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THE CLASSIFICATION OF TWO-TERM TILTING COMPLEXES FOR
BRAUER GRAPH ALGEBRAS

TAKAHIDE ADACHI

ABSTRACT. The study of derived categories have been one of the central themes in repre-
sentation theory. From Morita theoretic perspective, tilting complexes play an important
role because the endomorphism algebras are derived equivalent to the original algebra
[4]. Tt is well-known that derived equivalences preserve many homological properties.
Thus it is important to classify tilting complexes for a given algebra. Our aim of this
report is to give a classification of two-term tilting complexes for Brauer graph algebras.

1. PRELIMINARIES

In this section, we collect some results which are necessary in this report. Throughout
this report, K is an algebraically closed field. All algebras are assumed to be basic, inde-
composable, and finite dimensional over K. We always work with finite dimensional right
modules. For an algebra A, we denote by modA the category of finite dimensional right
A-modules and by projA the full subcategory of modA consisting of all finite dimensional
projective A-modules. We sometimes write A = K@ /I, where @ is a quiver with relations
I. We denote by P; an indecomposable projective A-module corresponding to a vertex i
of Q). An arrow of () is identified to a map between indecomposable projective A-modules.
The composition of maps f: X — Y and g : Y — Z is denoted as gf : X — Z. For
an object X, we denote by |X| the number of isomorphism classes of indecomposable
summands of X.

1.1. Tilting theory. In this subsection, we recall the definition of tilting complexes. Let
A be an algebra. We denote by KP(projA) the bounded homotopy category of projA.

Definition 1. Let T be a complex in K(projA).
(1) We say that T'is pretilting if Homgo po5a) (7, T'[n]) = 0 for all non-zero integers n.
(2) We say that T is tilting if it is pretilting and generates KP(projA) by taking direct
sums, direct summands, mapping cones and shifts.
(3) We say that T is two-term if it is of the form (0 — T~1 — T° — 0), where T™ is
the n-th term of T'.

We denote by 2-ptiltA the set of isomorphism classes of indecomposable two-term pretilting
complexes of A and by 2-tiltA the set of isomorphism classes of basic two-term tilting
complexes of A.

Proposition 2. [1, 3] Let A be a symmetric algebra and T a two-term pretilting complex
of A. Then the following hold:

The detailed version of this paper will be submitted for publication elsewhere.
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(1) T satisfies addT® NaddT~! = 0.
(2) T is two-term tilting if and only if |T| = |A|.

1.2. Ribbon graphs and signed walks. In this subsection, we introduce the notion
of signed walks and admissible walks (see [2] for details). Throughout this report, we
assume that all graphs contain no loops. A ribbon graph is a graph equipped with a cyclic
ordering of the edges around each vertex. For a ribbon graph GG, we denote by G the set
of vertices of G and by G the set of edges of G. The degree d(v) of a vertex v € Gy is
the number of edges incident to v.

Definition 3. A walk w = (e, €9,...,¢) (i-e., it is a sequence of edges) of a graph is
called a signed walk of a (ribbon) graph if it is equipped with a map € : {ej, es,..., ¢} —
{+1, —1} such that €(e;) = —€(e;41) forany i € {1,2,...,l—1}. we call e, ¢; the endpoints
of the (signed) walk w. We often notate a signed walk by (w;e) or (€5, 5 ... ety
We denote by SW(G) the set of signed walks of a ribbon graph G.

To give a combinatorial description of an indecomposable two-term pretilting complex,
we introduce a special signed walk, which is called an admissible walk.

Definition 4. We say that a signed walk w = (e, ..., e;€) satisfies the sign condition if
€(e1) = €(e;) whenever the endpoints of w are same vertex. In general, two signed walks w
and w’ satisfy the sign condition if the signatures are same whenever two of four endpoints
of w and w’ are same vertex.

We will attach some extra data for a signed walk, which are uniquely determined by
the signature. A wvirtual edge is an element in the set {vr_(e),vr (e) | e € G1}. Let
(e1,€9,...,€x), be the cyclic ordering around a vertex v € Gy. We define the cyclic
ordering accounting the virtual edges as

(VI‘_ (61)7 €1, Vr+(€1), Vr—(62>a €2, Vr+(62)7 sy, VI (ek)a €k, Vr+(ek))v'

For a signed walk w = (ey,...,e;€), we define the following virtual edges attached to w:
€0 1= VI_e(e)(€1), €1 i= VI_g(ep(€r)-

We also define €(eg) := —e(e1) and €(e;y1) := —€(e;). To improve readability of various
statements, we only write down the edges required in the cyclic ordering around a vertex.
For example, if the edges e, f, g are only important edges incident to a vertex v, then we
will write the cyclic ordering (e, f, g), instead of (e,..., f,...,g,.. )o-

Let w = (e1,ea,...,en;€) and w' = (e}, €}, ..., €. :€) be signed walks. Moreover, it is
automatically understood what we mean by eq, e,11, €, €;,, . from the definition of virtual
edges. Assume that a,b, ¢, d are edges incident to a vertex v given by

{a,0} == {ei1, e}, A{c,d} :={e) €]
for some i € {1,2,...,n+ 1} and j € {1,2,...,m+ 1}. We say that v is an intersecting
vertex of w and w' if a, b, ¢, d are pairwise distinct.

Definition 5. We say that w and w’ is non-crossing at the intersecting vertez v if at most
one of a, b, c,d is virtual, and the cyclic ordering around v with the signature is either

(a*,b,c",d7), or (at,b”,c,d"),.
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A subwalk of a walk w is consecutive subsequence of w. A common walk of two walks
w and w' is a subwalk z of both w and w’. Moreover, it is said to be maximal if there is
no common walk 2/(# z) of w and w’ such that z is a subwalk of 2’.

Definition 6. Let w = (e, €a,...,6,;¢) and w' = (€], €5, ..., €.;€) be signed walks, and
z = (t1,t2,...,1) a maximal common subwalk of w and w’. Assume that u (respectively,
v) is the endpoint of z for ¢; (respectively, ¢;), and tx = €151 = €y for all k €
{1,2,...,1}. We say that w and w’ are non-crossing at z if the following hold:
o €(ty) = €(ty) for each k € {1,2,...,1}.
e With the exception of i = j = 1l and/orm+1—i—1l=n+1—j—1=0, the
cyclic orderings around u and v are either

/ / .
(tla €i—1, ej—l)u and (tla €j+l7 €i+l)v respeCtIVGIYa
/ / .
or (ty, €1, ei—1)u and (t;, €4y, €j+l)v respectively.

We say that two signed walks w and w’ are non-crossing if they are non-crossing at
all maximal common subwalks and all intersecting vertices. In particular, w is self-non-
crossing if w itself is non-crossing.

Definition 7. An admissible walk is a self-non-crossing signed walk which satisfies the
sign condition. We denote by AW(G) the set of admissible walks of a ribbon graph G.

At the end of this subsection, we give the following result for finiteness of AW(G).

Proposition 8. [2, Proposition 2.12] Let G be a ribbon graph. Then the following are
equivalent:

(1) AW(G) is finite.

(2) G consists of at most one odd cycle and no even cycle.

1.3. Brauer graph algebras. In this subsection, we recall the definition of Brauer graph
algebras. A Brauer graph is a ribbon graph equipped with a map m : Gg — Z~q, which
is called multiplicity.

Let G = (G, m) be a Brauer graph. Then we define the Brauer graph algebra Ag as
follows: First, if G is the graph u v and m(u) = m(v) = 1, then Ag = K|z]/(x?).
Otherwise, Aq = KQg/1g, where

(1) Qg is the following quiver:
e There exists a one-to-one correspondence between the vertex of ()i and the

edges of G.

e For two distinct vertices e and €’ in Qg corresponding to edges e and €’ in G, we
draw an arrow a.. : € — e in Q¢ if the edge €’ is a direct successor of the edge e
in the cyclic ordering around a common vertex in G. If the endpoint v of e in G
satisfies d(v) = 1 and m(v) > 1, then we draw an arrow .. : e — e in Qg.

(2) Ig is a two-sided ideal generated by the following relations: Let (eq, e, ..., eqw))v
be the cyclic ordering around v € GG. Then we define a., ., to be the path

aej,6j+1 T O _geim1 e ey

in Qg. Let C¢, = e, e, -
o If the edge e in G has endpoints v and v so that e is not a leaf at v with m(u) =1
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or at v with m(v) = 1, then C25" — C") € I,.

o If the edge e in G has endpoints u and v so that e is a leaf at u with m(u) = 1,
then C{" 0 oze e € I, where €' is a direct predecessor of e in the cyclic ordering.

e All path 046 which is not a subpath of any cycle C., are in /.

It is well-known that each Brauer graph algebra is a symmetric special biserial algebra,
and vice versa [5]. In particular, an indecomposable non-projective module is either a
string module or a band module [6]. Note that, for an indecomposable two-term complex
T, if the 0-th cohomology H°(T') is band, then T is not pretilting. Hence we are interested
in only string modules in this report.

2. MAIN RESULTS
Let G = (G,m) be a Brauer graph and A = A the Brauer graph algebra.

Definition 9. An indecomposable two-term complex T is called a string complex if the
0-th cohomology H°(T) is a string module. We denote by 2-scxA the set of indecompos-
able stalk complexes of projective modules concentrated in degree 0 or —1, and string
complexes T = (T~' — T°) with add7° N add7T~! = 0.

Lemma 10. [2, Lemma 4.4] 2-ptiltA is a subset of 2-scxA.

For a signed walk w = (eq, eg, . . ., €,; €), we define a two-term complex T, = (T~* LN )
as follows:
o= (P P, andT = EB P,.
e(e;)=+1 elei)=

e d = (dy;), where d;; : P.; — P,, given by

4, — {a (li—jl=1)

0 (otherwise)

Note that T, is in 2-scxA. On the other hand, for a two-term complex T" € 2-scxA, we
can easily construct a signed walk wr because H(T') is string. The following proposition
plays important role in this report.

Proposition 11. [2, Lemma 4.3] There are mutually inverse bijections
SW(G) — 2-scxA

gwen by w — Ty, and T — wy. Moreover, the restrictions give mutually inverse bijections
AW(G) «— 2-ptiltA.

Using the correspondences, we state our main result. A collection of admissible walks
is admissible if any pair in the collection is non-crossing and satisfies the sign condition.
Moreover, an admissible collection W called complete if any admissible collection contain-
ing W is W itself. We denote by CW(G) the set of all complete admissible collections of
G.

Theorem 12. [2, Theorem 4.6] The correspondences in Proposition 11 induce bijections
CW(G) «— 2-tiltA.
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SURVEY ON REPRESENTATION THEORY OF QUIVER HECKE
ALGEBRAS

SUSUMU ARIKI (A i)

ABSTRACT. This survey article aims at non-experts. We introduce cyclotomic quiver
Hecke algebras with focus on finite and affine Lie types. We begin with explaining how
they naturally generalize the group algebra of the symmetric group and the finite Hecke
algebra, by mentioning Brundan and Kleshchev’s theorem. After giving the definition
of the cyclotomic quiver Hecke algebra, we state the fundamental theorem by Kang and
Kashiwara on the categorification of integrable highest weight modules, we consider finite
Lie types and explain construction of irreducible modules by Benkart-Kang-Oh-Park,
and standard and costandard modules by Syu Kato and Brundan-Kleshchev-McNamara.
Finally, I briefly explain various Fock spaces, which appear in my series of papers with
Euiyong Park.

1. INTRODUCTION

H, Lascoux, Leclerc & Thibon D% U 7= M HREHIZABET 5 ~ v 7 (RELD 3 REREUZ
T2 FHENSBONH D, FREMRT 2125720~y REO 71y 7 {508 AV
) —(REDEARNEEV (Ag) DEAZEBMOEILE 5 A DLW TATT7 2\, DR
HETHDEE WOIBEREEAL, Gim,1,n) BNy FREEIERT 7 1 v~y 7 RED
Mz W5 Z & THEHAREA A AN OLZEEA A TR 2 i E A ES IRV (A)
HLEEELZ. Gim,1,n) B~y r REUZFIREHIC Y — R RO IEFEHRE Y 2 7 —KB]
DIFZED 72 % Broué X Malle 23 EEZBMBE ORI OER L UTEAL 7Moo~y 7 A%
DHNZ72>TEY, B G(m, 1, n) O~ 75 REDORIGR OWIZEE WO O — 5%
FHOHIKZF K Z &R o7z. ZTDOWEE O HIZE, Khovanov ¥ Rouquier & W2 7258 7]
BEFEEEEEINTVWT, TOBULIESL2oT, FEDOWUFMLATREN VL X V4751 A1
BT 2 V) — R g(A) DAFESIEE V(A) % & W REE L -2 5B e U,(g(A)
DT IEE V,(A) DE{ED 72812 Khovanov & Lauda {2 & 0 F i~y 7 REDEA X
N7z. Rouquier HMZIZT 7 4 VAN TREEZEA LD TT 7 1 VA~ 7 REUZE
KLR &, Mo~y 7 AREIEM S KLR R $EIEN 2. DLEoRETHO2 5 L5
12, FARA Y T REUSIFHREEDOBREBCC Ny R D ILH 72 — b TH 5.

Z OWEEEHRSCTIE, BRSNS A DY v D SETHIR X N T E =W TRk
DEV 25 —REBNE O —RRBETE SR INE 2 FIT S, 2D, Kang
¢ Kashiwara 12 X B EARMRIERZBR S, BETIE, ARV X ATFNIRET S
T 7 4 VAR TR OB R B ORERIZBE T B8R, Syu Kato DI EIER L L,
Brundan, Kleshchev & McNamara (2 & D& A X N7 IR - REMENREZEMNT 5.

ETHBRATz G(m, 1,n) B~y FREDIFZETIE, 7R INEE V(A) O 7 4y 7 ZEHAD
HOAADE R E U TCOMIRPEELRBRE 2R, 74y 7= EBEEANY 7 RED
BEMBETHIETY 2 —TRBZHWTEILE NS, #FH L Euiyong Park DAfZE Tl

The paper is in a final form and no version of it will be submitted for publication elsewhere.
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T 7 4 VB IEE AAS I DRI V,(A) oo B HSEAN Y T REE - T
B, /Ay TREOHETHLNT IR 2RO 7 5y 722NN S. Bk
TIEZD T Ay Z2EE %2 BN T 5.

2. LIE THEORY FOR THE SYMMETRIC GROUP
9 —HERICB I ABHEN L HEEEE L TH L.

Definition 1. BHK 31751 A = (aij)i jer DAFMEATRE—ME AL & 475 & 1%
ﬁni¢jt6ﬁhﬁga

(iil) a;; =0l a;; = 0 & [FH.

(iv) ESREEL 3175 D D3FEE L T DA IEXFR T4,

EATZTEEEZ V.

NFMEFTRE— AV X A58 ADIGZ 605 L, C =D Kac-Moody V —fRE g(A) A
EHEINDG. g(A) ITIF AN R VESREE IIEN S Al 1) — 8RB h(A) BFET 5.
h(A)* % h(A) DIHZER & T 5.

H={alicI} IV ={a)|i € I} % g(A) DV— b DELELERL—-NDELHELT .
EHAT P Ch(A)" &L ZDRIET PV C h(A) DFAEL, TP, IV X PY O—RMAL
BILDEATHS. rank P =dimb = 2|I| —rank(A) 2D DAIF P FOZXEA( | ) %
EDD.

V=T =& (A ILITY, P, PY) 12K U 5w ai& B U, (g(A)) WER S N5, U(g(4))
DA% Chevalley ATt ey, fi (i € 1) & ¢" (h e PV) TH 5.

Definition 2. U,(g(A))-INEEV 23D MEETH 5 & 1
(DV@%&%%%%O.?&%%

V=28V, = {v eV |¢v=q¢"v (Vh e PV)}.
neP

(i) e, fi (1 € 1) DERIFBAIARFE, $2005 V OMEREDITITH UEHIERFE.
%&h?t%%m5.P+:{AeP|( JA) € Zso (Vi € 1)} & B & xEEMIEE
VM IZAe PrortE (1220l EC CERD) AR IREC B 5.

AR B B ARV, (A) 3RS 2 s B(A) 268X TE, T2V IVEIIEED
AP HIRA 70 &2 ¥EERMER RO SE TR TE L Z Ao T WD

Definition 3. A % MFMEARE—f& IV X V1551 U, g(A),h(A),IL11Y, P, PV, U,(g(A))
EEDD. IO E, BEBYHEBwt:B— P, é,f;: BU{0} - BU{0} (i € I) DHl
(B, wt, {&, fiYicr) DIUETFFEMF RS & & 13
€;(b) = max{k € Z>o | &b € B}, ;i(b) = max{k € Zs, | f*b € B}

EREDTZEE, WDFMEDPEOIDEEZE NS,

(0) €0 =0, f;,0=0.

(1) be Byi e 12X L, ¢(b) < oo 2D ¢;(b) < oo.

(2) be Byi e TWZXU, ¢;(b) = e(b) + (o), wt(b)).

(3)be Bir2ébe B, w (éz )—wt( ) + ;.

(4) b,V € BIZNULY = fiblx b= ¢ &FIfH.
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B < A5, MBS B(A) IZATREAAIRE V,(A) O EEED SHR S h, WA W2
MO EHE SO, WEEHTAVHERSS ® D Bloo) MRENTH 3.

Example 4. ¢ > 22 L, A&V AY, 225, oL i,
PV =Zay ® - ®La) |, ®Zd

K%Lj'f, %ZKEJ}AO S P+ 7b§ <C¥;/,A0> = 040, <d,A0> == Ofii 5 :@}_’, g’, B(AO) 61
RD e-HIRIAY > TP DES LIZEHRINS.

A= >X>- )| 0< N = N <e—1}

Z V% Misra-Miwa model &\ 9.

fli75, Littelmann path model L WS EBEH D, e-core, 2F O NP EEX e D hook
BRIV Y VI, O DFlE, 0SB ED 1 TKRD S BFBINEEES] o, DT
HoT, BIFRMNEAZTHODES

{(xW,... k¥ 1 ag,... a5}
DEIZEHHTZ 5.

Misra-Miwa model 3 FREEXR RIS 2~ 7 REDE Y 2 T — KRB % 5%
TAHRICEMER I b TE . LirL, Z 0)53\%’0)@?%% IMEREREE WHOBERE S
Brol-DT, MOEHEZHNTEHZFRT VWS Ze2BnE Lah o7z, LIFT
l& Mullineaux G5 B 0 _EVF, & H#H7 Misra-Miwa model T®D iR & Littelmann path
model TOFCIE % LKL & 5.

X FRE D BB TSI %~ w 7 REUZ cellular RELTH D, James ¥ Murphy
DFERIT & 0 BERAIEE L e-HIRI Y T T I NV Eng. 72720, ~v 7 REuIRE
FEBUZIHEEER ¢ DL ZEg=1) ZBEATED, cFETEHRTHS. T4bb,

e:min{kGZEQ|1+q+...+qk—1:0}‘

Z 2 CTHERIMBE O AR DES % {DX | X : e-HIPRIY } TERDT. WFMEIE Coxeter BIfRA%E
ATz ERTT & R D DIEBRISI PRI BT B~y 7 (REE 2R DBER (T, —¢) (Ti+1) = 0
& braid BIRRZ AT AEBIC T, 2 Fb, 6120 T, — —¢I; ' WHCRAMZED 5.

Definition 5. e-HlfRIY > 7B N 12 L, D 2 HEFEE 0 TOR - - RENEE %
D ®@sgn L EL Z 2T 5L, e-HlRKY > ZKE m(\) 2F/EL T DY @ sgn ~ D™V
b, ZorE, BN~ m()\) & Mullineaux B4 & X,

Mullineaux G4 % BARIZE0AR 3 2 HH]IE Mullineaux HEIZ & 0 PRI N, HEIIZ
Kleshchev & Ford 2SeEHH U 7= D3 K <HIo T WaB A, HHAIOERISEMTH 5. M,
Littelmann path model TiliRd % & Flib IZBIMIZfEIRILI NG, ThbD,

(W, kS tag, . ay)

IZBWT, &0 ZEETIEED. ¢ 1 ORFETRIFIIEN Y 7RS0T AT
2720, Mullineaux BT HIZ \ ZHxiE T 55412705725, Littelmann path model (Z
BT 2 HANZERMARB DL 6 O BRRILRIZ R > TW 5.
4ﬂ16: HEY 27— IR, ﬁﬁﬁ?’?ﬂﬂﬁi INBEST 2Ny TREBDEY 2 7 —KBLiw
BIF B EEREID, FERESDP g(AY) EORBEAMBEL 2D 7 4y 2 BRI DHD
}\J}%ﬁﬁ\z\ ik z b L, MM~y TREDGE I nb.
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3. F A~ 7 R

K ZREN A #iBR e 35 & &, MM~y 7R R N(n) BB K-REE U TES#
SN, BERFGRZEBTETCWVWIDIE K WMEROGETHLDT, ARTIE K A
EBOGEIZEHZEEZRRS. £, Qi(u,v) = Qji(v,u) Z AT TIROEDLIERX Q,;(u,v)
(i,jel) ZHBLTHL.

> ot ool (el 10 L g WP VY 1E T £ g,
Qij(U/’v) — { 0 p(ai]ag)+q( Jl J)+2( il J) 0 “:JiP>q le:j

272 Uy Bt g € K Wt jiay 0 £ 0 2AET 5.
Example 6. 7:’.’. t 7161, ti,j;p,q 7é 0 fJ)O ti,j;p,q = tj,i;q,p t L/T

ti,5:0,0 if a; = aj; =0,
tijia0u + t 5010 if ai; = aj; = —1,

Qij(u, U) = tz‘,j;2,0u2 + ti7j;()711) if Qij = -2, aj; = —1,
i 0w+ ti,j;O,2U2 if a;; = —1,a; = —2,
0 if i = j.

I~y 7RI DER I DS ERITHEAFT 5D TH 55, FITRIDOMEIT K= <
BHEET, R AIEANR UATH ADEDBMNS T T (Fa v V) HHEE
B 72 PRI ED S 135N BRI DRI S R Qu(u,v) DILY HIT & 572\

$7, v=(1,..., ) € I K USTFRBEDIERI 2 O WA B X TEET 2. T4bb,

Sk(V1y ooy s Vky Vit - - Vn) = (V1y e oy Vkady Viy -+ 5 Vn)-
Definition 7. A € PTIZx L, FHAfEA~Y 7RE RN n) &1, HEROT
{e(v) |v=(1,...,vn) €I"}, {ap | 1 <k <n}, {¢ |1 <k<n-—-1}
CIRDIEABBRTEZ S K-RETH 5.

e(v)e(v') = d,e(v), Z e(v) =1, zre(v) = e(V)zg, Tpr = 1104,

veln

Yre(v) = e(se(V)) e, ety = Yy if |k = 1] > 1,
%%‘B(V) = ka Vk+t1 (xk? karl)e(l/)?

—e(v) ifl =k and vy = vgy,

() — g yr)e(v) = e(v) ifl=Fk+1and v = vy,
0 otherwise,

(Ve1VkVrs1 — Yerptn)e(v)

Ql/k V41 <$k7 xk)-}—l) - Ql/k V41 (xk-‘rQ? xk-‘rl) 6(]/)
- Tk — Th+2

if Vg = Vi42,

0 otherwise,



RAn) IZIRD & S5 ITIREZ2 D B Z & TIRBMNREZ 72 5.
deg(e(v)) =0, deg(zre(v)) = (u,fow,),  deg(tue(v)) = —(au,|ow,.,)-
Example 8. A=AV, x93, e=2%45, —MiExrk> 2 rnm<
Qo1 (u,v) = Qro(u,v) = u* + Iuv + v*
ETED. 272U, Ne KTHhbB. e>3%6, —MHEEESI e NA£00D

ut+v ifj=i+1,0<1<e—2,
u+v ifi=e—1,7=0,

Qij(u, v) = 1 if j#14+1 mod e,
0 if i = j.
LRELTEW. AV BAD T 7 1 VRIDERMD IV X O L EE, Qiy(u,v) %

ﬁ%nﬁéﬁt%/\iﬁb\%nz@ﬁ/ L ThEb,
Definition 9. f € Q1 = >, ; Z>oa; € PIZHL

P={v=0n...,0n)el"|a, + - +a, =}

LiEL L, e(B) =), cpe(v) id RYMn) OFLIETH Y, RYB) = R n)e(B) & K-REK
EUTRMn) ODEMIKNTIZ45. RMNB) G~y FREEIESR. 72, ARIXIGIK
BUS RMNB)-IBED 723 B % RN(B)-mod” TR LU, ¢ : RMNB)-mod” — R*(B)-mod? %
BIBEDEU T &2 —F T i RGP TEF & 9 5.

Definition 10. e(3,1) =Y s e(v,i) LEE,

E; = e(B,))RMB + ;) ®pagsray — : BB+ a;)-mod” — R*(B)-mod”
Fy = RMB+ oy)e(B,1) @pas) — . RM(B)-mod” — RM(B + «;)-mod”

ZZNZTNHIRET, FHEET &I,
Remark 11. Kashiwara O EHE [8] 12 & 0 il [REIF XA EEFOMMMKEHEEFTH 5.

XD Kang & Kashiwara 12 & 5 & H [7] A3~ v 7 REDRBGERIZ B 1T 5 FAEH
Thsd.

Theorem 12. A ZX¥MLa[E—fE AN X V175 U, APSREE % E R IS0
MR~y FREUCET 2551k Rt e B & §5. £z, ;= (), A - 3) LE&EL.

(1) B 2 FldedicmeMTEchs.
(2) ; > 0% 51, BFORM 2 EE o (0h)¢?%) ~ EF;, M L.
(3) , <07 51E, MFORE ¢ EE, ~ E;F, @ (@5 ¢ 2% k+0) 23T,

& <1z, RMB)-mod” DIEAF!

V(A) = 5€Q+RA(6) -mod”

Y V(A) D5 V(A) HEANDBIT ¢“ -0 B, F, (i € 1) 1 U, (g(A))-MEBEV,(A) 2T 3.
flof



G(€7 17 77,) ﬂ:'l—{/\ b bﬂ{%ﬁ Hn(Qa Y05 - .- 7’76—1) %EE}E‘Z;E%S‘ TO; T17 s 7T1’L—1 T, %'f?ﬁﬁbi‘
(To—q")--To—q)=0, (Ti—-¢)(Ti+1)=0(1<i<n—1)
B L B braid RATEZ 505 K-RE 29 5. XD Brundan & Kleshchev @& H
[4] 12 &0, N DORARBOC K RIS 5 ~ v 7 REUIF 2~ v 7 (R DRI 7
LETHDLI Lhbhb.

Theorem 13. A=AV, & U, Qij(u,v) = —(u—v)"% (i # j) IR, e h K DT
#Hoygninwedse, g=v1, (a/,A) =~ (0<i<e—1)2 LT, Gle1,n)~vr
RECH L (0,70, - -+ 5 Yeur) VEFDREAN Y T RECR (n) 12 KRB LCHBTH 5.

Remark 14. £ <12 A = A DIGEZARBEA~Y FRECIES. ZoEBIc kD, R
BEOREREL K S, MIRENRETHZ Z e nbhb, KS, AV, BARRMA v 7 REuz
LBEWHEEEZEAD I EMNTES.
Remark 15. AV V175 ADED ZMA7 57 (T4 v FVHE) 77 7HCHE o
255, o(A) = A2, Qij(u,v) = Qo) (u, v) EED IR~ Y 7 RECRY (n) IZ
KU, olde(v) — e(ov),x, — g, p — Yp (& D AR ZFEET 5. Mullineaux G4
I$Z DR 256 TH 5 H 5, Mullineaux L [H UREZ X D —fD 77V & 175 & MR
EROEFIZHLULTERASLZ N TES,. SV NIE, Mullineaux O FMEIE R FREED
Y a7 —RIGREORETIZR VWD TH 5.

