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Eilenberg - Mac Lane,
General Theory of natural equivalences

Trans. AMS 1945

Category A: objects and morphisms Mor, (A, A')

e functors F : A — B;

o f:A— A'sentto F(f): F(A) — F(A) of B,

@ of : Mory (A, A") — Morg(F(A), F(A)),

@ oF monomorph (epimorph) def. F faithful (full)
Natural transformations ¢ : F — G, F,G: A —B

lh F(h)l lG(h)
A, FIA) A A
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Adjoint pair of functors F : A — B, G: B — A, bijection

unit n:1— GF

Morg(F(A), B) = Mora (A, G(B)), counit & FC — 1

FILrGF 5 F=17,, 625 GF6 &5 G =16 ]

F  preserves epimorphisms and coproducts
G  preserves monomorphisms and products

n and € isomorphisms F is equivalence

¢ epi-(iso-)morphism G faithful (and full)
e split epimorpism G is separable

7 mono-(iso-)morphism F faithful (and full)
7 split monomorphism F is separable

7 extr. epi-, € monomorph (F, G) pair of *-functors
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Adjoint functors

Module categories

RM ®g — : sM — rM, HOmR(M, —) M — sM

counit ex : M ®s Homg(M, X) — X,
unit 7y : Y — Homg(M, M ®s Y).

@ 7 and e isomorphisms: g M progenerator
RM ~ M, Morita equivalence

@ ¢ isomorphism: M generator

@ 7 isomorphisms: Ms faithfully flat
sM ~ Pres(gM), Sato equivalence

@ ¢ monomorph and 7 epimorph (tilting theory)

Gen(M) ~ Cog(sU), Brenner-Butler equivalence
U = Hom(M, Q), Q cogenerator in Gen(M)
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Free and forgetful functor - adjoint
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¢T:A_>AT7
Ur:Ar — A, (A,QA)'—>A.

f*—)fOT/A.

Morg , (¢7(A), B) = Mory (A, Ur(B)),
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Monads and comonads
Comonads: T : A — A endofunctor
0: T =TT, e: T —1,,

natural transformations:
with coassociativity and counitality conditions

T-comodules: w: A— T(A)
with coassociativity and counitality conditions.

T-morphisms (A, w) & (A, ), /I\—g> /1\’
T(4) T T(4)

(Eilenberg-Moore) category of T-comodules M ™
Forgetful and free functor - adjoint
¢T A= AT, A (T(A),d4),

UT AT = A, (Aw) — A,
hl—>€XOh

Mor T (A, T(X)) = Mora(UT(A), X),
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K=FG:B—B, coproduct &:FG 1% FGFG,
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Adjoint pair: F4G:B — A, n:1y — GF, ¢: FG — 1p

e split epi (G separable) : monad T = GF : A — A

—1
coproduct &' : GF = FL GFGF,  mod = 1¢F
(T, m,d") with Frobenius condition (without counit)
TT 77T TT TS TTT T separable monad

) VTmm T

T °. 7T, T °. 7T,

7 split mono (F separable) : comonad K = FG : B — B

1
product m' :=: FGFG Lk o FG, mod=1f
(K, d, m") with Frobenius condition (without unit)

K coseparable comonad
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Module categories - R Mg

M®s — : sM — M, HomR(I\/I, —) M — sM

n: (=) — Homg(M, M ®s —) isomorphism

M ®s Homg(M, —) : RM — gM], idempotent comonad,
left exact, commutes with products, for Q € Pres(M) cogenerator

M ®s Homg(M, —) ~ Homg(M ®s Homg(M, Q), —)

<

R cogenerator in gM

Homg(M ®s M*,—) ~ Homg(M ®s M*, Homg(M @5 M*, —)
= HOHIR(M Rs M* Rr M s M*, —)

M ®s M* is R-ring
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Adjoint endofunctors F: A — A, G: A — A

Mora(F(X), Y) % Morg (X, G(Y)), 1n:1y — GF,
e: FG — ]A-

<

Fmonad, m: FF — F, e:ly — F

Mora(F(X), Y) —X- Mors (X, G(Y))

Mor(mX,Y)l ;Mor(X,?)
\
Mor (FF(X), Y) —== Mory (X, GG(Y))

implies G comonad, ¢§: G — GG, e: G — Iy

GnFG GGmG GGe

8: G2 GFG ¥ GGFFG % GGFG =5 GG,

§:G—>FG—>1A.




