
The defining relations and the Calabi-Yau

property of 3-dimensional quadratic AS-regular

algebras

Ayako Itaba (Tokyo University of Science)
Ryo Onozuka (Shizuoka University)
James Eccels (Shizuoka University)

8th October 2017

The 50th Symposium on Ring Theory and Representation Theory

@ Yamanashi University

A. Itaba, R. Onozuka, J. Eccels 3-dimensional quadratic AS-regular algebras 8th October 2017



AS-regular algebras

k: an algebraically closed field with char k = 0,

A: a connected graded k-algebra finitely generated in degree 1.
(A = ⊕i∈NAi , AiAj ⊂ Ai+j , A0 = k. )

Definition ([Artin-Schelter, 1987])

A: d-dimensional AS-regular algebra :⇐⇒

(i) gldimA = d < ∞,

(ii) GKdimA := inf{α ∈ R | dimk(
∑n

i=0 Ai) ≤ nα,∀n ≫ 0} < ∞ (the
Gelfand-Kirillov dimension of A),

(iii) (Gorenstein condition) ExtiA(k,A) =

{

k (i = d),
0 (i 6= d).
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Geometric algebras

Definition ([Mori, 2006])

E ⊂ P
n−1: closed subscheme, σ ∈ AutkE.

A = k〈x1, · · · , xn〉/(R), R ⊂ k〈x1, . . . , xn〉2.

V(R) := {(p, q) ∈ P
n−1 × P

n−1 | f(p, q) = 0, ∀f ∈ R}.

A = k〈x1, . . . , xn〉/I: a quadratic k-algebra.

(1) A satisfies (G1) (P(A) = (E, σ)) :⇐⇒ ∃(E, σ) s.t.
V(R) = {(p, σ(p)) ∈ P

n−1 × P
n−1 | p ∈ E}.

(2) A satisfies (G2) (A = A(E, σ)) :⇐⇒ ∃(E, σ) s.t.
R = {f ∈ k〈x1, . . . , xn〉2 | f(p, σ(p)) = 0, ∀p ∈ E}.

(3) A: geometric :⇐⇒ A satisfies (G1), (G2) and A = A(P(A)).
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Theorem by ATV

Theorem ([Artin-Tate-Van den Bergh, 1990])

∀A: 3-dimensional quadratic AS-regular algebra, A: geometric.
Moreover, when P(A) = (E, σ), E = P

2 or a cubic divisor in P
2 as follows.

(elliptic curve)

(cuspidal curve)

(nodal curve)

(double line) (triple line)
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Normalizations of varieties

By using the normalization of a variety, we determine the defining relations
of Type CC and Type NC 3-dimensional quadratic AS-regular algebras.
(these algebras correspond to cuspidal and nodal cubic curve in P

2).

Proposition

E: a irreducible variety, π: Ẽ −→ E: the normalization of E =⇒
∀σ ∈ AutE, ∃1ϕ ∈ Aut Ẽ such that σ ◦ π = π ◦ ϕ.

Ẽ
π

−−−−→ E

ϕ





y





y

σ

Ẽ
π

−−−−→ E

Type CC E = V(x3 − y2z) =⇒ π : P1 −→ E;
π(a : b) := (a2b : a3 : b3): the normalization of E.

Type NC E = V(x3 + y3 + xyz) =⇒ π : P1 −→ E;
π(a : b) := (a2b : ab2 : −a3 − b3): the normalization of E.
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Main Theorem 1

Main Theorem 1

Type CC

A = A(E, σr)

= k〈x, y, z〉/





−3r2x2 + 2r3xy + xz − zx− 2rzy,
xy − yx+ ry2,

−3rx2 − r3y2 + yz − zy



 ,

where σr(x : y : z) = (rxy + x2 : xy : r3xy + 3r2x2 + 3ryz + xz)
(r 6= 0, 1). Moreover, ∀r, r′ 6= 0, 1, A(E, σr) ∼= A(E, σr′).
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Type NC

Case 1

A = A(E, σ1,s) = k〈x, y, z〉/





xy − syx,
(s3 − 1)x2 + s2zy − syz,
(s3 − 1)y2 + s2xz − szx



 ,

where σ1,s(x : y : z) = (sxy : s2y2 : (s3 − 1)x2 + s3yz) (s3 6= 0, 1).
◮ A = A(E, σ1,s), A

′ = A(E, σ1,s′ ) =⇒ A ∼= A′ ⇐⇒ s′ = s±1.
◮ GrModA ≃ GrModA′ ⇐⇒ s′3 = s±3.

Case 2

A = A(E, σ2,t) = k〈x, y, z〉/





txz + (1− t3)yx− t2zy,
tzx+ (1− t3)xy − t2yz,

y2 − tx2



 ,

where σ2,t(x : y : z) = (ty2 : t2xy : (1− t3)x2 + yz) (t3 6= 0, 1).
◮ ∀t, t′, A(E, σ2,t)) ∼= A(E, σ2,t′)).
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Calabi-Yau algebras and conjecture

Definition ([Ginzburg, 2007])

C: d-dimensional Calabi-Yau algebra :⇐⇒

(i) pdCeC = d < ∞, (Ce := C ⊗k C
op: the enveloping algebra of C)

(ii) ExtiCe(C,Ce) =

{

C (i = d),
0 (i 6= d). (as Ce-module)

Conjecture

∀A: 3-dimensional quadratic AS-regular algebra, ∃C: a Calabi-Yau
AS-regular algebra s.t. GrModA ∼= GrModC.

Using the defining relations in Theorem 1 for Type CC and Type NC and
for another case in [Matuzawa-Kim], and using a twist of superpotential in
the sence of [Mori-Smith, 2016], we show that this conjecture holds in
most cases.
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Theorem 2

Theorem 2

E: P2 or a cubic divisor in P
2 as follows:

A = A(E, σ): 3-dimensional quadratic AS-regular algebra corresponding
to E and σ ∈ AutE =⇒ ∃C: a Calabi-Yau AS-regular algebra s.t.
GrModA ∼= GrModC.
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