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Uber den Zahlbegriff
Jahresbericht Deutsch. Math. Ver., 1900

Geometry: axioms for Euclidean plane
Real numbers: natural numbers, integers, ....(genetic method)

My opinion is this: in spite of the high pedagogical and
heuristic value of the genetic method, for the final
presentation and full logical assurance of the content of our
knowledge, the axiomatic method deserves preference.

Axioms: (R, +,-), ring, field, order, Archimedean, completeness
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On hypercomplex numbers
Proc. London Math. Soc. 1908

Finite dimensional algebras A over fields
(i) A has a maximal nilpotent ideal N (radical);
(ii) if N =0, then A is a direct sum of simple matric algebras;
(iii) A simple: matric algebra over division ring;
(iv) A= B+ N, B semisimple and N nilpotent (structure?);
(v) not invertible elements nilpotent: A= B + N, B div. ring;
)

(vi) A not associative: associative subalgebras nucleus, centre.

The classification of algebras cannot be carried out much further
than this till a classification of nilpotent algebras has been found ...
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Radical theory

"semisimple” and "radical” classes of rings, Jacobson radical,
Brown-McCoy radical, Kurosch-Amitsur radical, torsion theory

Non-associative algebras

alternative algebras, Jordan algebras, Lie algebras, Malcev
algebras, Leibniz algebras
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Trans. AMS 1945

Category A: objects and morphisms Mor, (A, A'),
adjoint pair of functors F : A - B, G : B — A, bijection

Morg(F(A), B) ~ Mory (A, G(B)),

unit and counit (nat. transf.) 7n:1— GF, ¢:FG —1

FEreF 5 F=1r, G 2% GFG &5 6 =1¢

Equivalence: 7 and e are natural isomorphisms
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Fuller's Theorem M f.gen., self-projective, self-generator
Sato’s Theorem M self-small and s-X-quasi-projective
Menini-Orsatti's Th. M x-module (self-small tilting in o[M])
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o[M] is Grothendieck category

@ M generator in o[M] = Ms flat and R — End(Ms) dense;
@ g M faithful and Ms finitely generated = o[M] = gM]

e M injective in o[M] < M is self-injective (Baer Lemma);
every injective module in o[M] is M-generated;

°
@ M semisimple < every module in o[M] is M-injective;
°

M finite length: finite repres. type < bounded repres. type
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Goro Azumaya, 1920 -2010
| On maximally central algebra, 1951 (Nagoya J.)

N Separable rings, 1980 (J. Algebra)

Azumaya algebras

A®za) — z(ayM = maM  is equivalence of categories

Azumaya rings

A®z(a) — : z(ayM — o[A] s equivalence of categories

Az(a) finitely generated: A Azumaya ring < A Azumaya algebra

Artin (1969), Delale (1974), Wisbauer (1977), Burkholder (1986) |
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e if Ais prime, for ideals | C A, I N Z(A) # 0, then Alis simple;
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Central closure of semiprime algebra A (Martindale)

o A injective hull of A in alA];
o A-generated: A= AHomM(A)(A,Z\);
o A semiprime = Homa)(A, A) = EndM(A)(A\)
(extended centroid, commutative, regular);
°o A= AEndM(A)(/a) has ring structure (central closure);
@ if Ais prime, then EndM(A)(/a) is a field;
e if Ais prime, for ideals | C A, I N Z(A) # 0, then Alis simple;
o for A=7,7 = Q.
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Hassler Whitney, 1907 - 1989, Princeton
Tensor products of Abelian groups, 1938

L : K field extension: Tensor functor

L®K—SMK—>MK, M'—)L@KM
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Functor L ®x — : Mix — Mk

Product and unit

m: Lo lL—L, 1:K—L

L-module

|

Lok MEM, M2M 1omMS&M=1y

| A\

Free and forgetful functor
¢ Mg =My, M~ (Lox M,m® M)
ULZML%MK, (M,Q)HM

| \

Adjoint pair

Hom, (L ®k M, N) ~ Homy (M, UL(N))

\
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Equivalent — L : K finite

@ L: K is a separable field extension;
e for any field extension Q : K, Nil(L ®k Q) = 0;
e Nil(L®k L) =0;

@ L is projective as L ®k L-module.