Adjoint endofunctors

(F,m,e) monad, F 4G

(G,4,¢) is comonad, equivalence of categories Af =~ A¢

FIA A = A 6ra) 22, Gay




Adjoint endofunctors

(F,m,e) monad, F 4G

(G,4,¢) is comonad, equivalence of categories Af =~ A¢

FIA A = A 6ra) 22, Gay

F 4 F (Frobenius monad) = Af ~ AF J




Adjoint endofunctors

(F,m,e) monad, F 4G

(G,9,¢) is comonad, equivalence of categories A ~ AC

FIA) a5 A" 6ra) S 6a)

F 4 F (Frobenius monad) = Af ~ AF J

(G,d,e) comonad, G 4 F

~

(F,m, e) is monad, equival. of Kleisli categories AC ~ Ar




Adjoint endofunctors

(F,m,e) monad, F 4G

(G,9,¢) is comonad, equivalence of categories A ~ AC

FIA) a5 A" 6ra) S 6a)

F 4 F (Frobenius monad) = Af ~ AF J

(G,d,e) comonad, G 4 F

(F,m, e) is monad, equival. of Kleisli categories AC ~ Ar

Mor,6(66(A), 66(A)) =~ Mors(G(A), A)




Adjoint endofunctors

(F,m,e) monad, F 4G

(G,9,¢) is comonad, equivalence of categories A ~ AC

FIA) a5 A" 6ra) S 6a)

F 4 F (Frobenius monad) = Af ~ AF J

(G,d,e) comonad, G 4 F

(F,m, e) is monad, equival. of Kleisli categories AC ~ Ar

More(6S(A), 65(A)) ~ Mora(G(A), A)
~ Mory (A, F(A))




Adjoint endofunctors

(F,m,e) monad, F 4G

(G,9,¢) is comonad, equivalence of categories A ~ AC

FIA) a5 A" 6ra) S 6a)

F 4 F (Frobenius monad) = Af ~ AF J

(G,d,e) comonad, G 4 F

(F,m, e) is monad, equival. of Kleisli categories AC ~ Ar

Morye(¢€(A),p¢(A)) =~ Mora(G(A),A')
Mora (A, F(A'))
Mory . (¢F(A), dr(A"))

2
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Adjoint endofunctors A ®g —, Homg(A, —) : gM — gM

Homg(A ®g X, Y) = Homg(X, Homg(A, Y))

A ®g — monad < Hompg(A, —) comonad, M, ~ MHom(A,-) J

Frobenius monad A ®g — ~ Homg(A, =), My ~MA J

A ®g — comonad (R-coring) < Homg(A, —) monad
MA ~ MHomR(A,—): A QR X = HOHIR(A,X)

RA fin. gen., projective Hompg(A,—) ~ A* ®g —

A®r — monad <& A" ®r — comonad
A®pr — comonad << A" ®r — monad
Frobenius A~ A*, M, ~ MA
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Uber die Topologie der Gruppen-Mannigfaltigkeiten

und ihre Verallgemeinerungen, 1941

Bialgebra:  R-algebra (A, m, ), R-coalgebra (A, d,¢)
0:A—> A®RrA, e:A— R algebra morphisms

Hopf algebra: antipode S: A — A

ASALBA AQARALET AQ A= 1p94

equivalence A ®g — : Mg — 4M (Hopf modules) J
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Tensorproduct of R-algebras (A, m,e), (B, m', )

A9BRA®B 2988 po A9 Bo B ™™, Ag B

Distributive law: 7: B®r A — AQr B

m' QA e'®A

BRB®A BRA A—B®A
B®T\1/ r9B AR \1/7' o ln—

Lifting of endofunctors

M —— gM T=ARB® —
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Composition of monads and comonads

Liftings of endofunctors

F,G:A — A, (F,m,e) monad, consider the diagram

G

Af Af
UFl luF
A—C oA

Questions

e does a lifting G exist ?

