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ABSTRACT. There exist 26 equivalence classes of k-subalgebras of M3(k) for any alge-
braically closed field k. We introduce the moduli of subalgebras of the full matrix ring of
degree 3, in other words, the moduli of molds. We describe the moduli of rank d molds
of degree 3 for d = 2, 3.
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1. INTRODUCTION

In this paper, we discuss the moduli of subalgebras of the full matrix ring of degree 3.
For investigating R-subalgebras A of M,,(R) over a commutative ring R, or subsheaves A
of Ox-algebras of M,,(Ox) on a scheme X, it is a good way to investigate the moduli of
subalgebras of the full matrix ring, in other words, the moduli of molds. For constructing
the moduli, we need to introduce the notion of molds. A mold A C M, (Ox) of degree n
on a scheme X is a subsheaf of Ox-algebras of M,,(Ox) such that A and M,,(Ox)/A are
locally free sheaves. This definition allows us to construct the moduli Mold,, 4 of rank d
molds of degree n as a closed subscheme of the Grassmann scheme Grass(d,n?). By the
description of the moduli of molds of degree 3, we obtain rich results on R-subalgebras of
M3(R) over arbitrary commutative ring R. Furthermore, we can obtain a hint to construct
the moduli of representations for each mold of degree 3 as in the degree 2 case ([5]).

Another reason why we investigate the moduli of molds is that it is closely related to
the moduli of algebras in the sense of Gabriel ([1]). There exists a canonical morphism
from the moduli of algebras to the moduli of molds. Moreover, we can deal with the
moduli of molds functorially, since it represents a certain contravariant functor and there
is a universal family of subalgebras on the moduli of molds. The relation between the
moduli of molds and the moduli of algebras will be discussed in another paper.

We begin with the following definition.

Definition 1. Let k£ be an algebraically closed field. Let A, B be k-subalgebras of M,, (k).
We say that A and B are equivalent if there exists P € GL, (k) such that P"*AP = B.

Let us classify the equivalence classes of k-subalgebras of M3(k) over an algebraically
closed field k.

Theorem 2 ([6]). There exist 26 equivalence classes of k-subalgebras of Ms(k) for any
algebraically closed field k.

The detailed version of this paper will be submitted for publication elsewhere.
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a 0 c
(15) Ss(k) := 0 b0 a,b,cek
0 0 b
a b ¢
(16) Sa(k) := 0 a O a,b,cek
0 0 a
a 0 b
(17) S5(k) = 0 a c a,b,cek
0 0 a
a c d
(18) Sg(k) = 0 a O a,b,c,d €k
0 0 b
a 0 ¢
(19) S7(k) := 0 a d a,b,c,d € k
0 0 b
a ¢ d
(20) Ss(k) := 0 b 0 a,b,c,d €k
0 0 b
a 0 c
(21) So(k) = 0 b d a,b,c,d € k
0 0 b
a b ¢
(22) Syp(k) := 0 a d a,b,c,d,e €k
0 0 e
a b c
(23) Sii(k) = 0 e d a,b,c,d,e € k
0 0 a
a b c
(24) Sia(k) := 0 e d a,b,c,d,e €k
0 0 e
* ok ok
(25) 513(/{7) = 0 = 0 S Mg(k)
0 0 =
* 0 *
(26) 514(1{‘) = 0 *x € Mg(k)
0 0 =

For a long proof of Theorem 2, see [6]. It is interesting to investigate how 26 types of
subalgebras are contained in the moduli Molds 4 of molds (d = 1,2,...,9).

The organization of this paper is as follows. In Section 2, we define the moduli of molds.
We describe Molds 4 for d = 1,6,7,8,9. In Section 3, we describe Molds . In Section 4,
we describe Molds 3. In Section 5, we deal with the degree 2 case as an appendix.
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2. PRELIMINARIES

In this section, we define the moduli of subalgebras of the full matrix ring, in other

words, the moduli of molds. We describe the moduli of rank d molds of degree 3 for
d=1,6,7,8,09.

For introducing the moduli of subalgebras of the full matrix ring, we define molds on
schemes.