IR DFEH L 5L Webster D7 4 7 712329\ T Shan, Varagnolo, Vasserot 12 & 9 FEBH
I N7z,
Theorem 16. M7~y 7R R (n) ITAFMRETH 5. 72, ZOIERLEIERIL,

o v £V 5K, e(v)RY(n)e(v) — 0.
o v =0 "7%51F REMARERE,  ---E, F, ---F, - 1d2H\T
e(w)R*(n)e(v) = E,, --- E, F,, - F,, R*0) — R*0) = K
v T AN BB,
ELTHALNS.
Remark 17. A Z K K FEOBERIKGTGRE, ec AZXFEHELEL,
F=Ac®x—, FE=cA®4—

958, FIXEDOEMMEEFTHEH, ZITFREDOLHMEBEFETCEHL L L LS.
T5L, REAERZEH e : EF — Idg moa DRIIEN L : ede > K 2EDS. £I T,
n:Idamed = FE ZBALHRZME UT, 1g =€eEoEn% F(A) —» E(A) IZXHLEAN
X, u; € Ade,v; € eAMFELT, EEDu € eAITHUTu=>t(uu)v; TH5B. &<IT
tluu;)) =075 u=0TH>3. A= R n) % 5L Theoreml6 DL ST t: A — K ZEH
5 Z & Ti(ab) =t(ba) (a,b € A) WFEHTE, t13 R (n) DIERIMFIEAIZ2 5.

4. GBRELF DR 7 RELD BERIIIEE DR K

AHITIE A BRI AN X ATHEARE L, Benkart, Kang, Oh, Park (2 & 2 BEf R (5)-
MO 7E2RERDOHERIE 3] Z#3HT 5. ZOBKIETIEAPEDLZAHRT 1 VEEW
DERTC wy DEY) R BT R E2 O EDEET D, HHRDOD A=A, 1, BHEXR%Z

Wy = w® - = (Sm—1)(Sm—28m—1) " (51" Sm—1) = 8i, "+ Siy

—11—



CBRELUTHIIT S, B(A) PHEFSTH o722 e 2wtz 5.
Definition 18. b € B(A) iZXf U, a(b) = (a1,...,an) € Z5, 23b D adapted string & (%

ay = €, (), ag = €, (é7'b), -+, ay = eiN(éZJVV: - E31D)

DEeEEWVS. S ={a(b) | b€ B(A)} % adapted string DEH L T 5.
Remark 19. (ay,...,ay) — fﬁl . ~-f£§vb/\ Ik D eSS~ B(AN)MMEoND. Fz,

a; __ fai fag __ faz fas fas __ fas fas  fag
f J f, =f

ip. = Jm—1 Jig m—2Jm—1> Jig m—3J/m—2Jm—1*

el 3—5 et ’ H%%E%ZT_\‘O)HX o) j:_" (Smfl)(sm,gsm,l) ce (51 s Smfl) (=8

e(er---elb) =0, (m—k<i<m-—1)
ZRET 5. D% D adapted string 1% Levi S0 RELD A FNZ NS 5 I mEHAITLDH] %
HZTW5,

Definition 20. [~ 7RI R (n) DEHBHRALS 2" Ve() = 0 2BRWTES
U7zt R(n) £EBET 7 4 VI~ TREBEIER. B€Qy IR L e(8) =3 ,cpn e(v)
E3TNE R(B) = R(n)e(B) bEHIN5.

b € B(A) IZX U adapted string & a(b) = (ay,...,a, 1) £ HE,
Br = Q14 (k-1)k/20m—k + Q24 (k- 1)k/20m—k+1 T+ + Qr(ri1)/20m—1
Y¥BH. DY E, R(3)-EEN(b) %
Ni(b) = fi(R(0))

LEDDB. 12U, R(B)-MBEMIZHL, fi(M) = Top(R(8+ a;)e(B,i) @r(s M) TH Y,
R(0) = K \ZEBI% RO)-MEETH B, £/, =176 £ LT, R(B)-HIEE

Ind(KP Ny (b)) = R(B) ®r(s)m-2R(5m 1) Ni(b) K- K Ny, (D)

ZEH 5. Benkart, Kang, Oh, Park [&F 3~ Y 7 REB L7 7 1 Ui~y 7 REU
XU, RO KD REBENINEDOER2REKRR 27,

Theorem 21. A RAEIF IV X V47510 6 E £ 2 MA M~y 7 RECRM(B) 123t L,
{Top(Ind(X5' Ny (b)) | b € B(A), wt(b) = A — 3}
XS RM(B)-IBED e 2 RERTH 5.
Theorem 22. HREIA IV X 4750700 6 E £ B~y TRER(B) ITXT L,
{Top(Ind (K75 Ni (b)) | b € B(oo), wt(b) = —}
XBER R(B)-IBED e 2 RERTH 5.

IREICIE, TNEERE O3 A S 2O [9] (2l X 117z McNamara (Z & % 3l O BERIIRE
DIEEGE [10] 2880 5.
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5. FEHEfIRE & ARREYE IR
AHiTH AZBEREAN X ATHIEARET B0, BREICORERSR wy = 54, -+ sy,
EETLV. ETELV-PROEAATZRIEFZUTDOLD ITED S.

Br =y < Po= 505, < < BN =58 Siy_ Qiy-
ZOIEFIRMEFTHS. THhbb, B,7,8+7EAT OB <AESIEB< B+ <7
AN AIRVASN
Definition 23. & & di&RE U,(g(A)) DHFE T, 23

T =Y. (U™ fOLIY G#D)
rs=—ai;
FIZEODERIND., £IT, B =Ty, -
(ESY - ESY ey, en € 2}
FETFEBEUBRBOEEIZRS. ZOHESY PBW REE & IEX,

R(a;) = Fl) \3ME—DBERIIEE L(oy) Z2FFD. 7z, IEV—h B e ATITHL, weW
i € IMDPFELTB =wo £EIT S Z 2 & Chuang & Rouquier (2 & 5 & & [F] { % fi

Z1E, R(B) bME—DEERIIMEE L(B) #F> Z &b n 5. {L(B) | e At} ZHAE XL
HOfE & X,
Definition 24. {X TE & S N7z IIEE % [E A FEHEINEE & 15,
Acr,. . en) = Ind (L(By) N ®--- B L(8y)5)
E7, TORKMEEE Ve, ..., cn) TRDOU, [EAREHEINRZ IEIX.

Remark 25. fi~v 7RV EF L BOENRBDOEN — Mo OBEEZ L TWE 2 WD
Khovanov & Lauda DR T, EAZELENEIL PBW REEDOIGHEE &L TW5.

8

T (fi) EEDD L

Theorem 26. L(cy,...,cy) = TopAlcy,...,cn) LiBEL &,

N

{L(cy,...,en) | ery oo on € Ziso, chﬂk = 3}

k=1

ZEERY R(B)-MEF DG RREKARTH Y, RENIEELAD EHOHNHNTH 5.

(6] {235\ T, Brundan, Kleshchev, McNamara [$IR D 5E451 % &7z 3 IREUTERE R()-
IR A, (o) DFEZ R L 2.

0 — ¢ VeI ) = Ay(a) = Ap_i(a) =0
0 — ¢YA,_(a) = Ay(a) = L(a) — 0.
56U, MAED VLD,
dim Ext}%(a)(An(oz), L(a)) =1, dim Extcf%(a)(An(a), L(a)) =0 (d>2).

A (o) DEERERE Ala) THDL, b— MIBELIES. Endge,s,) (Ind A(3,)5%) &%
Z25%, B, ORIFEAY FREZAEARIZRD, ZOFEHE Ind A(By)5 OEFIKT-&
bflﬁﬁ%ﬁ‘@ﬂﬂﬁ A(Ckﬁk) ﬁ)i%é 73/1/5 . A(Cl, Ce ,CN) = Ind A(CNﬁN) X..-X A(Clﬂl) 75:
FRYETIRE & W58,

flgf



Remark 27. (ci, ..., cy) < (c1,...,cN) B Oy =Ny Gy = Cip1, G < G ICE D IED D,
L(Cl,..., )@%’j‘ %EZE% P(Ch...,CN) &?_5 t, P(Cl,...,CN) @%Bﬁﬂﬂﬁ

Z Z Im f

(ch sy ) £(cyhen) fEHOM(P(C] ...,y ), Pct,heN)
WK BRMEEE Aey, ... eny) ICABITH 5.
R DFEM I Brundan, Kleshchev, McNamara 3 & UF Syu Kato 12 & 5.

Theorem 28.
(1) Exth(B)(A(cl, oo en), V(. )&, d=0DD (cr,...,en) = (), ..., dy) DEE
DHLIRTLT, TNUNDL ZFH0THS.

(2) BERER R(B)-MEEM 2SS0 cxff = 8 2 ARTZTHERED (cy, . ..

Ext}%(ﬁ)(M,v(cl, c.en)) =0
AT ROIEMIEA-flagx®D.

,CN) Ki@‘b’C

6. AR~y 7B (A = A DAY TRED) &7 4w 7 22

Aﬁl) B D53 i~ v 7RI R (n) 3 FREE D BB ITEEI AT BET 5~y 7 (R
HEUHBETH-T, tBffEY /7‘.3%/%3%?2:?6 7 4y 778 E AWV S EmIC LD, o
RE DOPRE, BERINEEOMIEAE S IZ & 22058, Dipper-James-Murphy TR DFEIHSE, fE4

%ﬁ%ibﬁé%t@of%t.ttzﬁﬁ‘pﬂ%%%ﬁi.&wmgmwaw
HEMAETIE, MOT7 4y 7= ZFHTEILICLD, Wil 2EMH{E2HDT7 7 ¢ U
AD DY O i UM~ v 7 REK RM (8) DIRTT O BIRA RO H X KRBV O P
mERATo T (FIREFE U DO TEEXE LTI (L], 2] D2MHDAZZEITTHS5.)

Aéi):o<:---<:o Dﬁ)1:0<:~--:>o
Cé(l):o:>---<:o

MBS B~y T REBDEGEIT T 4y 7 B EPETY 2 —TRETBEILE N S
3, %MM%@%@kOVTiit%i@%l#b#ofb&h@f o7 74 vRIT
YOS Ty 2EDBBENE DT ERALTHL. 2T AV Mogs2EET 5L,
R D residue pattern AEDH BN &V > 7 .ﬂ/i)‘ﬁf b, BTHhsd LI AkE
ZIEE U &R,

s O
O =

Example 29. ( >3D L &, 1{7ODEINI T27ODOEIN 10N E YV IHEIX

01 2
14
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CHHMOE EiF, PROANEYYIRBEREL TS 74y 22 EER 5. 2EL,
residue pattern 235X AARIZE U TRAFR 2R IZE D 5.

01 2 «+ o 4 0 1 --
1o 1 2 - - 4 0 1

21

AP e DO MOBAFOMNETS LY Y IR ERIEL T8 7 4y 2% EE R 5.
=72 L, Aéi) D & Z D residue pattern &

01 - (¢ -« 1 0 0 1 --
o 1 -+ ¢ -~ 1 0 0 1
THhh, Dg)l BD & Z D residue pattern (&
o1 .- ¢ ¢ --- 1 0 0 1
o 1 - ¢ ¢ --- 1 0 O 1

TH5.
Example 30. AP BO X &, e 2 FRFENETS LY VI HETH 5.

012100
01

AR L EoHRENEZBEVHEEIE, 2S00 7 3y 222 OE L WELL IR A
X°, Specht NNEFEEGR DML E DN HAR L EMIAEE U TF ELUTL 5. £/-4t5T, JH
RO FHEF D S IFIRDO FEEERTH 5.

Conjecture 31. RMB) IZEBEINRETH D, NEEEHERIZ 5 Brauer graph fRETH 5 5.

Remark 32. NFMEDOEERECC A~y FREDGE1E, Scopes [AfEIZ & D FEAPELWI &
Nbrbd.
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THE GROTHENDIECK GROUPS OF MESH ALGEBRAS

SOTA ASAI

ABSTRACT. This note is written on the Grothendieck groups of the stable categories of
finite-dimensional mesh algebras.

1. INTRODUCTION

This note is the collection of the results of our calculations of the Grothendieck groups
of the stable categories of finite-dimensional mesh algebras.

The concepts of mesh algebras and mesh categories are proposed by Riedtmann, and
important because many derived categories are recovered from the mesh categories of
their Auslander-Reiten quivers. For example, if I is the path algebra of a quiver with
its underlying graph a Dynkin diagram A, then D"(mod I') is recovered from the mesh
category of its AR quiver ZA [3].

Some of the results in this note have been obtained in [1], but this note is based on
different methods from the ones in [1]. The detail of the new methods and the calculations
will be submitted later.

1.1. Conventions. In this note, let K be a field and A be a finite-dimensional self-
injective K-algebra. mod A denotes the category of finitely generated right A-modules.
proj A is the fullsubcategory of mod A consisting of all projective A-modules, and mod A =
mod A/proj A is the stable category of mod A. Because A is self-injective, mod A is an
abelian Frobenius category and mod A has a structure of a triangulated category [3]. The
unit 1, is decomposed into primitive orthogonal idempotents e; + - - - + e,,,. In this case,
we put P, = e¢;A, I; = Homg(Ae;, K), and S; = top P, = soc ;. We define Nakayama
permutation v as Py = 1,(;.

2. PRELIMINARY

First, we recall basic properties on Grothendieck groups and mesh algebras. We can
refer to [3] for the detail.

Definition 1. Let C be a triangulated category.
The Grothendieck group Ko(C) is defined with its generators all isomorphic classes in
C and its relations [X| — [Y] + [Z] = 0 for each triangle X — Y — Z — X[1].

We have the following important proposition to calculate the Grothendieck group of
the stable category mod A. The latter part of (2) is deduced by Rickard’s famous triangle
equivalence mod A = D®(mod A)/K®(proj A) [4, Theorem 2.1].

Proposition 2. Let A be a finite-dimensional self-injective K -algebra.

The detailed version of this paper will be submitted for publication elsewhere.
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(1) [3, IIL1.1.2] All isomorphic classes of simple A-modules [Si],...,[Sm] form a basis
of the Grothendieck group of the derived category Ko(DP(mod A)).

(2) The natural embedding K®(proj A) — D®(mod A) canonically induces a morphism
Ko(KP(proj A)) — Ko(D®(mod A)), and its cokernel is isomorphic to Ko(mod A).

Definition 3. Let @ = (Qo, Q1) be a locally finite quiver and 7 be an automorphism on
Qo. We call the pair Q = (Q, 7) a stable translation quiver if the number of arrows from
x to y coincide with the one from y to 7'z for z,y € Qo.

It will be seen that a stable translation quiver with multiple arrows does not give a
finite-dimensional mesh algebra from Rickard’s structure theorem. Thus, in this note, we
assume any stable translation quivers do not contain multiple arrows for the convinience.

Definition 4. Let ) be a stable translation quiver.
For a vertex a € g, we denote by a™ the set of targets of arrows from a™.
Let by, ..., b, be all distinct elements of a™. Then the full subquiver

a1 by B1
/ N

1

a T
N

is called a mesh and the corresponding mesh relation is 18y + - -+ + B = 0.
We define the mesh algebra of () as the quotient of the path algebra of () by all mesh
relations in Q).

The following example introduces an important way to construct a translation quiver.

Example 5. Let @) be a finite quiver. We define the quiver ZQ) = ((ZQ)o, (ZQ)1) as
follows; the vertices are the elements of (ZQ)o = Qy X Z, the arrows are the elements of

(ZQ)1 = {(iya) = (j,a) | (i = j) € Q1,a € Z} 1T {(j,a) = (i,a+1)| (i = j) € Q1,a €
Z}, and the translation is given by 7(i,a) = (i,a — 1). Then Z(@ is a stable translation
quiver.

Remark 6. If the underlying graph of ) is a Dynkin diagram A, the translation quiver
Z(Q does not depend on the orientations of ) up to isomorphism, thus we set ZA = ZQ).

Example 7. Let A4 be oriented as 1 — 2 — 3 — 4. Then Z A, is the following quiver

) _2> (47 _1) (47 0) (47 1)
NS

(3,0) (3,1) \
NS

2,0) (2,1) (2,2

W

~—

with its translation 7(i,a) = (i,a — 1).

f18f



Considering mesh relations, the following paths are the longest nonzero paths in Z Ay;

(4,a)

(3.0) (3,a)  (3a+1)
/ SN S
(2.0) (2,a)  (2a+1)
/ NS
(1,@) (1,CL—|— 1)

(3,a) (3,a+1)

NN N

2,a+1) (2,a+2) (2,a)

NS N

1,0+ 2) (1,a) .

—~
—~

The second figure means all paths from (2, a) to (3,a + 1) are the longest nonzero paths.
We can see that any of the longest nonzero paths from (i,a) ends at (5 —i,a + 17— 1).

To get a finite-dimensional mesh algebra, we take the quotient of Z A, by an automor-
phism 73. Then the quiver ZA4/(73) is the following quiver

(4,1) (4,2) (4,0) (4,1)
NSNS NS
32 (30 (1)

JON SN SN

(2, 2) (2, 0) (2, 1) (2, 2)
NN SN S
(1,0) (1,1) (1,2)

with its relation 7(i,a + kZ) = (i,a — 1 + kZ). This quiver looks like a cylinder. From
the discussion on the longest nonzero paths, we have v(i,a+kZ) = (5—i,a+i—1+kZ).

We can deduce the following lemma similarly as above.

Lemma 8. A translation quiver ZA, /(") gives a finite-dimensional mesh algebra for
integers n,k > 1. The Nakayama permutation of this mesh algebra is given by v(i,a +
kZ)=n+1—id,a+i—1+kZ).

Actually, it is rare for mesh algebras to be finite-dimensional. This is stated in Riedt-
mann’s structure theorem.

Theorem 9. [5] If a stable translation quiver gives a finite-dimensional mesh algebra,
then it has a form of ZA/G, where A is a Dynkin diagram, and G is an admissible
subgroup of Aut ZA. Namely, it is isomorphic to one of the following translation quivers;
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Z A (TR, Z A, (TFY) with n odd, Z A, /{TF@) with n even,
ZD,/(r*), ZD,/(T"}), ZD4/(7"x),
ZE6/<Tk>7 ZE6/<7J€77Z)>7 ZE7/<Tk>7 ZE8/<Tk>;

where 1, X, ¢ are automorphisms on Z A satisfying ¥* = id, x* = id, and ¢* = 771,

It is well-known that all finite-dimensional mesh algebras are self-injective.

3. RESuLTS

In the previous section, all finite-dimensional mesh algebras are obtained. We can
state the following main theorem on the Grothendieck groups of finite-dimensional mesh
algebras. This is the collection of our main results.

Theorem 10. Let Q = ZA/G be a stable translation quiver giving a finite-dimensional
mesh algebra A. Then the Grothendieck group Ko(mod A) is isomorphic to the following,
where ¢ be the Cozxeter number of A,

_ {gcd(c, 2k —1)/2 (ZA[G = ZA,[(T5))

ged(c, k) (otherwise)
and r = c/d;
Z(nd73d+2)/2 D(Z/2Z d—1 27
Q=2ZA,/(m") = {Z(nd—2d+2)/2 ) E: ; 2Z; ’
Z(nd=3d)/2 ¢ (Z)2Z) ' ® (Z)4Z) (re4dZ)
0 :<f£3/z<§k¢> = { (z /2724 (re2+42),
Z(nd—d)/4 (r¢22)

U

(Z7 @ (Z)2Z2)" 3 ¢ (Z)rZ) )

Z D2 ¢ (Z /rZ) ke2Z, r¢27)

Z'® (Z/)2Z)-3 k¢2Z, redz)’
)
)

(ke2Z, re2Z
(
(
((Z/2Z)rd—d—1 (k¢2Z, r¢ iz
(
(
(
(

Q=2Z2ZD,/(t") =

(Z @ (Z/2Z)—3 ke2Z, redZ

APV A ke€2Z, re2+42)
= ZD,/{(TF)) = ( ) ’
Q [{T) 7(nd—2d)/2 ke2Z, r¢2Z)
\Z7 e (222w (Z)rZ) (k¢2Z)

z* (ke2Z)

(Z)2Z2)* (k¢2Z)’

Z™M 9 (Z)2Z2) @ (Z/4Z2) (d=1,3)
Q= ZEg/(t") =  ZBI2 g (Z)2Z)B3H2/? (d=2,6) ,
7(9d+12)/4 (d =4,12)

Q=ZDy/(T"x) = {
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(2 @ (Z2/2Z)" (d=1,3)
Q= ZEs/(t"¢) = { (Z2/22)07972  (d=2,6) ,
| ZBH72 (d=4,12)
(Z/)22)° (d=1)
_ (Z/)2z)°**  (d=3,9)
Q=2ZE/(r") = Z5¢(Z2/32) (d=2)
| Z27+? (d = 6,18)
((Z/2Z)* (d=1,3,5)
_ k (Z/22)'"* (d=15)
Q=ZEg/(T") = Z4d (d=2,6,10)"
| Z'"? (d = 30)

4. PROOF FOR ZA, /(")

In the rest of this note, we prove the main theorem for Z A, /(7*). We orient A, as
1 -2 — - = n,and set Q = ZA,/(r%). The vertices of () are the elements of
{1,...,n} x (Z/kZ). The following proposition is crucial to prove the theorem.

Proposition 11. Let three abelian subgroups H, H', H" C Ky(D"(mod A)) be
H=([P] |z €Qo), H =S+ [Sur1a] | 2 € Q)
H"=(P,] |z € {1} x (Z/kZ)) C H.
Then we have H = H' + H" and thus Ko(mod A) & Ky(D"(mod A))/(H' + H").
Proof. Let x € Q. A projective resolution of A-module S, has a form of
0—=S,-1, = Pr1, — EB P,— P, — 5, — 0.
yea+

This is induced by a projective resolution of A as A-A-bimodule given by [2, (4.1)—(4.3),
Corollary 4.3].

Now we prove H' + H” € H. H” C H is clear. H' C H holds because the above
projective resolution implies

[Se] + [Sur-12] = [Pr1a] = D[R]+ [P:] € H.
yext
We have H' + H" C H.

The remained task is to prove H C H' + H”. We assume k = 1 and @y = {1,...,n}
first. It is enough to show [P;] € H' + H"”. We prove this by induction on i. If i = 1,
then [P] € H". If i =2,...,n, put « = ¢ — 1. The projective resolution of A-module S,
implies



where we set Py = 0. Therefore, we have
[Bi] = =([Se] + [Sur-12]) + [Fica] = [Pice] 4 [Pica].

From the induction hypothesis, we have [P;_|—[P;_s|+[P—1] € H'+H", and by definition,
we have [S,] + [S,,-1.] € H'. Now, [P] € H' 4+ H" is proved. The induction has been
completed. A similar proof holds even if & # 1. We have H = H' + H".

The latter assertion is proved by Proposition 2. 0

Now our task is moved to express the generators of H' and H” as linear combinations
of the images of simple A-modules. For this purpose, we define some matrices.
Definition 12. We define three matrices.

(1) Xy € GLg(Z) as the permutation matrix of a cyclic permutation (1,2,..., k).
(2) T (z) € Mat,, ,(Z[z]), Un(x) € Mat, 1(Z][z]) as

" 1
1
Tn(-r) = xQ 5 Un(x) =
T 1
For example,

0 0 01
1 00 0
Xi=10 10 0
0010

Using these matrices, the Grothendieck group is written in the following way.
Lemma 13. We have Ky(mod A) = Cok (1nk + T (Xk) Un(Xk)).

Proof. For i € {1,...,n} and a € {0,...,k — 1}, we let the (: — 1)k + (a + 1)th row
of the matrix in the right-hand side correspond to [S;.+kz], the element of the basis
of Ko(DP(mod A)). Then it is easy to see the columns of 1, + T,,(X;) and U,(X})
correspond to the generators of H' and H”, respectively. Using Proposition 11, we have
the assertion. 0

We consider transformations of (1, + T,(z) Un(2)) in Maty,41,,(Z]z]).

Example 14. If n =7, (1+ T,(z) U,(x)) is

1 71
1 28 1

1 x° 1

14 a2? 1

3 1 1

22 1 1

T 1 1
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This can be transformed as a matrix on Z[z| as follows;

1
1
1
1+ a2t 1
1—a8 1—23
1—a8 1— g2
1—2% 1—2
1
1
1
— 1+t 1
1—28
1—28
1—28% 1—2
1
1
1
— 0 1
1—28
1—28
—(1—z)(1 + 2% 1—-2% 0
1
1
1
— 0 1
1—a8
1—28
—(l—ac)(1+x4) 0 0

Thus we have Cok (17, + T7(X)) Ur(X5)) = (Cok(1 — X§))? @ Cok((1 — X5)(1 4+ X))
Ifn=6, (1+T,(x) Un(x))is

1 26 1
1 xd 1
1zt 1

3 1 1

x? 1 1

T 1 1

1
1
1
1—a7 1—2a8
1—a7 1— a2
1—27 1—2



0 1—-=x
Thus we have Cok (1gx + T5(Xk) Us(Xk)) = (Cok(1 — X[))? ® Cok(1 — X).
These examples are generalized as follows.

Lemma 15. Ko(mod A) = Cok (1 + T0,(Xi) U,(Xy)) is isomorphic to

(Cok(1), — X1))=3/2 ¢ Cok((1, — X3) (1 + X"V2))  (n ¢ 22)
(COk(lk — X,ZH—I))(”*Z)/Z D COk(lk — Xk) (TL S QZ) ‘

Now we only have to calculate the direct summands appeared in the previous lemma.
The results are the following, and using these, the part for Z A, /(1*) of the main theorem
is proved.

Lemma 16. [1, Lemma 2.8, Lemma 2.12] We have Cok(1;—X}) = Z, Cok(1;,— X71') =
Z% and if n ¢ 2Z,

Z®(Z)2Z)"" (r € 2Z)

Cok((1y — Xp) (1, + X" T0/2)) = {Z<d+2>/z (r¢2Z)
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COHEN-MONTGOMERY DUALITY FOR BIMODULES AND ITS
APPLICATIONS TO EQUIVALENCES GIVEN BY BIMODULES

HIDETO ASASHIBA

ABSTRACT. Let G be a group and k be a commutative ring. We define a G-invariant
bimodule s Mr over G-categories R, S and a G-graded bimodule g N4 over G-graded
categories A, B, and introduce the orbit bimodule M/G and the smash product bi-
module N#G. We will show that these constructions are inverses to each other. This
will be apply to Morita equivalences and stable equivalences of Morita type.

INTRODUCTION

We fix a commutative ring k and a group . To include infinite coverings of k-
algebras into consideration we usually regard k-algebras as locally bounded k-categories
with finite objects, and we will work with small k-categories. For small k-categories
R and S with G-actions we introduce G-invariant S-R-bimodules and their category
denoted by S-Mod®-R, and denote by R/G the orbit category of R by G, which
is a small G-graded k-category. For small G-graded k-categories A and B we in-
troduce G-graded B-A-bimodules and their category denoted by B-Modg-A, and de-
note by A#G the smash product of A and G, which is a small k-category with G-
action. Then the Cohen-Montgomery duality theorem [4, 2] says that we have equiv-
alences (R/G)#G ~ R and (A#G)/G ~ A, by which we identify these pairs (see
also [3]). Here we introduce functors (-)/G : S-Mod“-R — (S/G)-Modg-(R/G) and
(-)#G : A-Modg-B — (A#G)-Mod®-(B#G), and show that they are equivalences
and quasi-inverses to each other (by applying A := R/G, R := A#G, etc.), have good
properties with tensor products and preserve projectivity of bimodules. We apply this
to equivalences given by bimodules such as Morita equivalences, stable equivalences of
Morita type to have theorems such as for stable equivalences of Morita type:

Theorem. (1) There exists a “G-invariant stable equivalence of Morita type” between
R and S if and only if there exists a “G-graded stable equivalence of Morita type”
between R/G and S/G.

(2) There exists a “G-graded stable equivalence of Morita type” between A and B if
and only if there exists a “G-invariant stable equivalence of Morita type” between A#G
and B#G.

We note that a G-invariant (resp. G-graded) stable equivalence of Morita type is
defined to be a usual stable equivalence of Morita type with additional properties, and
does not mean an equivalence between stable categories of G-invariant (resp. G-graded)
modules (see section 6 for detail).

The detailed version of this paper will be submitted for publication elsewhere.
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1. PRELIMINARIES

For a category R we denote the class of objects and morphisms of R by R, and
Ry, respectively. We sometimes write x € R for x € Ry. We first recall definitions of
G-categories and their 2-category G-Cat.

Definition 1.1. (1) A k-category with a G-action, or a G-category for short, is a pair
(R, X) of a category R and a group homomorphism X: G — Aut(R). We often write
ax for X(a)x for all a € G and x € Ry U Ry if there seems to be no confusion.