Trace tr:L—K; MXj:L— L, x— ax

tr: L 2% Endk(L) 5 K

e tr: L — K is nondegenerate;
@ ¢: L — L* aw tr(a—), is an isomorphism (L-linear);
o L®Kk — ~Homg(L,—) : My — M, .
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Dual of algebra (coalgebra) — apply (—)* = Hom(—, K) to m and ¢

*

e L, LS K,

A\

L : K separable: apply ¢ : L — L*

0:Ll—=L®kl, e:L—=K

Frobenius conditions

L@L—m Y L —
5®Ll/ \LJ L®5\L L l&
Lolelt22 1oL, Lelol ™oL

N

0 is left L-module morphism
m is right L-comodule morphism.

m left L-comodule morphism
d is right L-module morphism

<




e (L, m,d) satisfy Frobenius condition and m-§ =1,

«O» «Fr « =>»

« =

DA
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Forgetful functor U; : My — Mk, M, N € M,
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@ (L, m,J) satisfy Frobenius condition and m- 9§ =1; J

L-module o : L & M — M becomes comodule (L-linear)

w MM oMM el M S Lom

v

Forgetful functor U; : My — Mk, M, N € M,

Hom; (M, N) — Homk (U M, U N) splits by
Homg (M, N) — Hom, (M, N),

MEN » MSLexMEh 1NN

V.

e U, : M — Mk is separable functor (to be defined) J
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Maurice Auslander, Oscar Goldman,
The Brauer group of a commutative ring, 1960

Separable algebras

(a) Ais projective as an A ®r A°-module;

(b) UL : AM — Mg is a separable functor;

(c) Ais separable over C(A) and C(A) is separable over R.
Frobenius algebras (A, m, e)

(a) A~ Homg(A, R) as A-modules;

(b) A®r — ~ Homg(A, —) : Mg — aM;

(c) (A,9,¢) is a coalgebra, Frobenius condition for (m, d).

Every module (M, g) is comodule

w MM Ao M EZM A A M 22 Ao M
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Various algebras

Algebra (A, m), coalgebra (A, d), Frobenius condition

AR A—T A A A—"T A
/®5l la 6®/l la
AA AL Ag A ADAD AL Ag A

Frobenius algebra (A, m,e;d,e) —  Frobenius modules

equivalence A®gr — : asM — QM

Separable algebra (A,m,e;d), mod =1

Azumaya algebra (A, m,e;6), mod=1 — bimodules

separable and central, equivalence A®gr —: Mgr — asMy




Q>
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Separable functors  Hom, (M, N) = Homk (UL (M), U.(N))

C. N3stdsescu, M. Van den Bergh,
F. Van Oystaeyen, 1989 (J. Algebra)

Separable functors applied to graded rings

F : A — B separable functor
oF : Homy (A, A') — Homg(F(A), F(A')) nat. split mono

V : Homg(F(A), F(A")) — Homy (A, A), WodF =] J
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Hopf algebras

Heinz Hopf, 1894 -1971, Ziirich

Uber die Topologie der Gruppen-Mannigfaltigkeiten
und ihre Verallgemeinerungen, 1941

Bialgebra: algebra (A, m, ), coalgebra (A, J,¢)

0:A— ARk A, €:A— K are algebra morphisms
Bimodules (Hopf modules) 4M

AIM-2 oMYA M
sQwy Fm@e
ARAQAO MM A A Ao M

Hopf algebra

ARALBA AQARALED AQ A= 1p94

equivalence A®g —: Mg — 4M (antipode S:A — A)
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G = Aut(L : K)

Group ring K[G] — algebra and coalgebra — bialgebra

m: K[G] ® K[G] — K[G], g® h+ hg,
J:K[G] - K[G]® K[G], g—g®g.




G = Aut(L : K)

Group ring K[G] — algebra and coalgebra — bialgebra

m: K[G] ® K[G] — K[G], g® h+ hg,
J:K[G] - K[G]® K[G], g—g®g.

Dual group ring (K[G]*, m*,0*) — L comodule algebra
L is K[G]*-comodule: {gj, pi}i<n dual basis for K[G]

wil= Lk KIGl,  amy gi(a)@p




G = Aut(L : K)

Group ring K[G] — algebra and coalgebra — bialgebra

m: K[G] ® K[G] — K[G], g® h+ hg,
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Dual group ring (K[G]*, m*,0*) — L comodule algebra
Lis K[G]*-comodule: {gj, pi}i<n dual basis for K[G]

wil= Lk KIGl,  amy gi(a)@p

| \

Canonical map

B: Lok lL— Lok K[G], boar Zibg;(a) ® pi

A\




G = Aut(L : K)

Group ring K[G] — algebra and coalgebra — bialgebra

m: K[G] ® K[G] — K[G], g® h+ hg,
J:K[G] - K[G]® K[G], g—g®g.

A

Dual group ring (K[G]*, m*,0*) — L comodule algebra
Lis K[G]*-comodule: {gj, pi}i<n dual basis for K[G]

wil= Lk KIGl,  amy gi(a)@p

| \

Canonical map

B: Lok lL— Lok K[G], boar Zibg;(a) ® pi

A\

L : K separable and normal < 3 is an isomorphism )




Thank you |

Q>