Definition 3 ([4, Definition 1.1]). Let X be a scheme. A subsheaf of Ox-algebras A C
M, (Ox) is said to be a mold of degree n on X if A and M,,(Ox)/A are locally free sheaves
on X. We denote by rank.A4 the rank of A as a locally free sheaf on X. For a commutative
ring R, we say that an R-subalgebra A C M, (R) is a mold of degree n over R if A is a
mold of degree n on SpecR.

Remark 4. A mold A C M,,(R) over a commutative ring R is an R-subalgebra A of M,,(R)
satisfying that A and M,,(R)/A are projective R-modules. In particular, A, is a free R,,-
module for o € SpecR. We assume that rankg, A, is constant for o € SpecR. Then
A C M, (R) determines an R-valued point of Grass(d,n?), where d = rankA. Here the
Grassmann scheme Grass(m,n) is the scheme over Z parameterizing rank m subbundles
of the trivial rank n vector bundle (For example, see |2, Lecture 5]).

We define the moduli of molds.

Proposition 5 ([4, Definition and Proposition 1.1)). The following contravariant functor
is representable by a Z-scheme Mold,, 4.

Mold, 4 : (Sch)®” — (Sets)
X — { A ‘ rank d mold of degree n on X }

Moreover, Mold,, 4 is a closed subscheme of the Grassmann scheme Grass(d, n?).

Proof. Let E be the universal rank d subbundle of the trivial rank n? vector bundle
on Grass(d,n*). We regard the trivial rank n? vector bundle as M,(Ograss(an2)). Let
p € Grass(d,n?). Let Ay,..., A,z be an Op,-basis of M,(Op,) such that A;,..., A, is
an Oyp,-basis of E |y, on a neighborhood U, of p. We can write I,, = ZZ; apA, and
AA; = ZZ; cfjAk for 7,7 = 1,2,...d, where ak,cfj € OgGrass(dn2)(Up). The condition
a, =0fork=d+1,...,n° andthatcfj =0forl1<i,j<dandk=d+1,...,n?defines a
closed subscheme of U,,. By gluing such closed subschemes of U, for each p € Grass(d, n?),
we can obtain a closed subscheme Mold,, 4 of Grass(d, n?). It is easy to check that Mold,, 4
represents the contravariant functor in the statement. (]

Remark 6. There exists the universal mold A, 4 C M, (Ouola,, ,) on the moduli Mold,, 4.
Giving a rank d mold A C M, (R) over a commutative ring R is equivalent to giving a
morphism Spec — Mold,, 4. By the morphism ¢ : SpecR — Mold,, 4 corresponding to
A C M, (R), we obtain A = ¢"(Anq) == Ana @0y, , R
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Example 7 ([6]). Let n =3. If d =1 or d > 6, then
Molds; = SpecZ,
M01d376 = Flag = GLg/{(aU> € GLg | Q5 = 0 for i > j},
Moldsr = P[P,
M01d378 = @7
Molds 9 = SpecZ.

Let us explain Example 7. When d = 1, A = RI3 C M3(R) is the unique rank 1 mold
over a commutative ring 2. Then Molds ; is isomorphic to SpecZ, which is the final object
in the category of schemes. When d = 9, A = M3(R) is the unique rank 9 mold over a
commutative ring R. Then Molds g is also isomorphic to SpecZ. When d = 8, there exists
no rank 8 mold A C M3(R) over any commutative ring R. Hence Molds g = 0.

When d = 6, the set of k-rational points of Moldz s = Flag coincides with { PB3(k) P! |
P € GL3(k)} for a field k, where

* ok %
By(k) =4 | 0 = % | € My(k)
0 0 =x
When d = 7, Molds ; = P [ P.
Kk %k k% %
Let Py (k) := * x % | € Ms(k) p and Pyo(k) := 0 % % | € Ms(k)
0 0 = 0 * x

The set of k-rational points of Molds 7 = P [[ P4 coincides with
{PPy1(k)P™" | P € GLs(k)} [ [{PP12(k)P~" | P € GLs(k)},
where £ is a field.

In the following sections, we discuss Molds » and Molds 3.