(2) Let R = (R, X) and R’ = (R, X') be G-categories. Then a G-equivariant functor
from R to R’ is a pair (E,p) of a k-functor £: R — R’ and a family p = (p,)acc of
natural isomorphisms p,: X E = EX, (a € G) such that the diagrams
Xip

= X|EX,

X
Pba H/pb “

EXpy = EXpX,

X} E=X|X'E

commute for all a,b € G.

(3) A k-functor E: R — R’ is called a strictly G-equivariant functor if (E, (1g).eq)
is a G-equivariant functor, i.e., if X/ E = EX, for all a € G.

(4) Let (E,p),(E',p): R — R’ be G-equivariant functors. Then a morphism from
(E,p) to (E',p') is a natural transformation n: E = E’ such that the diagrams

X'E == FEX,

X(’mﬂ ﬂnXa

X/ E — E'X,
Pa

commute for all a € G.
These data define a 2-category G-Cat of small G-categories.

Next we recall definitions of G-graded categories and their 2-category G-GrCat.

Definition 1.2. (1) A G-graded k-category is a category A together with a family of
direct sum decompositions A(z,y) = @, A*(z,y) (z,y € A) of k-modules such that
Ay, 2) - A%(z,y) C Ab(x,z) for all 2,y € A and a,b € G. It is easy to see that
1, € Al(z,x) for all z € A,.

(2) A degree-preserving functor is a pair (H,r) of a k-functor H: A — B of G-graded
categories and a map r: Ag — G such that

H(A™(z,y)) € B"*(Hx, Hy)

(or equivalently H(A%(z,y)) C B™ o= (Hz, Hy)) for all z,y € A and a € G. This r is
called a degree adjuster of H.

(3) A k-functor H: A — B of G-graded categories is called a strictly degree-
preserving functor if (H, 1) is a degree-preserving functor, where 1 denotes the constant
map Ag — G with value 1 € G, i.e., if H(A%(z,y)) C B*(Hx, Hy) for all z,y € A and
a€G.
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(4) Let (H,r),(I,s): A — B be degree-preserving functors. Then a natural trans-
formation 6: H = [ is called a morphism of degree-preserving functors if fz €

B "s(Hz, Iz) for all z € A.
These data define a 2-category G-GrCat of small G-graded categories.

Finally we recall definitions of orbit categories and smash products, and their rela-
tionships.

Definition 1.3. Let R be a G-category. Then the orbit category R/G of R by G is a
category defined as follows.

e (R/G)o := Ro;

e For any z,y € G, (R/G)(x,y) := D, Rlaz,y); and

e For any x AN y 2 2in R/G, gf = (X apeqbame 96 - b(fa))eea-

e For each z € (R/G)y its identity 1, := 1%/% in R/G is given by 1, = (8,115) e,
where 17 is the identity of x in R.
By setting (R/G)*(x,y) := R(az,y) for all x,y € Ry and a € G, the decompositions
(R/G)(z,y) = B,c(R/G)*(x,y) makes R/G a G-graded category.
Definition 1.4. Let A be a G-graded category. Then the smash product A#G is a
category defined as follows.
o (A#G)y = Ay x G, we set 19 := (z,a) forall 7 € Aand a € G.
o (A#G)(z @, y®) .= AV "oz, y) for all 2,y € A#G.
e For any (@, y® 29 € A#G the composition is given by the following commu-
tative diagram

(A#G) (Y™, 21) x (A#G) (@', yV) —— (A#G)('V,21)

Ay, ) x AV ez, ) — ATz, 2),
where the lower horizontal homomorphism is given by the composition of A.
e For each (%) € (A#G)y its identity 1, in A#G is given by 1, € Al(z, z).
A#G has a free G-action defined as follows: For each ¢ € G and z(® € A#G, cz(® =
2(¢9); and for each f € (A#G) (2@, y®) = Abila(x,y) = (A#G) (2, y()) cf = f.

The following two propositions were proved in [1].

Proposition 1.5 ([1, Proposition 5.6]). Let A be a G-graded category. Then there is
a strictly degree-preserving equivalence wa: A — (A#G)/G of G-graded categories.

Proposition 1.6 ([1, Theorem 5.10]). Let R be a category with a G-action. Then there
is a G-equivariant equivalence eg: R — (R/G)#G.

In fact, the orbit category construction and the smash product construction can be
extended to 2-functors (-)/G: G-Cat — G-GrCat and (-)#G: G-GrCat — G-Cat,
respectively, and they are inverses to each other as stated in the following theorem,
where w := (wa)4 and € := (eg)g are 2-natural isomorhisms.
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Theorem 1.7 ([2, Theorem 7.5)). (-)/G is strictly left 2-adjoint to (-)#G and they
are mutual 2-quasi-inverses.

Remark 1.8. wa: A — (A#G)/G above is an equivalence in the 2-category G-GrCat
and eg: R — (R/G)#G above is an equivalence in the 2-category G-Cat. By these
equivalences we identify (A#G)/G with A, and (R/G)#G with R in the following

sections.

2. G-INVARIANT BIMODULES AND (G-GRADED BIMODUES

Definition 2.1. Let R = (R, X) and S = (5, Y) be small k-categories with G-actions.

(1) A G-invariant S-R-bimodule is a pair (M, ¢) of an S-R-bimodule M and a
family ¢ := (¢q)seq of natural transformations ¢,: M — M (X (a)(-),Y (a)(-)), where
b0 = (0a(T,Y)) @y)cRoxSes Pal,y): M(x,y) = M(az,ay) is in Modk, such that the
following diagram commutes for all a,b € G and all (x,y) € Ry X Sy:

M(z,y) 2% M(az, ay)

m l¢b(ax7ay)

M (baz, bay).

(2) Let (M,¢) and (N,v) be G-invariant S-R-bimodules. A morphism (M, $) —
(N,1) is an S-R-bimodule morphism F: M — N such that the following diagram
commutes for all @« € G and all (z,y) € Ry x Sp:

M(x,y) LM (az, ay)

F(z,y) J{ lF(ax,ay)

N — N :
(2,y) - Vlaz, ay)

(3) The class of all G-invariant S-R-bimodules together with all morphisms between
them forms a k-category denoted by S-Mod®-R.

Remark 2.2. The commutativity of the diagram in (1) above for a = b = 1 shows
that ¢; = 1,7, which also shows that ¢,(z,y)™" = ¢,-1(az,ay) for all a« € G and all
(x,y) € Ry x Sp.

Definition 2.3. Let A and B be G-graded small k-categories.

(1) A G-graded B-A-bimodule is a B-A-bimodule M together with decompositions
M(z,y) = P,ee M*(x,y) in Modk for all (x,y) € Ay x By such that

Bc<y7y/) : M(l(x,y) ’ Ab(x/7x) C Mcab(xlvy/)

for all a,b,c € G and all x,2’ € Ay, y,y € B,.

(2) Let M and N be G-graded B-A-bimodules. Then a morphism M — N is a
B-A-bimodule morphism F': M — N such that F(M%(x,y)) C N*(Fx, Fy) for all
a € G and all (z,y) € Ag x By.

(3) The class of all G-graded B-A-bimodules together with all morphisms between
them forms a k-category denoted by B-Modg-A.
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3. ORBIT BIMODULES

Throughout this section R = (R, X) and S = (5,Y) are small k-categories with
G-actions, and E: R — R/G and F: S — S/G the canonical G-covering, respectively.

Definition 3.1. (1) Let M = (M, ¢) be a G-invariant S-R-bimodule. Then we form a
G-graded S/G-R/G-bimodule M /G as follows which we call the orbit bimodule of M
by G:
e For each (z,y) € (R/G)o X (S/G)o = Ry X Sy we set
(M/G)(z,y) @M azx,y). (3.1)

e Foreach (z,y), (2/,vy) € (R/G)ox(S/G)o = RyxSp and each (1, s) € (R/G)(2', z)x
(S/G)(y,y') we define a morphism
(M/G)(r,s): (M/G)(x,y) = (M/G)(',y)
in Modk by

(M/G)(r,s)(m) :==s-m-r:= (Z Se - Be(my) - cbra> (3.2)

cba=d

for all r = (rq)ace € @Pueq R(az’,x),m = (my)oec € Byee M(ax,y), and
s = (5c)cec € B S(cy,y'). By the naturality of ¢, (a € G) we easily see
that (3.2) defines an (S/G)-(R/G)-bimodule structure on M/G.

o We set M*(z,y) := M(ax,y) for all a« € G and all (x,y) € Ry x Sp. We easily
see that this defines a G-grading on M/G by (3.1) and (3.2).

(2) Let f: M — N be in S-Mod®-R. For each (z,y) € Ry x Sy we set
(f/G)(x,y) = €D flaz,y).
aceG

Then as is easily seen f/G = (f/G(2,Y))@y)croxs, turns out to be a morphism
M/G — N/G in (S/G)-Modg-(R/G).
(3) It is easy to see that (1) together with (2) above defines a k-functor
(-)/G: S-Mod“-R — (S/G)-Modg-(R/G).
Lemma 3.2. By regarding R/G as a left R-module and a right R-module via the
canonical G-covering functor E: R — R/G, we have
R/G®r R/G = R/G@R/G R/G=R/G
as (R/G)-(R/G)-bimodules.
Proposition 3.3. Let M be a G-invariant S-R-bimodule. Then
(1) M ®gr (R/G) = pM/G as S-(R/G)-bimodules; and
(2) (S/G)®s M = M/Ggr  as (S/G)-R-bimodules.
Hence in particular we have isomorphisms of S-R-bimodules
(3) M ®gr (R/G)r = rM/Gg = r(S/G) s M
and an isomorphism of G-graded (S/G)-(R/G)-bimodules
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(4) (S/G)®s M @r (R/G) = M/G.

Proposition 3.4. Let T' = (T, Z) be a small k-category with G-action, and sMpg, 7Ng
be G-invariant bimodules. Then

(1) 7(N ®g M)g is a G-invariant bimodule.
(2) (N®sM)/G=(N/G)®s/c (M/G) in (T/G)-Modg-(R/G).

Proposition 3.5. Let sPg be a projective bimodule that is G-invariant. Then (s/q) P/G(R/G)
15 a projective bimodule that is G-graded.

Remark 3.6. In the proof above, note that in general we have
(S(w,-) @k R(-, 2))/G # (S/G) ®s S(w,-) @k R(-, 2) ®r (R/G)
because S(w,-) @y R(-, z) is not always G-invariant.
4. SMASH PRODUCT
Throughout this section A and B are G-graded small k-categories.

Definition 4.1. (1) Let M be a G-graded B-A-bimodule. Then we define a G-invariant
(B#G)-(A#G)-bimodule M#G as follows, which we call the smash product of M and
G:

e For each (z(?,y®) € (A#G)y x (B#G)o we set

(M#G) (2@, y®) := MY (z,y).

e For cach (z(®, y®), (z/*) y Y € (A#G)o x (B#G)o and each (o, ) € (A#G)
(@), @) x (B#G)(y®,y¥)) = 429 (&', 2) x BY "b(y,y') we define a mor-
phism (M#G)(a, ) in Mod]k by the following commutative diagram:

(M#G) ",y @)

Mb/_la,(a:’, y/)'

(M#G)(a,5)
(M#G)(2),y®) ———

b~ la

M? e (x,y) o)
Since M(a,B)(m) € MY D o a) s oy — M7 (of o) for all mo€
MP'%(z,y), the bottom morphism is well-defined. It is easy to verify that
this makes M#G a (B#G)-(A#G)-bimodule.

e For each (29, y®)) € (A#G)o x (B#G)o and each ¢ € G we define ¢.(z@, y®)
by the following commutative diagram:

(2@ y®
STV (M#G) (- 2@, ¢ y®)

MY (z,y) (M#G) (2 (D).

Then by letting ¢. = (¢.(z(@, y ))(x(a)7y(b)), and ¢ := (¢¢)ceq, We have a G-
invariant (B#G)-(A#G)-bimodule (M#G, ¢).

(M#G)(z@, y)
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(2) Let f: M —> N be in B-Modg-A. For each (2%, y®) € (A#G)o x (B#G)o we
define (f#G)(x@,y®) by the commutative diagram

(F#6) @y ®)
®) (N#G) (', y®)

MPo(z,y) NV (z, ).

f‘Mb_l"(x,y)

(M#G) ('

Then as is easily seen f#G = ((f#G)(2',y®)) @ o) is a morphism M#G —
N#G in the category (B#G)-Mod“-(A#G).
(3) It is easy to see that (1) together with (2) above defines a k-functor
(-)#G: B-Modg-A — (B#G)-Mod®-(A#G).

Proposition 4.2. Let C' be a G-graded small k-category, and gMa,cNp G-graded
bimodules. Then

(1) N®p M is a G-graded C-A-bimodule.

(2) (N ®@p M)#G = (N#G) @puc (M#G) in (C#G)-Mod”-(A#G).

Proposition 4.3. Let g P4 be a projective bimodule that is G-graded. Then puc(P#G)asc
s a projective bimodule that is G-invariant.

5. COHEN-MONTGOMERY DUALITY FOR BIMODULES

Theorem 5.1. Let R, S be small k-categories with G-actions, and A, B be G-graded
small k-categories.

(1) The functor (-)/G: S-Mod“-R — (S/G)-Modg-(R/G) is an equivalence, a
quasi-inverse of which is given by the composite

(S/G)-Mode-(R/G) D5 ((S)G)#G) Mod®-((R/G)#G) — S-Mod®-R.
(2) The functor (-)#G: B-Modg-A — (B#G)-Mod“-(A#G) is an equivalence, a
quasi-invers of which is given by the composite
(B#G)-ModC®-(A#G) S (B#G)/G)-Modg-((A#G)/G) = B-Modg-A.

(3) In particular, for each G-invariant bimodule gpMg we have (M /G)#G = M as
S-R-bimodules, and for each G-graded bimodule gMa we have (M#G)/G = M
as B-A-bimodules.

6. APPLICATIONS
Definition 6.1. Let R, S be small k-categories with G-actions, and A, B be G-graded
small k-categories.

(1) A pair (Mg, rNg) of bimodules is said to give a G-invariant stable equivalence
of Morita type between R and S if ¢M, Mg, gIN, Ng are projective modules
and Mg, RlNg are G-invariant bimodules such that N ®¢ M = R & rPr and
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M ®@r N =2 S @ Qs as G-invariant bimodules for some projective bimodules
rPR, sQs that are G-invariant.

(1') A pair (s Mg, rNs) of bimodules is said to give a G-invariant Morita equivalence
between R and S if it gives a G-invariant stable equivalence of Morita type with
P=0=Q@ in (1) above.

(2) A pair (gMay, aNp) of bimodules is said to give a G-graded stable equivalence
of Morita type between A and B if gM, M4, AN, N are projective modules
and gMa, AN are G-graded bimodules such that N @ M = A & ,P4 and
M ®a N = B ® gQp as G-graded bimodules for some projective bimodules
AP, pQp that are G-graded.

(2') A pair (M4, aNg) of bimodules is said to give a G-graded Morita equivalence
between A and B if it gives a G-graded stable equivalence of Morita type with
P =0=Q in (2) above.

Theorem 6.2. Let R, S be small k-categories with G-actions, and A, B be G-graded
small k-categories.

(1) A pair (sMg, rNs) of bimodules gives a G-invariant stable equivalence of Morita
type between R and S if and only if the pair (M /G, N/G) gives a G-graded stable
equivalence of Morita type between R/G and S/G.

(1') A pair (sMg, rNs) of bimodules gives a G-invariant Morita equivalence between
R and S if and only if the pair (M /G, N/G) gives a G-graded Morita equivalence
between R/G and S/G.

(2) A pair (gMa, aNg) of bimodules gives a G-graded stable equivalence of Morita
type between A and B if and only if the pair (M#G, N#G) gives a G-invariant
stable equivalence of Morita type between A#G and B#G.

(2") A pair (gMa, ANg) of bimodules gives a G-graded Morita equivalence between
A and B if and only if the pair (M#G, N#G) gives a G-invariant Morita
equivalence between A#G and B#G.
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STABLE DEGENERATIONS OF COHEN-MACAULAY MODULES
OVER SIMPLE SINGULARITIES OF TYPE (4,)

NAOYA HIRAMATSU

ABSTRACT. We study the stable degeneration problem for Cohen-Macaulay modules
over simple singularities of type (A,). We prove that the stable hom order is actually
a partial order over the ring and are able to show that the stable degenerations can be
controlled by the stable hom order.

1. INTRODUCTION

The concept of degenerations of modules introduced in representation theory for study-
ing the structure of the module variety over a finite dimensional algebra. Classically
Bongartz [1] investigated the degeneration problem of modules over an artinian algebra
in relation with the Auslander-Reiten quiver. In [11], Zwara gave a complete description
of degenerations of modules over representation finite algebras by using some order re-
lations for modules known as the hom order, the degeneration order and the extension
order. Now a theory of degenerations is considered for not only module categories, but
derived categories [5] or stable categories [10], more generally, triangulated categories [7].

Let R be a commutative Gorenstein local k-algebra which is not necessary finite di-
mensional. Yoshino [10] introduced a notion of the stable analogue of degenerations of
(maximal) Cohen-Macaulay R-module in the stable category CM(R). The author [4]
give a complete description of degenerations of Cohen-Macaulay modules over a ring of
even dimensional simple singularity of type (A,) by using the description of stable de-
generations over it. Hence it is also important for the study of degeneration problem to
investigate the description of stable degenerations.

The purpose of this paper is to describe stable degenerations of Cohen-Macaulay mod-
ules over simple singularities of type (4,).

k[[zo, 1, xa, - - - ,xd]]/(ycgJrl 2t ras 4+ 2d).

First we consider an order relation on CM(R) which is the stable analogue of the hom
order and show that the order <y, is a partial order on CM(R) if n is of odd dimensional.
By using the stable analogue of the argument over finite dimensional algebras in [11], we
can describe stable degenerations of Cohen-Macaulay modules over the ring in terms of
the stable hom order.

2. STABLE HOM ORDER

Throughout the paper R is a commutative Henselian Gorenstein local ring that is k-
algebra where k£ is an algebraically closed field of characteristic 0. For a finitely generated

The detailed version of this paper will be submitted for publication elsewhere.
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R-module M, we say that M is a Cohen-Macaulay R-module if
Ext’% (M, R) =0 for any i > 0.

We denote by CM(R) the category of Cohen-Macaulay R-modules with all R-homomorphisms.
And we also denote by CM(R) the stable category of CM(R). The objects of CM(R) are
the same as those of CM(R), and the morphisms of CM(R) are elements of Hom (M, N) =
Hompg(M,N)/P(M,N) for M, N € CM(R), where P(M, N) denote the set of morphisms
from M to N factoring through free R-modules. For a Cohen-Macaulay module M we de-
note it by M to indicate that it is an object of CM(R). For a finitely generated R-module
M, take a free resolution

---—>F1i>Fo—>M—>O.

We denote Imd by QM. We note that this defines the functor giving an auto-equivalence
of CM(R). It is known that CM(R) has a structure of a triangulated category with the
shift functor defined by the functor Q~!. We recommend the reader to [2, Chapter 1],
[8, Section 4] for the detail. Since R is Henselian, CM(R), hence CM(R), is a Krull-
Schmidt category, namely each object can be decomposed into indecomposable objects
up to isomorphism uniquely.

Definition 1. We say that (R, m) is an isolated singularity if each localization R, is
regular for each prime ideal p with p # m.

We say that CM(R) (resp. CM(R)) admits AR sequences (resp. AR triangles) if there
exists an AR sequence (reap. AR triangle) ending in X (resp. X) for each indecompos-
able Cohen-Macaulay R-module X. If R is an isolated singularity, CM(R) admits AR
sequences (see [8, Theorem 3.2]). Hence, CM(R) also admits AR triangles. We also say
that R is of finite representation type if there are only a finite number of isomorphism
classes of indecomposable Cohen-Macaulay R-modules. We note that if R is of finite
representation type, then R is an isolated singularity (cf. [8, Chapter 3.]).

Lemma 2. [8, Lemma 3.9] Let M and N be finitely generated R-modules. Then we have
a functorial isomorphism

Hom (M, N) = Torf(Tr M, N).
Here TrM is an Auslander transpose of M.

According to Lemma 2, Homp(M, N) is of finite dimensional as a k-module for M,
N € CM(R) if R is an isolated singularity. Thus the following definition makes sense.

Definition 3. For M, N € CM(R) we define M <,,,, N if [X, M] < [X, N] for each
X € CM(R). Here [X, M] is an abbreviation of dim; Hom (X, M).

Now let us consider the full subcategory of the functor category of CM(R) which is
called the Auslander category. The Auslander category mod(CM(R)) is the category
whose objects are finitely presented contravariant additive functors from CM(R) to the
category of Abelian groups and whose morphisms are natural transformations between
functors.
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Lemma 4. [8, Theorem 13.7] A group homomorphism
v G(CM(R)) — Ko(mod(CM(R))),

defined by v(M) = [Hompg( , M)] for M € CM(R), is injective. Here G(CM(R)) is a free
Abelian group @ 7Z- X, where X runs through all isomorphism classes of indecomposable
objects in CM(R).

We denote by mod(CM(R)) the full subcategory mod(CM(R)) consisting of functors F
with F'(R) = 0. Note that every object F' € mod(CM(R)) is obtained from a short exact
sequence in CM(R). Namely we have the short exact sequence 0 - L — M — N — 0
such that

0 — Homg( , L) — Homg( , M) — Homg( ,N) - F — 0

is exact in mod(CM(R)). If 0 = Z - Y — X — 0 is an AR sequence in CM(R), then
the functor Sy defined by an exact sequence

0 — Hompg( ,Z) - Hompg( ,Y) — Hompg( ,X) - Sx =0

is a simple object in mod(CM(R)) and all the simple objects in mod(CM(R)) are obtained
in this way from AR sequences.

Proposition 5. [3, Lemma 2.8] If R is of finite representation type, then we have the
equality in Kyo(mod(CM(R)))

[I—IO_HU{(_v M)] = Z [&7 M] ) [SXZ]
X;€indCM(R)
for each M € CM(R).

Proof. Since Homp(—, M) is an object in mod(CM(R)) we have a filtration by subjects
0C Fy C Fy, C--- C F, = F such that each F;/F;_; is a simple object Sx in mod(CM(R))
(cf. [8, (13.7.4)]). Hence we have the equality in Ky(mod(CM(R))):

[HO—mR(_v M)] - Z Ci - [SXz]
X,;€indCM(R)

By using a property of AR sequences, one can show that ¢; = [X;, M], so that we obtain
the equation. O

Combining Proposition 5 with Lemma 4, we have

Theorem 6. [3, Theorem 2.9] Let R be of finite representation type and M and N be
Cohen-Macaulay R-modules. Suppose that [ X, M| = [X, N] for each X € CM(R). Then
MoeQM =N 3 QN.

It immediately follows from the theorem that

Corollary 7. Let R be of finite representation type. Suppose that U = U[—1] for each
indecomposable Cohen-Macaulay R-module U. Then [X,M] = [X,N] for each X €
CM(R) if and only if M = N. Particularly, <pom 1S a partial order on CM(R).
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Example 8. Let R be a one dimensional simple singularity of type (A,), that is R =
k[[z,y]]/ (" +y?). If n is an even integer, one can show that X is isomorphic to QX up
to free summed for each X € CM(R). See [8, Proposition 5.11]. Thus <, is a partial
order on CM(R) if n is an even integer.

If n is an odd integer, we have indecomposable modules X € CM(R) such that X 2
X[-1]. In fact, let No = R/(z™*Y/2 £ /—1y). Then N, (resp. N_) is a Cohen-
Macaulay R-module which is isomorphic to QN_ (resp. QN,), so that N, ¥ N, [—1]
(resp. N_ 2 N_[—1]). Although we can also show that <, is a partial order on CM(R)
even if n is an odd integer.

Proposition 9. [3, Proposition 2.12] Let R = k[[z,y]]/(z" " +y?). Then [X, M] = [X, N]
for each X € CM(R) if and only if M = N.

Remark 10. The stable hom order <y, is not always a partial order on CM(R) even if
the base ring R is a simple singularity of type (A,). See [3, Remark 2.13].

3. STABLE DEGENERATION OF COHEN-MACAULAY MODULES

In this section, we shall describe the stable degenerations of Cohen-Macaulay modules
over simple singularities over type (A,), namely

(31) k’[[l‘o,xl,l’g, T ,Id]]/(l'g+1 + ZL‘% + JZ% +eeet ZL’Z)
First let us recall the definition of stable degenerations of Cohen-Macaulay modules.

Definition 11. [10, Definition 4.1] Let M, N € CM(R). We say that M stably de-
generates to IV if there exists a Cohen-Macaulay module @ € CM(R ®j, V) such that
Ql/t] = M ® K in CM(R®y K) and Q ®y V/tV = N in CM(R).

It is known that the ring (3.1) is of finite representation type, so that it is an isolated
singularity. If a ring is an isolated singularity, there is a nice characterization of stable
degenerations.

Theorem 12. [10, Theorem 5.1, 6.1] Consider the following three conditions for Cohen-
Macaulay R-modules M and N :

(1) M @& P degenerates to N & Q for some free R-modules P, Q.
(2) M stably degenerates to N.
(3) There is a triangle

Z — MoZ » N > Z[1]

in CM(R).
If R is an isolated singularity, then (2) and (3) are equivalent. Moreover, if R is artinian,
the conditions (1), (2) and (3) are equivalent.
We state order relations with respect to stable degenerations and triangles.

Definition 13. [4, Definition 3.2., 3.3.] Let M and N € CM(R).

(1) We denote by M < N if N is obtained from M by iterative stable degenerations,
i.e. there is a sequence of Cohen-Macaulay R-modules Lo, L, ..., L, such that
M = Lo, N = L, and each L; stably degenerates to L, for 0 <7 <.
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(2) We say that M stably degenerates by a triangle to IV, if there is a triangle of the
form U - M — V — U[l] in CM(R) such that U ®V = N. We also denote by
M <,.; N if N is obtain from M by iterative stable degenerations by a triangle.

Remark 14. It has shown in [10] that the stable degeneration order is a partial order.
Moreover if there is a triangle U — M — V. — U[1], then we can show that M stably
degenerates to U @& V. (cf. [4, Remark 3.4. (2)]). Hence M <;.; N induces M <, N. Tt
also follows from Theorem 12 that M <, N induces that M <j,, N.

Let R be an one dimensional simple singularity of type (A4,). That is R = k[[z, y]]/(z" "'+
y?). As stated in [8, Proposition 5.11], if n is an even integer, the set of ideals of R

{L=(y)|1<i<n/2)

is a complete list of isomorphic indecomposable non free Cohen-Macaulay R-modules. On
the other hand, if n is an odd integer, then

(1= (@'9) |11 < (1=1)/2}0{ Ny, = R/ V249/=Ty), N- = Rfa"V2 -/ Ty) )

is a complete list of the ones (cf. [8, Paragraph (9.9)]).
In this section, we shall show

Theorem 15. [3, Theorem 4.6] Let R = k[[z,y]]/(x""* +y?). Then the stable hom order
coincides with the stable degeneration order. Particularly, we have the following.

(1) If n is an even integer,
0<st Iy st Iy <t -+ <t Inja.
(2) If n is an odd integer,
0<st Iy <t Iy <t -+ <ot In—1)/2 <st Ny ® N_.
and
Ne<g Ni® L <g - <q &@M <a N+ ® N, @ N_ (double sign corresponds).

To show this, we use the stable analogue of the argument over finite dimensional algebras
in [11] The lemma below is well known for the case in an Abelian category (cf. [11, Lemma
2.6]). The same statement follows in an arbitrary k-linear triangulated category.

Lemma 16. [3, Lemma 4. 7] Let

({fl) (u.91)

1Ny —% Li® Ny, —5 Ly —— Ni[l]

()

EQ:Ml —_— Nl@MQ M N2 — Ml[]-]

be triangles in a k-linear triangulated category. Then we also have the following triangle.

M1 — L1 @Mg — L2 — Ml[l]

and
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Definition 17. Let M and N be Cohen-Macaulay R-modules.

We define a function
du,n(—) on CM(R) by

5M7ﬂ(_) = [_7ﬂ] - [_7M]
For a triangle ¥ : L — M — N — L[1], we also define a function dx(—) on CM(R) by
(_) = [_7L] + [_aﬂ] o [_>M]'

Instead of giving the proof of Theorem 15, we give the concrete construction of the
stable degenerations.

