]/(2%) &
FAICH 5,
P AR & RN P REOEE:Z R T 72012, ROER EFEVBILETH 5,
ifE 2.2. R K LOFBRRLGIUER AL, ROMEBIELT 5,
Ext’ (4D(A), 4A) = Ext. (A, A°).
TIT, A= Ak AP 13 A DEIEEZITTIR (enveloping algebra) ThH %,
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Proof.
Ext’y(D(A4), 4A) = Extlyy, k(1A @4 D(A)k, 4AK)
&~ Extlye (1A, Homg (D(Ap) K, aAK)).
Also,

aHomg (D(Aa)k, aAk)a = aHomg (D(Aa) i, D(k D(4AK)))a
aHompg (D(As) @k D(aAk), kK)a
D(D(4A @K Aa))

AA Rk Aa.

e 11

1%

EE. LLEBRIT (left dominant dimension)
O W ROY TUN YNy
02> 41 A—-F - E—-- = FE, > -

TEy,. .., B, EHENEEE 22> TV BEE. Ldom.dimA>n EE L, ADEBBRITIX
nBETHB LRI,
fHiRE 2.3 ([14] p.p.97). A% QF-3 BT, Ae BX O fA & &% M/NEFMBEE X O/
WELMBEE T2, Ldom.dim A > 2T, ja;fADHNEADRDORY»S n HBEHE T
DD, parfAe i X D HRSRA (finitely cogenerated) S5 & § 5, TDEE, RIZIH
{iﬁf\% %O

(1) £.dom.dim A > n + 2.

(2) Extla;(fA fA)=0(i=1,2,...,n).

(3) Ext’ . (Ae,Ae) =0 (i=1,2,...,n).

LUR 23, thili 48 & RINNF R D [AETE DR TdH 5,

EHE 2.4. [NC] < [T(]
Proof. Assume [NC]. We first prove [T1]. We set R = Ends(A® D(A)). Let f and ein R

be projections to A and D(A), respectively. Then it holds fRf = A, fR= fRf® fRe =
A® D(A) as left A-module. Since

Ext} g (fR, fR) = Ext);(A® D(A), A® D(A))
= Ext};(D(A), A),
we have Ext}p(fR, fR) = 0 from [T1]. By Lemma 2.3, we know (.dom.dim.R = co.
So R is self-injective by [NC]. Thus A is also self-injective. (See Lemma 2.5 below.)

Next we prove [T2]. Assume A is self-injective and M is finitely generated. We set
R =Ends(A® M). Let f and e in R be projections to A and M, respectively. By the
same argument in the proof of [T1], it holds Ext)p(fR, fR) = Ext’y(M, M) = 0 and R
is self-injective.

On the other hand, since A @ M is finitely generated generator (cogenerator), it is well
known that this satisfies double centralizer property. i.e. Endgr(A ® M) = A. Hence
A® M is a projectice A-module. (See Lemma 2.5.) Thus M is projective. 0J
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FEDOREATICH 2 NFIFEELOT, i LT L TEH L,

W8 2.5. (1) AM Z Exty (M, M) = 0 &7 $HBERE AMELE T2, R=Enda(M)
DHOABAMNZ &, M I1Z/E Endg(Mg) SHEMEETH %
(2) R =Enda(A® D(A)) BWHLB AL &, Exty(D(A),A) =0 Th 2 0E 415
fHE ADHOBANZ I L TH 5,

Proof. (1) We take a short exact sequence of left A-modules
0—=+N—®A—=M—0.

