ON THE HOCHSCHILD COHOMOLOGY RING MODULO
NILPOTENCE OF THE QUIVER ALGEBRA WITH QUANTUM-LIKE
RELATIONS

DAIKI OBARA

ABSTRACT. This paper is based on my talk given at the 48th Symposium on Ring
Theory and Representation Theory held at Nagoya University, Japan, 7-10 September
2015. In this paper, we consider some example of finite dimensional quiver algebra over a
field k£ with quantum-like relations. We determine the projective bimodule resolution of
the algebras using the total complex. And we have the ring structure of the Hochschild
cohomology ring modulo nilpotence.

INTRODUCTION

Let A be an indecomposable finite dimensional algebra over a field k and chark =
0. We denote by A°¢ the enveloping algebra A @ A% of A, so that left A°-modules
correspond to A-bimodules. The Hochschild cohomology ring is given by HH*(A) =
Ext)c(4,A) = ®,>0Ext’}. (A, A) with Yoneda product. It is well-known that HH*(A)
is a graded commutative ring, that is, for homogeneous elements n € HH™(A) and 0 €
HH"(A), we have nf = (—1)™"6n. Let N denote the ideal of HH*(A) generated by
all homogeneous nilpotent elements. Then A is contained in every maximal ideal of
HH*(A), so that the maximal ideals of HH*(A) are in 1-1 correspondence with those
in the Hochschild cohomology ring modulo nilpotence HH*(A)/N. In [6], Snashall and
Solberg used the Hochschild cohomology ring modulo nilpotence HH*(A) /N to define a
support variety for any finitely generated module over A. This led us to consider the
ring structure of HH*(A)/N. In [5], Snashal gave the question whether we can give
necessary and sufficient conditions on a finite dimensional algebra A for HH*(A)/N to
be finitely generated as a k-algebra. With respect to sufficient condition, Green, Snashall
and Solberg have shown that HH*(A) /A is finitely generated for self-injective algebras of
finite representation type [1] and for monomial algebras [2].

Let I" be the quiver with 4 vertices and 6 arrows as follows:

a(1,1) a(2,1) a(3,1)
e ——— ——
€2 €11 €22 €32
a(1,2) @(2,2) a(3,2)

and I the ideal of kI' generated by
X1, X597, X350, X0 Xo — Xo X, Xo X — XXy,
a(l’g)a(gJ)Xéa(g’l), a(g’g)a(g’g)Xga,(l’l) for 0 S l, l/ S Ng — 1.

The detailed version of this paper will be submitted for publication elsewhere.
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where X; = (a;1 + am)2 and n; are integers with n; > 2 for 1 < ¢ < 3. Paths in I" are
written from left to right. In this paper, we consider the quiver algebra A = kI'/I.

In this paper,we determine the projective bimodule resolution of this algebra A and the
ring structure of the Hochschild cohomology ring modulo nilpotence HH*(A) /.

In [3] and [4], we have the minimal projective bimodule resolution and the Hochschild
cohomology ring modulo nilpotence of the quiver algebra defined by the two cycles and
quantum-like relation. Then, the projective resolution of this algebra was given by the
total complex depending on the projective bimodule resolutions of two Nakayama algebras.
Similarly, the projective bimodule resolution of A is given by the total complex depending
on the projective bimodule resolutions of the quiver algebra defined by two cycles and the
Nakayama algebra, Using this resolution, we have the ring structure of the Hochschild
cohomology ring of A modulo nilpotence.

The content of the paper is organized as follows. In Section 1, we give the complexes
of the projective A-bimodule to form the total complex. In Section 2, we determine the
projective bimodule resolution of A and the Hochschild cohomology ring of A modulo
nilpotence.

1. THE COMPLEXES OF THE PROJECTIVE A-BIMODULE

In this section, we we give the complexes to form the projective bimodule resolution of

A' We set 6(171) = 6(271)’6(272) = 6(371)' Let g(i’j»o)v{(sl’52)7(t17t2)} = E(iv.jvo)’{(sl752)7(t17t2)}7(l1’12) =
C(s1,52) @ €(t1,12)- We define projective left A°-modules, equivalently A-bimodules:

Py = Ae0,0),{1,1),01,03A © A2(0,0),{(1,2),1,21 A © A(0,0) {(2.2),2.21A B A€(0,0),{(3,2),(3,2)1 4

Qi0,0) =
¢ 2
[1(Ag00). (k0 .k2nA S Aoy A) ® [ Acioo.(@wy.anyamA
k=1 Ilh+1ls=1
l1,l12 >0

if 7 is odd,

2
[T A0 @oemde [ AccooananyammAd  ifiis even.

k=1 lhi+l2=1
\ li,122>0

Qo = 4 001606204 O A2050.(32.6anA4 i Jis odd,
OO A 050,00 A S Ao (6aneanA i s even.

