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Introduction
Auslander Correspondence for CM-finite IG Algebras?

Categories of Finite Type = Algebras

k: afield.
There exists a bijection between:

@ Hom-finite k-categories £ of finite type
(-< categories with finitely many indecomposables).

@ Finite-dimensional k-algebra T
(we call T an Auslander algebra of £).
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Introduction
Auslander Correspondence for CM-finite IG Algebras?

Categories of Finite Type = Algebras

k: a field.

There exists a bijection between:
@ Hom-finite k-categories £ of finite type

(-< categories with finitely many indecomposables).
@ Finite-dimensional k-algebra T

(we callT an Auslander algebra of £).

@ Categorical properties of £ and
© Homological behavior of its Auslander alg I
should be related!
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Auslander correspondence for rep-fin. algebras

Theorem (Auslander 1971)
There exists a bijection between:
@ Rep-fin. algebras A.
© Abelian k-categories & of finite type.

© Algebras T satisfying a certain homological condition
(9l.diml <2 < dom.dimT).

mod -
{ Rep-fin algebras } —— { Cats of fin-type } (L) {Algebras}

Al > £ :=modA | > [
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Introduction
Auslander Correspondence for CM-finite IG Algebras?

# Auslander Correspondence for CM-fin 1G Alg?

The same method doesn’t work for CM-finite IG alg:

CM -
{ CM-fin algebras } ——» { Cats of fin-type } (L) {Algebras}

AN— 3 CMAI > [

N ————

The map “CM” is not injective!
i.e. 3 non-Morita-equivalent alg A and A’ s.t. CMA ~ CMA'.
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Introduction
Auslander Correspondence for CM-finite IG Algebras?

# Auslander Correspondence for CM-fin 1G Alg?

The same method doesn’t work for CM-finite IG alg:

CM -
{ CM-fin algebras } ——» { Cats of fin-type } (L) {Algebras}

AN— 3 CMAI > [

N ———

The map “CM” is not injective!
i.e. 3 non-Morita-equivalent alg A and A’ s.t. CMA ~ CMA'.

A can be recovered from CM A
together with the exact structure on it!
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Auslander Correspondence for CM-finite IG Algebras?

Auslander correspondence for CM-fin algebras?

CM-finite | ¢ CM \ Cats of fin-type ? Algebras
{algebras} {+ Exact str. on it} — {+ some info}

CMA and
_ I ———
A natural exact str. r

is To Construct Bijection “?” above, i.e.
To Classify exact structures on a given additive category
using its Auslander algebra.
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Exact Categories
Classifications of Exact Structures Categories of Finite Type
Main Results

Exact Category

0= X5 Y% Z0in&isakernel-cokernel pair
if f = kerg and g = coker f.

Definition (Quillen 1973)

An exact category consists of a pair (€, F), where
@ £ is an additive category, and
@ Fis a class of ker-coker pairs in £

satisfying some conditions.
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Exact Category

05 XL y9 Zz_0inc&isakernel-cokernel pair
if f = kerg and g = coker f.
Definition (Quillen 1973)
An exact category consists of a pair (£, F), where
@ £ is an additive category, and
@ Fis a class of ker-coker pairs in £
satisfying some conditions.

| \

Example

A: lwanaga-Gorenstein alg. (< id Ay = id AA < 0),
CMA := {X € mod A| Extz°(X,A) = 0} is naturally an exact cat.
and A, is the progenerator (w.r.t. F).

v
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Auslander Algebras of Categories of Finite Type

From now on, fix a field k and
@ Algebra = finite-dimensional k-algebra.
@ Category = idempotent-complete Hom-finite k-category.
@ &: anidem-comp Hom-fin k-category of finite type
(< #indC is finite).

Definition

An Auslander algebra I' of £ is defined by I' := End¢(G), where
G is the additive generator of £ (£ = add G).
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Auslander Algebras of Categories of Finite Type

From now on, fix a field k and
@ Algebra = finite-dimensional k-algebra.
@ Category = idempotent-complete Hom-finite k-category.
@ &: anidem-comp Hom-fin k-category of finite type
(< #indC is finite).

Definition

An Auslander algebra I' of £ is defined by I' := End¢(G), where
G is the additive generator of £ (£ = add G).

{ Cats of fin-type } £ 1 S {Algebras}
El > [ := End¢(G)
E =projI < T
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Projectivization

I := Endg(G): the Auslander algebra of £.

Proposition (Auslander’s “Projectivization”)

y proj ' (—) mOd r
%

We have equivalences:

£ zIHomr(, r) Homr(—,T)

proj P &—— moderP

4
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Ker-Coker pair in £ in terms of '-module

&: cat of fin. type, I': its Auslander algebra.

Leto > XL v 9% Z 0 beacomplexiné,
M := Coker(Py — Pz) inmodT. Then it is a ker-coker pair <

@ The following is exact in mod I

0 Px %Py &P, 5 M- 0.

@ The following is exact in mod P

0— PZ 29 pY 2l pX L Ex2(M,T) — 0
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Ker-Coker pair in £ in terms of '-module

&: cat of fin. type, I': its Auslander algebra.