We apply Hom4(—, M) to the above exact sequence, we have the split short exact sequence
of right R-modules

0 + Hom(N, M) + Homu(®A, M) < Homu(M, M) = R + 0

from the assumptions Ext (M, M) = 0 and R is right self-injective.
We apply Hompg(—, M) to the above exact sequence, we have the split exact sequence

0 — Hompg(Homu (M, N), M) — @&Endgr(M) — Homg(R, M) = M — 0.
Thus M is a projective Endg (M )-module.
(2) If part is clear, so we prove only if part. We remark A = Endg(M) since 4 M is
generator. We apply (1) to M = A @ D(A), then 4D(A) is projective, that is, A4 is
injective. So A is self-injective. O
RO, D A7 3 —[FfEICEE§ 2 RHBGR THVW 62 HHFETH S, Thb

i3, WESRLEDG Z AR OB CAESNICH A STz, (86 IREAr v R
Yo — AEESH)

flRE 2.6. /£ AMBE 4M & Z OWERTUERZ B = EndyM £ $ 2%, d: A— EndgMp %,
a€AtmeMIZHL da)(m)=am &£ EZEI NS HREERL (canonical map) & T 5,

(1) dDSWITH 2 BT H4HE M DPSREMBETH 2 2 L Th 5,
(2) oM DVERIBER 5. d EFEC My 3 E R RSB CH 2.,
(3) M D3 HEERSIEES & . My 13 A BER A ERNBETS 5,

Proof. (1) is clear.
(2) Since generator is faithful, d is monomorphism. So we show d is an epimorphism.

Take an epimorphism »_ &M SLCLIRLY A, then there are some m; € M (j =1,--- ,n)
such that

La = fi(m1) + fa(ma) + -+ fu(my).
Also for m € M, we define ¢, : 4A — 4M by ¢,,(a) = am for any a € A. We remark
fi¢m € B. For any ¢ € Endg(Mp),

go(mj fiom,) = p(m ) [itm, = fi(p (mJ))mz € Am,.

Since

ij(mj)mi = (Z fj(”%‘)) m; = m,
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we have
p(m;) = (Z fj(sﬁ(mj))) m; € Am.
j=1
We set p(m;) = a;m; and
a = ay fi(my) + azfa(ma) + - + ap fr(m,),
then for any m € M,
m=1-m= fi(mi)m+ fo(ma)m+ -+ fp(m,)m
So

p(m) = @(m1) from + -+ + ©(Mn) frnom
= (a1 f(m1) + -+ anf(mn))m

= am.
We apply Hom 4 (—, 4 Mp) to the above splittable epimorphism, then we have a splittable
epimorphism
Z EBHOHIA<M, AMB)B = Z ¢&Bg — HOIIlA(A, AMB>B = Mg — 0.
Thus Mp is finitely generated projective.

(3) Assume oM is finitely generated projective then we have a splittable epimorphim

That is, there are f;(1) =m; € M and g; AM — AA (¢=1,---,n) such that
m = mygi(m) + maga(m) + -+ + myugn(m)
for any m. Hence m = mq(g10m)+- - +mn(gnpm). Remarking that g;; € B, my,--- ,my,
are generators of Mp, that is, Mp is finitely generated B-module.
Apply Homu(—, 4Mp) to the above splittable exact sequence, we have a splittable
epimorphism

> @Homa(A, 4Mp) = Y @&Mp — Enda(M) = B — 0.
That is, Mp is generator. 0

3. K7JIF#+ (Tachikawa Conjecture+)

FEPE 2.4 DFEHYT, EENNEE (generator) ¥ & RAIMNAEE (cogenerator) 23ANE 175
Bzl T3, 2otz e, KJJNEERPLIFREFAEZROFREZ2 52 72,

FH8 (TC+: RIJIFH + (Tachikawa Conjecture +)).
AM 2GR CTEBIEE» O REBRIEEE T 5,
TOEE, Exty(M,M)=05% i >0 RIS, M IZHENTH 5.

EHE 3.1. [TC] < [TCH]
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Proof. Assume [TC]. Since M is generator cogenerator, we have a splittable epimorphism
S ®M — A — 0. That is, for some m,n > 0, it holds 44 < @M and 4D(A) < &M ™.
Thus Ext’ (M, M) = 0 implies Ext’ (D(A), A) = 0. Hence A is self-injective by [T1] and
M is projective by [T2].

Assume [TC+], then we have

0 = Ext’,(D(A), A) = Ext'y(D(A) @ A,D(A) @ A).

We show [T1]. Since D(A) & A is projective, A = D(D(A)) is injective.

