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Abstract. Recently, Mori and Smith studied 3-dimensional noetherian quadratic Calabi-
Yau algebras using superpotentials. As a continuation, in this note, we study 3-dimensional
noetherian cubic Calabi-Yau algebras using superpotentials. The main result of this note
is to classify all superpotentials whose Jacobian algebras are 3-dimensional noetherian
cubic Calabi-Yau algebras. As an application, we compute the homological determinants
of graded algebra automorphisms of 3-dimensional noetherian cubic Calabi-Yau algebras.

1. Calabi-Yau Algebras and Superpotentials

This note is based on a joint work [10] with Izuru Mori.
Throughout this note, let k be an algebraically closed field of characteristic 0, and V a

finite dimensional vector space over k. A graded algebra means a graded algebra finitely
generated in degree 1 over k, that is, every graded algebra is of the form A = T (V )/I
where T (V ) is the tensor algebra on V over k, and I is a two-sided ideal of T (V ). We
fix a basis {x1, . . . , xn} for V over k. Then we may also write A = k⟨x1, . . . , xn⟩/I where
k⟨x1, . . . , xn⟩ is the free algebra on {x1, . . . , xn} over k.

In representation theory of algebras, Calabi-Yau algebras are important class of algebras
to study.

Definition 1. A graded algebra S is called a d-dimensional Calabi-Yau if

(1) S has a resolution of finite length by finitely generated graded projective left Se-
modules, and

(2) for some ℓ ∈ Z, ExtiSe(S, Se) ∼=

{
S(ℓ) if i = d,

0 otherwise
as graded right Se-modules.

An AS-regular algebra defined below is one of the first classes of algebras studied in
noncommutative algebraic geometry. Since every noetherian graded Calabi-Yau algebra
is AS-regular (see [11]), it is interesting to study such algebras from the point of view of
both representation theory and noncommutative algebraic geometry.

Definition 2. A graded algebra S is called a d-dimensional AS-regular algebra if

(1) gldimS = d < ∞, and

(2) for some ℓ ∈ Z, ExtiS(k, S) ∼=

{
k(ℓ) if i = d,

0 otherwise.

The detailed version of this paper has been submitted for publication elsewhere.
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Calabi-Yau algebras are closely related to superpotentials. Let ϕ : V ⊗m → V ⊗m be the
m-cycle defined by

ϕ(v1 ⊗ v2 ⊗ · · · ⊗ vm−1 ⊗ vm) := vm ⊗ v1 ⊗ · · · ⊗ vm−2 ⊗ vm−1.

Definition 3. Let w ∈ V ⊗m. We call w a superpotential if ϕ(w) = w.

For a monomial w = xi1 · · · xim ∈ k⟨x1, . . . , xn⟩m ∼= V ⊗m of degree m, we define

∂xi
w :=

{
xi2 · · · xim−1xim if i1 = i

0 if i1 ̸= i.

We can extend ∂xi
to the map ∂xi

: k⟨x1, . . . , xn⟩m → k⟨x1, . . . , xn⟩m−1 by linearity. We
call ∂xi

the cyclic derivative with respect to xi.

Definition 4. Let w ∈ k⟨x1, . . . , xn⟩m ∼= V ⊗m be a superpotential. Then the Jacobian
algebra of w is the graded algebra of the form

J(w) := k⟨x1, . . . , xn⟩/(∂x1w, . . . , ∂xnw).

We have the following theorem, which is a substantial part of the motivation for our
study.

Theorem 5. (see [2], [3], [7] etc.) If S is a 3-dimensional noetherian Calabi-Yau algebra
generated in degree 1 over k, then there exists a unique superpotential wS up to non-zero
scalar multiples such that S = J(wS).

It is well-known that if S is a 3-dimensional noetherian Calabi-Yau algebra generated in
degree 1 over k, then S is either 2-Koszul (quadratic) or 3-Koszul (cubic). Recently, Mori
and Smith [8], [7] classified all superpotentials whose Jacobian algebras are 3-dimensional
noetherian quadratic Calabi-Yau algebras, and computed the homological determinants of
graded algebra automorphisms of such algebras. In this note, we investigate 3-dimensional
noetherian cubic Calabi-Yau algebras using superpotentials. Note that our study is greatly
related to Mori’s article and Itaba’s article in this proceedings. See also them.

2. Classification Results

It is known that if w is a superpotential such that J(w) is 3-dimensional noetherian
cubic Calabi-Yau, then w ∈ V ⊗4 and dimk V = 2.

Example 6. (1) Let S = k⟨x, y⟩/(xy2 + y2x, x2y + yx2). Then S a 3-dimensional
noetherian cubic Calabi-Yau algebra. The corresponding superpotential wS is
given by

wS = x2y2 + yx2y + y2x2 + xy2x ∈ V ⊗4 (dimk V = 2).

