TILTING THEORY OF PREPROJECTIVE ALGEBRAS AND
c-SORTABLE ELEMENTS

YUTA KIMURA

ABSTRACT. For a finite acyclic quiver @ and the corresponding preprojective algebra II,
the quotient algebra II,, of II associated with an element w in the Coxeter group of @
was introduced by Buan-Iyama-Reiten-Scott [6]. The algebra II,, is Iwanaga-Gorenstein
and has the natural Z-grading. Recently, the author showed that the stable category
of the category of graded Cohen-Macaulay II,,-modules has tilting objects when w is a
c-sortable element. In this paper, we study the endomorphism algebra of a tilting object.

1. INTRODUCTION

The preprojective algebra II of () has been introduced by Gelfand-Ponomarev to study
representation theory of the path algebra of (). Preprojective algebras play important
roles in many areas of mathematics. One of them is that preprojective algebras provide
2-Calabi-Yau triangulated categories (2-CY, for short) with cluster tilting objects which
have been studied in the view point of categorification of cluster algebras.

In the case when @ is a Dynkin quiver, the preprojective algebra II of () is a finite
dimensional selfinjective algebra. In this case, Geiss-Leclerc-Schroer showed that the
stable category mod Il is a 2-CY category and modII has cluster tilting objects [7]. In
the case when () is non-Dynkin quiver, II is an infinite dimensional algebra. In this case,
Buan-Iyama-Reiten-Scott introduced and studied the factor algebra II,, associated with
an element w in the Coxeter group of @ [6]. They showed that II,, is a finite dimensional
Iwanaga-Gorenstein algebra of dimension at most one and the stable category of SubIL,
is a 2-CY category and has cluster tilting objects, where Sub I, is the full subcategory
of mod I, of submodules of finitely generated free II,,-modules.

There are other classes of 2-CY triangulated categories. Amiot introduced the gener-
alized cluster category C4 for a finite dimensional algebra A of finite global dimension
[1]. If C4 is Hom-finite, then C4 is a 2-CY category and has cluster tiling objects. There
are close connections between 2-CY categories SubII,, and C4. Amiot-Reiten-Todorov [3]
showed that for any finite acyclic quiver () and any element w of the Coxeter group, there
is a triangle equivalence

@ Hw = CAw

for some finite dimensional algebra A,, of global dimension at most two.

The aim of this paper is to construct a derived category version of this equivalence.
We regard II,, as a Z-graded algebra and consider the stable category Sub”Il,, of graded
IT,,-submodules of graded free II,,-modules. We construct a tilting object M in Sub”I1,,
and calculate the endomorphism algebra of M.

The detailed version of this paper will be submitted for publication elsewhere.
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Notation. Through out this paper, let £ be an algebraically closed field and @ a finite
acyclic quiver. By a module, we mean a left module. For a ring A, we denote by modA the
category of finitely generated A-modules and by projA the category of finitely generated
projective A-modules. For X € modA, we denote by SubX the full subcategory of modA
whose objects are submodules of finite direct sums of copies of X. For X € modA, we
denote by addX the full subcategory of modA whose objects are direct summands of finite
direct sums of copies of X. For two arrows «, (8 of a quiver such that the target point of
« is the start point of 3, we denote by af the composition of o and /.

2. PRELIMINARIES

In this section, we give definitions used in this paper and recall some result of [6]. We
first define preprojective algebras and Coxeter groups of Q.

Definition 1. Let @ be a finite acyclic quiver.

(1) The double quiver @ of Q is a quiver obtained from @ by adding an arrow a* :
v — u for each arrow « : u — v of ).
(2) We define the preprojective algebra I1 of @ by

I := kQ/{ Z aa” —a’a).
ae@n
Let @ be a connected quiver. It is known that the preprojective algebra II of @) is does
not depend on the orientation of () and that II is finite dimensional and selfinjective if
and only if @) is a Dynkin quiver.

Definition 2. The Cozeter group W = Wy of a quiver @ is the group generated by the
set {s, | u € Qo} with relations

o 52 =1,

® 5,8, = S,S, if there exist no arrows between u and v,

® 5,5,5, = SuSuS, if there exists exactly one arrow between u and v.

An expression w = Sy, Sy, . . - Sy, 1S reduced if for any other expression w = s,, Sy, * * * Sy, s
we have | < m. For a reduced expression w = Sy, Sy, - - - Sy, let Supp(w) = {uy, -+, w}.

Note that, Supp(w) is independent of the choice of a reduced expression of w. Let @
be a connected quiver. It is known that Wy, is a finite group if and only if () is a Dynkin
quiver.