3. THE MODULI Molds 5

In this section, we deal with Molds . Let k be an algebraically closed field. There exist
two equivalence classes of 2-dimensional k-subalgebras of Ms(k):

a 0 0
(CQ X Dl)(k’) = 0 a O a,b ek
0 0 b
and
a b 0
Si(k) = 0 a O a,bek
0 0 a

We can classify 3 x 3-matrices into three types: Regular matrices, subregular matrices,
and scalar matrices.
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Definition 8 ([6]). Let M3 be the scheme of 3 x 3-matrices over Z. In other words,

Ms = A) and we can consider the universal matrix A on Mz. We define the open
subscheme M3 consisting of non-derogatory matrices (or regular matrices) by

M3® = {x € M3 | I3, A, A% are linearly independent in Ms(k(z))},
where k(z) is the residue field of z. We denote by M5! the closed subschemes consisting
of scalar matrices. We also define the subscheme Mg of M3 by
I3, A are linearly independent in M3(k(z)) and A? = ¢; A + col3 }

My = {x € M on a neighborhood U, of x for some ¢, ¢y € O, (Us)

Then M3 can be divided into the following three subschemes:
M = Mgeg H Mzr H M;calar'
Roughly speaking, if the degree of the minimal polynomial for a 3 x 3-matrix A is 3,
2, or 1, then we call A regular, subregular, or scalar, respectively. We denote by M¥(R)

the set of subregular matrices of M3(R) over a commutative ring R. (This is compatible
with the notation of the set of R-valued points of the scheme M)

For describing Molds 5, we deal with subregular matrices.

Proposition 9 ([6]). Let R be a local ring. For A € M§'(R), there exists P € GL3(R)

such that
a1l 0
P AP = 0 b 0
0 0 b
Moreover, a,b € R are determined by only A (not by P).

Remark 10. Proposition 9 implies that A € M$(R) has eigenvalues a, b, b over arbitrary
commutative ring R. In particular, even if a field £ is not algebraically closed, then
A € M5 (k) has eigenvalues a, b, b over k.

Definition 11 ([6]). We call a,b € R in Proposition 9 the a-invariant and the b-invariant
of A, respectively.

The subscheme Mg is the moduli of 3 x 3 subregular matrices. For the universal
subregular matrix A on MS', we can define the a-invariant and the b-invariant of A on

Definition 12 ([6]). We denote by a(A), b(A) € Ong (M) the a-invariant and b-invariant

of the universal matrix A on MY, respectively. These are PGLs-invariant, where the group
scheme PGLj3 acts on M by A — P~'AP.

Here we introduce (universal) geometric quotients ([3]).

Definition 13 ([3, Definitions 0.6 and 0.7]). Let X be a scheme over a scheme S. Let G
be a group scheme over S. For a given group action o : G xg X — X over S, a pair (Y, ¢)

consisting of a scheme Y over S and an S-morphism ¢ : X — Y is called a geometric
quotient of X by G if

(1) poo = ¢opy, where py : G x5 X — X is the second projection.
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(2) ¢ is surjective, and the image of G xg X (1) x X g X coincides with X xy X.

(3) ¢ is submersive. In other words, U C Y is open if and only if =1 (U) C X is open.

(4) Oy = ¢.(0x)%, where ¢,(Ox)% is the subsheaf of ¢.(Ox) consisting of G-
invariant functions. In other words, for an open set U of Y and for f € ¢.(Ox)(U),
f € ¢.(Ox)¢(U) if and only if f induces the following commutative diagram:

Gx o (U) = ¢~ (V)
p2 LF

o '(U) 5 AL

Here F'is the morphism defined by f.
We say that (Y, @) is a universal geometric quotient of X by G if (Y, ¢') is a geometric
quotient for any S-morphism Y’ — Y, where ¢’ : X’ := X xg Y’ — Y’ is induced by ¢.

We also introduce the following definition.

Definition 14 ([7]). Let f : X — S be a morphism of schemes. Assume that f is locally
of finite type. We say that f is of relative dimension d if all non-empty fibers f~!(s) of f
are equidimensional of dimension d.

Proposition 15 ([6]). Let m : M — AZ be the morphism defined by A — (a(A),b(A)).
Then 7 gives a universal geometric quotient by PGLs. Moreover, M5 is a smooth integral
scheme of relative dimension 6 over Z.