(2) Now let dimk V = 2 and let w = xyxy+ yxyx. Then w is a superpotential in V ⊗4.
However J(w) = k⟨x, y⟩/(yxy, xyx) is not Calabi-Yau.

By the above example, it is interesting to know for which superpotential w ∈ V ⊗4,
J(w) is a 3-dimensional noetherian cubic Calabi-Yau algebra. As the main result of
this note, we give an explicit classification of 3-dimensional noetherian cubic Calabi-Yau
superpotentials.
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Theorem 7. ([10]) Let dimk V = 2. The following is a classification of all noetherian
cubic Calabi-Yau superpotentials 0 ̸= w ∈ V ⊗4 up to isomorphism of J(w):

• w1;
• w1 + 2w2;
• w1 − 2w2;
• αw1 + βw2 (α ̸= 0, β ̸= 0, α ̸= ±2β);
• w1 − 2w2 + w3;
• w1 + 4w5;
• w1 + 2w2 + 8w5;
• w1 − 2w2 − 2w5;
• αw1 + βw2 + w5 (α ̸= 0, β ̸= 0, α ̸= ±2β);
• αw1 + w5 + w6 (α ̸= 0,±1

2
);

• βw2 + w5 + w6 (β ̸= 0,±1);
• αw1 + βw2 + w5 + w6 (α ̸= 0, β ̸= 0,±1, β ̸= 2α± 1, β ̸= −2α± 1);

where

w1 = x2y2 + xy2x+ y2x2 + yx2y, w2 = xyxy + yxyx,

w3 = x3y + x2yx+ xyx2 + yx3, w4 = y3x+ y2xy + yxy2 + xy3,

w5 = x4, w6 = y4.

Using the above classification, we obtain the following result.

Theorem 8. ([10]) Let dimk V = 2 and let 0 ̸= w ∈ V ⊗4 be a superpotential. Then J(w)
is not 3-dimensional noetherian cubic Calabi-Yau if and only if J(w) is isomorphic to one
of the following five algebras:

• k⟨x, y⟩/(x3);
• k⟨x, y⟩/(x3, x2y, xyx, yx2);
• k⟨x, y⟩/(yxy, xyx);
• k⟨x, y⟩/(yxy + x3, xyx);
• k⟨x, y⟩/(x3, y3).

By [1], every 3-dimensional noetherian cubic Calabi-Yau algebra is a domain. On the
other hand, the above five exceptional algebras are domains, so we have the following
characterization.

Theorem 9. ([10]) Let dimk V = 2 and let 0 ̸= w ∈ V ⊗4 be a superpotential. Then J(w)
is 3-dimensional noetherian cubic Calabi-Yau if and only if it is a domain.

Theorem 9 should be compared to the result in the quadratic case. In [8], Mori and
Smith proved that if dimk V = 3 and 0 ̸= w ∈ V ⊗3 is a superpotential, then J(w) is
3-dimensional noetherian quadratic Calabi-Yau if and only if it is a domain.

Next we classify the point schemes of 3-dimensional noetherian cubic Calabi-Yau alge-
bras. Before stating our result, we recall some basic facts about point schemes.

Definition 10. Let S be a 3-dimensional noetherian AS-regular algebra (generated in
degree 1 over k). A graded S-module M =

⊕
i∈ZMi is called a point module if

(1) M is cyclic with M = M0S, and
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(2) dimk Mi = 1 for all i ≥ 0.

Theorem 11. (Artin, Tate and Van den Bergh [1]) The point modules over a 3-dimensional
noetherian AS-regular algebra S are parametrized by a scheme, called the point scheme.
If E is the point scheme of a 3-dimensional noetherian quadratic AS-regular algebra, then
E is P2 or a cubic curve in P2. If E is the point scheme of a 3-dimensional noetherian
cubic AS-regular algebra, then E is P1 × P1 or a bidegree (2, 2) curve in P1 × P1.

Furthermore, Artin, Tate and Van den Bergh [1] classified 3-dimensional noetherian
AS-regular algebras in terms of their associated point schemes. Since then the point
scheme plays an essential role in noncommutative algebraic geometry. We here show all
possible point schemes for 3-dimensional noetherian cubic Calabi-Yau algebras.

Theorem 12. ([10]) The point scheme E of any 3-dimensional noetherian cubic Calabi-
Yau algebra is isomorphic to one of the following:

• P1 × P1;
• the union of two curves of bidegree (1, 0) and two curves of bidegree (0, 1);
• the union of a double curve of bidegree (1, 0) and a double curve of bidegree (0, 1);
• the union of two curves of bidegree (1, 1) meeting at two points;
• the union of two curves of bidegree (1, 1) meeting at one point;
• a double curve of bidegree (1, 1);
• an irreducible curve of bidegree (2, 2) with a biflecnode;
• an irreducible curve of bidegree (2, 2) with a cusp;
• a smooth curve of bidegree (2, 2).

Thus we see that not all bidegree (2, 2) curves in P1 × P1 appear as point schemes.