Quijo = I (Aeiof@n.eonmA® Aci046.0.00h 0 A) & A 061,61 A

if 7,7 are odd.

li1+la=1
l1,l2 >0
Aei 000,614 © Acj0 60,034 14,7 are even,
o Ag(i,j,O),{(l,l),(B,Q)}A D Ag(l”j’o),{(gz)’(l’l)}A if 7 is even and j is Odd,
Aé(i7j70)7{(172)7(371)}A D A€(i7j70)7{(3 1),(172)}14 if 7 is odd and j is evel,
)4(1.2),( (.5.03:2),.2)3 A4

Ag(i,j,o {(1,2), 3,2)}14 @ Ae



Quik =

( (AE('L,I,k (1,1),(1,1)},(1,i— 1)A @ A1) 4(3,1),63,0}40,i—1)A
® H IT CII Aciimcananmem.enA
Ii + 1y =i UHi5=k+1 1} l5even
1 >22,12>1
Aeange,eonend k=1
® Ag; ri)A) @ R ’
) /H ( ’17k)7{(3’1)7(371)}>(ll7l2)7(l17l2) ) {O Others,
L 17,15:0dd
if £ is odd,
((Ac(ir i) (1.3, (Lim 1)A @ Aci1,0)4(3,1),0,0},1,i—1) A
@ H H H Ag(z717k 7{(171)7(371)}7(l1112)7(1,17l/2)A
I, +1p =i 1+l=Fk+1 lj:0dd,lj:even
1 >22,1o>0
o I Accimeoaos.eini)
L I} :even,ly:odd
{ if k£ is even,
Qijk) =
4
( T AcGimian.annmmiA® A (n.00).000) 24
Ih+1ls=1
L >2,l12>1
IT (I 2ccmmmanamnainepde [T Accimnienenaingyi)
U +l=k+1 1},l}:0dd 14,1} :even
(Ag(i,j,k),{(l,Q) ( z'() A EB AE ',j,k) {(1 1),(1, 2)} (' )A if i iS Odd,j iS evel,
Ag(i,j,k),{ 3 2) (3 1)} i, 0 A EB A€ z] k), {(3 1),(3, 2)} (i, O)A lf Z iS even,j iS Odd,
D S A k) {(1,1),(1,1) 15,0014 D AL 51 {(1,1),(1,1)},(,0),24
D A1) 430,646,014 © A jm 13.1),6,1},6,0),24 if 7,7 are even,
L L0 if 7,7 are odd,
if k£ is odd,
T AcGimaneonmmA S A m (60,00} 0 m A
Ih+1ls=1
1 >22,1c>1
IT ¢ II Accomionenainamde I Aswinweooonminegimd)
Iy +li=k+1 I}:even,l}:o0dd 11 :0dd,l}:even
(A (ij,k),1(1,2), 3,100 A B A (i 5k {(3.1),(1,2)},.0) A if ¢ is odd, j is even,
A€ .51, 13.2), )10 A © AL k), {(1,1),3.2)1,6,0A if ¢ is even, j is odd,
D A€(i,50).{1,1),63,0) 16,014 B AL(i,5.k).£(1,1),63,1)1,,0) 24
D AL(i,j,k),43.1),,0) 100,14 D Ae(ijw) 3,1),0,01,6.0,24 1 1, j are even,
\ 0 if 7, j are odd,
L if k is even,
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Let m: Py — A be the multiplication map. Then, we have the following complexes.

Proposition 1. For 1 < k < 3, we set

Ei.j,0),(k1) = €(0.5.0) {(k.1).(2)}O(k,2) F O(k,1)E(0.5.0).{(k.2), (k. 1)}
Ei.j.0),(k2) = €(6.5.0).{(k:2).(k1)} Ok, 1) F O(k,2)E(i,5.0).{(k,1),(k:2)}

(1) We have the following complex depending on the projective bimodule resolution of
the quiver algebra defined by the two cycles and quantum-like relation.

a(100) 1

92,0 0) 1 9(n,0,0),1
Py =" Q0 R

Q(n,o,o) -

where, for i > 0, the left A°-homomorphisms O(i11,0,0),1:Qi+1,00 — Q00 are
defined as follows.

a(z‘+1,0,0) :

( (5(i+1,0,0),{(k,1),(k,2)} > €(1,0,0),{(k,1),(k,1)},(i,0) A(k,1) — Q(k,1)€(4,0,0),{(k,2),(k,2)} f07“ 1<k<2

€(i41,0,0),{(k,2),(k, 1)} F7 €(3,0,0),{(k,2),(k,2)} X(k,2) — Q(k,2)€(3,0,0),{(k,1),(k,1)},(,0) Jor1 <k <2,
€(i+1,0,0),{(1,1),(1,1)},(l1,l2)
— 3 X e i.0,0) (L L — 1) X T T €01.0,0) (LML 1 da—1) X2
— X2€(,0,0) {(1,1),(1,1)},(I1,la—1) if 11 is even and ly is odd,
€(1,0,0),{(L,1),(LD)}, (1 —1,12) X1 — X1€(3,0,0),{(1, 1) (1,0}, (112 —1)
L+ Z?jo_l Xée(i,om,{(171)7(171)}”1752_1)X2 - if Iy is odd and ly is even,
if 1 1s odd,