@ F and G monads, when is G a monad ?

@ F monad, G comonad, when is G a comonad ?

Beck, J., Distributive laws, 1969

F,G : A — A natural transformations A : FG — GF
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mg A

FFG FG FG—-F% FGe GFG

F)\\L \L/\ )\i/ 5 \LG)\
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Mixed distributive law (entwining): (F, m,e), (G,4,¢)

lifting G comonad < ) : FG — GF with comm. diagrams J

mg A

FFG FG FG—-F% FGe GFG

F)\l, l,/\ )\l 5 l,GA

FGF I~ GFF *™- GF, GF ——C —~ GGF,

G—-FG FG-L:>F

b T

GF, GF.

F(A) -2 A—2 . G(A)
F(o")| {(ea)

FG(A) — . GF(A).
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Bimonad B: A — A, (B, m,e), (B,d,¢)

mixed distributive law )\ : BB — BB, compatibility

BB-"-B—°.BB B(A) € AE

Bél/ TBm
BBB— % . BBB.

7 : 14 — B monad morphism, ¢: B — 1, comonad morphism

o’

Category of (mixed) B-bimodules AZ - free functor

6B A AB A BB(A) 4 B(A) -2, BB(A).

full and faithful by
MorB(B(A), B(A)) ~ Morg(B(A), A') ~ Mor, (A, A)

Hopf monads (antipode S : B — B)

¢B equivalence <« BB 2% BBB %, BB
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Bimonads

Bimonad on Set
@ Gx—:Set —+Set, A—> G x A

@ G x — monad, G is monoid

@ Gx —comonad, 6: G— G x G, g~ (g,8)
@ entwining ¢ : G x G — G x G, (g, h) — (gh, g)

Mixed G x —-modules Set
AcSet, GxA—-A—=GxA

Hopf monads on Set

For bimonad G x — there are equivalent:

o ¢S : Set — Setg is an equivalence;
@ G X — has an antipode;

e G is a group.
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adjoint pair (A®k —, A* ®k —),
counit ¢: ARk A* - K, a® f — f(a),
unit n: K = A*®k A, 1= ) af ® a; (dual basis).

ARk — monad < A*®g — comonad, sM ~A"M

entwining 7 : A®Qk A* - A* ®k A, ﬁ*M ~ A@ANL
A-coring A" @k A®a—: aM — AM,
A*ring Aok A* @4 — AM—AM

A®x — comonad < A* @k — monad, AM ~ oM

entwining 7: ARk A" > A" QK A, AM ~ A*M,
monad AM —AM, AQX—AQA* ®X
comonad A*I\7JI — A*M, AQY A RAR Y




Finite dimensional algebras: Homg (A, —) ~ A* QK —

v(—):= DHoma(—,aA): A—mod — A—mod
v~ (=) := Homa(D(—-),As): A—mod — A—mod

v(X) = DHoma(X, aA)
v=(X) = Homa(D(X),Aa)

D(A) ®a X,
Homa(D(A), X),

~
~




Finite dimensional algebras: Homg (A, —) ~ A* QK —

v(—):= DHoma(—,aA): A—mod — A—mod
v~ (=) := Homa(D(—-),As): A—mod — A—mod

I/(X) = DHOIHA(X, AA) = D(A) ®a X,
v=(X) = Homa(D(X),As) =~ Homa(D(A),X),

Homa(D(A),—): A—mod — A — mod,
D(A)®a—: A—mod — A— mod




Thank you !