We show [T2]. Ext%(M, M) = 0 for any i > 0 and A is self-injective imply Ext’y(M &
A M®A)=0. Also D(A) = A implies A is generator cogenerator, thus M @ A is finitely
generated generator cogenrator. By [TC+], 4M is projective. O

4. —figHhILF18 (Generalized Nakayama Conjecture)
EIVRTIRIUT—EAT2T7V 747, 1975 IR P/ %Z 5 272 [2],

FH8 (GNC: —f&h1LF48 (Generalized Nakayama Conjecture)).
0> 4A—>E - FEy— = E,— - Z JADMB/NEADEE L, S ZTEDHH
ML T2, COEE, SIEHD E; (i >0) DENRTLHRTH 5,

EE PR, Ext 2w TRO L) IcRI N5,
[GNC] <= Ext’y(S, A) # 0 for some i > 0.

A e TR INZRO—BIIFRE+ 2% 2 5 2 &T, —dilFEasdil
THzELI LB 5,

FH (GNC+: —#H1LFPH+ (Generalized Nakayama Conjecture+)).
#i> 07T Exty (M, M) =0 &% 2 BT A M ZHERAERIEINETD %,
— LA & — LA+ o RN 2 SR FLTE <

EHE 4.1. [GNC] < [GNC+]. Kz, [GNC] = [NC].

Proof. Assume [GNC]. We set B = End4(M). Then My is finitely generated projective
since 4M is generator by Lemma 2.6(3) . Let

0= aM —=E, = FEy— -

be a minimal injective resolution of 4 M.
We apply Hom4 (M, —), then the following sequence

0 — B = gHomu(4Mgp, aM) — pHoma(aMp, E1) — pHomu(aMp, Eo) — -+
is exact since Ext’y(M, M) = 0 for any i > 0. Also gHom(4Mp, 4E;) is injective since
Mp is projective and 4 E; is injective. Thus for some m > 0, > @Homa(4Mp, 4 E;) is

=1

cogenerator by [GNC].
ti
On the other hand, 4E; < &> @&D(A) since D(A) is an injective cogenerator.
t.

So we have gHom (4 Mp, E;) < @i@BHomA(AMB,D(A)).
Since gHom (4 Mp, D(A)) = pHomy(A®4 Mp, A) = D(Mp) and D(M3p) is cogenerator,
Mp is generator. Thus 4 M is finitely generated projective and [GNC+] holds.
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We assume [GNC+]. Let
0= AA— Fy — FEy— -

be a minimal injective resolution of 4A and {Si,Ss,...S,} the complete set of non-
isomorphic simple modules included in some E;. We take f € A such that f2 = f and

Then there is some m; such that E; < @4D(fA)™. Remarking that fA ®4 D(fA) =
fD(fA) = D(fAf) as left fAf-module, we have the natural isomorphisms

AHOHlfAf(fA, fA ®a D(fA)) = AHOIanf(fA, D(fAf))
=~ sHomp(fAf ®fay fAA, K)
= aD(fAx4).
Hence we have the natural isomorphism
0+ aHompar(fA, fA® E;) = AE;.

From an exact sequence 0 — 4A — E; — FE5, we make an exact commutative diagram

0 —— A — Er —_— £

lm lw
0 —— AHomfAf(fA,fA®A A) E— AHomfAf(fA,fA(X)A El) E— AHomfAf(fA,fA(X)A E2).

Since ¢ and 9 are isomorphisms, we have an isomorphism
AA = Endef(fA).

On the other hand, fA®4D(fA) = D(fAf)is an injective fAf-module, sois fAR4E;.
Hence we have an injective resolution of sarfA = jarfA®Rs A

0= fARANA = fAQAE, — fAQ s Ey — -+ .