( n1—1-—1

E(i+1,00), (L1, D}+1.0) = Dite X1 EG00,anX1 T,
E(i41,0,0).{(21),2.1)},(0+1) ~ 2725 ' XL BG 00,0 X5
E(i41,0,0{(k,2),(k:2)} M 210 "X 1070)7(&2)){2’“_1_[ for1 <k <2,
8$¢+1,o,o),{(1,1),(1,1)},(11,12) =
—FE1,0,0),021)X1 + X1E1,00),021) + Ea1,00),0,1)X2 — XoF1,00),1,1) ifli =1,1, =1,
—€(1,0,0),{(1,1),(L,D)},(i—1,1) X1 + X1€(5,0,0),{(1,1),(1,1)},(i~1,1) T F(3,0,0),(1,1) X2 — X2 E5,0,0),(1,1)
il =il =1,
—Ei,0,0),2)X1 + X1E0,0),2,1) + €5,0,0),{(1,1),(1,1)},(Li—1) X2 — X2E(,0,0),{(1,1),(L,1)},(L,i—1)
ifly =1,1, =1,
—€(1,0,0),{(1,1),(L,)}, (1 —1,12) X1 T X1€(3,0,0),{(1,1),(1,1)},(l1 —1,2)
+ €(4,0,0),{(1,1),(1,1)},(I1 ,la— 1)X2 - Xzé?(z 0,0),{(1,1),(1,1)},(l1,l2—1) if l1, 1y are odd,
o XEe00 0. nm -1 X1+ 220 Xdeootan,a )tk Xa?
if 11,1y are even,

if 1 1s even,

(2) We have the following complexe depending on the projective bimodule resolution
of Nakayama algebra.
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90,1,0),2 90,2,0),2 90,n,0),2

P Q(o,l,o) (0n,0) < * -

where, for j > 0, the left A°-homomorphisms 3(0,#1,0)72.‘@(0,#1,0) — Q(o,j,o) are
defined as follows.

a(o,j+1,0) :

£(0.+1,0).{(3,1),(3.2)} 77 €(0.4,0).{(3,1),(31)}%(3,1) ~ 4(3,1)€(0.4,0).{(32),(3,2)}> if j is even

€(0,j+1,0),{(3,2),(3,)} 7 €(0,5,0),{(3,2),(3,2)}4(3,2) — @(3,2)€(0,5,0),{(3,1),(3,1)}»

E0.4+1,0 (31,31} — Do ) X:lig(O,j,O),{(371),(371)}X33 g if § is odd
ng— n —1—l :

E(0441,00.{(32).3.2)} — 2o X36(0,40).((3.2),(3.2)} X3

(3) We have the following complex depending on the relations X7, X5?% and X1 Xs —
XoX;.

9(1,5,0),1 9(2,5,0),1 B(n,5,0),1

Q(Orjro) Q(lvjvo) Q(nujvo) AR

where, fori > 0, the left A°-homomorphisms 0; j0),1:Q.j0) — Q(i—1,,0) are defined
as follows.

€(6,j,0).{(1,2),3.2)} 7 {a(1’2)a(2’1)€(0’j’0)’{(3’1)’(3’2)} Zfz - Land j Odd’. :
A(1,2)E (i-1,j,0){(1,1),(3,2)} if 1 is odd(# 1) and j is odd,
€(i,,0).{(1,1),(3,2)} F X{”_la(l,l)s(i,l,j,o)7{(1,2)7(372)} if i is even and j is odd,
€(4,4,0),{(1,1),(3,1)} X{Ll_10(1,1)8(2'—1,]',0),{(1,2),(3,1)} if i,7 are even,
€(0,7,0),{(3,2),3.)}02.2)0(1,1) if i =1 and j is odd,

€(i,4,0),{(3,2),(1,2)} F> ..
(70 4(32),(12)} {e(i17]-’0)7{(372)’(1,1)}a(171) if 1 is odd(# 1) and j is odd,

€(1,5,0),{(3,2),(1,1)} 6(,-_17]'70)7{(372)7(172)}@172)X{“_1ifi 1s even and j 1s odd,