Leto > XL v 9% Z 0 beacomplexiné,
M := Coker(Py — Pz) inmodT. Then it is a ker-coker pair <

@ The following is exact inmod Tl ~~ pd My < 2

0 Px %Py 2P, 5 M—0.

Q The following is exact in mod M ~ Ext>' (M, ) = 0..

0— PZ 29 pY ol pX L EX2(M,T) — 0
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Ker-Cok pairs in £ «» Objects in Ca(I")

Definition

The subcat C>(I") € mod T consists of -modules M satisfying
Q pdMr<2.
Q Ext>'(m,T) =o0.

Haruhisa Enomoto Classifications of Exact Structures and CM-finite Algebras



Exact Categories
Classifications of Exact Structures Categories of Finite Type
Main Results

Ker-Cok pairs in £ «» Objects in Ca(I")

Definition

The subcat C>(I") € mod T consists of -modules M satisfying
Q pd Mr < 2.
Q Ext>'(m,T) =o0.

0X—>Y—>Z—0r——> M:=Coker(Py — P7)
Ker-cok pairs in & £ > Objin Co(IN)
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Ker-Cok pairs in £ «» Objects in Ca(I")

Definition

The subcat Co(I') € mod T consists of -modules M satisfying
Q pdMr <2.
Q Ext>'(M,T) =o0.

0> X—Y—Z-0+——— M:=Coker(Py — Pz)
Ker-cok pairs in & £ > Objin Ca(IN)

Classes of ker-cok pairs $———— Subcat of C,(I")
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Ker-Cok pairs in £ «» Objects in Ca(I")

Definition

The subcat C>(I') € mod T consists of -modules M satisfying
Q pdMr <2
Q Ext>'(Mm,1) =o0.

0—X—Y—Z—0+————>M:=Coker(Py — Pz)
Ker-cok pairs in £ <€ > Obj in C5(T)

Classes of ker-cok pairs $———— Subcat of C»(I")
U U

Exact str. on £ 4 > 777

Haruhisa Enomoto Classifications of Exact Structures and CM-finite Algebras



Exact Categories
Classifications of Exact Structures Categories of Finite Type
Main Results

Main Result |

&: cat. of fin. type, I': its Auslander algebra.
We have a duality Ext3(—,T) : Co(I") < Ca(IP).

Theorem (E)

There exists a bijection between the following two classes.

@ Exact structures F on £.
@ Subcategories D of C>(I) satisfying the following.

e D is a Serre subcat. of modT.
o Ext3(D,T) is a Serre subcat. of mod I'P.

D C modT is Serre :< D is closed under submodules,
factor modules and extensions.
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2-Regular Condition

Serre subcats of mod " «~ sets of simple '-modules.

Definition

A simple '-module S is called 2-regular :<
@ ScCy(l),ie pdSr=2and Ext>'(S,I) = 0.
@ Ext3(S,T) is a simple MP-module.

It's a “regular version” of 2-Gorenstein condition.
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2-Regular Condition

Serre subcats of mod " «~ sets of simple '-modules.

Definition

A simple '-module S is called 2-regular :<
@ ScCy(l),ie pdSr=2and Ext>'(S,I) = 0.
@ Ext3(S,T) is a simple MP-module.

It's a “regular version” of 2-Gorenstein condition.
2-regular simple '-mod correspond to AR ker-coker pairs in &:

0= X—-Y—>2Z2-0: 0—+Px—+Py—-Pz—-S—0
AR ker-cok pair in £ 7 2-reg. simple '-mod S
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AR Quivers and Main Result Il

&: cat. of fin. type, I': its Auslander algebra.

Definition

The AR quiver Q(€) of £ is the translation quiver defined by:
@ Quiver = the usual quiver of £ (or I
@ X«--ZifdJan AR ker-cokpair0 - X —- Y -2 —0in¢.
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AR Quivers and Main Result Il

&: cat. of fin. type, I': its Auslander algebra.
The AR quiver Q(€) of £ is the translation quiver defined by:

@ Quiver = the usual quiver of £ (or I

@ X«--ZifdJan AR ker-cokpair0 - X —- Y -2 —0in¢.

Theorem (E)
There exists a bijection between the following classes.

@ Exact structures on &.
@ Sets of 2-regular simple -modules.
© Sets of dotted arrows in Q(&) (= Q(projT) ).

N
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) Lo . 323 = 8 exact str. on £

Red arrows are chosen.
No arrows <« trivial exact str. of £ (the smallest one).
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) Lo . 323 = 8 exact str. on £

Red arrows are chosen.
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) Lo . 323 = 8 exact str. on £

Red arrows are chosen.
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) Lo . 323 = 8 exact str. on £

Red arrows are chosen.
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) : °g----- . 323 = 8 exact str. on £

Red arrows are chosen.
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) : °g----- . 323 = 8 exact str. on £

Red arrows are chosen.
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) : °g----- . 323 = 8 exact str. on £

Red arrows are chosen.
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Example

E :=modk[e < e < e].

3 3 dotted arrow, hence
Q&) : °g----- . 323 = 8 exact str. on £

Red arrows are chosen.