From the above two facts, we have Extic ar(fA, fA) =0. Hence yay f A is finitely generated
projective by [GNC+], so fA is a generator as left Endsas(fA)(= A)-module, that is,
fA4 is a finitely generated projective generator. Thus 4D(fA) is cogenerator, which
means {51, Ss,...S,} is the complete set of all non-isomorphic simple modules. Hence

[GNC] holds. O

5. #@AILF%E (Strong Nakayama Conjecture)

0/¥—k » 2)LE— (Robert R. Colby) &7~ « 77— (Kent R. Fuller) (% 1990 £
ROV 5 272 (6],

FH8 (SNC: 5 L4 (Strong Nakayama Conjecture)).
EROBERAERMEE AMIZH L, 2 i>023H D Exty (M, A) #0 &% 5,

R [SNC] = [GNC] DIRAET % 2 L REBICHD B,
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6. BRFFERITO LRFHE (Finitistic Dimension Conjecture)
%It A O finitistic global dimension |&, XD X 9 [CHBRHFEXIGDO HIRE L TE

£IN5,

f.gl.dimA = sup{p.d(M) < oo}

22T, pd(M) iE AM DEHERILE T,

F18 (FDC: AIRHFEXILD LR P (Finitistic Dimension Conjecture)).
f.gl.dimA < oc.

ARAEXD LRPEIR, ROEH L Dl PHzE&L 2 L8br s,

EE 6.1.

[FDC] = [SNC]

Proof. Assume n = f.gl.dimA < co. Take 4M such that Ext’ (M, A) = 0 for all i > 0.
Let

hyp s b L Mo

be a projective resolution of 4M. Then by assumption, we have an exact sequence

Hom 4 (f1,A Hom 4 (fo,A

-+ <= Homy (P, A)a HomA(PO,A)

So we have the projective resolution of ImHom 4 (f,,12, A)

HomA(M A)s=0.

) Hom 4 (fn42,A)
VA Nt

0« ImHomA(fnJrg, Hom (P41, A)a < -+

Hom 4 (f1,A Hom 4 (fo,4)
%

< Homy (P, A)a HomA(PO, A)a Homy (M, A)4 = 0.
Since p.d ImHomy(f,,12, A) < n, we have a splittable epimorphism

0 < Homy (P, A)a <H0mA—M Homy (P, A) 4.

Thus we have a commutative diagram

Hom 4 (Hom (P, A)a, Aa) AN Hom s (Hom(FPy, A)a, As) —— 0

L

P — = — 0.

Here, g = Hom 4 (Hom(f1A4). Thus f; is splittable epimorphism, which means M = 0.
[

R

7. fERR— 1L P AR (TILTING VERSION OF GENERALIZED NAKAYAMA
CONJECTURE)

AflERAE IR, & BB Tl 2 B & OBIE ORI T 2 TR

527,

%ﬁg (TGNC: R —M L1748 (Tilting version of Generalied Nakayama Conjecture)).
Z MENEE (tilting module), A, OW/MEBII# (minimal dominant resolution) %

0—-A—-T—->T—- - =T, — -
5%, ZOLE, TOEBNRTT WL, $%iTT <aT, L5,
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IBE T, 3. ROFMZ 2T & SAMBEE FIEN 5,
(1) % i>07TExty(T,T)=0%t% %,
(2) & %5845
o= Ty — Ty — D(A)a— 0

T B LT < a3 0T) TH Y,
Homy (7, T3) — Homu (T, T1) — Homyu (T, D(A)) — 0
DRI ER DD DD 5,
Ty ZEIREE 5, 5825
0= Ay =TT —>Tp — ---
d. ROFEM 27T & 2B (dominant resolution) &ML 5,

(1) %iTT, < B0 aTy) L5 3,
(2) 0 < Homu (A, T) + Homy (T}, T) + Homy(Ty,T) < --- DRI E 725,

TR, (G MBI RIEET %,
R, R CORDOEMZ R L 72,
EE 7.1. [GNC] <= [TGN(]

Proof. Assume [TGNC]. Let (*) 0 - 4A — 4l; — 4l — --- be a minimal injective
resolution of 4A. 4D(A4) is a tilting module with a minimal dominant resolution (*).
Indecomposable direct summands of 4D(A4) are injective envelops of all simple modules.
That is, any simple module is a submodule of some I; by [TGNC]. Hence [GNC] holds.