Example 18. Let R = k[[z,y]]/(z" + y?). Then 0 <y ) <y Ir <g I.
Proof. We show I, <y I,. We construct the triangle ¥ such that
(52 = (5]71,[72

(This 3 induces the triangle which gives the stable degenerations.)
Note that the table of dimension of Homy and AR triangles on CM(R) are the following:

NN Ty ey
L Sp, i lo = 1 @ Iy — Iy,
L |2]4]4 S = Lol oI
I 21416 I3 - 23 77 22 W13 77 13-
We also note that 521 X)=2if X = I, or 0 if not.
0 if X =1,
First, since 07, 1, (X 2 if X =10, and pu(ly, ;) = 0if i # 2, we take the AR
2 le—Ig
triangle Xp, : Iy — I} ® I3 — I5.

Then we see that Oy, < 01,15

Now 0y, (13) = 0 but o1, 1,(I3) = 2. Apply Lemma 16 to Xz, and 3;,, We obtain the
triangle Eizé — Iy ® I3 — I, such that oy, = (5212 —I—(Sgls = 0p,,1,- Therefore I} <y I,. U

Remark 19. By applying Lemma 16 to X, 3, and X, we have the diagram below:
L —I5 — L

RN

Iy » I3 I
Thus we obtain 0 <y, I) <y I <y I3.

Now we consider the following condition which is the necessary condition to make the
stable hom order a partial order over hypersurface rings:

(%) For an AR triangle Z — Y — X — Z[1], [X] + [Z] — [Y] = [X[-1]] + [Z]-1]] —
Y[-1) in G(CM(R)).

More generally, on Theorem 15, we have the following result.
Theorem 20. [11, Paragraph (3.3)][3, Theorem 4.12] Let R be a simple hypersurface

singularity which satisfies (x). Then M <pom N if and only if M <4 N for Cohen-
Macaulay R-modules M and N with [M] = [N] in Ko(CM(R)).

f3 8f



The following lemma is known as the Knorrer’s periodicity (cf. [8, Theorem 12.10]).

Lemma 21. Let S = k[[zg, 21, ,,)] be a formal power series ring. For a non-
zero element f € (xo, 21, ,1,)S, we consider the two rings R = S/(f) and R =
S(ly, 2]]/(f + y? + 22). Then the stable categories CM(R) and CM(R*) are equivalent as
triangulated categories.

At the end of this note, we state the result on the stable degenerations over simple
hypersurface singularities of type (A,,) of arbitrary dimension.

Theorem 22. Let R be a simple hypersurface singularities of type (Ay). The following
statements hold for Cohen-Macaulay R-modules M and N with [M] = [N] in Ko(CM(R)).

(1) If R is of odd dimension then M <g N if and only if M <pom N.
(2) If R is of even dimension then M <y N if and only if M <;; N.

Proof. Since stable degenerations are preserved by stable categorical equivalences (cf. [10,
Corollary 6.6]), by virtue of Knorrer’s periodicity (Lemma 21), we have only to deal with
the case dim R = 1 to show (1) and the case dim R = 0 to show (2). In the case of
dimension 0, we know the stable degeneration order coincides with the triangle order on
CM(R) (see [4, Corollary 2.12., Proposition 3.10.]). Hence, by Theorem 15, we obtain the
assertion. 0J
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FINITE CONDITION (FG) FOR SELF-INJECTIVE KOSZUL
ALGEBRAS

AYAKO ITABA

ABSTRACT. We consider a finite-dimensional algebra over an algebraically closed field k.
For a relationship between a cogeometric pair (F, o) and the finiteness condition denoted
by (Fg), the following conjecture is proposed by Mori. Let A be a finite dimensional
cogeometric self-injective Koszul algebra such that the complexity of A/rad A is finite.
Then A satisfies the condition (Fg) if and only if the order of o is finite. In this article,
we show that if A is cogeometric and satisfies the condition (Fg), then the order of o is
finite. Also, in the case of E = P"~!, we show that this conjecture holds. Moreover, if
A satisfies (rad A)* = 0, then we show that this conjecture holds.

1. INTRODUCTION

For a finite-dimensional algebra A over an algebraically closed field k, Erdmann, Hol-
loway, Taillefer, Snashall and Solberg [3] introduced certain finiteness condition, denoted
by (Fg), by using the Ext algebra of A and the Hochschild cohomology ring of A. More-
over, Erdmann et al. showed that if A satisfies the finiteness condition (Fg), then the
support varieties defined by Snashall and Solberg [8] have many properties analogous to
those for finite group algebras.

Let A be a graded algebra finitely generated in degree 1 over a field k. Artin, Tate
and Van den Bergh [2] introduced a point-module over A which play an important role
in studying A in noncommutative algebraic geometry. Mori [6] defined a co-point module
over A which is a dual notion of point module introduced by Artin, Tate and Van den
Bergh in terms of Koszul duality. A co-point module is parameterized by a subset E of a
projective space P"~1. If M, is a co-point module corresponding to a point p € E, then
QM, is also a co-point module. Therefore, there exists a map o : £ — E such that
QM, = My. This pair (E,0) is called a cogeometric pair and, when F is a projective
scheme and o is an automorphism of E, A is called a cogeometric algebra ([6]).

In this article, we consider a finite-dimensional algebra over an algebraically closed field
of characteristic 0. For a relationship between a cogeometric pair (E, o) and the finiteness
condition (Fg), the following conjecture is proposed by Mori:

Conjecture by Mori Let A be a cogeometric self-injective Koszul algebra such that the
complexity of k is finite. Then A satisfies the condition (Fg) if and only if the order of o
is finite.

The detailed version of this paper will be submitted for publication elsewhere in [5].
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If this Mori’s conjecture is true, we only need to calculate the order of ¢ to check whether
A satisfies the finiteness condition (Fg) or not without calculating the Ext algebra of A
and the Hochschild cohomology ring of A.

In this article, our main results are to give a partial answer to this Mori’s conjecture.
That is, we show that if A is cogeometric and satisfies the condition (Fg), then the order
of o is finite (see Theorem 9). Also, in the case of E = P"~! we show that this conjecture
is true (see Theorem 10). Moreover, if A satisfies (rad A)* = 0, then we show that this
conjecture is true (see Theorem 12).

2. FINITENESS CONDITION (F@Q)

In this section, we recall the definitions of the finiteness condition (Fg) by [3] and the
complexity of a module.

For any finite-dimensional algebra A, Erdmann, Holloway, Taillefer, Snashall and Sol-
berg [3] have introduced the finiteness condition (Fg) as follows.

Definition 1. ([3]) A finite-dimensional algebra A satisfies the finiteness condition (Fg)
if there is a graded subalgebra H of the Hochschild cohomology ring HH*(A) of A such
that the following two conditions (Fgl) and (Fg2) hold:

(Fgl): H is a commutative Noetherian ring with H° = HH’(A)(= Z(A)).
(Fg2): The Ext algebra of A

E(A) := Ext}(A/rad A, A/rad A) = @) Ext} (A/rad A, A/rad A)
r=0

is a finitely generated H-module.

Here, the Hochschild cohomology ring of A is defined to be a graded ring
HH*(A) := Ext}. (A, A) = @D Ext}. (A, A),
r=0

where A® := A ®; A°P is the enveloping algebra of A.

For example, a group algebra kG satisfies (Fg), where k is a field and G is a finite
group. A quantum exterior algebra k(z1,2s,...,z,)/(2?, vix; — oy jxa;) (0 < 4,5 < n,
a;; € k\{0}) satisfies (Fg) when «;; is a root of unity ([4]).

Remark 2. Note that if a finite-dimensional algebra A satisfies (Fg), then the Hochschild
cohomology rings HH*(A) /Ay of A modulo nilpotence and the Ext algebra E(A) of A are
finitely generated as algebras.

Now, we recall the definition of the complexity of a left A-module M (see [9], for
example).

Definition 3. Let -+ — P, — P,y — -+ — Fy — M — 0 be a minimal
projective resolution of M. Then the complexity of M is

ex(M) :=min{b € N’ | 3a € R; dim P, = an”~',V¥n > 0}.

This definition leads immediately to the following two remarks:
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Remark 4. (1) If a left A-module M has the complexity zero, then M has finite projective
dimension. (2) If a module M satisfies cx(M) < 1, then M has bounded Betti numbers,
B, = dimy, P, for n > 0.

3. COGEOMETRIC PAIR AND COGEOMETRIC ALGEBRA

In this section, we will summarize the definitions of a co-point module, a cogeometric
pair and a cogeometric algebra from [6]. Mori defined a co-point module over A which
is a dual notion of a point module introduced by Artin, Tate and Van den Bergh [2] in
terms of Koszul duality. The reader is referred to [6] in details.

Let A be a graded algebra finitely generated in degree 1 over an algebraically closed
field k of characteristic 0. That is, A = k{xy,2,...,x,)/I, where I is an ideal of A.
For a point p = (ay,as,...,a,) € P! we define a left A-homomorphism p: A — A
by p(1) := a1z + agws + -+ + ayz, (1 € A). That is, for all f € A, we have p(f) =
[ (a121 + agxs + - - - + a,xy,). Also, Coker p is denoted by M,,.

Definition 5. ([6]) A left A-module M is called a co-point module if, for every i € N,
there exists a point p; in P! such that a minimal free resolution of M is as follows:

7 Pi—
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By the definition, we have that M = M, and the i-th syzygy Q'M of M is M, for
i > 1. Note that a co-point module M has Betti numbers 3, = 1 (Vn € N).

A co-point module is parameterized by a subset E of a projective space P"~1. If M, is
a co-point module corresponding to a point p € E, then (2M,, is also a co-point module.
Therefore, there exists a map o : E — E such that QM, = M,,).

Definition 6. ([6]) When F is a projective scheme and o is an automorphism of E, the
pair (E, o) is called a cogeometric pair of A and A is called a cogeometric algebra. In this
case, we write P'(A) = (E,0) and A = A'(E, ), respectively.

Using [2], [7] and [6], we have the following theorem.

Theorem 7. If a graded k-algebra A is self-injective Koszul such that the complexity of
A/rad A is finite and (rad A)* = 0, then the complexity of A/rad A is less than or equal
to three and A is a cogeometric algebra.

Example 8. Let A be a graded k-algebra

k(z,y)/(2®, axy +yz,y?) (o € k\{0}).

This algebra A is self-injective Koszul with cx(A/rad A) = 2. By Theorem 7, A is co-
geometric. Therefore, we have that the cogeometric pair P'(A) of A is (P!, o), where

o= ( g (1) > € AutP' = PGLy(k).

4. MAIN RESULTS

This section describes our main results in this article about the conjecture proposed by
Mori. Recall the Mori’s conjecture as follows:
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Conjecture by Mori Let A be a cogeometric self-injective Koszul algebra such that the
complexity of k is finite. Then A satisfies the condition (Fg) if and only if the order of o
is finite.

As stated in Introduction, if this Mori’s conjecture is true, we only need to calculate
the order of o to check whether A satisfies the finiteness condition (Fg) or not without
calculating the Ext algebra of A and the Hochschild cohomology ring of A. Our main
results are to give a partial answer to this Mori’s conjecture.

Theorem 9. ([5]) If a finite-dimensional k-algebra A = A'(E,0) is cogeometric and
satisfies the condition (Fg), then the order of o is finite.

Theorem 10. ([5]) Let A be a cogeometric self-injective Koszul algebra such that the
complexity of k is finite. If A = A'(P""!,0), then A satisfies the condition (Fg) if and
only if the order of o is finite.

Using [1], [7] and [6], we have the following classification of self-injective Koszul algebras
A of ex (A/rad A) < oc:

(i) rad A =0~ Ak (as a graded k-algebra), P'(A) = (¢,id);
(ii) (rad A)?2 =0 ~ A = k[z]/(2?) (as a graded k-algebra), P'(A4) = (P, id);
(iii) (rad A)® =0 ~
A2 k(x,y) /(2 azy + yr,y?) (o € k\{0}, as a graded k-algebra), P'(A) = (P!, o),
{ A= k(x,y) /(=2 + 2y, vy + yx,y?)(as a graded k-algebra), P'(A) = (P!, 0y),

Wherem:(g ?)andwz(é _11>

In the case of (rad A)® = 0, we see that E giving a cogeometric pair is a projective space.
By the above classification and Theorem 10, we have the following corollary.

Corollary 11. ([5]) Let A be a cogeometric self-injective Koszul algebra such that the
complexity of k is finite. If A satisfies (rad A)®> = 0, then A satisfies the condition (Fg) if
and only if the order of o is finite.

Theorem 12. ([5]) Let A be a cogeometric self-injective Koszul algebra such that the
complexity of k is finite. If A satisfies (rad A)* = 0, then A satisfies the condition (Fg) if
and only if the order of o is finite.

Remark 13. Note that if A satisfies (rad A)®> # 0 and (rad A)* = 0, then E giving a
cogeometric pair is not always a projective space.

We conclude this article by giving an example for our main results.
Example 14. We consider a graded k-algebra
A =k(x,y)/(ax® + byz, cx® + axy + dyz + by?, cvy + dy*)  (a,b,c,d € k).

Then A is a self-injective Koszul algebra if and only if ad — be # 0 holds. Hence, A is
cogeometric, so we have

P(A) = (Po) (0= ( CCL Z ) € PGLy(k) = AutP').
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Moreover, using Corollary 11, A satisfies (Fg) if and only if there exists a natural number

neNsuChthata”:<1 0).
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CROSSED PRODUCTS FOR MATRIX RINGS

MITSUO HOSHINO, NORITSUGU KAMEYAMA AND HIROTAKA KOGA

ABSTRACT. Let R be a ring and n > 2 an integer. We provide a systematic way to
define new multiplications on M,,(R), the ring of n x n full matrices with entries in R.
The obtained new rings A are Auslander-Gorenstein if and only if so is R.

INTRODUCTION

Auslander-Gorenstein rings (see Definition 2) appear in various fields of current research
in mathematics. For instance, regular 3-dimensional algebras of type A in the sense of
Artin and Schelter, Weyl algebras over fields of characteristic zero, enveloping algebras
of finite dimensional Lie algebras and Sklyanin algebras are Auslander-Gorenstein rings
(see [2], [3], [4] and [12], respectively). The class of Auslander-Gorenstein rings contains
two important particular classes of rings. One is the class of quasi-Frobenius rings and
the other is the class of commutative Gorenstein rings. In [1, Section 3| and [9, Section
4] we have provided various constructions of Auslander-Gorenstein rings. In this note,
we will provide a systematic construction of Auslander-Gorenstein rings starting from an
arbitrary Auslander-Gorenstein ring.

Let us recall the notion of Frobenius extensions of rings due to Nakayama and Tsuzuku
[10, 11] which we modify as follows (cf. [1, Section 1]). We use the notation A/R to
denote that a ring A contains a ring R as a subring. We say that A/R is a Frobenius
extension if the following conditions are satisfied: (F1) A is finitely generated as a left
R-module; (F2) A is finitely generated projective as a right R-module; (F3) there exists
an isomorphism ¢ : A = Hompg(A, R) in Mod-A. Note that ¢ induces a unique ring
homomorphism 6 : R — A such that z¢(1) = ¢(1)0(x) for all x € R. A Frobenius
extension A/R is said to be of first kind if A = Hompg(A, R) as R-A-bimodules, and to
be of second kind if there exists an isomorphism ¢ : A = Homp(A, R) in Mod-A such
that the associated ring homomorphism 6 : R — A induces a ring automorphism of R.
Note that a Frobenius extension of first kind is a special case of a Frobenius extension of
second kind. Let A/R be a Frobenius extension. Then A is an Auslander-Gorenstein ring
if so is R, and the converse holds true if A is projective as a left R-module, and if A/R is
split, i.e., the inclusion R — A is a split monomorphism of R-R-bimodules. It should be
noted that A is projective as a left R-module if A/R is of second kind.

Fix a set of integers I = {0,1,...,n — 1} with n > 2 arbitrary. To begin with, starting
from an arbitrary ring R, we will construct an I-graded ring A so that A/R is a split
Frobenius extension of second kind. Namely, we will define an appropriate multiplication
on a free right R-module A with a basis {u; };c; using the following two data: a certain pair
(q,x) of an integer ¢ and a mapping x : Z, — Z; a certain triple (o,c¢,t) of ¢ € Aut(R)

The detailed version of this paper will be submitted for publication elsewhere.
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and c,t € R?, the fixed subring of R under 0. Then we will define an appropriate
multiplication on a free right A-module A with a basis {v; };c; so that A/A is a Frobenius
extension of first kind. To do so, we need the group structure of /. Since we have to
distinguish the addition in I and that in Z,, we fix a cyclic permutation of

(01 - n—1
™—\{12 .- 0

and make I a cyclic group with 0 the unit element by the law of composition I x I —
I,(i,j) — 7 (7). Then, as a right R-module, A has a basis {e;;}; jer such that e;;e = 0
unless j = k, e;ejx = exCijr with ¢, € R for all ¢,j,k € R and xe;; = e;;0;;(x) with
oij € Aut(R) for all z € R and i,j € I. Using the above two data, we will provide a
concrete construction of such families {c¢;jx}ijrer and {oi;}ijer. However, except very
simple cases, it would be a rather hard task to find out such families independently. This
is the reason why we divide the construction into two steps.

1. PRELIMINARIES

For a ring R we denote by R* the set of units in R, by Z(R) the center of R, by
Aut(R) the group of ring automorphisms of R, and for ¢ € Aut(R) by R° the subring
of R consisting of all z € R with o(x) = z. The identity element of a ring is simply
denoted by 1. We denote by Mod-R the category of right R-modules. Left R-modules are
considered as right R°°’-modules, where R°P denotes the opposite ring of R. In particular,
we denote by inj dim R (resp., inj dim R°P) the injective dimension of R as a right (resp.,
left) R-module and by Hompg(—, —) (resp., Hompgor(—, —)) the set of homomorphisms in
Mod-R (resp., Mod-R°P).

We start by recalling the notion of Auslander-Gorenstein rings.

Proposition 1 (Auslander). Let R be a right and left noetherian ring. Then for any
n > 0 the following are equivalent.
(1) In a minimal injective resolution I* of R in Mod-R, flat dim I < ¢ for all 0 <
1< n.
(2) In a minimal injective resolution J* of R in Mod-R°P, flat dim J* < i for all
0<s<n.
(3) Forany 1 <i<n+1, any M € mod-R and any submodule X of Extl»(M, R) €
mod-R°? we have Extgop (X,R) =0 for all 0 < j <.
(4) Forany1 <i <n+1, any X € mod-R° and any submodule M of Extho, (X, R) €
mod-R we have Ext?(M, R) = 0 for all 0 < j < i.

Definition 2 ([4]). A right and left noetherian ring R is said to satisfy the Auslander
condition if it satisfies the equivalent conditions in Proposition 1 for all n > 0, and to
be an Auslander-Gorenstein ring if it satisfies the Auslander condition and inj dim R =
inj dim R < oo.

It should be noted that for a right and left noetherian ring R we have inj dim R =
inj dim R°? whenever inj dim R < oo and inj dim R°? < oo (see [13, Lemma A]).

Next, we recall the notion of Frobenius extensions of rings due to Nakayama and
Tsuzuku [10, 11], which we modify as follows (cf. [1, 7]).
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Definition 3 ([7]). A ring A is said to be an extension of a ring R if A contains R as a
subring, and the notation A/R is used to denote that A is an extension ring of R. A ring
extension A/R is said to be Frobenius if the following conditions are satisfied:

(F1) A is finitely generated as a left R-module;

(F2) A is finitely generated projective as a right R-module;

(F3) A= Hompg(A, R) as right A-modules.

Proposition 4 ([7, Proposition 1.4]). Let A/R be a ring extension and ¢ : A = Homp(A, R)
an isomorphism in Mod-A. Then the following hold.

(1) There exists a unique ring homomorphism 6 : R — A such that x¢(1) = ¢(1)0(x)
for all z € R.

(2) If ¢/ : A = Homg(A, R) is another isomorphism in Mod-A, then there exists
u € A* such that ¢'(1) = ¢(1)u and 0'(x) = u='0(x)u for all x € R.

(3) ¢ is an isomorphism of R-A-bimodules if and only if 0(x) = z for all x € R.

Definition 5 (cf. [10, 11]). A Frobenius extension A/R is said to be of first kind if A =
Hompg(A, R) as R-A-bimodules, and to be of second kind if there exists an isomorphism
¢: A= Hompg(A, R) in Mod-A such that the associated ring homomorphism 6 : R — A
induces a ring automorphism 6 : R = R.

Proposition 6 ([7, Proposition 1.6]). If A/R is a Frobenius extension of second kind,
then A is projective as a left R-module.

Proposition 7 ([7, Proposition 1.7]). For any Frobenius extensions AJA, A/R the fol-
lowing hold.

(1) A/R is a Frobenius extension.
(2) Assume AJA is of first kind. If A/R is of second (resp., first) kind, then so is
A/R.

Definition 8 ([1]). A ring extension A/R is said to be split if the inclusion R — A is a
split monomorphism of R-R-bimodules.

Proposition 9 ([7, Proposition 1.9]). For any Frobenius extension A/R the following
hold.

(1) If R is an Auslander-Gorenstein ring, then so is A with inj dim A < inj dim R.
(2) Assume A is projective as a left R-module and A/ R is split. If A is an Auslander-
Gorenstein ring, then so is R with inj dim R = inj dim A.

2. CONSTRUCTION

Throughout the rest of this note, we fix a ring R and an integer n > 2. We will provide
a systematic way to define new multiplications on M,,(R), the ring of n x n full matrices
with entries in R (cf. Theorem 15 below). However, we divide the construction into two
steps, i.e., we will construct two ring extensions A/R and A/A such that A = M, (R)
as right R-modules. Except very simple cases, the direct construction would be a rather
hard task (cf. [1] and [6]).
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We need the following two data. Let I = {0,1,...,n — 1} be a set of integers and Z,
the set of non-negative integers. We fix a pair (g, x) of an integer ¢ € Z and a mapping
X : Z+ —7Z satisfying the following conditions:

X0) x(0) =
) (Z+kn) X(i) + kq for all (i, k) € I x Zy;
(i

X1) x

X2) x(i) + x(4) > x(i + ) for all 4,j € Z.

Also, we fix a triple (o, ¢, t) of 0 € Aut(R) and ¢, t € R satistying the following condition:
(%) xc=co(z),xt =to(x) for all z € R.

It should be noted that ct = tc.

Example 10. For any pair of integers (p, q) with np > g, setting
X(i+ kn) =ip + kq
for (i,k) € I x Z, we have a pair (g, x) satisfying (X0), (X1) and (X2) and, setting
o=0" € Aut(R) and s=tc""""€R,
we have s € R? and xs = sp"(x) for all z € R.

Example 11. For any ¢ € R* and s € Z(R), setting o(z) = ¢ 'zc for x € R and t = sc?
with ¢ € Z arbitrary, we have a triple (o,c¢,t) of 0 € Aut(R) and ¢,t € R° satisfying the
condition (*).

At first, we will construct a split ring extension A/R. Let A be a free right R-module

with a basis {u;}ie;. We set
Uiphn = uit"
for (i,k) € I x Z, and
w(i, 7) = x() +x() = x(i +7)

for 7,5 € Z,. Note that w is symmetric, i.e., w(i,j) = w(j,4) for all 4,57 € Z, and that
w(i + kn, 7+ In) = w(i,7) for all (i, k), (j,1) 6 I x Z,. Since by (X2) w(i,7) > 0 for all
1,] € Zy, we can define a multiplication on A subject to the following axioms:

(A1) wju; = ulﬂ &) for all i,j € Zy;

(A2) 2u; = u;oX(x) for all 2 € R and i € Z,,
where as usual we require a® = 1 for a € R even if a = 0. We denote by {6;}sc; the
dual basis of {u;}ics for the free left R-module Hompg(A, R), i.e., a = >, ; u;6;(a) for all
a € A. Then for any a,b € A we have

ab = Z quc‘*’(i’j)UX(j)(5i(a))5j(b).
ijel
Proposition 12 ([8, Proposition 2.3(1)]). A is an associative ring with 1 = wuy and

contains R as a subring via the injective ring homomorphism R — A, x — upx.

Example 13. Consider the case where ¢ = n — 1 and x(i + kn) = i + kq for all (i, k) €
I xZ;. Then w(i,j) = 0if i +j < n and w(i,j) = 1 otherwise for 7,5 € I. Also,
x(tc) = (tc)o™(x) for all x € R. Let R[X;0]| be a right skew polynomial ring with
trivial derivation, i.e., R[X; o] consists of all polynomials in an indeterminate X with
the right-hand coefficients in R and the multiplication is defined subject to the following
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rule: X = Xo(z) for all z € R. It then follows that (X" —tc) = (X" — tc)R[X; 0] is a
two-sided ideal of R[X;o] and A = R[X;0]/(X™ — tc) as extension rings of R.

Next, we will specialize the construction given in [7, Section 2] and construct a ring
extension A/A. To do so, we need the group structure of /. In order to distinguish the
addition in [ and that in Z,, we fix a cyclic permutation of 1

(01 - -1

and make [ a cyclic group with 0 the unit element by the law of composition I x I —
I,(i,7) — 7 (i). Tt should be noted that

w0 ifi4j<n,
tt)=9 ). e
m™(i)+n ifi+j>n
for all 7,5 € I. Thus, setting

if i+ <mn,
ifi+7>n
for 4,7 € I, we have i + j = 7/ (i) + €(4, j)n and hence

X0+ 7) = x(@ (i) + e(i, j)g and  wip; = gyt
for all 4,5 € I.

Setting A; = w;R for i € I, A = ;e A; yields an [-graded ring with Aq = R. Note
however that in the above A is constructed as a residue ring of a positively graded ring
(cf. Example 13 above).

We denote by ¢; : A — A;, a — w;d;(a) the projection for each i € I. Then the following
conditions are satisfied:

(E1) g;e; =0 unless i = j and ), & = ida;

(E2) ei(a)e;(b) = erip(ci(a)b) for all a,b € Aand i,j € I.

Let A be a free right A-module with a basis {v;};c; and define a multiplication on A
subject to the following axioms:

(L1) v;v; = 0 unless ¢ = j and v? = v; for all i € I;

(L2) av; = c;vjer—ijla) foralla € Aand i € I.

Let us denote by {7;}icr the dual basis of {v;};c; for the free left A-module Homy (A, A),
e, A= ., vi(A) for all A € A. It is not difficult to see that

AL = Z Vi€n—i (i) (i (M) (1)
ijel
for all \, € A.

Proposition 14. A is an associative ring with 1 = Z v; and contains A as a subring

via the injective ring homomorphism A — Aja v+ >

ZEI
zEI

Note that {v;u;}; jer is a basis for the free right R-module A with {J;7;}:er the dual
basis for the free left R-module Hompg(A, R), and that for any ¢ € I by (L2) we have
zv; = vir for all x € R and hence Av; is a A-R-bimodule. Similarly, every v;A is an
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R-A-bimodule. Also, by (L2) uzv; = varjyug for all j,k € I, so that v;Av; = vtz R
and
HOH’IA('U]'A, UzA) l> Ra f = 57r*j(i) (P)/z(f(vj)))
as R-R-bimodules for all 7, j € I. In particular,
Endp(v;A) = R, f = do(vi(f(v))

as rings for all 7 € I.

Now, setting e;; = v;u,—j(; for i,j € I, we have a basis {e;;}; er for the free right
R-module A. Then, as remarked above, we have v;Av; = e;;R for all ¢,5 € I and
{07-i(iyYi}ijer is the duel basis of {e;;}; jer for the free left R-module Homg(A, R), i.e.,

A= Z €ij0r-i()(Vi(A))
ijel
for all A € A. In particular,
p: NS My(R), A= (650 (1i(N))ijer
as right R-modules.

Theorem 15. The multiplication in A is subject to the following axioms:
(M1) e;je =0 unless j = k; }
(M2) e;jej = eikte(”i](")’ﬂfk(j))cw(“ﬂ(")”Fk(j)) foralli,j, k€ I;
(M3) wei; = e;oX™ " D)(z) for allx € R and i,j € I.