€(4,4,0),{(3,1),(1,1)} F* 5(1'71,j,o),{(3,1),(1,2)}61(1,2)X{H_1ifZ'yj are even,

( )
€(1,4,0),{(1,2),3,1)} = O(1,2)E(i—1,5,0){(1,1),3,1)} & ¢ 18 odd and j is even,
€(1,4,0),{(3,1),(1,2)} > €(i=1,,0).{(3,1),(1,1)}a(1,1), tf 1 is odd and j is even,
€(1.5,0).{(22),(22)} =
E0,5,0),61)X2 — X2E(0,5,0),3,1) ift=1 and j is odd,
€(i-1,,0),{(2,2),2.2)1 X2 — X2E(0,,0),{(22),22)} i =1 and j is even ori is odd(i # 1),
7:251 Xés(i_l,jyo),{(2,2),(2,2)}X§2_1_l if 1 1s even,
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€6,5.0) {11,311 (ll) 7
(
na—1 -] na—1—1 Xla(Q,l)g(i—1,j,0),{(2,2),(2,2)} iflh =1,
= X26(’_17370)’{(171)’(3’1)}7(11’l2_1)X2 ' {Xl5(1’—1,3‘,0)7{(1,1)7(3,1)}7(l1—1,12) others,
if 11 is odd and ly is even,
X1 (121,40 (LD, B} G- L)
€(z‘—1,j,o),{(1,1),(3,2)}(1(3,2)X2 - X25(z‘—1,j,0),{(1,1),(3,2)}a(3,2) ifla =1,
€(i-1,3,0) {(1, 1,3, D} (11 la—1) X2 = X2E(i-1,4,0){(1,1),3, )} (L le—1)  Others,
if 11 is even and ls is odd,
Xla(2,1)€(i—1,]‘,0),{(2,2),(2,2)} iflh =1,
X1€(i-1,5,0) {01, D)h(-11)  Others,

&(1,1)5(171,j,0),{(1,2),(3,2)}a(3,2)X2 - X2a(1,1)5(2'71,j,0),{(1,2),(3,2)}a(3,2) if ly =1,

E(i-1,5,0),4(1,1),3, )} (luda—1) X2 — X2€(i-1,4,0){(1,1),(3, D)}, (I1,la—1) others,
’Lf ll,lg are Odd,
ni— ng—1 no—1-—1
X o150 (L), (1) — 2oic . X5EG-14.0) LWL 1.B1} (o) X5
{ if 11,1y are even,
€(i7j70)7{(371)7(171)}7(117l2) =
(

na—1 -1 ne—1—1 5(i71,j,0),{(2,2),(2,2)}(1(2,2)X1 iflh =1,
2o X9E(i—1,5,0){(3,1),(1,1)},(I1 la—1) X +
1=0 25 (i—1,5,0),{(3,1),(1,1)},(l1,l2—1) > 2 5(i—1,j,0),{(3,1),(1,1)},(l1—1,12)X1 others,
if ly is odd and ly 1s even,
E(-1,50)ABD), LD} X
CL(3,1)5(1'71,3',0),{(3,2),(1,1)}X2 - X2a(3,1)5(1'71,j,0),{(3,2),(1,l)} if Iy =1,
Ei-1,4.0 {1, 1) X2 = X28i-1,4,0) (1,1} -1 others,
if Iy is even and ly is odd,
5(1714’,0),{(2,2),(2,2)}0(2,2))(1 ifly =1,
E(i—1,4,0),{(3,1),(1,0)},(Li—1,2) X1 others,

_ {CL(3,1)€(i—1,j,0),{(3,2),(1,2)}G(1,2)X2 - X2Cl(3,1)€(z‘—1,j,0),{(3,2)7(1,2)}61(1,2) if ly =1,

6(7;—1,j,0),{(3,1),(1,1)},(l1,lg—l)XQ - X2€(i—1,j,0),{(3,1),(1,1)},(l1,lg—l) 0ther$7
if 11, 1y are odd,
ni— na—1 ng—1-—1
E(i-1404B DU H -1 X1 = 220 X3E6-14,046.0,0,0h 0 -1 X

\ if ly, s are even,

(4) We have the following complex depending on the relation X3*.

9(1,2,0),2 O(i,n,0),2
% P <_

9(i,1,0),2
Q(i,o,o) — Q(i,l,o) Q(i,n,o) e
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where, for j > 0, the left A°-homomorphisms 0 ;,
as follows.

O),Z:Q(i,j,O) — Q(i,j—l,O) are deﬁned

€(1.5.0).{(1,2),3.2)} 77

ifi=j=1,

if 1 s odd(# 1) and j =1,
if i, is odd(# 1),

( €(1,0,0){(1,2),(1,)}4(2,1)A(3,1) T A(1,2)€(1,0,0),{(2,1),(2:2)} 4(3,1)
€(1,0,0),{(1,2),(1,1)}%(2,1) 4(3,1)
\ e(ivjf170)»{(172)’(371)}’(117l2)a(371)

€(1,5,0){(3,2),(1,2)} =
( ifi=j=1,
if 1 is odd(# 1) and j =1,

4(3,2)4(2,2)€(1,0,0),{(1,1),(1,2)} T 4(3,2)€(1,0,0),{(2,2),(2,1)}A(1,1)

@(3,2)4(2,2)€(1,0,0),{(1,1),(1,2)}
L 4(3,2)€(1,—1,0),{(3,1),(1,2) }, (11 12) if 1,7 is odd(# 1),
(4,0,0){(1,1),(1,1)}, (5,00 @2, a3,1)  4f © 15 even and j = 1,