«O» «F>» «E» «E>» = Q>



Bimonads

Antipode - natural transformation S : B — B




Bimonads

Antipode - natural transformation S : B — B

Natural map

BBB ™. BB




Bimonads

Antipode - natural transformation S : B — B

Natural map

o8

BBB-2™. BB

v : BB

| A

Equivalent

(a) B has an antipode;

(b) ~y is an isomorphism.




Braided bimonads
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These conditions are obviously equivalent to
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Braided bimonads

Let 7 : BB — BB be a double entwining - commutative

| fm

—
™
o
=<
(=21
/]
(0]

—— BB

Then 7:BB-28.BBB-8. BBB-"B. BB

is a mixed distributive law from the monad B to the comonad B.

V.
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Braided bimonads

72 =1 and 7 satisfies the Yang-Baxter equation

BBB "B~ BBB 5"~ BBB then

BBB —— BBB —— BBB,
7B Bt

BB is a bimonad

with multiplication, comultiplication and entwining structure

BBBB ™8 BBBB ™. BB,
BB - BBBB -£"8 BBBB,
BBBB -2™2 BBBB "~ BBBB 5™ BBBB.




Braided bimonads

Opposite bimonad

Given 7 as above, an opposite bimonad B°P can be defined for B
with multiplication

m-7:BB - BB "% B
and comultiplication
r-6:B-2 BB T BB.

If B has an antipode S, then S : B°® — B is a bimonad morphism
provided that

7-BS=5B and 7- BS = SB.
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Module categories

Coalgebras - comultiplication and counit, C ®g — : pRM — gM

A:C—-CR®rC, e:C—R,

with coassociativity and counitality conditions.

v

C-comodules - category M

oM M= Cor M,

with compatibility conditions.

v

Adjoint functors - M € gpM, X € ‘M

UC: M — gM, C®g—:rM— M,

Hom®(M, C ®g X) — Homg(M, X), fisexof.

N,
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Modules and comodules on fM

Equivalent for C € gM:

(a) C®r—: RM — gM is a comonad (C is an R-coalgebra);
(b) Homg(C,—) : RgM — gM is a monad.

The category M

(1) CM has colimits, coproducts and cokernels;
(2) M is abelian provided Cg is flat;

(3) monomorphisms need not be injective maps.

The category Mc

(1) Mjc,— has limits, products and kernels;
(2) Mjc, - is abelian provided Cg is projective;

(3) epimorphisms need not be surjective maps.
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Monads and Comonads in pIM

Correspondence of categories

Hom®(C,—): ‘M — Mic-;, M~ Hom©(C, M).

has left adjoint (contratensor product).

v

Equivalence of Kleisli categories

For any X € gM,

C ®r X = Hom®(C, C ®g X) ~ Homg(C, X),

Homg(C, X) — C®[C,—] Hompg(C, X) ~ C ®g X.

\
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Modules and comodules in RM

The monads RC* ®r — and [C, —]
Bm: C*®@r M — Homg(C, M), f®@m [c— f(c)m].
This yields a functor

F: M[C,—] — C*M
Homg(C,M) > M + C*®g M 2% Homg(C, M) — M.

The comonads C ®z — and Homg(C*, —)

apy : C®r M — Homg(C*, M), c®@m— [f+— f(c)m].
This yields a functor
G: M¢ — M) ~ M
M- CorM — M= Cor M Homp(C*, M).
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Module categories

Adjoint functors between module categories gM, sM by gPs

P®s—:sM — gM, HOmR(P,—) : RM — ML

Adjunction - N € gM, X € sM
Hompg(P ®s X,N) — Homg(X,Homg(P, N)),
f = [x—=f(—2x).

em: P®sHomg(P,M)— M, p®f+— f(p),
nx : X — Homg(P,P®s X), x[p— p®x].

