THE ORDINARY QUIVERS OF HOCHSCHILD EXTENSION
ALGEBRAS FOR SELF-INJECTIVE NAKAYAMA ALGEBRAS

HIDEYUKI KOIE, TOMOHIRO ITAGAKI AND KATSUNORI SANADA

ABSTRACT. Let T be a Hochschild extension algebra of a finite dimensional algebra A
over an algebraically closed field K by the standard duality A-bimodule Homg (A, K).
In this paper, we determine the ordinary quiver of T" if A is a self-injective Nakayama
algebra by means of the N-graded second Hochschild homology group HHs(A) in the
sense of Skoldberg.

1. INTRODUCTION

Throughout the paper, an algebra means a finite dimensional algebra over an al-
gebraically closed field K. Let A be an algebra and D the standard duality functor
Hompg(—, K). Note that D(A) = Homg (A, K) is an A-bimodule. First, we recall the
definition of a Hochschild extension algebra and some basic properties.

Definition 1. An Hochschild extension over A with kernel D(A) is an exact sequence
0— DA) ST -2 A4A—0

such that T"is a K-algebra, p is an algebra epimorphism and « is a T-bimodule monomor-
phism from ,(D(A)),, where ,(D(A)), is regarded as a T-bimodule by means of p. Then
T is called a Hochschild extension algebra of A by D(A).

Definition 2. An extension 0 — D(A) 5 T 25 A — 0 is said to be splittable if
there is an algebra homomorphism p’ : A — T with pp’ = ida.

Definition 3. Two extensions (F) and (F’) over A with kernel D(A) are equivalent if
there exists a K-algebra homomorphism ¢ : 7" — 7" such that the diagram

(F) 0 —— D(A) T—A—>0

bk

(F") 00— D(A) T’ A 0

is commutative. The set of all equivalent classes of extensions over A by D(A) is denoted
by F(A, D(A)).
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A K-bilinear map o : A x A — D(A) is said to be 2-cocycle if « satisfies the relation
aa(b, ¢) — a(ab, ¢) + ala, bc) — a(a, b)c =0
for a, b, c € A. Using a 2-cocycle «, we define an associative multiplication in the K-
vector space A @ D(A) by the rule:
(1.1) (a, z)(b, y) = (ab, ay + zb+ a(a, b))

for (a, x), (b, y) € A@ D(A). Then it is easy to see that T,(A) := A& D(A) is an
associative K-algebra with identity (14, —«(1, 1)), and that there exists an extension
over A by D(A):
0— D(A) — T,(A) — A —0.

Conversely, given an extension 0 — D(A) — T — A — 0, we easily see that T is
isomorphic to T,(A) for some 2-cocycle a.

We identify a 2-cocycle o with the composition of the map Ax A — A®A; (a, b) — a®b
and «. Notice that, by this identification, « is a representative element of a element of

Hochschild cohomology H?(A, D(A)) := Extac(A, D(A)), where A° = A ® AP,

Proposition 4 ([2, Proposition 6.2], [6, Section 2.5]). The set F(A, D(A)) is in a
one-to-one correspondence with H?(A, D(A)). This correspondence H*(A, D(A)) —
F(A, D(A)) is obtained by assigning to each 2-cocycle «, the extension To(A). The zero
element in H*(A, D(A)) is correspond to the class of splittable extensions.

The standard duality induces the isomorphism H*(A, D(A)) =2 D(HH,(A)). So we
consider Hochschild homology group H H,(A) in next section.

2. HOCHSCHILD HOMOLOGY GROUPS FOR TRUNCATED QUIVER ALGEBRAS

Let A be a finite quiver and K a field. We fix a positive integer n > 2. A truncated
quiver algebra is defined by K A/RR, where Ra is the arrow ideal of KA and R} is the
two-sided ideal of KA generated by the paths of length n. We denote by Ay, A; and A;
the set of vertices, the set of arrows and the set of paths of length 7, respectively. We put
Ay = U2, A;. For a truncated quiver algebra, Skoldberg given a projective resolution
and computed Hochschild homology groups.