It should be noted that the axioms above induce another multiplication on M, (R) such
that p is a ring isomorphism.
In the following, setting
Ap={(i,j) € I x I'| 777(i) = k}

for k € I, we decompose I x [ into a disjoint unioun I x I = U,c;Ay. Note that the Ay
are m-stable, i.e., (w(i),7(j)) € Ay for all k € I and (i, j) € Ay.

Lemma 16. We have vy, = e, and u, = Z(i’j)eAk eij for allk € 1.

It follows by Lemma 16 that the axioms (M1), (M2) and (M3) imply the axioms (A1),
(A2), (L1) and (L2). Unfortunately, it would be rather hard to check directly that the
multiplication defined on A subject to the axioms (M1), (M2) and (M3) is actually asso-
ciative. This is the reason why we divided the construction into two steps. However, we
notice the following which could be of use for a direct verification.

Lemma 17. For any i,j,k € I the following hold.
(1) e(m77(i),7*(4)) = 0 if and only if one of the following cases occurs: i < k < j,
j<i<k k<j<i,i=jo0rj=k.
(2) e(m=9(i),77%(5)) = 1 if and only if one of the following cases occurs: i < j < k,
kE<i<j,j<k<iori=k=+#j.
(3) x(777(i) + 7 *(j)) = x(7*(1)) + e(x 7 (3), 7% (5))q.
Example 18. Let (¢, x) and (g, s) be as in Example 10. Then we have e;je;; = egs<™ @ "0)
for all 4,7,k € I and ze;; = e;;0" @ (z) for all z € R and 4,5 € I.
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According to Theorem 15, it is easy to see that there exists n € Aut(A) such that
n(ei;) = ex@i) () for all i, j € I and n(z) = x for all € R.

Proposition 19. We have A" = A.

Definition 20. Let J be a non-empty subset of I and A; = @; jcse;;R. We define a
multiplication on A subject to the axioms (M1), (M2) and (M3). Then Ends(Bie jviA) =
EBi,jeJUiAUj = AJ as I"iIlgS.

3. FROBENIUS EXTENSIONS

In this section, we will study the structure of the ring extension A/R.
In the following, we set v = >, ., v € Homa(A, A).

Proposition 21. There exists an isomorphism v : A = Homa (A, A), A — Y\ of A-A-
bimodules, i.e., AJA is a Frobenius extension of first kind.

Proposition 22 ([7, Proposition 2.3(2)]). There exists an isomorphism ¢ : A = Hompg(A, R), a —
Sn_1a in Mod-A such that 2¢(1) = ¢(1)o X"V (z) for all x € R, i.e., A/R is a split

Frobenius extension of second kind.
Corollary 23. A is an Auslander-Gorenstein ring if and only if so is R.

Theorem 24. The following hold.
(1) ;A = Homp(Avggy, R), A = 8p_17%A in Mod-A for all i € 1.
(2) A/R is a split Frobenius extension of second kind.
(3) A is an Auslander-Gorenstein ring if and only if so is R.

Remark 25. It follows by Corollary 23 and Theorem 24(3) that A is an Auslander-
Gorenstein ring if and only if so is A. If n-1 € R*, then A/A is split. But we do
not know whether or not A/A is always split.

It follows by Propositions 21, 22 that we have an isomorphism in Mod-A
£: A= Homp(A, R), A — 6,17\
such that (1) = £(1)o™ X1 () for all x € R.
Proposition 26. We have {(eij) = 0,7, for alli,j € 1.
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ATOM-MOLECULE CORRESPONDENCE IN GROTHENDIECK
CATEGORIES

RYO KANDA

ABSTRACT. For a one-sided noetherian ring, Gabriel constructed two maps between
the isomorphism classes of indecomposable injective modules and the two-sided prime
ideals. In this paper, we give a categorical reformulation of these maps using the notion
of Grothendieck category. Gabriel’s maps become maps between the atom spectrum and
the molecule spectrum in our setting, and these two spectra have structures of partially
ordered sets. The main result in this paper shows that the two maps induce a bijection
between the minimal elements of the atom spectrum and those of the molecule spectrum.

Key Words:  Grothendieck category, Atom spectrum, Molecule spectrum, Prime
ideal, Indecomposable injective object.

2010 Mathematics Subject Classification: ~ Primary 18E15; Secondary 16D90, 13C60.

1. INTRODUCTION

For a one-sided noetherian ring, Gabriel [1] described the relationship between inde-
composable injective modules and two-sided prime ideals as follows.

Theorem 1 ([1]). Let A be a right noetherian ring. Then we have two maps

{ indecomposable injercjive right A-modules} _ ¢ { two-sided prime ideals of A}
P

characterized by the following properties.

(1) For each indecomposable injective right A-module I, the only associated (two-sided)
prime of I is o(1).

(2) For each two-sided prime ideal P of A, the injective envelope E(A/P) of the right
A-module A/ P is the direct sum of a finite number of copies of the indecomposable
injective A-module ¥ (P).

Moreover, the composite pi is the identity map.

If the ring is commutative, then these maps are bijective ([7, Proposition 3.1]). In
general, these maps are far from being bijective as the following example shows.

Example 2. The ring A := C(z,y)/(zy — yr — 1) is a simple domain which is left and
right noetherian. The only two-sided prime ideal of A is 0, while there exist infinitely
many isomorphism classes of indecomposable injective right A-modules.

This is not in final form. The detailed version of this paper will be submitted for publication elsewhere.
The author is a Research Fellow of Japan Society for the Promotion of Science. This work is supported
by Grant-in-Aid for JSPS Fellows 25-249.
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In this paper, we generalize Theorem 1 to a certain class of Grothendieck categories
as maps between the atom spectrum and the molecule spectrum of a Grothendieck cate-
gory. Moreover, by using naturally defined partial orders on these spectra, we establish a
bijection between the minimal elements of the atom spectrum and those of the molecule
spectrum. This result would have been unknown even in the case of the category Mod A
of right modules over a right noetherian ring A.

Acknowledgement. The author would like to express his deep gratitude to Osamu
Iyama for his elaborated guidance. The author thanks S. Paul Smith for his valuable
comments.

2. ATOM SPECTRUM

Throughout this paper, let A be a Grothendieck category. In this section, we recall the
definition of the atom spectrum of A and related notions.

The atom spectrum is defined by using monoform objects and an equivalence relation
between them.

Definition 3.

(1) A nonzero object H in A is called monoform if for each nonzero subobject L of
H, no nonzero subobject of H is isomorphic to a subobject of H/L.

(2) For monoform objects H; and Hy in A, we say that H; is atom-equivalent to Hy if
there exists a nonzero subobject of H; which is isomorphic to a subobject of Hs.

The following result is fundamental.

Proposition 4 ([3, Proposition 2.2]). Every nonzero subobject of a monoform object is
monoform.

For a commutative ring R, all monoform objects in Mod R can be described in the
following sense.

Proposition 5 ([9, p. 626]). Let R be a commutative ring. Then a nonzero object H in
Mod R is monoform if and only if there exist p € Spec R and a monomorphism H — k(p)
in Mod R, where k(p) = R,/pR,.

The atom equivalence is in fact an equivalence relation between the monoform objects

in A.

Definition 6. The atom spectrum ASpec A of A is the quotient set of the set of monoform
objects in A by the atom equivalence. Each element of ASpec A is called an_atom in A.
For each monoform object H in A, the equivalence class of H is denoted by H.

The notion of atoms was originally introduced by Storrer [9] for module categories and
generalized to arbitrary abelian categories in [3].

The next result shows that the atom spectrum of a Grothendieck category is a gener-
alization of the prime spectrum of a commutative ring.

Proposition 7 (]9, p. 631]).&1& R be a commutative ring. Then the map Spec R —
ASpec(Mod R) given by p — R/p is bijective.
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We can also generalize the notions of associated primes and support.

Definition 8. Let M be an object in A.
(1) Define the subset AAss M of ASpec A by

AAss M = {a € ASpec A | « = H for some monoform subobject H of M }.

We call each element of AAss M an associated atom of M.
(2) Define the subset ASupp M of ASpec A by

ASupp M = {«a € ASpec A | a = H for some monoform subquotient H of M }.
We call it the atom support of M.
Proposition 9. Let R be a commutative ring, and let M be an R-module. Then the

bijection Spec R — ASpec(Mod R) in Proposition 7 induces bijections Ass M — AAss M
and Supp M — ASupp M.

We introduce a partial order on the atom spectrum, which plays an crucial role in this
paper.

Definition 10. For o, € ASpec A, we write a < 3 if 8 € ASupp H holds for each
monoform object H in A with H = a.

The partial order on the atom spectrum is a generalization of the inclusion relation
between prime ideals of a commutative ring.

Proposition 11. Let R be a commutative ring. Then the bijection Spec R — ASpec(Mod R)
in Proposition 7 is an isomorphism between the partially ordered sets (Spec R, C) and
(ASpec(Mod R), <).

We can generalize Matlis’ correspondence in commutative ring theory.

Theorem 12 ([3, Theorem 5.9]). Let A be a locally noetherian Grothendieck category.
Then we have a bijection

ASpec A 25 { indecomposable injective objects in A}
pec

~

given by H — E(H).

For a locally noetherian Grothendieck category A, the localizing subcategories of A can
be classified by the localizing subsets of ASpec A.

Definition 13. A subset @ of ASpec A is called a localizing subset if there exists an object
M in A such that & = ASupp M.

Theorem 14 ([2, Theorem 3.8], [6, Corollary 4.3], and [3, Theorem 5.5]). Let A be a
locally noetherian Grothendieck category. Then we have a bijection

{ localizing subcategories of A} = { localizing subsets of ASpec A}

given by X — ASupp X' := (J ;e ASupp M. The inverse map is given by & — ASupp ! &,
where
ASupp t® ={M € A| ASupp C ¢}.
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Moreover, the atom spectrum of the quotient category by a localizing subcategory can
be described as follows.

Theorem 15 ([5, Theorem 5.17]). Let A be a Grothendieck category, and let X be a
localizing subcategory of A. Denote by F: A — A/X the canonical functor. Then we
have a bijection

ASpec A\ ASupp X =% ASpec %

given by H — F(H).

If the Grothendieck category A has a noetherian generator, then the set of minimal
atoms in A has significant properties. Denote by AMin A the set of minimal atoms in A.

Theorem 16. Let A be a Grothendieck category having a noetherian generator.

(1) ([5, Proposition 4.7]) For each o € ASpec A, there exists 5 € AMin A satisfying
<.

(2) ([4, Theorem 4.4]) AMin A is a finite set.

(3) ASpec A\ AMin A is a localizing subset of A.

Definition 17. Let A be a Grothendieck category having a noetherian generator. Define
the artinianization A of A as the quotient category of A by the localizing subcategory
ASupp'(ASpec A\ AMin A).

It is easy to deduce that the artinianization has a generator of finite length. Moreover,
the following result ensures that it is the module category of some right artinian ring.

Theorem 18 (Nastasescu [8]). Let A be a Grothendieck category. Then the following
assertions are equivalent.

(1) A has an artinian generator.
(2) A has a generator of finite length.
(3) There exists a right artinian ring A satisfying A = Mod A.

3. MOLECULE SPECTRUM

In this section, we introduce a new spectrum of a Grothendieck category, which we call
the molecule spectrum. It is a generalization of the set of two-sided prime ideals of a ring.
The definition uses the notion of closed subcategory.

Definition 19.

(1) A full subcategory C of A is called closed if C is closed under subobjects, quotient
objects, arbitrary direct sums, and arbitrary direct products.

(2) Let C and D be closed subcategories of A. Denote by C x D the full subcategory
of A consisting of all objects M in A such that there exists an exact sequence

0O—L—M-—=N—=0
with L € C and N € D.
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For each family of objects {;},.; in A, we have the canonical monomorphism ,_, M; —

[Lic; M; since A is a Grothendieck category. Therefore the closedness under arbitrary di-
rect sums can be dropped from the definition of closed subcategory.
The following well-known result shows that closed subcategories of a Grothendieck

category is a generalization of two-sided ideals of a ring.

Proposition 20. Let A be a ring.

(1) We have a poset isomorphism
({ two-sided ideals of A}, C) = ({ closed subcategories of Mod A }, D)
given by I — Mod(A/I), where Mod(A/I) is identified with the full subcategory
{MeModA| MI=0}
of Mod A.
(2) Let I and J be two-sided ideals of A. Then we have

A A A
Modﬁ—Modj*ModT

as a full subcategory of Mod A, that is, the isomorphism in (1) induces an isomor-
phism
({ two-sided ideals of A},-) == ({ closed subcategories of Mod A }, x)

of monoids.
(3) Let M be a right A-module. Then the two-sided ideal Ann,(M) corresponds to
the smallest closed subcategory (M) of A containing M by the isomorphism

in (1).

We can generalize the notion of two-sided prime ideals of a ring to a Grothendieck
category.

closed

Definition 21. A nonzero closed subcategory P of A is called prime if for each closed
subcategories C and D satisfying P C C « D, we have P C C or P C D.

Proposition 22. Let A be a ring. Then the isomorphism in Proposition 20 (1) induces
a poset isomorphism

({ two-sided prime ideals of A}, C) = ({ prime closed subcategories of Mod A }, D).

Although the set of prime closed subcategories can be used as the definition of the
molecule spectrum, we use the notion of prime object instead, in order to clarify the
similarity between the atom spectrum and the molecule spectrum.

Definition 23.

(1) A nonzero object H in A is called prime if for each nonzero subobject L of H, it
holds that <L>closed = <H>closed'
(2) For prime objects H; and Hs in A, we say that Hy is molecule-equivalent to Ho if

<H1>c10sed = <H2>closed'
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Definition 24. The molecule spectrum MSpec A of A is the quotient set of the set of
prime objects in A by the molecule equivalence. Each element of MSpec A is called a
molecule in A. For each prime object H in A, the equivalence class of H is denoted by
H.

The following result shows that the molecule spectrum is also regarded as a general-
ization of the set of two-sided prime ideals of a ring. Although we assume the existence
of a noetherian generator, this result can be also shown for the category Mod A of right
modules over an arbitrary ring A by using classical ring-theoretic argument.

Proposition 25. Let A be a Grothendieck category with a noetherian generator. Then
we have a bijection

MSpec A =5 { prime closed subcategories of A}

given by H — (H)
(H)

MSpec A has a partial order induced from the set of prime closed subcategories.

closed- For each p = H € MSpec A, the prime closed subcategory
4 corresponding to p is denoted by (p)

close: closed *

Definition 26. Let A be a Grothendieck category with a noetherian generator. For
p,0 € MSpec A, we write p < 0 if (p) 1o00q 2 (0) holds.

closed

The partial order on MSpec A can be also defined for Mod A, where A is an arbitrary
ring, and we can show the following proposition.

Proposition 27. Let A be a ring. Then we have a poset isomorphism
({ two-sided prime ideals of A}, C) = (MSpec 4, <)
gwen by P +— /Uj?
Denote by MMin A the set of minimal elements of MSpec A.

4. ATOM-MOLECULE CORRESPONDENCE

From now on, let A be a Grothendieck category having a noetherian generator and
satisfying the Ab4* condition, that is, direct product preserves exactness. For a right
noetherian ring /A, the category Mod A satisfies this assumption. The following theorem
is our main result.

Theorem 28.
(1) We have a surjective poset homomorphism

¢: ASpec A — MSpec A

given by H — ﬁ, where H is taken to be a prime monoform object in A.
(2) The map ¢ induces a poset isomorphism

AMin A = MMin A.
(3) There exists an injective poset homomorphism
1: MSpec A — ASpec A
satisfying the following properties.
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(a) For each p € MSpec A, the image (p) is the smallest element in the set
{a € ASpecA|p < p(a)}

(b) The composite o is the identity map on MSpec A.
(¢) The map v induces a poset isomorphism MSpec A =% J).
(d) For each o € ASpec A and p € MSpec A, we have

v(p) <a = p<p(a).

This theorem is proved by using the next two lemmas. Recall that an object H in A is
called compressible if every nonzero subobject of H has a subobject which is isomorphic
to H. In our setting, every compressible object in A is monoform.

Lemma 29. For every a € AMin A, there exists a compressible object H satisfying
a=H.

A full subcategory X of A is called weakly closed if X is closed under subobjects,
quotient objects, and arbitrary direct sums. The following lemma explains why minimal
elements of ASpec.A behave nicely.

Lemma 30. Let M be an object in A satisfying AAss M C AMin A. Let X be the smallest
weakly closed subcategory containing M. Then X is closed under arbitrary direct products,
that is, X = (M)

closed "

The Ab4* condition is used in the proof of Lemma 30. The proof also depends on the
fact that AMin A is a finite set.
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TILTING THEORY OF PREPROJECTIVE ALGEBRAS AND
c-SORTABLE ELEMENTS

YUTA KIMURA

ABSTRACT. For a finite acyclic quiver @ and the corresponding preprojective algebra II,
the quotient algebra II,, of II associated with an element w in the Coxeter group of @
was introduced by Buan-Iyama-Reiten-Scott [6]. The algebra II,, is Iwanaga-Gorenstein
and has the natural Z-grading. Recently, the author showed that the stable category
of the category of graded Cohen-Macaulay II,,-modules has tilting objects when w is a
c-sortable element. In this paper, we study the endomorphism algebra of a tilting object.

1. INTRODUCTION

The preprojective algebra II of () has been introduced by Gelfand-Ponomarev to study
representation theory of the path algebra of (). Preprojective algebras play important
roles in many areas of mathematics. One of them is that preprojective algebras provide
2-Calabi-Yau triangulated categories (2-CY, for short) with cluster tilting objects which
have been studied in the view point of categorification of cluster algebras.

In the case when @ is a Dynkin quiver, the preprojective algebra II of () is a finite
dimensional selfinjective algebra. In this case, Geiss-Leclerc-Schroer showed that the
stable category mod Il is a 2-CY category and modII has cluster tilting objects [7]. In
the case when () is non-Dynkin quiver, II is an infinite dimensional algebra. In this case,
Buan-Iyama-Reiten-Scott introduced and studied the factor algebra II,, associated with
an element w in the Coxeter group of @ [6]. They showed that II,, is a finite dimensional
Iwanaga-Gorenstein algebra of dimension at most one and the stable category of SubIL,
is a 2-CY category and has cluster tilting objects, where Sub I, is the full subcategory
of mod I, of submodules of finitely generated free II,,-modules.

There are other classes of 2-CY triangulated categories. Amiot introduced the gener-
alized cluster category C4 for a finite dimensional algebra A of finite global dimension
[1]. If C4 is Hom-finite, then C4 is a 2-CY category and has cluster tiling objects. There
are close connections between 2-CY categories SubII,, and C4. Amiot-Reiten-Todorov [3]
showed that for any finite acyclic quiver () and any element w of the Coxeter group, there
is a triangle equivalence

@ Hw = CAw

for some finite dimensional algebra A,, of global dimension at most two.

The aim of this paper is to construct a derived category version of this equivalence.
We regard II,, as a Z-graded algebra and consider the stable category Sub”Il,, of graded
IT,,-submodules of graded free II,,-modules. We construct a tilting object M in Sub”I1,,
and calculate the endomorphism algebra of M.

The detailed version of this paper will be submitted for publication elsewhere.
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Notation. Through out this paper, let £ be an algebraically closed field and @ a finite
acyclic quiver. By a module, we mean a left module. For a ring A, we denote by modA the
category of finitely generated A-modules and by projA the category of finitely generated
projective A-modules. For X € modA, we denote by SubX the full subcategory of modA
whose objects are submodules of finite direct sums of copies of X. For X € modA, we
denote by addX the full subcategory of modA whose objects are direct summands of finite
direct sums of copies of X. For two arrows «, (8 of a quiver such that the target point of
« is the start point of 3, we denote by af the composition of o and /.

2. PRELIMINARIES

In this section, we give definitions used in this paper and recall some result of [6]. We
first define preprojective algebras and Coxeter groups of Q.

Definition 1. Let @ be a finite acyclic quiver.

(1) The double quiver @ of Q is a quiver obtained from @ by adding an arrow a* :
v — u for each arrow « : u — v of ).
(2) We define the preprojective algebra I1 of @ by

I := kQ/{ Z aa” —a’a).
ae@n
Let @ be a connected quiver. It is known that the preprojective algebra II of @) is does
not depend on the orientation of () and that II is finite dimensional and selfinjective if
and only if @) is a Dynkin quiver.

Definition 2. The Cozeter group W = Wy of a quiver @ is the group generated by the
set {s, | u € Qo} with relations

o 52 =1,

® 5,8, = S,S, if there exist no arrows between u and v,

® 5,5,5, = SuSuS, if there exists exactly one arrow between u and v.

An expression w = Sy, Sy, . . - Sy, 1S reduced if for any other expression w = s,, Sy, * * * Sy, s
we have | < m. For a reduced expression w = Sy, Sy, - - - Sy, let Supp(w) = {uy, -+, w}.

Note that, Supp(w) is independent of the choice of a reduced expression of w. Let @
be a connected quiver. It is known that Wy, is a finite group if and only if () is a Dynkin
quiver.

Next we define a two-sided ideal of II and recall some result of [6]. For a vertex u € Qo,
we define a two-sided ideal I, of II by

I, = TI(1 — e,)11,
where e, is the idempotent of II for u. For a reduced expression w = s,, Sy, - .. Sy, We
define a two-sided ideal I, of II by
I, =11, -1,
Note that, an ideal I,, is independent of the choice of a reduced expression of w by [6].
A finite dimensional algebra A is said to be Iwanaga-Gorenstein of dimension at most

one if inj.dim(4A) < 1. In this case, it is known that the category SubA is a Frobenius
category.

e
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Proposition 3. [6] For any element w € Wy, the algebra 11, is finite dimensional and
ITwanaga-Gorenstein of dimension at most one.

Next we introduce a grading of a preprojective algebra. The path algebra kQ is regarded
as a Z-graded algebra by the following grading:

B 1 B=aa€e @,
deg f = {O B =aa¢c Q.

Since the element Y (o —a*a) in kQ is homogeneous of degree one, the grading of kQ
a€eQ1
naturally gives a grading on the preprojective algebra IT = @ II;. Since Ilj is spanned by
i>0
all paths of degree zero, we have Iy = kQ). For any w € W the ideal I, of II is a graded
ideal of II since so is each [,. In particular, the quotient algebra II,, is a graded algebra.

For a graded module X = @ X; and an integer j, we define a new graded module X ()
i€z
by (X(j)); = Xi4;. For any integer j, we define a graded submodule X, of M by

Xi i1>7
X=:); =
( ZJ) {0 else

and a graded quotient module of X by X<; = X/X>,41.

Let mod”II,, be the category of finitely generated Z-graded II,-modules with degree
zero morphisms. We denote by Sub”II,, the full subcategory of mod”Il,, of submodules of
graded free IL,-modules, that is,

Sub”Il,, = {X € mod“Il, | X C @Hw(ij), i; € Z}.

j=1

Since Proposition 3, Sub”II,, is also a Frobenius category. Therefore we have a triangu-
lated category Sub”Il,,. In this paper, we get a tilting object in this category and calculate
the endomorphism algebra of it.

3. ¢-SORTABLE ELEMENTS AND TILTING MODULES

In this section, we define c-sortable elements. Throughout this section, we denote by
W the Coxeter group of Q).

Definition 4. Let @ be a finite acyclic quiver with Qg = {1,2,...,n}.
(1) Anelement cin W is called a Cozeter elementif ¢ has an expression ¢ = Sy, Sy, - - - Su,, s
where uq, ..., u, is a permutation of 1,..., n.
(2) A Coxeter element ¢ = s, Sy, - - - Sy, in W is said to be admissible with respect to
the orientation of Q if ¢ satisfies e,;(kQ)e,, = 0 for i < j.

Since () is acyclic, W has a Coxeter element ¢ admissible with respect to the orien-
tation of (). There are several expressions of ¢ = Sy, Sy, - . . Sy, satisfying {uy,...,u,} =
{1,...,n} and ey, (kQ)e,, = 0 for i < j. However, it is shown that c is uniquely deter-
mined as an element of W. ;From now on, we call a Coxeter element admissible with
respect to the orientation of () simply a Coxeter element. We define a c-sortable elements.
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Definition 5. Let ¢ be a Coxeter element of W. An element w € W is said to be c-
sortable if there is a reduced expression w = s, - - - 5, = VeV ... ™ where each ¢ is
subsequence of ¢ and

Supp(c™)  Supp(c™ V) c -+ < Supp(c?) C Q.

1
Example 6. Let Q = ,~ (. A Coxeter element is ¢ = $;5953. Then an element
2—=3
W = 518253515251 is a c-sortable element. Actually, ¢ = 515055, ¢! = 5155, and ¢ = 5.
The element w' = 5152535155 is also a c-sortable element. Actually, ¢(® = 515553 and
1) —
C = S$153.

4. A TILTING OBJECT IN Sub”II,
In this section, we construct a tilting object in Sub”Il,. Let 7 be a triangulated
category. An object M in T is called a tilting object if the following holds.

e Hom(M, M([j]) = 0 for any j # 0,
e thickM = T, where thickM is the smallest triangulated full subcategory of T
containing M and closed under direct summands.

Let 7 be the stable category of a Frobenius category, and assume that 7 is Krull-
Schmidt. If there is a tilting object M in 7T, then it follows from [8, (4.3)] that there
exists a triangle equivalence

T ~ KP(proj End-(M)),

where KP(projEnd7(M)) is the homotopy category of bounded complexes of projective
Endr(M)-modules.
For a reduced expression w = s, - - - 5, and 1 < ¢ <[, let m; be the number of elements
in {1 <j<i—1]|u;=uw}, that is,
m=8{1<j<i—1|u=w}, forl<i<lL
Moreover, for 1 <1 <, put

Mi = (H/[ulul)eul (ml)v

l
M = @M
i=1

Then we have the following theorem.
Theorem 7. [9] Let w = sy, - - - sy, be a c-sortable element. Then the object M is a tilting
object in Sub”II,.
5. THE ENDOMORPHISM ALGEBRA OF A TILTING OBJECT

In this section, we calculate the endomorphism algebra of a tilting object which is
constructed in Section 4. Throughout this section, for simplicity, assume that a c-sortable
element w satisfies Supp(w) = Qo. Since Ily = kQ, for any graded II,,-module X, X, is a
k@-module. The following theorem is one of the main theorem of [2].
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Theorem 8. [2] Let w = sy, -+ - Sy, be a c-sortable element and M be a tilting object in

Sub”I1,, which is constructed in Section 4. Then there exists an unique tilting kQ-module
T, which satisfies addMy = SubT,,.

Using Theorem 8, we calculate the endomorphism algebra @%w (M). We have the
following morphism of algebras:

F:Endf (M) — Endig(Mo) £+ flae-

Theorem 9. [9] Let w = sy, - - - sy, be a c-sortable element. Then the morphism F' induces
an isomorphism of algebras:

F : Endf;, (M) = Endiq(Mo)/[T0],
where [T,,] is an ideal consisting of morphisms which factors through addT,,.

We can show that the global dimension of the algebra Endyq(M))/[T5] is at most two.
Actually, we can show the following theorem. Let A be a finite dimensional algebra and T
a cotilting A-module of finite injective dimension. We denote by +>°7 the full subcategory
of modA consisting of modules X satisfying Ext (X, T) = 0 for any i > 0.

Theorem 10. [9] Assume that the global dimension of A is at most n and that =>°T has
an additive generator N. Then the global dimension of Enda(N)/[T] is at most 3n — 1.

Note that End4 (M) and Enda(M)/[T] are relative version of Auslander algebras and
stable Auslander algebras. It is known that Auslander algebras have global dimension at
most two [5], and that stable Auslander algebras have global dimension at most 3n — 1
[4, Proposition 10.2]. We apply Theorem 10 to our endomorphism algebra.

Corollary 11. Let w = s, - -+ sy, be a c-sortable element. Then the global dimension of
Endwg(Mo)/[Ty] is at most two.

Finally, we have the following theorem.
Theorem 12. Let w = s, -5, be a c-sortable element. Then we have a triangle

equivalence Sub”Il,, ~ D’(mod End; (M)).

6. EXAMPLES

In this section, we calculate some examples.

Example 13. Let () be a quiver /1\. Let w = s159835158951. This is a c-sortable

2 3
element. Then we have a graded algebra II, = Il,e; @ IL,es @ 11, e3,

1 2
N 3
2.3 3.1 %
3 1 2 1 2 3 \, -
% N NN 1
1 1 1 2



and a tilting module

1
M=1& 2\1 P 2\1/3\2 (1)

N

1

in Sub”II,,, where graded projective II,-modules are removed, and the degree zero parts
are denoted by bold numbers. The endomorphism algebra @%w (M) of M is given by
the following quiver with relations

A=e—">0-">4 ab = 0.