Remark 13. This consequence is certainly different from the quadratic case. In [8], Mori
and Smith proved that all cubic curves in P2 appear as point schemes of 3-dimensional
noetherian quadratic Calabi-Yau algebras.

Example 14. Let S = k⟨x, y⟩/(xy2 + y2x + x3, x2y − yx2). Then S is a 3-dimensional
noetherian cubic AS-regular algebra whose point scheme is the union of curves of bidegree
(1, 0), (0, 1) and (1, 1). Since it is known that the point scheme is a graded Morita invari-
ant, we see that S is a cubic AS-regular algebra which is not graded Morita equivalent to
any Calabi-Yau algebra.

3. Homological Determinants

The homological determinant plays an important role in invariant theory for AS-regular
algebras (see [4], [5], [6], [9] etc). In this section, we will compute the homological deter-
minants for 3-dimensional noetherian cubic Calabi-Yau algebras.

Let A be a graded algebra, σ a graded algebra automorphism of A, and M,N graded
right A-modules. A k-linear graded map f : M → N is called σ-linear if f : M → Nσ

is a graded A-module homomorphism where Mσ is a graded right A-module defined by
Mσ = M as a graded vector space with the right action m ◦ a := mσ(a) for m ∈ M and
a ∈ A.
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For a graded right A-module M , we define the i-th local cohomology of M by

Hi
m(M) := lim

n→∞
ExtiA(A/A≥n,M).

If S is a noetherian AS-regular algebra of dimension d, then Hd
m(S)

∼= DS(−ℓ) for some
ℓ where D(−) := Homk(−, k). It follows from [5, Lemma 2.2] that a graded algebra
automorphism σ induces a σ-linear map Hd

m(σ) : H
d
m(S) → Hd

m(S). Moreover, there exists a
constant c ∈ k× such that Hd

m(σ) : H
d
m(S) → Hd

m(S) is equal to cD(σ−1) : DS(ℓ) → DS(ℓ).
The constant c−1 is called the homological determinant of σ, and we denote hdetσ = c−1

(see [5, Definition 2.3]).
If S = S(V ) = k[x1, . . . , xn] is a commutative polynomial algebra and σ is a graded

algebra automorphism of S, then hdet σ = detσ|V where det is the usual determinant.
The homological determinant is rather mysterious and difficult to compute from the

definition. (In general, hdetσ ̸= det σ|V !) However, the following important theorem
holds.

Theorem 15. ([5]) If S is a noetherian AS-regular algebra of dimension d, and G is a
finite group of graded algebra automorphisms of S such that hdetσ = 1 for all σ ∈ G,
then SG is AS-Gorenstein of dimension d.

Now let S = T (V )/I = k⟨x, y⟩/(xy2 + yxy + y2x, yx2 + xyx + x2y). Then S is a
3-dimensional noetherian cubic Calabi-Yau algebra. Let σ be the graded algebra auto-
morphism defined by σ(x) = x, σ(y) = −y. Clearly det σ|V = −1. One can calculate that
hdetσ = 1, so hdet σ ̸= det σ|V . However, in this case, hdetσ = (det σ|V )2 holds. As a
matter of fact, for some typical examples of 3-dimensional noetherian cubic Calabi-Yau
algebras, it was shown that hdetσ = (detσ|V )2 holds for all σ. So we have the following
question: for any 3-dimensional noetherian cubic Calabi-Yau algebra S and any graded
algebra automorphism σ of S, does the formula hdetσ = (det σ|V )2 hold? To give an
answer to the question, we describe the following useful theorem.

Theorem 16. ([7]) Let S be a 3-dimensional noetherian cubic Calabi-Yau algebra and σ
a graded algebra automorphism of S. Then σ⊗4(wS) = (hdet σ)wS.

Using the above theorem and the classification in Theorem 7, we have a rather surprising
result.

Theorem 17. ([10]) Let S be a 3-dimensional noetherian cubic Calabi-Yau algebra. Then
hdetσ = (det σ|V )2 holds for any graded algebra automorphism σ if and only if

S ̸∼= k⟨x, y⟩/(xy2 + yxy + y2x+
√
−3x3, yx2 + xyx+ x2y +

√
−3y3).

This result says that the answer to the question is positive with only one exceptional
algebra. We can construct an explicit example which does not satisfy hdetσ = (detσ|V )2
as follows.

Example 18. Let S = k⟨x, y⟩/(xy2 + yxy + y2x +
√
−3x3, yx2 + xyx + x2y +

√
−3y3).

Then we define the graded algebra automorphism σ of S by

σ(x) = x+
√
−1y, σ(y) = −x+

√
−1y.

–5–



We can check that detσ|V = 2
√
−1 and hdetσ = 2 − 2

√
−3, so hdetσ ̸= (det σ|V )2.

However, in this case, hdetσ = ω(detσ|V )2 holds where ω = −1+
√
−3

2
is a primitive third

root of unity.
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