ON LOEWY LENGTHS OF CENTERS OF BLOCKS

YOSHIHIRO OTOKITA

ABSTRACT. We consider the center ZB of a block B of a finite group with respect
to an algebraically closed field of prime characteristic. A result of Okuyama in 1981
has proved that the Loewy length 11ZB of ZB is bounded above by |D| where D is a
defect group of B. In this paper we improve this bound and classify all blocks such that
|D| -3<1ZB<|D|-1.

Key Words:  Finite group, block, defect group, center, Loewy length.
2010 Mathematics Subject Classification:  Primary 20C15, 20C20; Secondary 16S34.

1. 00

00000000000000000000000000000000000000
0000000000000

0000 FOOOp > 00000000GO0000000000000 FGO
(FG,FG)-00000000000000000000000000 FGOOOOOO
0000000000 BOOOOOOO0OOOOOOO 0000000000000
0000000000000000 B000000O0O0O0O POOOOONOOOOOO
00000000000000000000000000 BOOO ZBOOOOOOO
Loewy length IZBOOO0O0O00000000000000 [6)000000NUZB < |D|
000000000000000000000000000|D|-3<1ZB<|D|-1
0000000000000000000000000000000[7)0g00000
0oo

2.0000000

00000000000 000000000
GODO0OO00D0O0DO0DCG) 00000 CeC(G)0DOOODODO&C)ODO
00 Cg(g)0 Sylow p-0000000000000000OgeCO000 CO class sum
ct o
Ct=>) 1p-g€FG
geC

OO000DbO0b0ob0ob00o0gnD FGOOO ZFGO classsum OO0 000000 OO0ODO
gooooo

(2.1) ZFG= Y FC*
CeCl(G)

00000000 ”Characterizations of blocks by Loewy lengths of their centers” 0 0 O Proc. Amer.
Math. Soc. 0000000 O O Reference [8]0 .

—1-



O00000FGOO000O0O0O0OOODOOOO (FG,FG)-000000000O0DODOOO
oorFGUOO00O00OO0OO0ODOOOOODOODOOOOODOOOOOOOOODOODO B
ooof

e=¢€?, B=FGe
000 ee ZFGOOODO(21)00
(2.2) e= Z ac-C*, ac€F
CeCI(@)
goodooooooooooooon

Lemma 1 ([5, V, Lemma 1.7)). (22)000000000000000 C e CYG)00
0ooo

(1) ac #0.
(2) ae 0000000 ¢'eCUG)00006C)OO0 G-0006(C)000000

00000000 CeC(G)0000000006C)0&B)00O0O0O0BOOON
00000000 &B)000 DOOOOOOOOO

000000000000000000000 BOOOO pPOOOOOOOOOO0O
0000000000000000000 PD=1000000 BO0O0O0OO0O00O00O0O0
0000OOeg. [5, 11 Theorem 6.37]00 0000000000 B-00000000
(B)00O0mOOO0O0OD0Z,0000000000000000

Theorem 2 (Linckelmann [4]). BO FGOOOO0O00DO000000000DOO0O
0000 BO F[DxH|0OOOOOOOOOOO HO pDOOOOOO00-00000
000Z%Z_,0000000000H|=(B)00000~x00000000

DoOobo0BUODLOZBO pDOOOLOOOOOODLOODO

3. ZB O LOEWY LENGTH

OO0 ZB000000000O0O0ODODO Loewy lengthOOODDODOOOOOOZBO
Jacobson radical JZB O O OO

1ZB = min{n > 1| JZB" = 0}
guooooooooobbbbbooooooooog
Theorem 3 (Okuyama [6]). FGOOOOO BOOOOOO pDOOOO

1ZB < |D|.
gogooooooon

(1) 1ZB = |D|.
(2) BOODODOODOOOO  bOoOoooDO

00000000000000000000000000000000000000B
0 F[Z|0000000000000Broué-Puig [1]0 Puig (900000000 BO
0000000000 FZp|00000000000000 p00000000000
000000000000000 3000000001ZB00000 BOOOOOOMO
00000000

-9



4000
0000 40 [ROOOO [7, Theorem 1.3]0 00000000

Theorem 4 (Otokita [7], [8]). BO FGUUODODOOODODOOODOOOOOODOO DO
000 pl00o0 (exponent) 0 p° 00000000000

IZB < p? — p?== + 1.

Oo00p!—pi*+1<p!0000000 3000000 4000000000000
IZB=p'0000d=e0000 DO0O0O00O000O0O0OD0O0O0O0OO00OOO0 BOOO
D000000000000000000000000000000(3, Corollary 2.8 O
ooooooooon

00 400000010ZBO0O0O0 BOOOOOOOOOODOOODOOOO

Theorem 5 (Otokita [7], [8]). BO FGOOOOODODODOOOOOOOO0OOOO
1ZB=|D|-10000000B0O00O0O0O0O0O0O0OOODODOOOOOOOOO

(1) D~ Z,01(B) = 2.

(2) DEZQXZQ, l(B>:1

Oo0o00ooboo pOoboobooboobob0o 20000 pODODOODODODODO
0000 BUOOOODOODOUDODOODOODODO 30000000 BO F[ZyxZ,)00ODODOO
gooo

Theorem 6 (Otokita [7], [8]). B0 FGOOOODOODOOODOODOODOODO
1ZB=|D|-20000000B0000000000000DOOOODOOOO

(1) D ~Z;01(B) = 2.

(2) DZZQXZQ, l(B)ZS

ooguogooibodod sguoboib 2000000000000000000
Erdmann 2] 0000000000000000COOOO0OOCOOOOOCOOOOOO
gbobobooooboboooobboo

000 N10ZB=|D|-3000000000000000

Theorem 7 (Otokita [7], [8]). B0 FGOOODOODDOOOOOO0O0O0O00OOOO0O
1ZB=|D|-30000000B00000000000000D0O000000

(1) D~ Zs01(B) = 4.

(2) D~ Z;01(B) =2.

(3) D~ Zy x Zy, I(B) = 1.

Dooboonoooboobodboo 20b00booobo0bo0 pOO0DbDO0
000000 F[ZyxZ)0O0ODDO0O0O0OO

REFERENCES

[1] M. Broué, L. Puig, A Frobenius theorem for blocks, Invent. Math. 56 (1980), 117-128.

[2] K. Erdmann, Blocks whose defect groups are Klein four groups: a correction, J. Algebra 76 (1982),
505-518.

[3] S. Koshitani, B. Kiilshammer, B. Sambale, On Loewy lengths of blocks, Math. Proc. Cambridge Philos.
Soc. 156 (2014), 555-570.

—3—



[4] M. Linckelmann, Derived equivalence for cyclic blocks over a P-adic ring, Math. Z. 207 (1991), 293
304.
5] H. Nagao, Y. Tsushima, Representations of finite groups, Academic Press Inc., Boston, MA (1989).

[5]

[6] T. Okuyama, On the radical of the center of a group algebra, Hokkaido Math. J. 10 (1981), 406—408.
[7] Y. Otokita, Some studies on Loewy lengths of centers of p-blocks, arXiv:1605.07949v2.

8] , Characterizations of blocks by Loewy lengths of their centers, Proc. Amer. Math. Soc., in

press.
[9] L. Puig, Nilpotent blocks and their source algebras, Invent. Math. 93 (1988), 77-116.

DEPARTMENT OF MATHEMATICS AND INFORMATICS
GRADUATE SCHOOL OF SCIENCE
CHIBA UNIVERSITY

E-mail address: otokita@chiba-u.jp