All arrows <> usual exact str. of £ (the largest one).
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Classification of CM-finite IG Algebras

Applications Other Appications

Characterizing CM categories of |G algebras

CM-finite | CM \ Exact cats £ 1-1 Alg. T + sets of
{IG—aIg. /\} {of finite type} é v } { dotted arrows }
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Classification of CM-finite IG Algebras

Applications Other Appications

Characterizing CM categories of |G algebras

CM-finite | CM \ Exact cats £ 1-1 Alg. T + sets of
{IG—aIg. /\} {of finite type} { v } { dotted arrows }

&: exact cat. of fin. type, I': its Auslander algebra.

Proposition

& ~ CMA as exact cats for some IG algebra \ <
Q gl.dimTl < .

@ Projective objects in € = Injective objects in £
(& £ is a Frobenius exact cat)
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Classification of CM-finite IG Algebras

Applications Other Appications

Corollary
There exists a bijection between the following.
@ CM-finite lIwanaga-Gorenstein algebras A.

@ Pairs (I, A), where T is an algebra with gl.dim T < co and
A is a set of dotted arrows of Q(projI') which is union of
stable 7-orbits (i.e. A: disjoint union of S'’s)
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Classification of CM-finite IG Algebras

Applications Other Appications

Corollary
There exists a bijection between the following.
@ CM-finite lwanaga-Gorenstein algebras A.

@ Pairs (I, A), where T is an algebra with gl.dim T < co and
A is a set of dotted arrows of Q(projI') which is union of
stable 7-orbits (i.e. A: disjoint union of S'’s)

(', A) corresponds to A := Endr(P), where P is the direct sum
of proj. -modules which are not contained in A.
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Applications Other Appications

Corollary
There exists a bijection between the following.
@ CM-finite lwanaga-Gorenstein algebras A.

@ Pairs (I, A), where T is an algebra with gl.dim T < co and
A is a set of dotted arrows of Q(projI') which is union of
stable 7-orbits (i.e. A: disjoint union of S'’s)

(', A) corresponds to A := Endr(P), where P is the direct sum
of proj. -modules which are not contained in A.

ALL CM-finite IG algebras are obtained by the following steps.
@ Take any algebra I' with finite global dimension.
© Draw the translation quiver Q(proj).
© For each union of stable r-orbit of it, compute A.
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Applications Other Appications

I := kQ/(commutativity and zero relation)
(two vertical arrows are identified).
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Q: ----- == === Pl oo ooa
Q(projl): |-=ef=---2 ol---2 L

I := kQ/(commutativity and zero relation)

(two vertical arrows are identified).

= the above is Q(projI'). Thus 3 2 stable -orbits.
~~ We obtain 22 = 4 CM-fin IG algebras A.

V.
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[ ) [ ) [ )
Q: /\3/\./\ : CMA
Q(proj): \e/ \o/ \,/
NN

I := kQ/(commutativity and zero relation)

(two vertical arrows are identified).

= the above is Q(projI'). Thus 3 2 stable -orbits.
~~ We obtain 22 = 4 CM-fin IG algebras A.

A:
Corresponding CM-finite IG A is the End of Red vertices,
projective object in this exact structure.

V.
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Applications
Example
@ ) @

I := kQ/(commutativity and zero relation)

(two vertical arrows are identified).

= the above is Q(projI'). Thus 3 2 stable -orbits.
~~ We obtain 22 = 4 CM-fin IG algebras A.

A:
Corresponding CM-finite IG A is the End of Red vertices,
projective object in this exact structure.

V.

Haruhisa Enomoto Classifications of Exact Structures and CM-finite Algebras



Classification of CM-finite IG Algebras
Other Appications

@ ) @
N P N O
Qpro i L s M
NN

I := kQ/(commutativity and zero relation)

(two vertical arrows are identified).

= the above is Q(projI'). Thus 3 2 stable -orbits.
~~ We obtain 22 = 4 CM-fin IG algebras A.

A:
Corresponding CM-finite IG A is the End of Red vertices,
projective object in this exact structure.

V.
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[ ) 0. Y
Q(projT) Mgl gl g
NN

I := kQ/(commutativity and zero relation)

(two vertical arrows are identified).

= the above is Q(projI'). Thus 3 2 stable -orbits.
~~ We obtain 22 = 4 CM-fin IG algebras A.

A:
Corresponding CM-finite IG A is the End of Red vertices,
projective object in this exact structure.

V.
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NON-Example

NN

N
QprojM): p-2el---3W----2 ®
\.)Q/

If A: , then in the corresponding exact str,
@ Red: proj. objects,
@ Blue: injective objects.

~+ Proj # Inj. (not Frobenius)
(This exact cat. is +U for some cotilting A-module U)
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Other Applications

For an exact category £ of finite type,
@ & has enough projectives and injectives (if k is a field).

@ the relation of the Grothendieck group Ky (&) is generated
by AR sequencesin £.

Instead of CM-fin 1G alg, a similar classification is available for
cotilting A-modules U s.t. - U is of finite type.

Auslander-type correspondence for representation-finite

R-orders for dim R > 2.
and so on...
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