The scheme Molds 5 is the moduli of 2-dimensional subalgebras of Ms. Let (A) be the
subalgebra generated by A for A € M. We define ¢ : M§ — Mold; s by A — (A).

Proposition 16 ([6]). The morphism ¢ : M — Molds o is smooth and surjective.

Let us describe Molds 5 explicitly. Let V := OF° be a rank 3 trivial vector bundle on
SpecZ. We denote by P,(V') the projective plane consisting of subline bundles of V. We
also denote by P*(V') the projective plane consisting of rank 2 subbundles of V.

Let us define a morphism £ : P, (V) x P*(V') — Molds 5 as follows. Let X be a scheme,
and let (L, W) be an X-valued point of P,(V) x P*(V). In other words, let L and W be a
rank 1 subbundle and a rank 2 subbundle of V' ®7z Ox, respectively. Set Vx :=V ®7 Ox.
We can regard f € Homo, (Vx/W, L) as an element of Endo, (Vx) by

Ve " Ve /W L L vy

We denote by £(L, W) the subsheaf of Ox-algebras of Ende, (Vx) generated by {f €
Home, (Vx/W, L)} and idy, . Since rank Home, (Vx/W, L) = 1, we see that {(L, W) is
a rank 2 mold on X. We define a morphism & : P.(V) x P*(V') — Molds» by (L, W) —
(L, W).

Theorem 17 ([6]). The morphism & : P.(V) x P*(V) — Molds 2 is an isomorphism.
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Remark 18. For simplicity, let us consider the discussion above over a field k. Let V be
a 3-dimensional vector space over k. Let (L, W) € P.(V) x P*(V). In other words, let L
and W be a 1-dimensional subspace and a 2-dimensional subspace of V', respectively. We
can regard f € Hom(V/W, L) as an element of End, (V') by

v vw L L v

We denote by £(L, W) the k-subalgebra of Endy (V') generated by {f € Homy(V/W, L)}
and idy. Since dim Homy(V/W,L) = 1, we see that £(L,W) is a 2-dimensional k-
subalgebra. Theorem 17 shows that any 2-dimensional k-subalgebra A of M3(k) can
be obtained as {(L, W) for some (L, W). Such (L, W) is uniquely determined by A.

Recall the following two types of 2-dimensional k-subalgebras of M3(k) over an alge-
braically closed field k:

(Cy x Dy)(k) = abek p,

ot OO

51(k7) =

a 0
0 a
0 0
b 0
a 0 a,bek
0 a

o O R

Definition 19 ([6]). We define an open subscheme M§2*Pt of M by
MG = {A € My | a(A) — b(A) £ 0},
We also define a closed subscheme M3" of M by
M5! = {A € MY | a(A) — b(A) = 0}.

Similarly, we define subschemes Mold%XD1 and 1\/Iold§112 of Molds . Geometric points of

Mold%XD ! and 1\/Iold§}2 correspond to subalgebras which are equivalent to Cy x Dy and
S1, respectively.

Set Flag := {(L, W) € P.(V) x P*(V) | L C W} C P.(V) x P*(V).

Theorem 20 ([6]). The isomorphism & : P.(V) x P*(V)) — Molds » induces 1\/Iold§522XD1 =
P. (V) x P*(V) \ Flag and Moldil2 = Flag. In particular, 1\/Iold3(322XD1 is a smooth integral
scheme of relative dimension 4 over Z, and Mold:f}2 1 a smooth integral scheme of relative
dimension 3 over Z.

Corollary 21 ([6]). For the finite field IF,,
t{A | 2-dimensional subalgebra of M3(F,)} = # (P*(F,) x P*(F,)) = (¢* + ¢+ 1)*.
Moreover,
fMoldg3 P (F,) = ¢*(¢° + ¢ + 1),
Moldys(Fy) = (¢° + g + 1)(g +1).
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4. THE MODULI Molds 3

In this section, we deal with Molds 3. There are seven types of 3-dimensional k-
subalgebras of M3(k) over an algebraically closed field k:

a b c

(3) J3(k) == 0 a b a,b,c € k
0 0 a
a 0 0

(4) Sa(k) = 0 a c a,b,cek
0 0 b
a 0 ¢

(5) S3(k) = 0 b 0 a,b,cek
0 0 b
a b c

(6) Sa(k) = 0 a O a,b,c €k
0 0 a
a 0 b

(7) Ss(k) := 0 a c a,b,cek
0 0 a

We define the regular part M)*¢ of M,,.