€(i,5,0 (3,2)} e ..
(63.0),4 )} { (i.7—1,0),{(1,1),(3,1) 1, (11 12) @ if i is even and j is odd(# 1),

(3,1)
if 1 1s even and j =1,

z’f@' is even and j is odd(# 1),

a(3,2)(2,2)€(i,0,0),{(1,1),(1,1)},(¢,0)
€(1,5,0){(32),(1,0} = {a
(372) (17]_170)7{(371)7(1 1)} (l17l2)

€(1,4,0){(1,2),3,1)} F> €(i,j— 10) (12,6211 1) 032 X5 ° " if i is odd and j is even,

E(i.40). (31,02} = X5 AE3.1)E6,-1.0){(3.2).(12)}. ) ¥ 1 is odd and j is even,
0 ALDLBD}T F E(i-10{(LD).B2 1) 32 X5 if 1, ] are even,
71@(3,1)8(@]‘—1,0),{(3,2),(1,1)},(11,12) if 1,7 are even,

1,3, D)}l k)

€150 {61,y > X5°
€(4,4,0),{(1,
(61,0040 LLi-DaE) X3 + X1€6,0,0),(2,1),22)) X3
£(1.0,0).{(1,1), (1)}, (112) 4(2,1) X3
€(1.5-1,0),{(L1),(3.)}.(11.12) X3

if i is odd(# 1),7 =1 and l; =1,
if =1 and “ly # 1 ori is even”,
if 7 is odd(# 1),

sl if i is odd(# 1),7 =2 and l; = 1,
others,

A(1,1)E (i,j—1,0),{(1,2),(3,2)},(1,i-1)4(3,2) X3
n3—1
L€ (i,j—1,0){(1,1),(3,1)}, (11 12) X3
€(i7j70)7{(371)7(171)}:(ll712) |—>

(X3CL(2,2)5(2‘,0,0),{(1,1),(1,1)},(1.i—1) + XSE(i,O,O),{(2,2),(2,1)}X1 if @ is Odd(# 1)aj =1landl, =1,

X30(2,2)€(1,0,0) {(1,1),(1,1)},(11,l2)

Xse( R ACDICORCED

X5* 7 a(3,1)€31,-1,0){(3.2), (1.2 }(1,i-1) A(1,2)
(X5 65100, (BL (L0 k)

ny—1 ny—1-—1
2o Xie(i-10{61,6.1)X5"

E(1,5,00{(3,1),3,D} — § £1,0,0),2,2)X3 — X3E(,0,0),2,2)

€(i,j—1,0),{(3,1),(31)} X3 — X3€(i,j—1,0),{(3,1),(3,1)}
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(5) We have the following complezes depending on the relations aLQa(g’l)X%a(g?l) and
03,2(1(2,2))(% ag,1)-

9i,j,1),3

i s 8
(4,4,2),3 (z j,m)
Qujoy «— Qusy < -

Q(z,]n
fori > 2,5 > 2 where, for k > 0, the left A°-homomorphisms 01 x)3:Q1k) —
Qi k—1) and O i) 3:Q k) — Qjk—1) are defined as follows.

(& i,1,k),{(1,1),(1,1)},(1,i—1) 5(i,1,k71),{(1,1),(3,1)},(1,1'71)a(2,2)X1 + Xla(2,1)E(i,l,kfl),{(S,1),(1,1)},(1,@'71))

{(
€(i,1,k),{(3,1),(3,)},(1,i—1) F> 5(1',1,1@71),{(3,1),(1,1)},(1,1‘71)61(2,1))(3 - XSa(2,2)5(i,1,k71),{(1,1),(3,1)},(1,1'71)a
€(i,1,k),{(

)

L1), (L1}, ( k), (1, 1)

€(i,1,k),{(3,1),(3, )}, (I 1), (15 1) 7
€(i,1,k—1) {(3,1),(1,1)}, (11 o), (1~ 1,15) A(2,1) X3 — X3A(2,2)€(1,1,k6—1) {(1,1),(3,1)}, (11 l2), (£ 1y 1)

(
(i
(4,1
€Lk —1) {(11),(8.1)}, (1 1), (15 ~1,15) 4(2.2) X1+ X10(2,1)8 1,1 k-1) {(3,1),(11)}. (1 L2). (15 5 —1)
(i
(
(

LE(,1,1).{(3,1),(3,1)}1,(,0) > O(3,1)E(5,1,0),{(3,2),(1,1)},(,0)8(2,1) X3 — X30(2,2)€(4,1,0),{(1,1),(3,2)},(4,0) 4(3,2) »
ifj =1 and k s odd,