Theorem 5 (See [5, Theorem 1]). Let A be a truncated quiver algebra KA/R%. Then
we have the following projective resolution of A as a left A°-module:

P:... A®KA0KA7L+1 QKA A &A@KAO KA, KA A

LA @y KA @xng A 25 A®pn, A 25 A — 0.
Here the differentials dy and d3 are defined by

n—1
7=0

and
d3(T @Y1+ Ynt1 @ 2) =YL QY2 Ynt1 R 2 — TR Y1+ Yn @ Yn412,
forz, z€ Aandy; € Ay (1 <i<n+1).
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We denote by P; the ith term of P, then A ® ¢ P; is the ith term of A ® 4 P. We
have

A®pe P1 = A®yue (AQkn, KA @ga, A)
l> A@Ae Ae ®KA8 KAl :> A®KA8 KAl

The set of cycles of length ¢ is denoted by AZ(C A,). A cycle 7 is a basic cycle provided
that we can not write v = /3¢, for i > 2. The set of basic cycles of length ¢ is denoted by
Ag. Let C, be the cyclic group of order ¢, with generator c. Then we define an action of
Cq on Af by c(ay---ag) = aqay - -~ ag_1. For each v € Af, we define the orbit of v to be

the subset 7 = {¢'(7) |1 <14 < ¢} € AL We denote the set of orbits by A¢/C,.

Theorem 6 (See [5, Theorem 2|). Let A be a truncated quiver algebra KA/R}. Then
the degree q part of the second Hochschild homology H Hs 4(A) is given by

HH, ,(A)
K fn+l1<qg<2n-1,
= @, (K= @ Ker(- gty - K = K))™ if ¢ =n,
0 otherwise.

Here we set ag := card(AS/Cy) and b, := card(AR/C,).

For an dual basis element u* := (an 41+ @, ®gas 102 -+ - )" € D(A®gas KA,) (a; €
A1), O(u*) € Homg (A®?, D(A)) is the map as follows:
by - by @k byt - by
(Qmytmgr1 - a)* A n<my+mg<r
— and b, = a; for t(1 <t < my + my),
0 otherwise.

The isomorphism D(HHy(A)) = H?*(A, D(A)) is induced by ©. Moreover, we get 2-
cocycles from D(H H, ,(A)) through the following isomorphism:

& D(HH,, ,(A)) = D(ED HH,,((A)) = D(HHy(A)) = H*(A, D(A)).
q q
We denote the composition of the above isomorphisms by © again.

3. THE ORDINARY QUIVERS OF HOCHSCHILD EXTENSION ALGEBRAS

Lemma 7. Let A be a finite quiver and A = KA/I for an admissible ideal I. Let T, (A)
be an extension algebra of A defined by a 2-cocycle a : A x A — D(A). We denote by
Ar,a) and Aqyay the ordinary quiver of To(A) and the trivial extension algebra Ty(A),
respectively. If a(e;, —) = a(—, e;) = 0 for alli € Ay, then we have the chain of subquivers
Of ATO (A)

A C Arq,a) € Aqya)-

—3—



Lemma 8. Let A be a finite quiver and A = KA/I for an admissible ideal I. Let T,(A)
be an extension algebra of A defined by a 2-cocycle o : A x A — D(A). If a(e;, —) =
a(—, e;) =0 for all i € Ay, then the following conditions are equivalent:

(1) a(J(A), J(A)) € J(A)D(A) + D(A)J(A).

(2) Ar,(a) = Arya).-

From now on, we consider self-injective Nakayama algebras. Let A be the following
cyclic quiver with s (> 1) vertices and s arrows:

s—1 3
xsg\ /5173
s—2

Suppose n > 2 and A = KA/R}, which is called a truncated cycle algebra in [1], where
R} is the two-sided ideal of KA generated by the paths of length n. We regard the
subscripts i of e¢; and x; modulo s(1 < i < s). By Theorem 6, the second Hochschild
homology is given by

K if sjgandn+1<¢g<2n-1,
(3.1) HHy o(A) =S K¥ '@ Ker(-2: K — K) if s|g and ¢ = n,
0 otherwise.