Definition 22 ([6]). Let M,, be the scheme of n X n-matrices over Z. The scheme M,,

is isomorphic to the affine space A%Q. Let A be the universal matrix on M,,. The open
subscheme M/ of M,, is defined by

M .= {x €M, | I,, A, A% ..., A" ! : linearly independent in M, (k(z))},

where k(x) is the residue field of z. We call M}°® the regular part of M,,. For a commutative
ring R, we call a matrix A € M!®8(R) regular or non-derogatory.

Proposition 23 (¢f. [6]). Let R be a local ring. Let A € MI*8(R). There exists P €
GL,(R) such that

0 0 O 0 —c,
1 0 0 0 —cpo
pPlAp — 0 1 O 0 —cp2
0 0 1 0 —cps
0 0 O 1 —C1



Note that 2" + cia™ 1 + - - - + ¢,_12 + ¢, is the characteristic polynomial of A.

The group scheme PGL,, acts on M by A — P~!AP. We define w : M — A? by
A (c1,¢o,...,Cn), where 2" + c1x™ 4 -+ ¢,_12 + ¢, is the characteristic polynomial
of A.

Theorem 24 ([6]). The morphism 7 : Mi¥® — A7 is a universal geometric quotient by
PGL,.

Let us consider Molds 3. Let (A) be the subalgebra generated by A for A € M5™. We
define ¢ : M5® — Molds 3 by A — (A).

Proposition 25 ([6]). The morphism ¢ : M5® — Molds 3 is smooth and surjective.

Definition 26 ([6]). We define an open subscheme Moldys of Moldss by Moldy% :=
M),

Remark 27. Let k be a field. For a k-rational point A of Moldy¥, there exists X € Ms(k)
such that A = kI3 + kX + kX? except for the case that k = Fy and A = P~'D3(FFy)P
for some P € GL3(Fs). Here D3(k) is the k-subalgebra of M3(k) consisting of diagonal

matrices. The Fy-rational point A = P~'D3(Fy)P is also contained in Moldy, since
A ®p, Fy = P7'D3(F4) P can be generated by some X € M5®(F,).

The scheme M3® has the following stratification of subschemes.

Theorem 28 ([6]). The smooth integral scheme M3z® over Z has a stratification of sub-

schemes
MiE = MDs TP TT vy ™/ T e T /™,
which have the following properties:

(1

(2 MNQXD1 is a smooth integral scheme of relative dimension 8 over Z[1/2].

)
)
( ) N2><D1/]F2
)
) M

MD3 1s a smooth integral scheme of relative dimension 9 over Z.

15 a smooth variety of dimension 8 over Fy.

MJ3 is a smooth integral scheme of relative dimension 7 over Z[1/3].
J3/11“3

(4
(5

1s a smooth variety of dimension 7 over F3.

The scheme Mold3’ also has the following stratification of subschemes.

Theorem 29 ([6]). The smooth integral scheme Molds% of relative dimension 6 over Z
has a stratification of subschemes

Moldy§ = Moldg | [ Moldy3 P T T Moldy3*/** T Molds?, | | Moldzy ™
such that

(1) Moldgg is a smooth integral scheme of relative dimension 6 over Z.
(2) 1\/Iold31\lf,,XD1 is a smooth integral scheme of relative dimension 5 over Z[1/2].

(3) 1\/Iold31\{§XDl/]F2 is a smooth variety of dimension 5 over Fy.
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(4) Moldgf’3 is a smooth integral scheme of relative dimension 4 over Z[1/3].

(5) Moldgf’aﬂr?’ is a smooth variety of dimension 4 over Fs.

Remark 30. For the definitions of M3 and Moldy 3 for * = D3, Cy x Dy, J3, and so on
in Theorems 28 and 29, see [6]. Geometric points of Moldj 5 correspond to subalgebras

of type *. The smooth morphism ¢ : My® — Moldy% induces a smooth morphism
Y. : M3 — Molds 5 for each x.