5(1,1,1:) {(1,1),(3,D)},(1,i—1) F7 €(i,1,k—1),{(1,1),(1,1)}, (1,i—1)a(2,1)X3 - Xla(2,1)5(i,1,k—1),{(3,1),(3,1)},(1,1’—1)a
€(i,1,k),{(3,1),(1,1)},(1,i—1) F7 €(4,1,k—1),{(3,1),(3,1)}, (1,1‘—1)(1(2,2)X1 - X3a(2,2)5(i,1,k—1),{(1,1),(1,1)},(1,i—1)7
€6,k {(1,1),3, 1)}, (1, l2),(14,1) F7

€i,1k=1),{(L,1), (LD} do), (5 —115) A2, 1) X3 — X10(2,1)€(5,1,k—1) {(3,1),(3, )} (11 o), (1 Iy —1)

€(6,1,k), {31, (L, (1 o), (14 1) 7

[ €0, 1.k-1),{(3,1), 3D} (k). (1~ 1,15) A(2,2) X1 + X34(2,2)E(i,1,k—1),{(1,1),(1L,1)}, (11 d2). (1 1 —1)

if j =1 and k s even,

(2,700,411, (LD} (Li—1),04.0) F
€5, k—1),{(1,1),3, )1, (Li—1), (14 —1.15) 42,2 X1 = X10(2,1)E(1,5.k—1),{(3,1),(1,1)},(Li—1), (1] 1 =1)
€(1,5,0),{(3,1),(3,)},(1,i—1),(14,15) 77
5(7,,3 k—1),{(3,1),(1,1)},(1,i—1),(I1 -1, )a(2 1)X3 + X3a(2,2)5(i,j,k—1),{(1,1),(3,1)},(1,@'—1),(l’l,l’2—1)a
€65, k) AL, (LD} (1d2), L 7 €65k—1),{(1,1),(3,)} (11 12) 4(2,2) X1,
€665, k) AL, (LD} (002),2 = X10(2,1)E(1,j,k—1),4(3,1), (L1} (11.02)
€315,k {(12),(LD},00) 7 E(igk—1),{(1,2),(3, D }(6.0)4(2,2) X1,
€(i.g k) {(1,D),
€14, k). (1,1), §,0),1 7 (i k—1).{(1,1),(3,1)},:,0),14(2,2) X1,
(i ),
(i ),
(i
(i
(i

( (
(L1),( (
(1,2),( (
(L1),(1.2)}.,(20) 7 X101 (05 k—1).{(3,1).(12)},(:.0)5
(L,1),( (i
& (i.5.k) {(1,1),( (
3:1),( (
(
(

}
1,1)},(4,0
1,1)},3i,0),2 Xla(2,1)5(z‘,j,k—1),{(3,1),(1,1)},(2’,0),17

€(4,5,k),{(3,1),(3,1)},(i,0),1 7 5(i,j,kf1),{(3,1),(1,1)},(1‘,0),2a(2,1)X3a

0

€(i,5,k),{(3,1),(3,1)},(i,0),2 F> Xsa(z,z)€(i,j,k—1),{(1,1),(3,1)},(i,0),2,

),
€ i,3,k), { 372) @3, 1)} (, O) = g(ivjvk_1)7{(372)7(171)}7(i70)a(271)X37
0)

\E(,4,5),{(3,1),(3,2) 1,3,
if 7 # 1 and k s odd,

— X3a(2,2)E(z‘,j,k—1),{(1,1),(3,2)},(2‘,0)7
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(€050, {(L1,BD}(Li-1), W .15) =
€(i5k—1),{(1,1),(1,
€(1.5.k),{(3,1),(1,1)

E(i,4k=1).4(3.0).3. D 1L~ 1), (1 ~115) 4(22) X1 — X30(2,2)8(1,jk—1),{(1,1), (L)}, (Li~1),(] 1)

F(Lim 1), —1,5) 02,1 X3 + X1Q(2,1)E (1,5 k—1),{(3,1),(3,1)},(Li—1),(,, 1)
(Li=1),(15, 1) =
€(i,5,k),{(1,1),3,1)},(I1,l2) 77 €(i,5,k—1),{(1,1),(1,1)},(I1,12), 1a(2,1)X3,
€@ k) LB (LD} () P X3A(2,.2)E (1,5.k—1),{(L,1),(1,1)},(11,02),2>
€(4,5,k),{(1,2),(3,1)},
€(4,5,k),{(3,1),(1,2)},(3,0) T Xsa(z 2)€(4,5,k—1),{(1,1),(1,2)},(5,0) s
2,1)X3,
E(i,4,k

14
A(3.1),(1,1)},3,0),1 7 X3CL(2 2)E€(i,5,k—1),{(1,1),(1,1)},(i,0),25
a(

(

1)

(

)

(

(

(1,0) 77 €(i,5,k—1),{(1,2),(1,1)},(5,0)4(2, I)XS’
(i

(

(d

€(1,5,k),{(3,1),(1,1)},(:,0),2 7 €(4,5,k—1),{(3,1),(3,1)},(,0),1 2,2)X1>
(

(

){(1,1),(3,1)}
){(3,1),(1,1)}
).{(1,2),(3,1)}
)A(3,1),(1,2)}
€(1,5,k),{(1,1),(3,1)},(5,0),1 ™ €(4,5,k—1),{(1,1),(1,1)},(3,0),
){(3,1),(1,1)}
){(3,1),(1,1)}
){(1,1),(3,1)}
){(3,2),(1,1)}
){(1,1),(3,2)}