We can describe the Auslander-Reiten quiver of Sub”Il,. Let K be the kernel of the
canonical epimorphism Il,e; — Sy, where Sy is a simple module associated with the
vertex 2, and N be the cokernel of an inclusion (IT,e1); — I, es:

/3\ 1 2\
K=1 2 3 |, N= 3 1.

NN\ /

1 2 1
AN
1

Then the Auslander-Reiten quiver of Sub”Il,, is the following one:
(Tyes); (Muer)o|  (Moepa(l) | (Mue)py (D) |
\ 7 \ et \

(Myer), N ST
(Mwer ) o) (Mwer)s No| (Iwez)1 (1)
where M = (Hw(Zl)Q D NO D (Hwel)[071]<1).

Example 14. Let () be a quiver | —— 9 . Then we have a graded algebra II = Ile; ®lle,,
and these are represented by their radical filtrations as follows:

1 /2\
/2\/\ 11
L NSNS N

1 1 1 1

7N N NN

'Y Y Y 22222’

N/ N/ N/ N/ \
2 ISR
/7 N/ N/ N/ N/ N/ N
where the degree zero parts are denoted by bold numbers. Let ¢ = sys5. This is a
Coxeter element. Let w = ¢"T! = $1595; - - - 5159. This is a c-sortable element. We have
(IT1/1.:)e; = (I1/J*Y)ey, and (I1/1,:)eq = (I1/J?")eq, where J is the Jacobson radical of II.
The object M = @, (I1/1+)(i—1) is a tilting object in Sub”IL,,, where graded projective
IT,,-modules are removed. The endomorphism algebra @%w(l\/f ) of M is given by the
following quiver with relations

A=1—2s2—"53—% ...... — 9 —1—=2n, aa="bb.
b b b b b

The algebra kA /(aa — bb) has global dimension two.
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FILTERED CATEGORIES
AND REPRESENTATIONS OF BOXES

STEFFEN KOENIG

ABSTRACT. Boxes are generalisations of algebras; their representations form exact, but
in general not abelian categories. Filtered categories that occur naturally in the context
of quasi-hereditary algebras, can be described as representations of certain boxes. This
context and how boxes are applied here is described.

1. STANDARDISABLE SETS AND QUASI-HEREDITARY ALGEBRAS

Let k be a field and C an abelian k-category. Morphisms are taken in C unless specified
otherwise. By D we denote k-duality Homg(—, k).
The main objects in the story to be told here are the following:

Definition 1.1. Finitely many objects A(1),...,A(n) in C form a standardisable set A
if and only if the following conditions are satisfied:

(a) For each i: End(A(i)) = k.

(b) For all ¢, 5: Hom(A(7), A(j)) #0 =1 < j.

(c) For all i, 5: Ext(A(i), A()) #0=1i<j.

Moreover, all morphism and extension spaces occuring here are supposed to be finite
dimensional over k.

Standardisable sets occur rather frequently in algebra and in geometry. Here are some
examples:

(1) Exceptional collections in algebraic geometry are standardisable sets in the cate-
gory of coherent sheaves.

(2) Weyl modules of algebraic groups or of Schur algebras of algebraic groups form
standardisable sets and so do Verma modules of semisimple complex Lie algebras.

(3) When A is a finite dimensional algebra, its simple modules form a standardisable
set provided there is an ordering such that condition (c) is satisfied. This happens
exactly when the quiver of A has no oriented cycles (that is, when A is directed).

(4) The standard modules of a quasi-hereditary algebra form a standardisable set:

Definition 1.2. (Cline, Parshall and Scott [4, 5]) A finite dimensional algebra A to-
gether with a partial ordering < on its set of isomorphism classes of simple modules
S(1),...,58(n) is called a quasi-hereditary algebra if and only if the following conditions
are satisfied:

This is a short introduction to motivation and main results of the joint paper [12] with Julian
Kiilshammer and Sergiy Ovsienko.
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Let P(1),..., P(n) be projective covers of the simple modules S(1),...,S(n), respectively
and A(7) the largest quotient of P(i)such that [A(7) : S(j)] # 0 implies ¢ > j. Then:
For each i: [A(7) : S(i)] = 1.
The kernel of the surjection P(i) — A(i) has a filtration with subquotients A(j) where
the indices occuring satisfy j > i.

This standardisable set A(1),..., A(n) of A often is denoted by A 4.

Although the definition only uses a partial order, we write it as a total order. This can
be done without loss of generality. The standard modules A(i) are relative projective;
in fact, they are projective objects in the category A — mod [< i| whose objects have
composition factors with indices not bigger than 1.

An algebra may be quasi-hereditary for many choices of partial orderings; therefore, a
quasi-hereditary algebra more precisely is a pair (A, <). Hereditary algebras, for instance
path algebras of directed quivers, are quasi-hereditary with any choice of orderings, and
they are characterised by this property. Directed algebras are quasi-hereditary, and for a
particular ordering the standard modules are simple.

Here is an explicit example of a quasi-hereditary algebra: The algebra A is given by
quiver and relations; we also depict the Loewy series of its projective and standard mod-

les.
ules 5

1
o)
.W./aﬁ_o P(1) = ? Al)=1 P@E)=4@2) = |

This algebra occurs, up to Morita equivalence, rather frequently, for instance over the
complex numbers as principal block of the Bernstein-Gelfand-Gelfand category O of the
simple Lie algebra si(2), and over infinite fields of characteristic two as Schur algebra
S(2,2).

In algebraic Lie theory, one often considers categories C with infinitely many simple
objects and infinitely many standard objects. Examples are rational or polynomial mod-
ules of reductive algebraic groups - here, Weyl modules are standard modules - and the
Bernstein-Gelfand-Gelfand category O of semisimple complex Lie algebras - here, Verma
modules are standard modules - and various quantisations and further generalisations.
Cline, Parshall and Scott [4] have developed the concept of highest weight categories to
deal with these situations . Such categories are built up in a precisely described way from
(module categories of) quasi-hereditary algebras.

When A is a standardisable set, the full subcategory F(A) of C whose objects have
finite filtrations with subquotients being objects A(j), is called the A-filtered (or just
filtered) category.

The standard modules of quasi-hereditary algebras look like a special example, but
this is in fact the most general class of examples, by Dlab and Ringel’s standardisation
theorem (presented in Kyoto in 1990, at the workshop preceding ICRA at Tsukuba):

Theorem 1.3. (Dlab and Ringel [7]) Let A = A(1),...,A(n) be a standardisable set in
an abelian k-category C. Then there exists a quasi-hereditary algebra (A, <) (unique up
to Morita equivalence) such that F(A) ~ F(A4).
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The category F(A) rarely is abelian - for instance, cokernels of non-trivial maps between
standard modules of quasi-hereditary algebras are not A-filtered. But it inherits the exact
structure of the abelian category C. The equivalence in the standardisation theorem
respects the exact structures.

2. FILTERED CATEGORIES AND RINGEL DUALITY

Let A be a quasi-hereditary algebra. Then the opposite algebra A° is known to be
quasi-hereditary, too. Thus, there are modules A(i, AP) filtering the projective A%-
modules, which are k-dual to the injective A-modules. Therefore, the injective A-modules
are filtered by modules V(i) := DA(i, A°?). They have simple socle S(i) and other
properties dual to those of the standard modules A. Thus, turning around the partial
ordering, the set V turns out to be standardisable as well. Hence, by Dlab and Ringel’s
standardisation theorem, there must be a quasi-hereditary algebra R = R(A) such that
F(V) ~ F(A, R). This algebra now is called the Ringel dual of the algebra A; it is unique
up to Morita equivalence. At the Tsukuba ICRA in 1990, Ringel presented the following
result:

Theorem 2.1. Let (A, <) be a quasi-hereditary algebra. Then there ezists a tilting module
T such that F(V) N F(A) = add(T). The module T is called the characteristic tilting
module of A. Its endomorphism algebra Enda(T) is quasi-hereditary again and it is the
Ringel dual R of A.

The tilting module T is a full injective object in F(A) and a full projective object in
F(V). It has finite (but arbitrarily large) projective dimension. Taking the Ringel dual
of R produces an algebra that is Morita equivalent to A itself.

A —proj .F(A) 6&@ F(V) A —inj

This picture illustrates the central role of T in the two filtered categories.The category
add(T) coincides with the injectives in F(A) as well as with the projectives in F(V) and,
up to equivalence, also with the projectives of the Ringel dual R.

Ringel duality has become very popular and useful in applications of quasi-hereditary
algebras and highest weight categories. Soergel [15] has shown that BGG-category O is
Ringel self-dual. Donkin [8] has shown that classical Schur algebras S(n,r) with n > r
are Ringel self-dual; in this situation, the characteristic tilting module is a direct sum of
tensor products of exterior powers of the natural module over GL,, - a description that
yields direct applications to invariant theory [9].

In our example, the characteristic tilting module is a direct sum of the projective-
injective module P(1) = I(1) and the simple module 1 = A(1) = V(1).
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1
e fa=0 T=201 V(-1 12)=v©2) =,

1
The Ringel dual R = Ends(T) is isomorphic to A itself, so the algebra A is Ringel

self-dual. The category F(A) has three indecomposable objects, up to isomorphism, and
its Auslander-Reiten quiver looks as follows:

1
P1)=1I(1) = 2

1
e

A1) =1

P(2)

The shape of this Auslander-Reiten quiver is very similar to the Auslander-Reiten
quiver of the path algebra of type Ay, whose quiver is just one arrow. The difference
is that here, there is a map going from right to left, the inclusion A(1) — A(2). The
cokernel of this map is not in F(A), which just inherits an exact structure from A —mod,
but not an abelian one. The standard modules A(1) and A(2) look like simple objects in
this category, but there are non-trivialmorphisms relating them; so, Schur’s lemma is not
valid in this situation.

As we have seen, the category F(A) has more structure than just being exact. It has
enough projective objects and enough injective objects. Ringel [14] proved that it has
almost split sequences and that it is functorially finite in A — mod. It also can be shown
that it is closed under kernels of epimorphisms; but it is usually not closed under cokernels
of monomorphisms. So, it cannot be a module category, although it has many properties
of a module category.

Questions. (a) What is the structure of the exact category F(A)?
(b) How is this category related to the algebra A, or rather to its Morita equivalence class?
(¢) How to interpret Ringel duality in terms of the standardisable system A?

The main result to be reported below answers the first question by interpreting F(A)
as a generalised module category in a precise sense. The second question is, of course,
addressed by Dlab and Ringel’s standardisation theorem. The main result will provide
another, rather different answer, and at the same time an answer to the third question.

3. BOXES

Boxes - originally called bocses (for bimodule over category with coalgebra structure) -
have been introduced by the Kiev school around Roiter, Drozd and Ovsienko, in various
versions. Alternative approaches to similar concepts are called corings [2] or ditalgebras
[1]. The version used in [12] is more general than in the original applications of boxes.
The most prominent result based on the theory of boxes is Drozd’s tame and wild theorem
[10], reproved by Crawley-Boevey [6]. Boxes also have beenused in several attempts to
prove Brauer-Thrall type conjectures.
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Boxes can be seen as generalisations of algebras. They also have representation cate-
gories, which can be studied using methods of representation theory of algebras.

Definition 3.1. A bozx B is a quadruple (B, W, ui, €), where B is a category, W is a B — B-
bimodule, p: W — W®gW is a B-bimodule map that is a coassociative comultiplication,
and € : W — B is a B-bilinear map that is a counit for u.

In our context, the category B is just a finite dimensional basic algebra given by quiver
and relations. A box B is called directed when the algebra B is directed, which is the same
as quasi-hereditary with simple standard modules, and moreover W is a sum of ’directed’
projective bimodules (see [12]). Another condition in our context is that the kernel of e
has to be a finitely generated projective bimodule.

Modules over a box B are, by definition, B-modules (which we always assume to be
finite dimensional); morphisms are, however, different:

Definition 3.2. Let B = (B, W, u,€) be a box. A representation of B is a B-module.
Let X and Y be representations of B. Then the morphism space is defined to be
Homg(X,Y) := Hompgper (W, Homi(X,Y)). Composition of f: X — Y withg:Y —
7 is defined as follows: f is given by amap f: W — Hom(X,Y) and g is given by a map
g: W — Homy (Y, Z). The composition gof is given by amap W — Homy (X, Z) which is

the composition W 2 W @5 W %% Homy (Y, Z)®p Homi(X,Y) composgtion Homy (X, Z).

Our definition of homomorphisms is not the usual one, but related to that by adjoint-
ness.

The category of representations of a box is not, in general, an abelian category any
more. It can, however, be given an exact structure, at least under some assumptions
(triangularity of the box).

A very interesting point in changing the definition of morphisms is that also endo-
morphisms are changing. In particular, since the algebra B is a B-module, it has an
endomorphism ring that in general is quite different from Bitself. This is at the basis of
a theory developed by Burt and Butler and presented at the Tsukuba ICRA in 1990.

Definition 3.3. Let B = (B, W, pu,€) be a box. The algebras Rg := Endg(B)”? ~
Homp(gW, gB) and Lg := Endge»(B) ~ Hompg(Wpg, Bg) are called the left and right
Burt-Butler algebras of B, respectively.

Here is a brief account of Burt-Butler theory: The bimodule W allows to defineinduction
and coinduction functors and hence the following commutative diagram of functors:

W Qg —
Ind(B,R) € R-Mod = - Colnd(B,L) C L-Mod
Hom (W, —)
Ind\= R®p — Colnd=Homg (L, —)
B-Mod
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Then there are equivalences of exact categories rep(B) ~ Ind(B,R) ~ Colnd(B, L)
provided by restricting the above functors and defining the categories Ind(B, R) and
Colnd(B, L) by the images of the respective functors.

As a consequence, the representation category rep(BB) has almost split sequences [3].
Moreover, there are double centraliser properties Lg ~ Endgo (W) and R? ~ Endg(W).

Here is our example again, now from a new point of view. Denote by B the quiver
algebra of an A, quiver. So, representations are pairs of vector spaces, related by a linear
map. For a certain choice of W (revealed in Appendix A.1 in [12], where full details
are given), one gets a box (B, W, u, €) whose representations are the B-representations.
The maps between B-representations are triples of linear maps f = (f1, f2,¢9). In the

following example, V : V; 5 Vi and W : W, 2, Wy are representations of the quiver. The
morphism V' — W is given by the triple (f1, f2,¢). The linear maps f; and f make the
diagram (without g) commutative, as for ordinary quiver representations. The additional
map g makes the difference; in this example it can be chosen freely.

‘G»»»»fi» Wl
“ 9
o ‘\‘\X‘ B
Wy

Y

Vo

fo

Now we specify the representations V' and W and get the following homomorphisms
form V' to W and back:

T S, L
A\‘ 0 “ 1
0 ‘*«*‘ 1 “A‘«‘ 0
(*A ““
k
1 0

Because of g, there are now morphisms in both directions, the one on the righthand
side not existing on the level of quiver representations, while the left hand morphism is
the same as for quiver representations. In fact, this new morphism corresponds exactly
to the ’additional’ morphism occuring in F(A), that is, the morphism A(1) — A(2).
This correspondence is a special case of the main result to be formulated next. The
quasi-hereditary algebra A occuring here is exactly the algebra of our example.

4. RESULTS IN [12]

The main result in [12] characterises quasi-hereditary algebras and at the same time
their filtered categories.

Theorem 4.1. (1) For a finite dimensional algebra A, the following are equivalent:
(a) A is quasi-hereditary for some partial order <.
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(b) A is Morita equivalent to L, the left Burt-Butler algebra of a directed box BB'.
(c) A is Morita equivalent to Rg, the right Burt-Butler algebraof a directed boz B.
In this case, F(A) ~ rep(B).

(2) Let B be a directed box. Then Lg and Rp are Ringel dual to each other.

The Theorem is wrong if we replace "Morita equivalent’ by ’isomorphic’.

The second part implies that Ringel duality is a special case of Burt-Butler duality that
relates Lg and Rp; the latter also can be formulated for boxes that are not directed.

The proof of the theorem uses Keller’s description of filtered categories in terms of
Aso-structures, the machinery of twisted stalks and the Maurer-Cartan equation, a con-
nection of A -structures with differential graded algebras and then a connection between
differential graded algebras and boxes.

Finally, here is an application that motivated the whole development. Write F(A) ~
rep(B). As explained above in the context of Burt-Butler theory, this means F(A) =
Ind(B, Rp). Write A = Rp. Then the following are true:

(a) The induction functor A ®p — is an exact functor, that is, Ap isprojective.

(b) For each i, A ®p Sp(i) =~ A(i), where Sp denotes simple B-modules.

(c) The algebra B is directed.

This means exactly that B is an exact Borel subalgebra of the quasi-hereditary algebra
A, in the sense of [11]; hence, the problem of existence of exact Borel subalgebras for
quasi-hereditary algebras (up to Morita equivalence) has been solved.

Taking this point of view, the quasi-hereditary algebra A (or rather an algebra Morita
equivalent to it) satisfies an analogue of the PBW-theorem, which for semisimple com-
plex Lie algebras states a bimodule isomorphism: U(g) ~ U(n,) @c U(h) @c U(n_).
This bimodule isomorphism implies that the Lie theoretic Borel subalgebra U (n, @ b) ~
U(ny) ®c U(h) satisfies (a); condition (b) is the definition of Verma modules, which are
the standard modules in this context, and condition (c) is satisfied by definition. Blocks
of the BGG-category O of g are Morita equivalent to quasi-hereditary algebras. For these
particular algebras, existence of exact Borel subalgebras had been shown already in [11],
but in general it had been an open problem.

For proofs and further details, see [12]. For more on the context and for some recent
developments see [13].
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DERIVED EQUIVALENCES AND
GORENSTEIN PROJECTIVE DIMENSION

HOSHINO MITSUO AND HIROTAKA KOGA

ABSTRACT. In this note, we introduce the notion of complexes of finite Gorenstein pro-
jective dimension and show that a derived equivalence induces an equivalence between
the full triangulated subcategories consisting of complexes of finite Gorenstein projective
dimension provided that the equivalence satisfies a certain condition.

1. INTRODUCTION

Derived equivalences appear in various fields of current research in mathematics. For
instance, in [3] Beilinson showed that there exists an algebra A such that the derived
category of A is triangle equivalent to the derived category of coherent sheaves on P"| in
[5] Broué conjectured abelian defect group conjecture and in [12] Kontsevich formulated
mirror symmetry in terms of derived equivalences. So it is more and more important
to study derived equivalences. It is natural to ask when two abelian categories are de-
rived equivalent. A way to answer this question is to compare invariants under derived
equivalences. It is well-known that for derived equivalent rings finiteness of selfinjective
dimension is an invariant (see e.g. [11]). Finiteness of selfinjective dimension is closely
related to Gorenstein projective dimension (see [9, 10]). So one can expect that there are
some invariants associated with Gorenstein projective dimension.

In this note, we introduce the notion of complexes of finite Gorenstein projective di-
mension and show that a derived equivalence induces an equivalence between the full tri-
angulated subcategories consisting of complexes of finite Gorenstein projective dimension
provided that the equivalence satisfies a certain condition. Let A, B be abelian categories
with enough projectives. Denote by P4 the full subcategory of A consisting of projective
objects and by GP 4 the full subcategory of A consisting of Gorenstein projective objects.
A complex X* € DP(A) is said to have finite Gorenstein projective dimension if it is
isomorphic to a bounded complex of Gorenstein projective objects in DP(A) (see Defini-
tion 11). We denote by DP(A)igpa the full triangulated subcategory of DP(A) consisting
of complexes of finite Gorenstein projective dimension. Let F : DP(A) — D"(B) be a
triangle equivalence. Assume that there exists an integer a > 0 such that

Homop s (F P, Q[i]) = 0 = Homys) (Q, F PJi])

for all P € P4 and Q € Pg unless —a < i < a. Then our main result states that F'
induces an equivalence between DP(A)qpq and DP(B)igpa (see Theorem 18). Note that
in case A and B are module categories then such an integer a always exists for any derived
equivalence F'. As corollaries we have the following: the equivalence F' induces a triangle

The detailed version of this paper will be submitted for publication elsewhere.
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equivalence between GP 4/P4 and GPg/Ps (see Corollary 19); GP 4 = P4 if and only
it GPp = Pg, 57\3,4 = GP4 if and only if g/733 = GPpg, and 9/7\3A = P4 if and only if
(57\35 = P where 9/7\3 4 stands for the full subcategory of A consisting of objects X € A
with Ext’y(X,P4) = 0 for i > 0 (see Corollary 20); and letting A, B be rings, A and B
are derived equivalent if and only if D”(Mod-A)igpa and D°(Mod-B)igpa are equivalent

as triangulated categories (see Corollary 22).
This work is supported by JSPS KAKENHI Grant Number 26887034.

2. PRELIMINARIES

In this note, complexes are cochain complexes and objects are considered as complexes
concentrated in degree zero. Let A be an abelian category with enough projectives. We
denote by P4 the full subcategory of A consisting of all projective objects in .A. We denote
by D(A) the derived category of complexes over A and by DP(A) the full triangulated
subcategory of D(A) consisting of complexes with bounded cohomology. Also, we denote
by Hom%(—, —) the associated single complex of the double hom complex.

For an additive category X we denote by K(X) the homotopy category of cochain
complexes over X and by K*(X) and K"(X) the full triangulated subcategories of K(X)
consisting of bounded below and bounded complexes, respectively.

For a ring A we denote by Mod-A the category of right A-modules.

We refer to [4], [8] and [14] for basic results in the theory of derived categories.

Definition 1. For a complez X*, we denote by Z'(X*) and H'(X*®) the ith cycle and the
ith cohomology of X*®, respectively.

Definition 2 ([8]). A complex X* € D"(A) is said to have finite projective dimension
if Homap(a)(X°*[—i], —) vanishes on A for i > 0. We denote by D"(A)ga the épaisse
subcategory of DP(A) consisting of complexes of finite projective dimension.

Note that the canonical functor K(A) — D(A) gives rise to equivalences of triangulated
categories

KP(Pa) = D (A)gpa-
Let C be a full subcategory of A.

Definition 3. A complex X* € K(A) is said to be Hom4(—,C)-ezact if Hom4(X*, C) is
exact for all C € C.

Definition 4. An exact sequence 0 — M — C° = C! — ... = C™ — --- in A is said to
be a C-coresolution of M € A if C* € C for all i and the ezact sequence is Hom 4(—,C)-
exact.

Definition 5 ([1, 7]). An object M € A is said to be Gorenstein projective if M admits
a P-coresolution. We denote by GP 4 the full subcategory of A consisting of Gorenstein
projective objects M € A.

We refer to [6] for basic facts on Gorenstein projective dimension.
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3. GORENSTEIN PROJECTIVE DIMENSION

In this section, we study Gorenstein projective objects and introduce the notion of
complexes of finite Gorenstein projective dimension.

Definition 6. We denote by C77\:’,4 the full subcategory of A consisting of objects X € A
with Ext'y (X, P4) =0 for i > 0.

Definition 7. Let 9/7\70 = 67\7,4. Forn > 1 we denote by 9/7\371 the full subcategory of
GP 4 consisting of objects X admitting right resolutions in A 0 — X — P! — ... —
P =Y - 0withY € GP4 and PP € P for1 <i<n.

Proposition 8. We have GP 4 =(),5, GP,.

Theorem 9. Let X* € KP(GP4) with X' = 0 unless 0 < i < [. Then there exists
a quasi-isomorphism X® — P* with P* € X*(Py4) such that Z'"(P*) € GP4 and
H~(Hom%(P*,P4)) =0 fori > 1.
Proposition 10. Let X* € DP(A). The followings are equivalent:

(1) X*2Y* in DP(A) for some Y* € K*(GP 4).

(2) There exists a distinguished triangle X* — Y* — Z[l] — in D*(A) with Y* €

@b(A)fpd, Z €GPy andl € Z.
(3) X = ZU] m @b(.A)/(Db(A)fpd with Z € GPy4 and | € Z.

Definition 11. A complex X* € D"(A) is said to have finite Gorenstein projective dimen-
sion if X*® satisfies the equivalent condition in Proposition 10. We denotes by D" (A)scpa
the full subcategory of DP(A) consisting of all complezes in DP(A) having finite Gorenstein
projective dimension.

Theorem 12 (cf. [2] and [9, Proposition 3.5]). The followings hold:
(1) The embedding GP 4 — DP(A) induces a fully faithful functor
GP 4/Pa = D*(A)/D*(A)gpa
(2) The embedding GP 4 — DP(A)icpa induces an equivalence
GP4/Pa = D°(A)tcpa/D"(A)spa

At the end of this section, using the quotient category, we characterize Gorenstein
projective objects.

Theorem 13. Let X € 9/7\3A. Then X € GP 4 if and only if for each © > 0 there exists
Y; € GP 4 such that X =2 Y;[—i] in DP(A)/D"(A)gpa-

4. DERIVED EQUIVALENCES

In this section, we deal with derived equivalences of abelian categories with enough
projectives. Let B be an abelian category with enough projectives. Throughout this
section we assume that there exists an equivalence of triangulated categories F' : DP(A) —
DP(B) with an integer a > 0 such that

(%) Homp ) (FP,Qli]) = 0 = Hompp)(Q, FPli])
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for all P € P4 and Q € Pg unless —a < ¢ < a and G stands for a quasi-inverse of F'.
Lemma 14. H(FP) =0 for all P € P4 unless —a < i < a.
Remark 15. H(GQ) = 0 for all Q € Ps unless —a < i < a.

Proposition 16. The equivalence F' induces an equivalence of triangulated categories

between DP(A)ga and DP(B)gpa.
Proof. See [13, Proposition 8.2]. O

Lemma 17. For each X € GP4 there exists X' € GPy such that FX = X'la] in
D(B)/D"(B)gpa.-

Theorem 18. Let F : D*(A) — DP(B) be an equivalence of triangulated categories. If
there exists a > 0 such that

Homup ) (F P, Q[i]) = 0 = Homps) (Q, FP[i])

for all P € Py and Q € Pg unless —a < 1 < a then F induces an equivalence of
triangulated categories between DP(A)igpa and DP(B)iapa-

Corollary 19. The equivalence F' induces an equivalence between GP 4/P4 and GPg/Ps.

Corollary 20. The following hold.
(1) GP4 = P4 if and only if GPg = Ps.
(2) GP 4 = GP.4 if and only if GPs = GPs.
(3) GPu = P4 if and only if GPs = Pg.

Proposition 21. Let F' : D*(A)igpa — D (B)iapa be an equivalence of triangulated cat-
egories. Then F' induces an equivalence of triangulated categories DP(A)mpa — DP(B)tpa
if both A and B satisfy the condition Abj.

Corollary 22. Let A, B be rings. Then A and B are derived equivalent, i.e., D®(Mod-A)
and DP(Mod-B) are equivalent as triangulated categories if and only if DP(Mod-A)scpa
and D*(Mod-B)iapq are equivalent as triangulated categories.
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CONSTRUCTION OF TWO-SIDED TILTING COMPLEXES FOR
BRAUER TREE ALGEBRAS

YUTA KOZAKAI AND NAOKO KUNUGI

ABSTRACT. In this note, we explain how to construct two-sided tilting complexes cor-
responding to one-sided tilting complexes for Brauer tree algebras.

1. INTRODUCTION

For finite dimensional symmetric algebras I' and A over an algebraically closed field &,
the following is known.

Theorem 1. [2, 3, 4] Let ' and A be symmetric k-algebras. Then the following are
equivalent.

(1) T and A are derived equivalent.
(2) There exists a complex T of K°(I-proj) which satisfies the following conditions.
(1) Home(F_proj) (T, T[n]) = 0 (O 7é Vn € Z)
(ii) add(T) generates K°(I-proj) as a triangulated category.
(111) Ende(p_pmj) (T) &= A
(3) There exists a complex C of K°(I'®y A°P-mod) which satisfies the following conditions.
(i) All terms of C' are projective as I'-modules and as A°P-modules.

(11) C* ®FC = A m Kb(A ®k Aop>'

Definition 2. A complex T over I' is called a one-sided tilting complex if it satisfies the
conditions (i) and (ii) in Theorem 1 (2). A complex C over I' ®; A is called a two-sided
tilting complex if it satisfies the conditions (i) and (ii) in Theorem 1 (3).