Next assume [GNC]|. We set B = End4(74). We know that a tilting module has the
double centralizer property, we have A = Endp(gT). Let 0 - Ay — 17 — T — -+ and
0— B —T'17— T3 — --- beminimal dominant resolutions of A4 and g B, respectively.
We take a direct sum > &L of non-isomorphic indecomposable direct summands of some
T;. Since > ®L < &T, there is f € B such that f2 = f and Y. ®L = fT.

[TGNC] is equivalent to f = 1p, so we show f = 15. We make a direct sum »_ @M of
non-isomorphic indecomposable direct summands of some 7”;. By the same argument as
above, there is ¢ € A = End(Tp) such that e* = e and > &M = Te. We know that
(1) fAffTeeAe, BBffo, eAeeAA are tlltmg modules.

(2) BTa = pBf sy [Te ®cac eA.
(3) pT4 is a tilting module iff sHomg (T, K)p = D(T) is a cotilting module.

Since pB frpy is a tilting module, there is an exact sequence

cee Z@Bf — Z@Bf — pD(B) — 0.
Hence we have an exact sequence
0—B—Y ®fDB)—> &fD(B)— -,
hence f = 15 by [GNC]. O
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8. flhBH ¥4 (RELATED RESULTS AND CONJECTURES)
ARRZ BRI L, S TREOBRZ X D2 ERDE I ICR 2,
[FDC] =[SNC] = [GNC] <=[GNC+| «<=[TGNC] =[N(].
INC] <=[TC+] «<=[TC] «<=[TC1] and [TC2]
TNT 4 VEICNT 5 [NNC] = HIRRXZICERICN T 25 [NC]|

TR 5 R 2 62 R 28> TP TEITTH S,

(1) George V. Wilson [16]
EIE 8.1. IEXRBUTELILETIE [GNC] DIRLT 5,

(2) RIJNBASE [14]
EE 8.2. A K LA p B G OFFER K[G] TlE, [T2] IRALT 5,

(3) Rainer Schultz [13]
EIE 8.3. 1A K LA G OREER K[G] Tld. [T2] 25K %,

(4) Edward L. Green, Birge Zimmermann-Huisgen [§]
TR 8.4. rad’A =0 £ R B HWXLILE AICK LT, [FDC] 3L T %,

(5) Peter Dréaxler [7]

R 8.5. rad® ™A =052 Afrad’ A WHREHAL & 72 2 HRRLIE A KL
T. [GNC] IR T %,

(6) Yong Wang [15]

R 8.6. rad*' R =022 R/rad'RPVAREHB L 227 VT 4 VELRICKHL
T. [SDC] DALY B,

Proof. (£ AHEDFEH) .

Assume there is a finitely generated non-zero R-module g M such that Exty (M, R) =
0 for all ¢ > 0. For a projective resolution of M,

fnt1 f1

i Py S P Py y Py s M 0,

we set ; = Imf; and denote T* = Hompg(gT, rRR)r-
By assumption, we have an exact sequence

04 Qe P o P < pren

Thus p.d Qf <i—1 for any i > 1. Since QF C JP;, we have J*QF = 0 for any i.
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We prove Extp (€25, R) # 0 and Exty (€2, R) = 0 for any i > 3. Since P = P**
for any projective module P, we have the following commutative diagram

fn+1 f1
- — Pn+1 > P, > e > P > By
ok ;11\ Kk \ \ *ok A \ ok
PT’L+1 7 PTL 7 e 7 Pl P

Thus
0 —— (Qnss)" «—— (Bop2)” —— (Popr)" — -
is a projective resolution and
0 —— (Qug3)™ —— (Pug2)™ —— (Por)™

is exact, which means Ext},((,43)*, R) = 0 for any n > 0.
Consider the following commutative diagram

0 —— Q5 P I Py ExtL(Q5R) —— 0
p -1y P — M — 0,

then we know that f; is non-splittable. Thus Exty (5, R) # 0.

We fix m > 1. Take 0 # zN such that p.d kN < m, and J¥N = 0. We set
N, = J'N, N, = N/J‘N.