A\
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Module categories

equivalent

(a) epm is an epi(iso)morphism for all M € gM;
(b) Homg(P,—) : kM — sM is faithful;
(c) P is a generator in gML

equivalent

(a) mx is an isomorphism for all X € sM;
(b) P ®s — is full and faithful (faithfully flat).

equivalent

(a) m and e are isomorphisms;
(b) P ®s — is an equivalence (with inverse Homg(P, —));

(c) rP is a finitely generated, projective generator and
S = Endg(P).
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equivalent if S = Endg(P)

(a) epm is @ monomorphism for all M € gM,,
nx is an epimorphism for all X € sM;

(b) (P ®s —,Homg(P,—)) induces an equivalence

P ®s — : sMpomg(p,pos—) — RMPEsHomr(Pm),
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(a) epm is @ monomorphism for all M € gM,,
nx is an epimorphism for all X € sM;

(b) (P ®s —,Homg(P,—)) induces an equivalence
P ®s — : sMpomg(p,pos—) — RMPEsHomr(Pm),

In this case P is a *-module (in the sense of Menini-Orsatti).
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equivalent if S = Endg(P)

(a) epm is @ monomorphism for all M € gM,,
nx is an epimorphism for all X € sM;

(b) (P ®s —,Homg(P,—)) induces an equivalence
P ®5 — SMHOmR(P’P®57) - RMP@SHOmR(Pv_).
In this case P is a *-module (in the sense of Menini-Orsatti).

Tilting modules P

P x-module and for any M € grM, there is monomorphism
M — P ®s X, for some X € sM.
(implies Brenner-Butler equivalence)
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r P finitely generated and projective ~ Homg(P, —) ~ P* ®g —

adjoint pair (P ®gr —, P* ®g —),
counit €:PRgrP*—= R, pf— f(p),
unit n:R— P*®r P, 1— > pf® p; (dual basis).
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r P finitely generated and projective ~ Homg(P, —) ~ P* ®g —

adjoint pair (P ®gr —, P* ®g —),
counit €:PRgrP*—= R, pf— f(p),
unit n:R— P*®r P, 1— > pf® p; (dual basis).

P* ®r P ®s — is a monad on sM (S-ring)

P*®r P —» Endg(P), f ® p — [x = f(x)p].
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r P finitely generated and projective ~ Homg(P, —) ~ P* ®g —

adjoint pair (P ®gr —, P* ®g —),
counit €:PRgrP*—= R, pf— f(p),
unit n:R— P*®r P, 1— > pf® p; (dual basis).

P* @g P ®s — is a monad on sM (S-ring)

P* ®r P =5 Endg(P), f ® p— [x — f(x)p].

P ®s P* @ — is a comonad on gM (R-coring) - coproduct
PRsP*—> P®sP*QrPRsP*, pQf — > pp'QpiQfF.
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P =R" Endg(R") ~ M,(R), R commutative

adjoint pair (R"®r —,(R")" ®r —),
counit €: R"®g (R")" — R, evaluation,
unit n:R—=(R")!'QrR", 1= e ®ei.
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P =R" Endg(R") ~ M,(R), R commutative

adjoint pair (R"®r —,(R")" ®r —),
counit €: R"®g (R")" — R, evaluation,
unit n:R—=(R")!'QrR", 1= e ®ei.

M,(R) is R-algebra and R-coalgebra. |
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P =R" Endg(R") ~ M,(R), R commutative

adjoint pair (Rn QR —,(Rn)t Rr —),
counit €: R"®g (R")" — R, evaluation,
unit 7:R—(R")'®rR", 1= > e Qe .

M,(R) is R-algebra and R-coalgebra. )

Sweedler coring: h: R — A, P = 5Agr, 1975

(5:A®RA —>A®RA®AA®RA,
a®b — a®Rkl®al® b;
e=m:ARrRA — A
a®b — ab.
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