We have the following main theorem about the ordinary quiver of Hochschild extension
algebras.

Theorem 9 ([3]). Suppose thatn >2, A= KA/R} andn < q<2n—1. Leta: AXA —
D(A) be a 2-cocycle such that the cohomology class [a] of a belongs to ©(D(HHs ,(A))),
and let T, (A) be the Hochschild extension algebra of A defined by «. Then the ordinary
quiver Ar, 4y 1s given by

A ~ JARm if n<qg<2n-2,
T = A if ¢=2n—1.

Corollary 10. Suppose that n > 2 and A = KA/R}. Let a : Ax A — D(A) be a
2-cocycle and [a] = 231;1[@]7 where B, : A x A — D(A) is a 2-cocycle such that the
cohomology class [B,] of B, belongs to ©(D(HHs,4(A))). Then the following equation
holds:

A _ JAny if [Baaa] =0,
TOTNA i [ £0.
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Corollary 11. Suppose that n > 2 and A = KA/RX. Let « : Ax A — D(A) be a
2-cocycle. If Aq,ay = A, then T,(A) is isomorphic to KA/RX* and T,(A) is symmetric.

4. RELATIONS FOR A HOCHSCHILD EXTENSION ALGEBRA

We will investigate the relations dividing into the following two cases: Case 1: n+1 <
s<2n—2or (2n—1)/3<s<n-—1/2, and Case 2: s =n.

41. Case l: n+1<s<2n—2or 2n—1)/3 <s<n—1/2. Let

)]s ifn+1<s<2n-2,
T V2 if(@n-1)/3<s<n—1/2.

In this case, note that dimx HH, ,(A) = 1 by (3.1). So we have the following proposition.
Proposition 12. We define maps a; : Ax A — D(A) (i=1,...,s) by

i (@1 gy Qg1 Qg tmy)

(Tirmytms  Tixg—1)* ifn<my+me <q
= and a; = Tiy—1 for 1 <t <my +ma,
0 otherwise,

for an arrow a;(1 <t < my+ms), and a;(€, —) = ai(—, €) = 0 for a trivial path e. Then
Soi_, g is a 2-cocycle, and the cohomology class [y ;_, ;] is a K-basis of H*(A, D(A)).

Theorem 13 ([4]). Let o = k>, | a; for k € K, where o;’s are the maps in Proposition
12. Let I' be the ideal in K A7 generated by

Tili+1 — Yili—n+1s  YilYi—n+1;

TiTig1 " Tign—1 — KYilini1Timnga - " Tj—n4(2n—q—1)
fori =1,2,...,s. Then I' is admissible and I' = Ig,a). So T,(A) is isomorphic to
KAp/T'.
4.2. Case 2: s =n. In this case, we note that dimg HHy (A) = s—1 by (3.1). We have
the following proposition.
Proposition 14. We define maps a; : Ax A — D(A) (i=1,2,...,s—1) by

e ifmi+mo=s

ai(al CrGmyy Gmg1 0t am1+m2) = and Gy = Titt—1 fO’f’ 1<t< S,
0 otherwise,
for an arrow a;(1 <t < my+ms), and o;(€, —) = a;(—, €) =0 for a trivial path e. Then
a;’s are 2-cocycles, and the set of the cohomology classes is a K -basis of H*(A, D(A)).

Theorem 15 ([4]). Let o = 37—, ko for k; € K, where o;’s are the 2-cocycles as in
Proposition 14. Let I' be the ideal in KAr, 4y generated by

TiYj+1 — YiTir1,  YjYj41, Tsli- - Ts-1,

TyTi41 " Tips—1 — KIYiTi41 - Tigs—1
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forj=1,2,...;sandl=1,2,...,s—1. Then I' is admissible and I' = I, (ay. So To(A)
is isomorphic to KAr/I'.
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