Since R/J* is representation finite, let {Cy,...,C,,} be the complete set of
non-isomorphic indecomposable modules and we have the decompositions

Ny = Z@C’% Z@C
=1

For i > m, Ext’'(Ny, R)r = Ext’ (N, R) is finitely generated.
We set £(k, j) = length Ext%(C;, R)g, then

Z€z+1j Zé@]

We denote Z-module L; (i > m) by

m

{(Cly"' s Comy e 7dm) €z | Zf(l—f—l,j) "G = Zg(l,j) dJ}

7=1 7j=1

They are Z-submodules of the noetherian module Z?™. So an increasing sequence

Ly C Ly C --- terminates. That is, L,,, = Ly, +1 = .... for some my. Take
N = (Qny+3)*. Remarking that p.d (Qne43)* <mo+2, (a1, ,am, b1, ,by) €
Lm0+27 thus <*> (CLl, T, Gy, bla T 7bm> € Lmo = Lm0+1-
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(8)

From the exact sequence
0—JN—=N-— N/JN -0
and the fact
Extot ((Qng13)*, R) = Extp (%, R) = 0,
we have an exact sequence
0 — Ext?°t(JN, R) — Ext°"*(N/J'N, R) — Ext7°"?*(N, R) —
Extot?(J'N, R) — Ext7o™(N/J'N, R) — Exti°"*(N, R) = 0.

From (*), we have

length Ext70™ (J'N, R) = length Ext}7°™*(N/J'N, R),

length Ext7°™*(JN, R) = length Ext}.°™*(N/J'N, R).
Thus
0 = Ext?0 ?((Qmgs3)*, R) = Extp(Q3, R) # 0,

which is a contradiction. O

74 F— > 2)bY (Rainer Schultz) (ZXD X 9 %fil%z 5 2 7%, Lemma 2.6 &5
b s L, [T2] B—RICTILT 4« VIRTRAKRILTH S Z L130h 5
fit> T, RUFRIF—MICTILT « VIRTIEFRERILTH S,

Bl 7o =2 —AB (HOARN T VT 4 VB R EARAERE RINEE xM T
RDOGNM 2T TS DDVH 5,

1) &i>01cx L, Exth(M,M)=0=%7%2%,

(ii) Mpnapoaan 13 Endp(M, M) fEEE UTHBRER TR,

O~)L ke 2T 4 % A (Robert Martinez-Villa) 3% E B OBFOE T, iy
ML AR 2B L T,

EE 8.7 (Robert Martinez-Villa ). f.dom.dim A >n & §5%, TDELE, LED
E<nlZ® L, Domy = {4M| £.dom.dim M > k} &, INEEEDZERE mod-A T,
HZEER (contravariantly finite) Tdh 5,

RO 2 MET %,
Fir = {F € mod(mod-A)|F(M) = 0 for any M € Dom,}
Tr = {G € mod(mod-A)|G(M) = 0 for any M € Fj,}
ZDEE, (Th, Fr) 13 b= 2 YR (torsion radlcal) tx %ﬁ’)@ﬁ:ﬂ@?ﬁéﬁ@J\
(hereditary torsion theory) Tdb %, % I T, Dom = ﬂ Domy, B XN F = ﬂ Fi

k=0 k=0
LEE T)%ZME (T, FYCRIET 2 b —s a vz ¢ £33,

Y
RNT 4 R AIROTFRE L Z 7 [11],

flgf



FA (MC: w7 4+ A FH (Martinez Conjecture) ).
D M € mod(mod-A) IZR L, KD Z EDRILT 5,

(V) 1) = ) (o)
(2) t(M) IZHRFERIE (finitely presented) TdH %,
EIE 8.8 (Martinez-Villa Roberto [10]). w7 4 A PREIEFILTFEZ &,

(9) BEH (Cheng Chang Xi ) [5] 13, RO LZFEREL TV
BHRTIIEREFREICET 52REETIEL,

B, AIERR 4RO EEATYER RIGEERLO CEBRITIE 1 THE, 2%
JLER & Z DEZL LR LOEREILERBEFRETH 5 Z LT LA THwSE, %
T, RD(2,3) %z 0 & L ROWBELILERZE 2, BXItIE2TH D,
BIOEIE R 5 2 & D5
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