€(i.5.k),{(3.2),(L1)},(5,0) 7 E(i,j,k—1),{(3,:2),(3,1)},(6,0) A(2,2) X 15

)
)€
)
E(i,.k){(1,1),(3,)},(1,0),2 F X1A(2,1)E (.5 k—1).{(3,1),(3,1)},(5,0),25
{
)€

LE (1,5 k){(1,1),(3,2)1,(5,0),2 P X1A(2,1)E(i5,k—1),{(3,1),(3,2)},(4,0)»
if 7 £ 1 and k is eve

(6) The following complex depend on the complezes of (3):

0« Q(l,j,k (zjk) ' Q (2,5,k) Q(n,j,k) e

The left A°-homomorphism O jiy1:Qejk — Qu-1,4k) @ defined as follows. We
consider the case that k is odd. In the case k is even, we have the similar result.

9(3,5,k),1 A(n,j,k),1
PR k)

€(,1,k),{(1,1),(1,1)},(1,i—1) —*
.

0 if i =2,
—E(i—1,1,k),{(1,1),(1,1)},(Li—2) X2 T X2E(i—1,1.%),{(1,1),(1,1)},(L,i—2) if i is even(# 2),
2ot Xm0 (), (Lim2) X5 2T if 1 1s odd,
€(i,1,k) . {(3,1),(3,)},(1,i—1)
(0 ifi=2,
—E(-1LR) (31,6 D}H -2 X2 + Xog 110 (B Li—2) 1 is even(F 2),
7:20_1 Xég(z‘—1,1,k),{(3,1),(3,1)},(1,1—2)Xgrl_l if 1 is odd,

€(i,1,k) {(1,1),(1, 1)}, (I l2), (15 1) 7

— e X e e L) (LD 1), X3 if ly is even,
—E(i—1,1,k),L(1,1), (LD}l da— 1), (1 1) X2 T X286 1,1,0),{(1,1),(1,0) ), (e —1), (1) 4 [2 18 odd,

(X1 100, -1 (k10) i D s even and Iy =k + 1,
X1E(G=1,1,k) {(1,1),(1,1)}, (1 —1,1a),(k+1,0) if Iy is odd and I} = k + 1,
+ 9 S, L0 (LD (LD -1,k ) X1 if 1y ds even and 1) =0
E(i—1,1,k),{(1,1),(1,1)}, (11— 1,1a),(0,k+ 1) X 1 if l s odd and Iy = 0,

L0 others,
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€(i,1,k),{(3,1),(3, 1)}, (I 1), (14 1) 7

ng—1 no—1—
{— 1220 X%‘g(i—l,1,k),{(3,1),(3,1)},(l1,lz—l),(l/l,l’2)X22 =

—E(—1,10) {31, (3D} (I a1, (11 X2 T X286 1,1,0).((3,1),3. 1)) la—1), 1) 4 [2 18 odd,

if ly is even,
€611 4(3,1),3, D100 — 0 if k= 1.

(i,5,k),{(1,1),(1L,1) },(1,i—1),(17,15)
4

0 if i =2,
§ —EG—1.4k).L(1,1),(1,1)},(Li—2), 1) X2 T Xog(i—1,, b, (L)L) (Li-2),@.)  Of 1 s even(# 2),
D TR TORERIN IR RERREIANAP, S if i is odd,
E(0.5k),{(3,1),(3,)},(Li—1),(4.1g) 7
(0 ifi=2,
—E(i-1j k) {(3,1),3. D)} (Li—2), (1 1) X2 + Xo€(im1,jk) {(3,1),3. 1)}, (Li-2),th1) i 1 15 even(F 2),
D TR TSR ICRINCR DR REIANAD, ¢ e if i is odd,

5@a@{11)11 (l1l2),1

?201X57, L3k) (L1, (L0 (1o —1),1 X5 - if Iy is even,
(i-130) (LD (LD H (=1 X2 + Xo (150 {00, 0 -1 o I is odd(# 1),
_|_

X ety {0 )1 if by s even,
X1E(3i-1,5,k),{(1,1),(1,1)}, (11— 1,12),1 if 1 is odd(# 1),