Let C be a two-sided tilting complex over I'@; A°. It is known that if we consider C as a
one-sided complex over I, then it is a one-sided tilting complex with endomorphism ring A.
However it is difficult in general to construct the two-sided tilting complex corresponding
to a one-sided tilting complex.

Let k be an algebraically closed field. Let A be a Brauer tree algebra over k associated
to a Brauer tree with e edges and multiplicity p of the exceptional vertex. Let B(e, ) be
a Brauer tree algebra over k with respect to a “star” with e edges and exceptional vertex
with multiplicity p in the center (or equivalently is a self-injective Nakayama algebra over
k with e simple modules and the nilpotency degree of the radical being ey + 1). In [2],
Rickard showed that A is derived equivalent to the algebra B(e,u) by constructing a
one-sided tilting complex T" over A with endomorphism algebra B(e, 11). Our aim in this
note is to construct a two-sided tilting complex C' over A ®; B(e, 1)° corresponding to
the one-sided tilting complex T" constructed by Rickard in [2].

The detailed version of this paper will be submitted for publication elsewhere.
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2. CONSTRUCTION OF TWO-SIDED TILTING COMPLEXES

Throughout this note algebras are of finite dimensional. First we recall the definition
of stable equivalences of Morita type and properties of them.

Definition 3. Let [' and A be symmetric k-algebras. Then I' and A are said to be stably
equivalent of Morita type if there exists a I' ®;, A°’-module M such that

(1) M is projective as a I'module and as a A-module,
(2) M @y M* =T @ P as I' ® I'-modules, where P is a finitely generated projective
I’ ® ['P-module and where M* = Homy (M, k).

Proposition 4. [1, 3] Two derived equivalent symmetric algebras are stably equivalent of
Morita type.

We know the Brauer tree algebras A and Bl(e, 1) defined in Section 1 are derived equiv-
alent. Hence they are stably equivalent of Morita type by Proposition 4 since Brauer tree
algebras are symmetric. Therefore there exists an A ®j B(e, p)’-module M inducing a
stable equivalence of Morita type between A and B(e, p).

Second we fix the notation to construct the two-sided tilting complex as mentioned
above. For an edge corresponding to a simple A-module T', we define a positive integer
d(T) as the distance from the exceptional vertex to the furthest vertex of the edge. On
this definition we put m := max{d(7")| T" : simple A-module}. Moreover let S be a simple
A-module such that d(S) = m.

We need the next lemma later.

Lemma 5. There exists an A ®; B(e, u)°-module M inducing a stable equivalence of
Morita type between A and B(e, ) such that M* ®4 S is simple.

We construct the two-sided tilting complex by deleting some direct summand from each
term of the projective resolution of M described in the Lemma5. Hence we consider the
minimal projective resolution of M.

Lemma 6. [5] Let I' and A be symmetric k-algebras, and let M be a I ®; AP-module
which 1s projective as a I'-module and as a A-module. Then the projective cover of M is
given by

@ PM @y W) @, P(W)*
W
where W runs over a complete set of representatives of isomorphism classes of simple

A-modules.

If M is projective as an A-module and as a B(e, p1)°’-module then Q"M is projective
as an A-module and as a B(e, u)°?-module too for any integer n. Hence by Lemma 6 we
obtain the minimal projective resolution of M:
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= P PO TIM @p QYY) @ PQYV)"
0<i<e—1
- @ POM oz Q*V) &) POV

0<i<e—1
o P P(M e Q*V) @, PQPV)
0<i<e—1
M
where V' is the simple B-module M* ®,4 S (see Lemma 5).
Lemma 7. For the above projective resolution of M and 1 <[ <m — 2,
m( & P(Q'M @5 Q*V) @ P(Q¥V)*)
d(top(QLM®pQ2iV))<m—1-1
18 contained in
& P(QIM @5 Q¥V) @, P(Q¥V)*.
d(top(Q-1M®pQ2iV))<m—I

We can construct the two-sided complex C' = (C,,, d) by deleting a direct summand in
each term of the projective resolution of M as follows:

Co=M

C, = b PO 'M ®@p Q*V) @ P(Q*V)* (1<n<m—1)
d(top(Q" 1 M®pBN2V))<m-n

Cn=0 (otherwise)

and letting d; be the restriction of m; to C;. By Lemma 7 we have that d; is well-defined for
each [. This two-sided complex C'is a two-sided tilting complex and if we restrict action
of A®y B(e, 1) to A then it coinsides with the one-sided tilting complex T constructed
by Rickard in [2].

Theorem 8. Let A be a Brauer tree algebra with e edges and multiplicity p and let B(e, p)
be a Brauer tree algebra for a star with e edges and exceptional vertex with multiplicity p in
the center of the star. Then there exists a two-sided tilting complex C over A®y, B(e, u)°
such that when restricted to A, this complex coinsides with the one-sided tilting complex
T constructed by Rickard in [2].

3. OUTLINE OF THE PROOF

In this section, let C' be the two-sided tilting complex over A®y, B(e, i) constructed in
Section2 and let T' = €@, ;.. T; be the one-sided tilting complex constructed by Rickard
in [2], where T; is the indecomposable summand for each 1 < i < e.

To show that the two-sided complex C' is a tilting complex, we show the following
lemma.
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Lemma 9. For the two-sided complex C', the following hold.

[ ] HOme(B@)kBop)(C* ®A C, ‘/’L ®]€ V7) g 5ij

o Hompe(pg, per)(C* @4 C,V; @ Vj[-n]) =0 for 1 <n <m—1
where {V1,--- ,V.} are the complete set of representatives of the isomorphism classes of
simple B(e, u)-modules.

This lemma shows that C* ® 4 C = B in K°(B ®; B?). Therefore C is the two-sided
tilting complex.

Next, to show that if we restrict C' to A then it coincides with 7" in the derived category
D*(A), we show the following condition.

Lemma 10. For the two-sided tilting complex C' and the simple B-module V;, there exists
an indecomposable summand T; of T such that it satisfies the following conditions:

o Hompea) (T3, C ®@p Vi) = k.

e For any simple B-module V; which is not isomorphic to V;,

HOHIDb(A)(E, C Xp ‘G) = 0.
e For any nonzero integer n and any simple B-module U,
Hompu(4)(Ti, C @p Uln]) = 0.

This lemma shows that C ®p B = T in the derived category D?(A). In other words, if
we restrict C' to A, then it coincides with T in the derived category D°(A). Therefore C
is the requiered two-sided tilting complex.
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COTORSION PAIRS ON TRIANGULATED AND EXACT
CATEGORIES

YU LIU

ABSTRACT. We study hearts of cotorsion pairs in triangulated and exact categories. We
show that they are equivalent to functor categories over cohearts of the cotorsion pairs.

1. INTRODUCTION

The notion of cotorsion pair in triangulated and exact categories is a general framework
to study important structures in representation theory. Recently the notion of hearts of
cotorsion pairs was introduced in [8] and [6], and they are proved to be abelian categories,
which were known for the heart of t-structure [2] and the quotient category by cluster
tilting subcategory. We refer to [7] and [1] for more results on hearts of cotorsion pairs.

In this talk, we give an equivalence between hearts and the functor categories over
cohearts. For the details of functor category, see [4, Definition 2.9].

For any cotorsion pair (U, V) on a triangulated category 7T, we introduce the notion of
cohearts of a cotorsion pair, denote by

C=Ul-1]n*U.

This is a generalization of coheart of a co-t-structure, which plays an important role in
[5]. We have the following theorem in triangulated category.

Theorem 1. Let (U, V) be a cotorsion pair on a triangulated category T. IfU[—1] C CxU,
then the heart of (U, V) has enough projectives, and moreover it is equivalent to the functor
category modC.

This generalizes [3, Theorem 3.4] which is for t-structure. One standard example of
this theorem is the following: let A be a Noetherian ring with finite global dimension,
then the standard t-structure of D’(modA) has a heart modA with co-heart projA, and
we have an equivalence modA ~ mod(projA) in this case.

For any cotorsion pair (U4, V) on an exact category £, we denote

cC=untu
the coheart of (U,V). We have the following theorem in exact category.

Theorem 2. Let (U, V) be a cotorsion pair on an exact category E with enough projectives
and injectives, if for any any object U € U, there exists an exact sequence 0 — U’ — C' —
U — 0 where U' € U and C € C, then the heart of (U,V) has enough projectives, and
moreover it is equivalent to the functor category mod(C/P), where P is the subcategory
of projetive objects on &.

The detailed version of this paper will be submitted for publication elsewhere.
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2. HEARTS ON TRIANGULATED CATEGORIES
Let T be a triangulated category.

Definition 3. Let &/ and V be full additive subcategories of 7 which are closed under
direct summands. We call (U, V) a cotorsion pair if it satisfies the following conditions:

(a) Exti-(U, V) = 0.
(b) For any object T € T, there exist two short exact sequences

1) =V =Ur—T, TV =U" T[]
satisfying Up, UT € U and Vp, VT € V.

For a cotorsion pairs (U, V), let W := U N V. We denote the quotient of 7 by W as
T :=T/W. Let

TH={TeT|UreW}, T ={TeT|V ew}.

Let
H=T"NT"
we call the additive subcategory H the heart of cotorsion pair (U, V). Under these settings,
Abe, Nakaoka [1] introduced the homological functor H : T — H associated with (U, V).
We often use the following property of H: H(U) =0= H(V).
Let’s start with an important property for H.

Proposition 4. The functor H : C — H(C) is an equivalence.

Hence it is enough to show that H ~ mod(H(C)).
Then we give the following theorem.

Theorem 5. IfU[—1] C C «U, then H has enough projectives H(C).
Now we have the main result of this section.
Theorem 6. IfU[—1] CC «U, then H ~ mod(H(C)).

Note that the condition U[—1] C C x U is satisfied in many cases. The following
proposition is given as an example.

Proposition 7. IfU is covariantly finite and T is Krull-Schmidt, then U[—1] CC xU.

3. HEARTS ON EXACT CATEGORIES
Let £ be a exact category with enough projectives P and enough injectives Z.

Definition 8. Let ¢/ and V be full additive subcategories of £ which are closed under
direct summands. We call (U, V) a cotorsion pair if it satisfies the following conditions:

(a) Exte(U,V) = 0.
(b) For any object B € &, there exits two short exact sequences

0>Vg—Ug—B—0, 0-B—->VBEUP—-0

satisfying U, UP € U and V5, VP € V.
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For a cotorsion pairs (U, V), we denote the quotient of E by U NV as £ :=E/UNV.
Let

Et ={Be&|UgeW}, & ={Bec&|VPew}l
Let
H:=ETNE

we denote the additive subcategory H the heart of cotorsion pair (U, V). Let H : € — H
be the half exact functor associated with (U, V) [7]. We often use the following property
of H: HU)=0= H(V). Since P CU and Z C V, we have H(P) =0 = H(Z).

Let QC = {X € £ [ X admits 0 - X = P — C — 0 where P € P and C € C}.
Let m : QC — QC/P be the quotient functor, since H(P) = 0, we have a functor H :

H(QC) — QC/P such that Hr = H.
As in the last section, we have the following proposition.

Proposition 9. H : QC/P — H(QC) is an equivalence.

Since C/P ~ QC/P, it is enough to show that the heart of (,)) to mod(H (QC)).
Now we are ready to give the main theorem of this section.

Theorem 10. If for any any object U € U, there exists an exact sequence 0 — U’ —
C — U — 0 where U' € U and C € C, then H has enough projectives H(C).

Theorem 11. If for any object U € U, there exists an exact sequence 0 — U’ — C —
U — 0 where U' €U and C € C, then H ~ mod(H (Q2C)).

The following proposition shows that the assumption of Theorem 10 and 11 is satisfied
in many cases.

Proposition 12. IfU is covariantly finite and contains Z, £ is Krull-Schmidt , then for
any object U € U, there exists an exact sequence 0 — U — C — U — 0 where U' € U
and C' € C.
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THE STRUCTURE OF PREENVELOPES WITH RESPECT TO
MAXIMAL COHEN-MACAULAY MODULES

HIROKI MATSUI

ABSTRACT. This article studies the structure of special preenvelopes with respect to
maximal Cohen-Macaulay modules. We investigate the structure of them in terms of
their kernels and cokernels. Moreover, using this result, we also study the structure of
special proper coresolutions with respect to maximal Cohen-Macaulay modules over a
Henselian Cohen-Macaulay local ring.

This article is based on [3]. Throughout this article, we assume that R is a d-dimensional
Cohen-Macaulay local ring with canonical module w. All R-modules are assumed to be
finitely generated. Denote by modR the category of finitely generated R-modules and by
MCM the full subcategory of modR consisting of maximal Cohen-Macaulay R-modules.

Auslander and Buchweitz showed the following result which plays an important role in
the representation theory of commutative rings.

Theorem 1. [1] For any R-module M, there exists a short exact sequence

0=-Y—=>X5M-=0
such that X € MCM and idgrY < oo.
The morphism 7 is called a maximal Cohen-Macalulay approximation of M.

In this article, we mainly study a special MCM-preenvelope which is a categorical dual
notion of a maximal Cohen-Macaulay approximation.

Definition 2. Let p: M — X be an R-homomorphism with X € MCM.
(1) p is called an MCM-preenvelope of M if
Hompg (i, X') : Homg(X, X') — Homg(M, X')

is an epimorphism for any X’ € MCM.

(2) pis called a special MCM-preenvelope of M if p is an MCM-preenvelope and satisfies
Extj,(Coker y1, MCM) = 0.

(3) p is called an MCM-envelope of M if p is an MCM-preenvelope and every ¢ €
Endg(X) that satisfies ¢pu = p is an automorphism.

The notions of MCM-precover, special MCM-precover, and MCM-cover are defined du-
ally.

Remark 3. (1) By definition, a maximal Cohen-Macaulay approximation is nothing
but a special MCM-precover.

The final version of this paper has been submitted for publication elsewhere.
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(2) Owing to Wakamatsu’s lemma, an MCM-envelope is a special MCM-preenvelope,
and by definition, a special MCM-preenvelope is an MCM-preenvelope.
(3) e (Auslander-Buchweitz [1])
Every R-module has a special MCM-precover.
e (Yoshino [4])
If R is Henselian (e.g. complete), then every R-module has an MCM-cover.
e (Holm [2])
Every R-module has a special MCM-preenvelope, and if R is Henselian, every
R-module has an MCM-envelope.

Since every MCM-precover is an epimorphism, for any R-homomorphism 7 : X — M
with X maximal Cohen-Macaulay, the following are equivalent.

(1) 7 is a special MCM-precover.
(2) Cokerm = 0 and Ext;,(MCM, Ker ) = 0.
(3) Cokerm =0 and id(Kerm) < oc.

Therefore, MCM-preenvelopes are characterized by using their kernels and cokernels. We
consider the following question.

Question 4. When is a given morphism p : M — X with X € MCM a special MCM-
preenvelope?

The following result is our main theorem in this article and which gives an answer to
this question.

Theorem 5. Let pp: M — X be an R-homomorphism such that X € MCM. Then the
following conditions are equivalent;

(1) p is a special MCM-preenvelope of M.
(2) codim(Ker 1) > 0 and Ext},(Coker 1, MCM) = 0.
(3) codim(Ker 1) > 0, and there ezists an exact sequence

0—S — Cokerpy =T —U —0

such that
e codimS > 1, codimU > 2,
o T satisfies Serre’s condition (Ss),
e idrT" < 0o and T satisfies Serre’s condition (Ss).

The condition (3) in Theorem 5 is rather complicated, but which characterizes a special
MCM-preenvelope by some numerical conditions, and has an advantage that it does not
contain vanishing condition of Ext-module, which is hard to check.

Next, we give some examples of special MCM-preenvelopes.

Example 6. (1) Let M be an R-module with codimM > 0. Then p: M — 0 is a
special MCM-preenvelope.
(2) Let z = z1,x9,...,x, be an R-regular sequence with n > 3. Consider an exact

sequence
(15000

0— M2 Ron Cop s RI(x) — 0.

Then p is a special MCM-preenvelope.
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(3) Let K and C' be R-modules with codim K > 0,codimC' > 1 and o € Ext%(C, K).
o defines an exact sequence

0-K—-MLHF-SC—=0
with F' a free R-module. Then p is a special MCM-preenvelope of M.

Using the condition (3) in Theorem 5, we have a result about a special proper MCM-
coresolution.

Definition 7. Let M be an R-module, and
(*) 0 M5 x0 % xt &
be an R-complex with X* € MCM for each i. Put pu° := §° and let p’ : Coker 6t — X°

be the induced morphism from §° for ¢ > 0.

e If each p is a special MCM-preenvelope (resp. an MCM-envelope), then we call (*)
a special proper MCM-coresolution (resp. a minimal proper MCM-coresolution) of
M.

e For a minimal proper MCM-coresolution (*), Coker y*~* is called an i-th minimal
MCM-cosyzygy of M, and it is denoted by Cosyzmcm' M.

Remark 8. Suppose R is Henselian. For a special proper MCM-coresolution (*),

e Coker 4% are unique up to free summands, and
e Ker ' are unique up to isomorphism.

Theorem 9. Suppose R is Henselian. Let M be an R-module and
50 o ot 1 62
O0—-M-—->X —X —--
a special proper MCM-coresolution of M. Put u° := 6° and let u* : Coker &1 — X* be
the induced homomorphisms. Then for each v > 0, one has
(1) codim(Ker i) > 1,
(2) there exists an exact sequence
0— S"— Cokerp! =T = U" =0
such that
e codimS® > i+ 1, codimU* > i + 2,
o T satisfies (Ss),
o idr(T%)" < 0o and (T))T satisfies (Siy3).
From the above remark, we can show this theorem by constructing such a special proper

MCM-coresoltion.
Letting ¢ = d — 2,d — 1 in Theorem 9, we have the following corollary.

Corollary 10. Suppose R is Henselian. For any R-module M,

° CosszCMdM =0 and
e Cosyzmem® ' M has finite length.

In particular, for any R-module M, the minimal proper MCM-coresolution of M has length
at most min{0,d — 2}.
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Remark 11. This corollary refines a theorem due to Holm [2, Theorem C]: For any R-
module M, the minimal proper MCM-coresolution of M has length at most min{0,d —1}.

For the last of this article, we give another characterization of special MCM-preenvelopes
in terms of the existence of certain complexes.
Auslander and Buchweitz also state the following result

Theorem 12. [1] Let 7 : X — M be an R-homomorphism such that X € MCM. Then
the following conditions are equivalent;

(1) 7 is a special MCM-precover of M.
(2) There exists an R-complex

C=(0—=C 2 o 22 o 0 5 0 = 0)

such that
e C; is a finite direct sum of w for 1 <i <d,
[ ] (5_1 =T,
e (' is exact.

The following theorem is dual of this theorem.

Theorem 13. Let y: M — X be an R-homomorphism such that X € MCM. Then the
following conditions are equivalent;

(1) w is a special MCM-preenvelope of M.
(2) There exists an R-complex

C=0—=Cct 200 %o 8 o2 2 0 pde1
such that
o C'is free for1 <i<d-—1,

o it =y,
e codimH(C) > i+ 1 for any i.
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HIGHER PRODUCTS ON YONEDA EXT ALGEBRAS..

HIROYUKI MINAMOTO

ABSTRACT. We show that Massey products on a relative split Ext algebra can be com-
puted in terms of relative split exact sequences. As an application we provide a proof
and generalization of the result due to Gugenheim-May and Keller which states that in
a suitable situation the Ext algebra E = Ext4(S5,S) of the direct sum S of all simple
modules is generated by the degree 1-part E' as an algebra with “higher products”. In
our proof we see that this proposition is a trivial consequence of the elementary fact that
every finite length module has composition series.

1. INTRODUCTION

We would like to recall a basic fact of Homological algebra. The n-th extension group
Ext") (N, M) the n-th derived functor of Hom functor has a description

Exty(N,M)={0—> M — X; - Xo — --- = X,, = N — 0} /(equivalence)

and that under this description, the multiplication on the Ext algebra Ext(M, M) =
D~ Ext’s (M, M) corresponds to splicing exact sequences which represents correspond-
ing elements.

Since the Ext algebra Ext’; (M, M) is the cohomology algebra of the endomorphism
dg-algebra RHom (P, P) for a projective (or injective) resolution P of M, it has more
structure than merely a graded associative multiplication. These are A, -structure and
(higher, matric) Massey products, which are not 2-ary operations but multi-ary operations
and are collectively called higher products. Such structure was found in topology and
has been studied in many area. Recently, higher products have been becoming to play
important role in representation theory (see e.g., [3]).

Now we meet a simple question that under the above description of Ext algebra by exact
sequences, what operations for exact sequences correspond to higher products. It is not so
obvious at the first sight. For example, presence of triple product tells us that there exists
a way to construct an exact sequence 0 - M — X — Y — M — 0 from three short exact
sequences 0 > M - U - M —-0,0>M -V - M —-00—-M—->W — M — 0.

In this note, an answer is given for Massey products. Namely we show that Massey
products on a Ext algebra can be computed in terms of exact sequences. As an application
we provide a proof and generalization of the result due to Gugenheim-May and Keller
which states that in a suitable situation the Ext algebra E = Ext4(S5,5) of the direct
sum S of all simple modules is generated by the degree 1-part E! as an algebra with
higher products.

In our proof we see that this proposition is a trivial consequence of the elementary fact
that every finite length module has composition series.

The detailed version of this paper will be submitted for publication elsewhere.
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2. MASSEY PRODUCT

We recall the definition of Massey products (for detail see e.g. [5]). Let C = (6D, C,0)
be a dg-algebra and «;,;; be a homogeneous element of the cohomology algebra H(C)
of degree d;;+1. We assume that o; ;11041142 = 0 for ¢ = 0,...,n — 2. We define the
integers d;; for 0 < i+ 1 < j < n by the formula d;; = (ch;hl dixdyj) — 1 by using
induction on j — .

In this situation we say that the Massey product (a1, 12, . . ., @p—1,,) is defined if there
exist p;; € C% for 0 < i < j < n with (i,7) # (0,n) such that (1) p; ;41 is a cocycle such
that [p;;+1] = a;,;41 and that (2) the following equations are satisfied:

j—1

Z (_1)dik+1pikzpkj = Opij-

k=i+1
In the case where the Massey product (o1, @12,...,Q,—1,) is defined, the set of the
Massey product (agr, 212, ..., ®—1,) of api, ..., ap_1, is defined to be a subset of H(C)

which consists of the cohomology class [pg,] of the cocycles pg, such that there exists a
collection (pij)0§i<j§n7(i’j)?§(07n) satisfying the above conditions such that

n—1

Pon = Z(_l)d0k+1p0kpkn~
k=1

3. COMPUTATION OF MASSEY PRODUCTS OF YONEDA EXT ALGEBRA IN TERMS OF
EXACT SEQUENCES

For simplicity we deal with algebras A over a field k.
To compute Massey products on Ext4 (M, N), we use the model

C(M,N)=Homy_4(B(A),Homy (M, N))

where B'(A) is the Bar resolution of A. We recall two things: the n-th cohomology
group H'(C(M, N)) is naturally isomorphic to the i-th extension group Ext’ (M, N). The
coalgebra structure on B(A) induces the product

C(M,N) x C(L, M) — C(L, N)

which is a morphism of complexes that become the Yoneda product after taking the
cohomology group.

Let My, My, ..., M, be A-modules. A finite exhaustive filter F' : 0 = F_ C Fy C
Fy, € .- C F, =M of an A-module M is said to be of type (Mo, M, ..., M,) if we
have isomorphisms F;/F;_; = M;. Thus a filtered module M of type (Mo, My, ..., M,) is
isomorphic to the direct sum @;_, M; as k-modules.

Theorem 1. Let £ be the following exact sequence
0= My— X, 2 X & L2t X, Jo v 0,

Assume that the module Xy has a filter of type (Mg, My, ..., M,) for some A-module
My, ...,M,. Then let X| be the kernel of the projection @ : X; — M, and X} =
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Xo/ f1(X7]). Letn be the exact sequence

0= M, & X3 2 x, & oL xS N g

where g, and gy are induced morphisms. Let \i ;11 € Z'(C(Mjy1, M;)) fori=0,1,...,n—1
be the cocycle represent the extension induced from the filtration of X1. Then the Massey
product ([Mo1], [M12], - - s [M1nl, []) is defined and contains (—1)"1[].

4. APPLICATIONS: GENERATING CONDITION OF EXT ALGEBRA AS ALGEBRA WITH
HIGHER PRODUCTS

Thanks to Theorem 1, the following theorems are nothing but a consequences the
elementary fact that every finite length module has a composition series.

Theorem 2 ([1, Corollary 5.17],[2, 2.2.1.(b)]). Let A be a locally finite non-negatively
graded algebra over a field and S be a direct sum of all simple modules. Then the extension
algebra Ext (S, S) is generated by Ext%(S,S) and Ext}(S,S) using Massey products.

Proof. Once we recall the fact that any element a € Ext’; (S, S) is represented by an exact
sequence £ such that each X; is of finite length.

E -S> X1 - Xo—>--—=X,—-5—-0

Then by using Theorem 1, we can show that £ is obtained as a consequence of iteration
of Massey products from Ext (S, S). O

Remark 3. (1) The proof of [1] required that the dg-algebra C(S,.S) is augmented and
the degree O-part C°(S,S) is semi-simple. The authors showed that the extension
algebra Ext 4 (S, 9) is generated by Ext% (S, S) and Ext} (S, S) using Matric Massey
products.

(2) In [2], any proof is not written. The author stated that Then the extension algebra
Ext4(S, ) is generated by Ext%(S,S) and Ext!, (S, S) using Ay, products.

(3) By [4], for the conditions for a graded algebra E below we have the implications
(1) = (2) = (3):
(1) E is generated by using Massey products by E? and E'.
(2) E is generated by using Matric Massey products by E® and E'.
(3) E is generated by using A,-products by E? and E'.
I don’t know how is the converse.

Corollary 4. Let A be a locally finite non-negatively graded algebra such that the aug-
mentation algebra A° is semi-simple. Then the followings are equivalent:

(1) A is Koszul.

(2) the Ext algebra E = Exta(Ag, Ay) is generated by E° and E' as an ordinary
algebra.

(3) the higher As-product on the Ext algebra Ext (Ao, Ag) vanish.

(4) the Matric Massey products on the Ext algebra Exta(Ao, Ag) vanish.

(5) the Massey products on the Ext algebra Exta(Ag, Ag) vanish.

In the similar way we can prove the following theorem. We recall that a ring R is called
a Noetherian algebra if the center Z(R) is a (commutative) Noetherian ring and R is a
finite Z(R)-module.
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Theorem 5. Let R be a Noetherian algebra with the center Z = Z(R) and p a mazimal
ideal of Z. We set k(p) := R®y Z,/pZ,. Then the Ext algebra E = Extgr(k(p), k(p)) is
generated by E° and E' using Massey products.

This can be proved by using the fact that every exact sequence which has x(p) the

most left term and the right most term is equivalent to a exact sequence with finite
length middle terms X;.

0—=k(p) X1 =>Xo— =X, > k(p)—0
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HIGHER APR TILTING PRESERVE n-REPRESENTATION
INFINITENESS

YUYA MIZUNO AND KOTA YAMAURA

ABSTRACT. We show that m-APR tilting preserves n-representation infiniteness for 1 <
m < n. Moreover, we show that these tilting modules lift to tilting modules for the
corresponding higher preprojective algebras, which is (n 4+ 1)-CY algebras. We also
study the interplay of the two kinds of tilting modules.

1. INTRODUCTION

In this note, we show that m-APR tilting modules preserve n-representation infiniteness
for m with 1 < m < n. By this fact, we obtain a large family of n-representation infinite
algebras. Our next result is that these modules lift to tilting modules over the corre-
sponding (n+ 1)-preprojective algebras. Moreover, we show that the (n+ 1)-preprojective
algebra of an m-APR tilted algebra is isomorphic to the endomorphism algebra of the
corresponding tilting module induced by the m-APR tilting module. This also implies
that we obtain a family of (n+1)-CY algebras, which are derived equivalent to each other.

higher APR tilting
{ n-representation } (Theorem 7) { n-representation }

infinite algebras infinite algebras

(n 4 1)-preprojective (n 4 1)-preprojective
algebras algebras

{ bimodule (n + 1)-Calabi-Yau } { bimodule (n 4 1)-Calabi-Yau }
corresponding tilting

algebras of G. P. 1 algebras of G. P. 1
(Theorem 8)

Notations. Let K be an algebraically closed field. We denote by D := Homg(—, K)
the K-dual. An algebra means a K-algebra which is indecomposable as a ring. For an
algebra A, we denote by Mod A the category of right A-modules and by mod A the category
of finitely generated A-modules. If A is Z-graded, we denote by Mod” A the category of Z-
graded A-modules and by mod? A the category of finitely generated Z-graded A-modules.

