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AS-regular algebras

@ k: an algebraically closed field with char k = 0,

@ A: a connected graded k-algebra finitely generated in degree 1.
(A = Pien4;, AzAJ - Ai-l—j Ao = k. )

Definition ([Artin-Schelter, 1987])
A: d-dimensional AS-regular algebra :<—
(i) gldim A =d < oo,
(i) GKdim A := inf{a € R | dimy (3" 5 4A;) < n®,Vn > 0} < oo (the
Gelfand-Kirillov dimension of A),

(iii) (Gorenstein condition) Exty(k,A) = {
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Geometric algebras

Definition ([Mori, 2006])

o E C P" ! closed subscheme, o € AutyE.
@ A=Fk(x1, - ,zn)/(R), R C k{(z1,...,2p)2.

V(R) :={(p,q) € P""' x P"' | f(p,q) =0, Vf € R}.

A =k(xy,...,x,)/I: a quadratic k-algebra.

(1) A satisfies (G1) (P(A) = (E,0)) <= 3(E,0) s.t.
V(R) ={(p,o(p)) e P ' xP"" ! |pec E}.

(2) A satisfies (G2) (A= A(E,0)) <= 3(E,0) s.t.
R={feklzr,....,wn)2| f(p,o(p)) =0, Vp € E}.

(3) A: geometric :<=> A satisfies (G1), (G2) and A = A(P(A)).
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Theorem by ATV

Theorem ([Artin-Tate-Van den Bergh, 1990])

VA: 3-dimensional quadratic AS-regular algebra, A: geometric.
Moreover, when P(A) = (E, o), E = P? or a cubic divisor in P? as follows.

A0

nodal curve)

(elliptic curve)

(double line)  (triple line) (cuspidal curve)
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Normalizations of varieties

By using the normalization of a variety, we determine the defining relations
of Type CC and Type NC 3-dimensional quadratic AS-regular algebras.
(these algebras correspond to cuspidal and nodal cubic curve in P?)

Proposition

R
| A\

FE: a irreducible variety, s E — E: the normalization of £ —
Vo € Aut E, 3'¢p € Aut E such that com = w0 0.

7T

tijz

l

— F
Type CC E = V(a® — o2 Z):>7r P! — E.
m(a :b) := (a®b: a®: b?): the normalization of E.
( b) := (a?b : ab® : b3) the normallzatlon of E.

A
Djx(—
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Main Theorem 1

Main Theorem 1
Type CC

A= A(E,0,)

—3r222 4+ 2r3zy + x2 — 2z — 212y,
:k<56,’y,2>/ xy—yx+ry2a
=3ra? —r3y? +yz — 2y

where o,.(z : y: 2) = (rzy + z2 : 2y : r3zy + 3r22® + 3ryz + z2)
(r #0,1). Moreover, Vr,r" £ 0,1, A(E,0,) = A(E,0,).
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Type NC

o Casel
Ty — syw
A= AE,o015) =k{z,y,z)/ (s3 — 1)3: + 2 zy — syz,
(83 = 1)y* + s’z — szx

where o1 s(z: y: 2) = (sxy: s2y?: (83 — 1)a? + s3yz) (s £0,1).

> A= A(E,01,), A' = AB,010) = AZ A = s =s*1.
» GrMod A ~ GrMod A’ <« s/% = s%3.

o Case 2

trz + (1 — t3)yz — 22y,
A= A(E,00¢) = k(z,y,2)/ | tzx+ (1- t3)xy — t2yz,

y? — ta2

where a9 (z: y: 2) = (ty?: t2ay: (1 —t3)2? +yz) (£ #£0,1).

> Vi, t!, A(E,02.)) = A(E, 024/)).

)

)
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Calabi-Yau algebras and conjecture

Definition ([Ginzburg, 2007])
C': d-dimensional Calabi-Yau algebra :<—=-
(i) pdeeC =d < 00, (C° := C @, C°P: the enveloping algebra of C)

.. 8 e\ _ C (i = d),
(i) Extee(C,C¢) = { 0 (i # d). (as C°-module)

v

VA: 3-dimensional quadratic AS-regular algebra, 3C: a Calabi-Yau
AS-regular algebra s.t. GrMod A = GrMod C'.

Using the defining relations in Theorem 1 for Type CC and Type NC and
for another case in [Matuzawa-Kim], and using a twist of superpotential in
the sence of [Mori-Smith, 2016], we show that this conjecture holds in
most cases.
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Theorem 2

Theorem 2

E: P2 or a cubic divisor in P2 as follows:

A= A(E,o0): 3-dimensional quadratic AS-regular algebra corresponding
to F and 0 € Aut E = 3C": a Calabi-Yau AS-regular algebra s.t.
GrMod A = GrMod C.
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