Next we define a two-sided ideal of II and recall some result of [6]. For a vertex u € Qo,
we define a two-sided ideal I, of II by

I, = TI(1 — e,)11,
where e, is the idempotent of II for u. For a reduced expression w = s,, Sy, - .. Sy, We
define a two-sided ideal I, of II by
I, =11, -1,
Note that, an ideal I,, is independent of the choice of a reduced expression of w by [6].
A finite dimensional algebra A is said to be Iwanaga-Gorenstein of dimension at most

one if inj.dim(4A) < 1. In this case, it is known that the category SubA is a Frobenius
category.

e
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Proposition 3. [6] For any element w € Wy, the algebra 11, is finite dimensional and
ITwanaga-Gorenstein of dimension at most one.

Next we introduce a grading of a preprojective algebra. The path algebra kQ is regarded
as a Z-graded algebra by the following grading:

B 1 B=aa€e @,
deg f = {O B =aa¢c Q.

Since the element Y (o —a*a) in kQ is homogeneous of degree one, the grading of kQ
a€eQ1
naturally gives a grading on the preprojective algebra IT = @ II;. Since Ilj is spanned by
i>0
all paths of degree zero, we have Iy = kQ). For any w € W the ideal I, of II is a graded
ideal of II since so is each [,. In particular, the quotient algebra II,, is a graded algebra.

For a graded module X = @ X; and an integer j, we define a new graded module X ()
i€z
by (X(j)); = Xi4;. For any integer j, we define a graded submodule X, of M by

Xi i1>7
X=:); =
( ZJ) {0 else

and a graded quotient module of X by X<; = X/X>,41.

Let mod”II,, be the category of finitely generated Z-graded II,-modules with degree
zero morphisms. We denote by Sub”II,, the full subcategory of mod”Il,, of submodules of
graded free IL,-modules, that is,

Sub”Il,, = {X € mod“Il, | X C @Hw(ij), i; € Z}.

j=1

Since Proposition 3, Sub”II,, is also a Frobenius category. Therefore we have a triangu-
lated category Sub”Il,,. In this paper, we get a tilting object in this category and calculate
the endomorphism algebra of it.

3. ¢-SORTABLE ELEMENTS AND TILTING MODULES

In this section, we define c-sortable elements. Throughout this section, we denote by
W the Coxeter group of Q).

Definition 4. Let @ be a finite acyclic quiver with Qg = {1,2,...,n}.
(1) Anelement cin W is called a Cozeter elementif ¢ has an expression ¢ = Sy, Sy, - - - Su,, s
where uq, ..., u, is a permutation of 1,..., n.
(2) A Coxeter element ¢ = s, Sy, - - - Sy, in W is said to be admissible with respect to
the orientation of Q if ¢ satisfies e,;(kQ)e,, = 0 for i < j.

Since () is acyclic, W has a Coxeter element ¢ admissible with respect to the orien-
tation of (). There are several expressions of ¢ = Sy, Sy, - . . Sy, satisfying {uy,...,u,} =
{1,...,n} and ey, (kQ)e,, = 0 for i < j. However, it is shown that c is uniquely deter-
mined as an element of W. ;From now on, we call a Coxeter element admissible with
respect to the orientation of () simply a Coxeter element. We define a c-sortable elements.
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Definition 5. Let ¢ be a Coxeter element of W. An element w € W is said to be c-
sortable if there is a reduced expression w = s, - - - 5, = VeV ... ™ where each ¢ is
subsequence of ¢ and

Supp(c™)  Supp(c™ V) c -+ < Supp(c?) C Q.

1
Example 6. Let Q = ,~ (. A Coxeter element is ¢ = $;5953. Then an element
2—=3
W = 518253515251 is a c-sortable element. Actually, ¢ = 515055, ¢! = 5155, and ¢ = 5.
The element w' = 5152535155 is also a c-sortable element. Actually, ¢(® = 515553 and
1) —
C = S$153.

4. A TILTING OBJECT IN Sub”II,
In this section, we construct a tilting object in Sub”Il,. Let 7 be a triangulated
category. An object M in T is called a tilting object if the following holds.

e Hom(M, M([j]) = 0 for any j # 0,
e thickM = T, where thickM is the smallest triangulated full subcategory of T
containing M and closed under direct summands.

Let 7 be the stable category of a Frobenius category, and assume that 7 is Krull-
Schmidt. If there is a tilting object M in 7T, then it follows from [8, (4.3)] that there
exists a triangle equivalence

T ~ KP(proj End-(M)),

where KP(projEnd7(M)) is the homotopy category of bounded complexes of projective
Endr(M)-modules.
For a reduced expression w = s, - - - 5, and 1 < ¢ <[, let m; be the number of elements
in {1 <j<i—1]|u;=uw}, that is,
m=8{1<j<i—1|u=w}, forl<i<lL
Moreover, for 1 <1 <, put

Mi = (H/[ulul)eul (ml)v

l
M = @M
i=1

Then we have the following theorem.
Theorem 7. [9] Let w = sy, - - - sy, be a c-sortable element. Then the object M is a tilting
object in Sub”II,.
5. THE ENDOMORPHISM ALGEBRA OF A TILTING OBJECT

In this section, we calculate the endomorphism algebra of a tilting object which is
constructed in Section 4. Throughout this section, for simplicity, assume that a c-sortable
element w satisfies Supp(w) = Qo. Since Ily = kQ, for any graded II,,-module X, X, is a
k@-module. The following theorem is one of the main theorem of [2].
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Theorem 8. [2] Let w = sy, -+ - Sy, be a c-sortable element and M be a tilting object in

Sub”I1,, which is constructed in Section 4. Then there exists an unique tilting kQ-module
T, which satisfies addMy = SubT,,.