€(i,,k) {(1,1),(1,1)}, (I l2) .2 7
— S X1 i D)D) (1) 2 X3 if ly is even,
—8(1_1,J,k),{(1,1),(1,1)},(11,z2_1),2X2 + Xo€(i-1,j,k) {(1,1),(1, D)} la—1)2 4 12 is odd(# 1),
n 1 ) AL (L) (L —102)2 X1 T if Iy is even,
E(i—1,4,k) {(L,1),(1,1)},(li—1.02),2X 1 if Ly is odd(# 1),
€(i7j,k‘),{(1,1),(1,1)},(i—1,1),1 |—>
_5(i—1,j,k),{(1,1),(1,1)},(z‘—1,0),1X2 + X25(i—1,j,k),{(1,1),(1,1)},(1‘—1,0),1
if 1 is odd and j is even,
_5(i71,j,k),{(1,1),(1,2)},(i71,0)a(1,2)X2 + X25(i71,j,k),{(1,1),(1,2)},(1'71,0)a(1,2)
if 1,7 are even,
n X?l_15(i71,j,k),{(1,1),(1,1)},(@'72,1),1 if © 4s odd,
Xlg(ifl,j,k),{(1,1),(1,1)},(1'72,1),1 if @ s 606”(7& 1)7
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g(ivjrk)v{(111)7(171)}7(i_171)12 =

—€(z‘—1,j,k),{(1,1),(1,1)},(i—1,0),2X2 + X25(z‘—1,j,k),{(1,1),(1,1)},(i—1,0),2
if 1 is odd and j is even,

_a(l,l)5(ifl,j,k),{(1,2),(1,1)},(i71,0)X2 + X2a1,15(i71,j,k),{(1,2),(1,1)},(1’71,0)
if 1,7 are even,
1 {Xf“_lﬁ(z’1,j,k),{(1,1),(1,1)},(i2,1),2 if 1 1s odd,
X1E(i-1,4k) {(L1), (L1}, (i-2,1),2 if i is even(# 1),

E(i,.k),{(1,2),(L1)},(1,0) > Q(1,2)E(i—1,,k),{(1,1),(L,D)},(i~1,0),1 & © 15 odd and j is even,
£ LD LD},0) 7 EG=150),{(11,(LD},(-1,0),20(1,1) 4 @ is odd and j is even
€(4,5,k),{(1,1),(1,1)},(3,0),1 X’lnl_1a(l’l)8(1'717j7]g)7{(1’2)7(171)}7@‘71,0) if 1,7 are even,
E(ii B LD, (LD}:0),2 7 E-150),((L), (L2} 6-1,0 0012 X1 if i, ] are even,
€(4,5,k),{(3,1),(3,1)},(3,0),1 F> 0 Zfl,j are even, ,

31,5 k) {(3,1),3,)},(,0),2 — 0 if i, are even,

(1,5 k) {(3,2),3,)},5,0) > 0 if @ is even and j is odd,
E(i.jk){(3,1),3.2) 16,00 = 0 if © is even and j is odd.

(7) The following complexes depend on the complezes of (4):

(12k 8(z3k)2 znk)Q
0+« Q(i,l,k Q(sz e Q(znk

The left A°-homomorphism O jr)2:Q i k) — Quj—1.k s defined as follows. We
consider the case that k is odd. In the case that k is even, we have the similar

result.

E(i.5.k){(3,1),(3D)},(1,0),1 X:??’_1a(s,1)5(2‘,]'71,k),{(3,2),(3,1)},(¢,0) if 1,7 are even,,
(i,3,k),{(3,1),(3,1)},(1,0),2 F7 €(4,5—1,k),{(3,1),(3,2)},(1,0)A(3,2 )X;}H if i,J are even,
(i,1,0),0(3,2),3, )1, (,0) F Q(3,2)E (i,j—1,k),{(3,1),(3,)},(3,0),1 f © @8 even and j is odd,
E(i,j, k) L (3,1),(3:2),(1,0) F E(ij—1,k)4(3,1),(3,1)},(6,0),24(3,1) if © @5 even and j is odd,
(16BN = 0 if j =k =1.

Then, the projective bimodule resolution of A is total complex of these complexes.

2. MAIN RESULTS

We have the projective bimodule resolution of A as the total complex of the complexes
in Proposition 1. And, using this resolution, we determine the ring structure of the

Hochschild cohomology ring of A modulo nilpotence.

Theorem 2. We define the projective A-bimodules P, for n > 1:

Pn = H Q(i,j,k)a

i+j+k=n
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and the A®-homomorphism d,, forn > 1:
> Oujon+ 000020+ D> (106 a0+ ()00 w2 + O ga.3)

i+j=n i+j+k=n,k>1
Then the following complex is the projective bimodule resolution of A:

d d dn
0+ A PP <& &Py -

Then the basis elements that are not nilpotent in Hochschild cohomology ring of A are
14 and e@21) + €@ € HH2”(A) for n > 1. The other elements are nilpotent elements.
Therefore, we have the following result.

Theorem 3. The Hochschild cohomology ring of A modulo nilpotence is isomorphic to
the polynomaial ring:

H*(A)/N = k[x]
where " = €1y + €(22) € HH?"(A) forn > 1.

Now, we conjecture that the projective bimodule resolution of the finite dimensional
algebra with quantum-like relations and monomial relations is given by the total complex
of the complexes depending on the relations.
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