Let V = O3 be a free sheaf of rank 3 on Spec Z. Let us denote by P,(V) and P*(V)
the projective spaces consisting of rank 1 and rank 2 subbundles of V', respectively.

Let us define pg, : P*(V) x P*(V)) — Molds 3 by (W3, Ws) — (Hom(V/W;, Ws)), where
(Hom(V/Wy,Ws)) is the subalgebra of Hom(V, V') generated by Hom(V /Wy, Ws).

Let us define pg, : P.(V) x P.(V) — Molds 3 by (L1, Ls) — (Hom(V/Ly, L)), where
(Hom(V//Ly, Ly)) is the subalgebra of Hom(V, V') generated by Hom(V/Ly, Ls).

Here we regard f € Hom(V/Wy, W5) as an element of Hom(V, V) by V "5 V/W; ER
Wy — V. We also regard f € Hom(V/Lq, L) as an element of Hom(V,V) in the same
way.

Theorem 31 ([6]). Let g, : P*(V) xP*(V)\ A — Molds 3 and @y, : P.(V) xP.(V)\A —
Molds 3 be the induced morphisms by ¢s, and ps,, respectively. Here we denote by A the
diagonal of P*(V) x P*(V') or P.(V) x P.(V). Then @g, and ¢, are smooth.

From the theorem above, we can define Moldgf3 and Moldgf},.

Definition 32 ([6]). We define open subschemes Mold5% and Mold3% of Moldss as
Mold3% = ¢s, (P*(V) x P*(V) \ A) and Mold5¥ := ¢g, (P.(V) x P.(V) \ A), respectively.

Remark 33. Geometric points of Moldz,sf3 and Mold§f3 correspond to subalgebras of type
Sy and Sg, respectively. Let Molds%™ ™™ be the open subscheme of Molds 3 consisting of
non-commutative subalgebras. Then Mold%"™ "™ = Moldgf3 11 Mold?s)f’g.

Note that
Moldy? = s, (P*(V) x P*(V))
and __
Mold3% = ¢s, (P.(V) x P.(V)).
Now we can state the following theorem.

Theorem 34 ([6]). There is an irreducible decomposition

Mold; 5 = Moldy§ U Mold3% U Mold3,

where the relative dimensions of Moldy, Mold§?3, and 1\/[old?s,f”3 over Z are 6, 4, and 4,
respectively. Moreover, both Moldgf’3 = 1\/Iold§f§ﬁl\/[oldgf3 and Moldgf3 = MoldgfgﬂMoldﬁf’g

have relative dimension 2 over Z, and Moldgf3 N Moldgf3 = 0.
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The figure below shows the relation among Moldj ; (* = D3, Ny x Dy, J3, and so on) in
Moldzs. To be exact, Ny x Dy and J; denote Moldy3*"* U 1\/[old?1:{§bXDl/]F2 and Mold3% U

Moldgig/ ™ respectively. Two moduli schemes are connected with an edge if the closure

of the upper moduli contains the lower. For example, the closure of Mold§?3 U Moldgi{ o

contains 1\/[01d§753 and Moldgjg.

*

D3: O*

0 0

|

a

NQXDlz 0

0

|

a 0 0 a b

So = 0 a c J3 = 0 a

0 0 b 0 0
\ /
a 0 b
Sy = 0 a ¢
0 0 a

0
0
*
¢ 0
a 0
0 b
c a 0 c
b S; = 0 b 0
a 00 b
\ /
a b ¢
= 0 a O
0 0 a

The moduli schemes Mold; 4 and Molds 5 will be discussed in [6].

5. APPENDIX

In this appendix, we show results in the degree 2 case.

Proposition 35 ([6]). Any subalgebras of May(k) can be classified into one of the following

(1) Ma(k)
(2) Ba(k) :=

(3) Da(k) :=
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Example 36 ([4, Example 1.1]). In the case n = 2, we have

[1]

[7]

Moldy; = SpecZ,
Moldyy = P2,
Moldy3 = P,
Moldy4 = SpecZ.
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