Using Theorem 8, we calculate the endomorphism algebra @%w (M). We have the
following morphism of algebras:

F:Endf (M) — Endig(Mo) £+ flae-

Theorem 9. [9] Let w = sy, - - - sy, be a c-sortable element. Then the morphism F' induces
an isomorphism of algebras:

F : Endf;, (M) = Endiq(Mo)/[T0],
where [T,,] is an ideal consisting of morphisms which factors through addT,,.

We can show that the global dimension of the algebra Endyq(M))/[T5] is at most two.
Actually, we can show the following theorem. Let A be a finite dimensional algebra and T
a cotilting A-module of finite injective dimension. We denote by +>°7 the full subcategory
of modA consisting of modules X satisfying Ext (X, T) = 0 for any i > 0.

Theorem 10. [9] Assume that the global dimension of A is at most n and that =>°T has
an additive generator N. Then the global dimension of Enda(N)/[T] is at most 3n — 1.

Note that End4 (M) and Enda(M)/[T] are relative version of Auslander algebras and
stable Auslander algebras. It is known that Auslander algebras have global dimension at
most two [5], and that stable Auslander algebras have global dimension at most 3n — 1
[4, Proposition 10.2]. We apply Theorem 10 to our endomorphism algebra.

Corollary 11. Let w = s, - -+ sy, be a c-sortable element. Then the global dimension of
Endwg(Mo)/[Ty] is at most two.

Finally, we have the following theorem.
Theorem 12. Let w = s, -5, be a c-sortable element. Then we have a triangle

equivalence Sub”Il,, ~ D’(mod End; (M)).

6. EXAMPLES

In this section, we calculate some examples.

Example 13. Let () be a quiver /1\. Let w = s159835158951. This is a c-sortable

2 3
element. Then we have a graded algebra II, = Il,e; @ IL,es @ 11, e3,

1 2
N 3
2.3 3.1 %
3 1 2 1 2 3 \, -
% N NN 1
1 1 1 2



and a tilting module

1
M=1& 2\1 P 2\1/3\2 (1)

N

1

in Sub”II,,, where graded projective II,-modules are removed, and the degree zero parts
are denoted by bold numbers. The endomorphism algebra @%w (M) of M is given by
the following quiver with relations

A=e—">0-">4 ab = 0.

We can describe the Auslander-Reiten quiver of Sub”Il,. Let K be the kernel of the
canonical epimorphism Il,e; — Sy, where Sy is a simple module associated with the
vertex 2, and N be the cokernel of an inclusion (IT,e1); — I, es:

/3\ 1 2\
K=1 2 3 |, N= 3 1.

NN\ /

1 2 1
AN
1

Then the Auslander-Reiten quiver of Sub”Il,, is the following one:
(Tyes); (Muer)o|  (Moepa(l) | (Mue)py (D) |
\ 7 \ et \

(Myer), N ST
(Mwer ) o) (Mwer)s No| (Iwez)1 (1)
where M = (Hw(Zl)Q D NO D (Hwel)[071]<1).

Example 14. Let () be a quiver | —— 9 . Then we have a graded algebra II = Ile; ®lle,,
and these are represented by their radical filtrations as follows:

1 /2\
/2\/\ 11
L NSNS N

1 1 1 1

7N N NN

'Y Y Y 22222’

N/ N/ N/ N/ \
2 ISR
/7 N/ N/ N/ N/ N/ N
where the degree zero parts are denoted by bold numbers. Let ¢ = sys5. This is a
Coxeter element. Let w = ¢"T! = $1595; - - - 5159. This is a c-sortable element. We have
(IT1/1.:)e; = (I1/J*Y)ey, and (I1/1,:)eq = (I1/J?")eq, where J is the Jacobson radical of II.
The object M = @, (I1/1+)(i—1) is a tilting object in Sub”IL,,, where graded projective
IT,,-modules are removed. The endomorphism algebra @%w(l\/f ) of M is given by the
following quiver with relations

A=1—2s2—"53—% ...... — 9 —1—=2n, aa="bb.
b b b b b

The algebra kA /(aa — bb) has global dimension two.
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