2. PRELIMINARIES

2.1. n-representation infinite algebras. Let A be a finite dimensional algebra of global
dimension at most n. We let D*(A) := DP(mod A) and denote the Nakayama functor by

v:=—®% DA ~ DRHomy(—,A) : D*(A) — D"(A).

The detailed version of this paper will be submitted for publication elsewhere.
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Then v gives a Serre functor, i.e. there exists a functorial isomorphism
Hompn4)(X,Y") ~ D Hompn ) (Y, v.X)
for any X,Y € DP(A). A quasi-inverse of v is given by
v~ := RHomy (DA, —) ~ — @5 RHomy (DA, A) : D°(A) — DP(A).
We let
Vp:=vo|—n]and v, :=v" oln].
Then we recall the definition of n-representation infinite algebras as follows.

Definition 1. [4] A finite dimensional algebra A is called n-representation infinite if it
satisfies gl.dim A < n and v, *(X) € modA for any i > 0.

2.2. m-APR tilting modules. Let A be an algebra. A A-module T is called tilting if
it satisfies the following conditions.

(T1) There exists an exact sequence
0= P, — - Ph—-F—=T—=0

where each F; is a finitely generated projective A-module.
(T2) Ext)(T,T) = 0 for any ¢ > 0.
(T3) There exists an exact sequence

O=>A—->Ty—>T1— - =T, =0

where each T; belongs to add T.

In this case, there exists a triangle-equivalence between D(A) and D (End(T)).
The following tilting modules play a central role in this paper.

Definition 2. Let A be a finite dimensional algebra of global dimension at most n. We
assume that there is a simple projective A-module S satisfying Ext} (DA, S) = 0 for any
1 <1 < n. Take a direct sum decomposition A = S@Q as a A-module. In [5, Proposition
3.2] (and its proof), it was shown that there exists a minimal projective resolution

0S5 P ... L P (S) = 0

of 7,7(S) such that each P, belongs to add (). Let K,, := Ima,, for 0 < m < n. Note
that Ky = S and K,, = 7,,(5). Then it was shown that Q & K,, is a tilting module
with projective dimension m. Following [5], we call it the m-APR (=Auslander-Platzeck-
Reiten) tilting module with respect to S.

If A is an n-representation infinite algebra with a simple projective module .S, then the
above condition Ext} (DA, S) =0 (1 <1i < n) is automatically satisfied. Thus any simple
projective module gives an m-APR tilting module for n-representation infinite algebras.



2.3. (n+1)-preprojective algebras. Next we recall the definition of (n+1)-preprojective
algebras and their property. In the case of n = 1, the algebras coincide with the (classical)
preprojective algebras.

Definition 3. [6] Let A be a finite dimensional algebra. The (n+ 1)-preprojective algebra
A for A is a tensor algebra

A := T\ (Ext} (DA, A))
of A°? @ A-module Ext} (DA, A). This algebra can be regarded as a positively graded
algebra by

A; = Ext? (DA, A)®h = Ext? (DA, A) @p -+« - ®a Ext? (DA, A).
We remark that the (n+1)-preprojective algebra is the 0-th homology of Keller’s derived
(n + 1)-preprojective DG algebra [8].
Moreover, we recall the following definition, which is a graded analog of Ginzburg’s
Calabi-Yau algebras.

Definition 4. Let A = ,., A; be a positively graded algebra such that dimg A; < oo
for any ¢ > 0. We denote by A° := A°® @x A. We call A bimodule n-Calabi-Yau of
Gorenstein parameter 1 if it satisfies the following conditions.

(1) A € KP(proj” A°).
(2) RHom 4 (A, A9)[n](—1) ~ A in D(Mod” A°).

Then n-representation infinite algebras and bimodule CY algebras have a close rela-
tionship as follows (see [4, Theorem 4.35]).

Theorem 5. [1, 8, 9] There is a one-to-one correspondence between isomorphism classes
of n-representation infinite algebras A and isomorphism classes of graded bimodule (n+1)-
CY algebras A of Gorenstein parameter 1. The correspondence is given by

A A and A Ag.

The following result implies that bimodule n-CY algebras provide n-CY triangulated
categories.

Theorem 6. [7, Lemma 4.1|[3, Proposition 3.2.4] Let A be a bimodule n-CY algebra.
Then there exists a functorial isomorphism

HomD(Mod A) (M, N) ~ D HomD(MOd A) (N, M[?’LD
for any N € D(Mod A) whose total homology is finite dimensional and any M € D(Mod A).

3. OUR RESULTS

Let A be an n-representation infinite algebra. Assume that there exists a simple pro-
jective A-module S and take a direct sum decomposition A = .5 @ @) as a A-module. As
Definition 2, we have a minimal projective resolution

(3.1) 05952 P2 . 2 P 7 (S) = 0
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of 7.7(.S) such that each P; belongs to add @. Let K; := Im a; and we fix m with 0 < m <
n. Then we denote, respectively, the m-APR tilting A-module and the endomorphism
algebra by

(3.2) T:=0Q&K, and I' := End\ (7).
Our first result is the following one, which is a generalization of [4, Theorem 2.13].
Theorem 7. Under the above setting, the algebra I is n-representation infinite.

Moreover we show that m-APR tilting modules over n-representation infinite algebras
lift to tilting modules over the corresponding (n + 1)-preprojective algebras.

Let A = Di-o A; and D(A) := D(Mod A). For a Z-graded A-module X, we write X,
the degree ¢-th part of X. For a Z-graded finitely generated A-module X , the algebra
End;(X) can be regarded as a Z-graded algebra by End;(X); = Hom3 (X, X (7))o, where
(i )1s a graded shift functor and HomA(X X)o:={f¢€ HomA(X X) | f(X;) C X; for " any i}.

Moreover, an algebra AP ® KA can be regarded as a Z- graded algebra by (A° @ A)

A @ (A);. Thus we regard A as a Z-graded (A°° ®x A)-module and we have a functor

—~

( )::—®AK:modA—>modZK.

)A(i:{o. (i <0)

Note that we have

7. (X) (1>0)

n

for any X € mod A. Then we obtain the following results.

Theorem 8. Under the above setting, the following assertions hold.
(1) T is a tilting A-module of projective dimension m.
(2) Endf\(’f) is isomorphic to the (n+1)-preprojective algebra T of T. In particular,
Endf\(f) is a graded bimodule (n+1)-CY algebra of Gorenstein parameter 1.

For the case of m = n, m-APR tilting modules have a particularly nice property as
stated below.

Corollary 9. Assume that T is an n-APR tilting A-module. Then there exists an iso-
morphism A >~ T of algebras.

Example 10.
(1) First we give an example for the classical case, namely the case of n = m = 1. Let
@ be the following quiver.
/ 4 \
3—2—1
We consider the path algebra A := K@ of @), which is 1-representation infinite,
and the 1-APR tilting A-module T" associated with vertex 1. Then I' := End, (7))

is also a l-representation infinite algebra, which is the path algebra of the quiver
obtained from () by reversing the arrows ending at the vertex 1.



It is known that the 2-preprojetive algebras A and T are given by the double
quiver of the quiver of A and r w1th some relatlons respectively. Moreover T in-
duces a tilting A-module T’ with T' ~ End; (T) A by Theorem 8 and Proposition
9.

These results imply the compatibility of the following diagram of quivers, where
horizontal arrows indicate tilts of T and f, respectively, and vertical arrows indi-
cate taking 2-preprojective algebras.

N AN

I U

4 4

3éQ§1 — BZN

2 —>1.

Next we give an example for the case m =1 < 2 = n. We note that the structure
of 3-CY algebras has been extensively studied and it is known that they have a
close relationship with quivers with potentials (QPs).

Let @ be a quiver
1

:>2,

<:

co<:u>

and W = 21202314 — Y1Yoy3ys + T1YoX3Ys — Y1T2Yy3x4 a potential on () and

= {24,y4} a cut. Then the truncated Jacobian algebra A of (Q,W,C) is a
2-representation infinite algebra (see [1, section 6]), whose quiver is the left upper
one in the picture below. We can consider the 1-APR tilting A-module T" associ-
ated with vertex 1. By Theorem 7, I' := EndA(T) is also a 2-representation infinite
algebra. Moreover T induces a tilting A-module 7' with T' ~ End; (T ).

In this example, we can understand the change of quivers with relatlons of tilts
and the 3-preprojective algebras. Indeed, it is known that the quiver with relations
of I' can be calculated by applying mutation of graded QPs. On the other hand,
the 3-preprojective algebra A is given as the Jacobian algebra of (Q, W) (see [8]),
and Endx(f ) is given as the Jacobian algebra of the QP obtained by mutating
Q.W).

Therefore, we have the following diagram of quivers, where horizontal arrows
indicate tilts of T" and T\, respectively, and vertical arrows indicate taking 3-

reprojective algebras.
preproj g 100



W <=
W <=
DO <= =

DN = —

_
_

<
<

W=

1
N
2.

(3) Finally we give an example for the case n = m = 2. Let @ be a quiver

K

1
!
2

—

and W = (2124 — 22x3)r1 + (T1ya — Y223)72 + (Y124 — Toy3)73 + (Y1Y4 — Y2y3)7a
a potential on @ and C := {ry,79,73,74} a cut. Then the truncated Jacobian
algebra A of (Q,W, () is a 2-representation infinite algebra given in [4, Example
2.14], whose quiver is the left upper one in the picture below. We can consider the
2-APR tilting A-module T associated with vertex 2. By Theorem 7, I' :== End (7))
is a 2-representation infinite algebra (thls also follows from [4, Theorem 2.13]).
Moreover T induces a tilting A-module 7 with T' ~ End; (T) A.

In this example, the quiver of I' can be calculated by the same argument of [5,
Theorem 3.11], and the 3-preprojective alegbra Ais given as the Jacobian algebra
of (Q,W).

Thus, we havAe the following diagram of quivers, where horizontal arrows indicate
tilts of T" and T, respectively, and vertical arrows indicate taking 3-preprojective

algebras.
4 §> 1
U
== 3 2

U U

4 1 4 1
U U U§U
3 2 — 3 2
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2-DIMENSIONAL QUANTUM BEILINSON ALGEBRAS

IZURU MORI

ABSTRACT. A Fano algebra introduced by Minamoto is roughly speaking a finite dimen-
sional algebra of finite global dimension which is derived equivalent to a (noncommuta-
tive) Fano variety [3]. Over such an algebra, a notion of regular module was introduced
by Herschend, Iyama and Oppermann from the view point of representation theory of
finite dimensional algebras [2]. In this article, we will recall the definitions of a Fano alge-
bra and a regular module, and then explicitly calculate algebraic spaces parameterizing
isomorphism classes of simple regular modules over typical examples of Fano algebras,
namely, 2-dimensional quantum Beilinson algebras, using techniques of noncommutative
algebraic geometry [5].

1. MOTIVATION

Throughout, let £ be an algebraically closed field of characteristic 0. All algebras
in this article are algebras over k. For a finite dimensional algebra R, we denote by
mod R the category of finite dimensional right R-modules, and D’(mod R) the bounded
derived category of mod R. If gldim R = d < oo, then we define an autoequivalence v, of
DP(mod R) by v4(X) := X ®% DR[—d] where DR = Homy(R, k).

Definition 1. [3] A finite dimensional algebra R is called d-dimensional Fano if
(1) gldim R = d < oo, and
(2) v;(R) € mod R for all i > 0.
If R is d-dimensional Fano as above, then we define the preprojective algebra of R by
IR = Tr(v;'(R)) = Tr(Ext4(DR, R))
as a graded algebra.

Theorem 2. [3] A finite dimensional algebra is 1-dimensional Fano if and only if it is a
hereditary algebra of infinite representation type.

Remark 3. By the above theorem, Herschend, Iyama and Oppermann [2] call a d-dimensional
Fano algebra R a d-representation infinite algebra. Moreover, they call R d-representation
tame if IR is noetherian as an algebra.

For a hereditary algebra R of infinite representation type (that is, a 1-dimensional Fano
algebra by the above theorem), classifying regular modules is essential in understanding
mod R. The notion of regular module was extended to a d-dimensional Fano algebra.

Definition 4. [2] Let R be a d-dimensional Fano algebra. A module M € mod R is called
d-regular if v5(M) € mod R for all i € Z.

The detailed version of this paper has been published in [5].
This work was supported by Grant-in-Aid for Scientific Research (C) 22540044.
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The purpose of this ongoing project is to find an algebraic space Reg(R) parameterizing
isomorphism classes of simple d-regular modules over a d-dimensional Fano algebra R.

2. QUANTUM BEILINSON ALGEBRAS

Let A = @&,A; be a right noetherian graded algebra. We denote by grmod A the
category of finitely generated graded right A-modules. For M € grmod A and n € Z, we
define the truncation Ms,, € grmod A by M>,, = &2, M;, and the shift M (n) € grmod A
by M(n); = M,.;. We say that A is connected graded if Ay = k and, in this case,
k= A/As; € grmod A.

For a right noetherian connected graded algebra A, we denote by tors A the full sub-
category of grmod A consisting of finite dimensional modules over k, and tails A :=
grmod A/ tors A the quotient category. Following [1], Proj,. A is an imaginary geomet-
ric object whose category of “coherent sheaves” is tails A since if A is commutative and

generated in degree 1, then tails A is equivalent to the category of coherent sheaves on
Proj A.

Definition 5. A right noetherian connected graded algebra A is called d-dimensional
AS-regular if

(1) gldim A = d < oo, and
k(¢) ifi=d,
0 if i # d.
If A is d-dimensional AS-regular as above, then we define the quantum Beilinson algebra
of A by

(2) there exists £ € N* such that Ext’y(k, A) = {

Ag Ay - Ay
0 Ay -+ A
vA=| . °° . -
0 0 - A

Remark 6. Every AS-regular algebra as above is a skew Calabi-Yau algebra so that there
exists a graded algebra automorphism p € Aut A, called the Nakayama automorphism,
such that Ext4.(A, A°) = ,A(() as graded A-A bimodules where A° = A ®; A%, and

=
A=A as a graded vector space with the new bimodule structure a * x * b = p(a)zb.

Theorem 7. [4] If A is a d-dimensional AS-reqular algebra, then

(1) VA is a (d — 1)-dimensional Fano algebra,
(2) grmod A = grmod II(VA), and
(3) D’(tails A) = Db(mod VA).

By the above theorem, we call R a d-dimensional quantum Beilinson algebra if there
exists a (d + 1)-dimensional AS-regular algebra A such that R = VA.

Remark 8. If A is a d-dimensional AS-regular algebra, then Proj,. A can be viewed as a
weighted quantum P4~! since a commutative d-dimensional AS-regular algebra is exactly
a weighted polynomial algebra in d variables. Since a (weighted) quantum projective
space is one of the main objects of study in noncommutative algebraic geometry, the
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above theorem provides strong interactions between noncommutative algebraic geometry
and representation theory of algebras.

The main observation in [5] claims that Reg(VA) = | Proj,. A| the set of closed points
of Proj,. A, which is expected to have a structure of an algebraic stack. Instead of making
this claim more precise, we will give explicit examples below.

3. HEREDITARY CASES

The results in this section are well-known in representation theory of algebras. We will
recover these results using noncommutative algebraic geometry.

If A= Fk[x,y] is a weighted polynomial algebra with degz = a,degy = b € NT such
that ged(a,b) = 1, then A is a 2-dimensional AS-regular algebra with ¢ = a + b, so VA
is a hereditary algebra of infinite representation type (a 1-dimensional Fano algebra). In

fact, VA = kQ is a path algebra where @ is a quiver of type Zg\:

Theorem 9. [5] In the above setting, Reg(VA) = [(A*\{(0,0)})/ ~ | the quotient stack
where (x,y) ~ (A\z, \by) for 0 £ X € k.

If a =b =1, then [(A%\ {(0,0)})/ ~ ] = P by the definition of P!. In general,
[(A%\ {(0,0)})/ ~ ] is almost P* but the point (0,1) € P* splits into a points, and the
point (1,0) € P! splits into b points.

Recall that if R is a hereditary algebra of infinite representation type (a 1-dimensional
Fano algebra), then two simple regular modules M, N € mod R are in the same regular
component if and only if they are in the same 14 orbit, so the regular components of R
are parametrized by Reg(R)/(v1). In the above setting, the split a points are in the same
vy orbit and the split b points are in the same 14, orbit, so we have the following result.

Theorem 10. [5] In the above setting, Reg(VA)/(v;) = P

4. 2-DIMENSIONAL BEILINSON ALGEBRAS

Using the techniques in noncommutative algebraic geometry, we can show that 2-
dimensional quantum Beilinson algebras can be constructed as follows. Let g € k[z, vy, 2]3
be a cubic polynomial, E = Projk[z,y,2]/(g) C P? and ¢ € Aut E. Define an algebra
R(E,0) = kQ/I where @ is the Beilinson quiver

1 X9
—_— —_—
Y1 Y2
e —0 —> 0
Z1 z2

—_— —
and

I'={f€kQa] fp,o(p)) =0forall pe E}).
It can be shown that R(F, o) is generically a 2-dimensional quantum Beilinson algebra.
Define
l|o|| := inf{i € N* | there exists 7 € AutP? such that ¢ = 7}.
Note that ||o|| < |o| the order of o, and ||o|| = 1 if and only if E = P2

Proposition 11. Suppose that R(E,0), R(E',0") are 2-dimensional quantum Beilinson
algebras. If R(E,0) = R(E',0'), then E = E" and ||o|| = ||o’||.
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Since R(F,0) = R(FE’,0’) does not imply |o| = |0'], ||o|| is more important than |o| to
study R(E,0).

Theorem 12. [5] Let R(E,0) be a 2-dimensional quantum Beilinson algebra. If ||o]| =
00, then

(1) RegR(E,0) = E, and

(2) RegR(E,0)/{vs) = E/{uc®) where u is the Nakayama automorphism.

In the case of ||o|| < 0o, we only have a partial result.

Theorem 13. [5] Let R(FE,0) be a 2-dimensional quantum Beilinson algebra such that
E C P? is a triangle. Then ||o|| < oo if and only if IIR(E, o) is finite over its center
(that is, R(E, o) is 2-representation tame), and, in this case,

(1) RegR(E,0) = EU (P?\ E), and

(2) RegR(E,0)/{vs) = E/{uc®) U (P*\ E) where u is the Nakayama automorphism.

Example 14. Let R = kQ/(y120 — az1ys, 2122 — BT122, T1Yy2 — Yy122) where @ is the
Beilinson quiver

T x2
Y1 Y2
o ——>0 —> 0

21 22
—_— —_—

If apy # 0,1, then R = R(F,0) is a 2-dimensional quantum Beilinson algebra where
E = Projk(z,y, z]/(zyz) = V(z) UV (y) UV (z) C P? is a triangle and o € Aut F is given
by

olv)(0,0,¢) = (0,0, ac)

olv(a,0,c) = (Ba,0,c)

olv)(a, b,0) = (a,7b,0).
It is easy to see that

llol| = lefry[ < lem(lal, [5], [¥]) = |o],
so if |aBv| = oo, then Reg(R) = E, and if |afy| < oo, then Reg(R) = E LI (P?\ E).
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TILTING OBJECTS FOR NONCOMMUTATIVE QUOTIENT
SINGULARITIES

IZURU MORI AND KENTA UEYAMA

ABSTRACT. Tilting objects play a key role in the study of triangulated categories. Iyama
and Takahashi proved that stable categories of graded maximal Cohen-Macaulay modules
over Gorenstein isolated quotient singularities have tilting objects. As a consequence,
it follows that these categories are triangle equivalent to derived categories of finite di-
mensional algebras. In this paper, using noncommutative algebraic geometry, we give a
noncommutative generalization of Iyama and Takahashi’s theorem with a more concep-
tual proof.

1. INTRODUCTION

In the study of triangulated categories, tilting objects play a key role. They often
enable us to realize abstract triangulated categories as concrete derived categories of
modules over algebras. One of the remarkable results on the existence of tilting objects
has been obtained by Iyama and Takahashi.

Theorem 1. [2, Theorem 2.7, Corollary 2.10] Let S = k[z1,...,x4) be a polynomial
algebra over an algebraically closed field k of characteristic 0 such that degx; =1 and d >
2. Let G be a finite subgroup of SL(d, k) acting linearly on S, and S¢ the fived subalgebra
of S. Assume that S¢ is an isolated singularity. Then the stable category mZ(SG) of
graded maximal Cohen-Macaulay modules has a tilting object. As a consequence, there
exists a finite dimensional algebra I" of finite global dimension such that

CM#(S%) = D?(modT).

The stable categories of graded maximal Cohen-Macaulay modules are crucial objects
studied in representation theory of algebras (see [1], [2] etc.) and also attract attention
from the viewpoint of Kontsevich’s homological mirror symmetry conjecture (see [3], [4]
etc.). The aim of this paper is to generalize Theorem 1 to the noncommutative case using
noncommutative algebraic geometry.

2. NONCOMMUTATIVE GORENSTEIN ISOLATED QUOTIENT SINGULARITIES

In this section, we will explain how to consider a noncommutative version of a “Goren-
stein isolated quotient singularity”. Throughout this paper, we fix an algebraically closed
field k. Unless otherwise stated, a graded algebra means an N-graded algebra A = @, A;
over k. We denote by GrMod A the category of graded right A-modules, and by grmod A
the full subcategory consisting of finitely generated modules. Morphisms in GrMod A are
right A-module homomorphisms of degree zero. Graded left A-modules are identified with

The detailed version of this paper has been submitted for publication elsewhere.
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graded A°-modules where A° is the opposite graded algebra of A. For M € GrMod A and
n € Z, we define M, = @,~,, M; € GrMod A, and M (n) € GrMod A by M(n) = M as
an ungraded right A-module with the new grading M(n); = M,,;. The rule M > M(n)
is a k-linear autoequivalence for GrMod A and grmod A, called the shift functor. For
M, N € GrMod A, we write the graded vector space

Ext)y (M, N) := @EXtiGrModA(Mv N(n)).
nez
If Ag = k, then we say that A is connected graded. Let A be a noetherian connected
graded algebra. Then we view k = A/A>; € GrMod A as a graded A-module.
Definition 2. A noetherian connected graded algebra A is called an AS-Gorenstein (resp.
AS-regular) algebra of dimension d and of Gorenstein parameter ¢ if
e injdim, A = injdim 4, A = d < oo (resp. gldim A = d < 00), and
k(¢) if i=d,
0 if i #d.
Definition 3. Let A be a connected graded algebra. A linear resolution of M € GrMod A
is a minimal free resolution of the form
= PA(—i) = —PA-1) -PA—-=M—0.
We say that A is Koszul if £ € GrMod A has a linear resolution.

It is well-known that if A is Koszul, then A is quadratic, and its dual graded algebra
A' is also Koszul, which is called the Koszul dual of A.

Let S be an AS-regular Koszul algebra of dimension d. Then the Gorenstein param-
eter is £ = d. It is known that S is commutative if and only if S is isomorphic to
klxy,..., x4 with degx; = 1, so an AS-regular Koszul algebra is a noncommutative ver-
sion of k[z1,..., x4 generated in degree 1.

Next we give some conventions on group actions on algebras used in this paper. Let A
be a noetherian connected graded algebra. We denote by GrAut A the group of graded
k-algebra automorphisms of A. Let G < GrAut A be a finite subgroup. Then the fixed
subalgebra A® and the skew group algebra A * G are graded by (A%); = A9 N A; and
(AxG); = A; ®, kG for i € N. We tacitly assume that char k does not divide |G|. Note
that this condition is equivalent to the condition that kG is semi-simple. T'wo idempotent

elements 1
e = EZQ, and € :=1-—e
Gl =

of kG play crucial roles in this study. Since kG C A G, we often view e, €’ as idempotent
elements of A * G. It is well-known that the map ¢ : A — e(A * G)e defined by
o(c) = e(c* 1)e is an isomorphism of graded algebras. Thus for any M € GrMod A * G,

the right A%-module structure on Me is given by identifying A% with e(A * G)e via ¢.
In [5], the following characterization of isolated quotient singularities was given.

Proposition 4 ([5, Corollary 3.11]). Let S = k[x1,...,zq] be a polynomial algebra gen-
erated in degree 1. If chark = 0 and G < SL(d, k) is a finite subgroup, then the following
are equivalent:
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(1) S¢ is an isolated singularity,
(2) SxG/(e) is finite dimensional over k.

Hence, combining the arguments of this section, if
e S is an AS-regular Koszul algebra of diminension d,
e G < GrAut S is a finite subgroup such that char k does not divide |G|,
e 5% is AS-Gorenstein, and
e S % (G/(e) is finite dimensional over k,

then S¢ can be considered as a noncommutative Gorenstein isolated quotient singularity.

3. MAIN RESULTS

Let A be an AS-Gorenstein algebra. Then M € grmod A is called graded maximal
Cohen-Macaulay if Ext’y(M, A) = 0 for all i > 0. We denote by CMZ(A) the full subcate-
gory of grmod A consisting of graded maximal Cohen-Macaulay modules. Then CMZ(A)
is a Frobenius category. The stable category of CMZ(A) is denoted by CM*(A). Note that
CMZ%(A) is a triangulated category.

The following is the main result of this paper, saying that there exists a finite dimen-
sional algebra I" such that CM%(A) = DP(modI') when A is a “noncommutative Gorenstein
isolated quotient singularity”.

Theorem 5 ([6]). Let S be an AS-regular Koszul algebra of dimension d > 2, G <
GrAut S a finite subgroup such that char k does not divide |G|, and let e = I_Cl?l > gecd €
kG C S+ G and ¢ =1 —e. Assume that S is AS-Gorenstein and S x G/(e) is finite
dimensional over k. If we define the graded right S*G-module U by U = @le Ok, kG (i),
then
Ue
is a tilting object in CM*(S%). As a consequence we have
CM?(59) =2 D*(mod Endgyzsey(€'Ue)).

We remark that if S is commutative, then this theorem recovers Theorem 1.

For the rest of this section, we will explain how to calculate Endcyz scy(€'Ue). Let S
be an AS-regular Koszul algebra of dimension d > 2, G < GrAut S a finite subgroup such
that char k does not divide |G|, and let e = ﬁzgeag €EKGCS+*Gande =1-—ec.

Then we consider the Koszul dual algebra
S' = @ Ext(So. So)-
ieN
Since S is an AS-regular algebra, it is known that S' is a graded self-injective algebra (see

[10]). Moreover, the opposite group G° acts on S' as explained in [9]. We can define the
ungraded finite dimensional algebra

Sy S St
0o S, - S
V(S!) _ :0 d—2
0 0 S(')



called the Beilinson algebra of S'. Then we can also define the action of G° on V(S").
Thus we have the skew group algebra

V(S x G°.
It is easy to check that V(S') * G° has the idempotent
¢ 0 - 0 kG« - %
- 0 ¢ -~ 0 0 kG \ \
=1. . . .le] . : . .| =V G =V(S) G
0o o0 - ¢ o 0 - kG

Theorem 6 ([6]). As in the setting of Theorem 5, we have
Endgyzse)(€'Ue) = e (V(SY * G°)e!
as algebras.

Thanks to this theorem, we can calculate the endomorphism algebra of the tilting object
found in Theorem 5. In the next section, we present an example.

4. AN EXAMPLE

The aim of this section is to provide an explicit example of Theorem 5 and Theorem 6.
In this section, we assume that k is an algebraically closed field of characteristic 0.

Example 7 ([6]). Let S be k{xy,xo, 23, x4) having six defining relations
2, .2
]+ Ty, T1x3 + T3T1, T1T4 + TaT1, T2T3 + T3T2, TaX4 + T4, T3T4 + T4T3,

with deg 1 = deg x9 = degx3 = deg x4 = 1. Then S is a noetherian AS-regular Koszul al-
gebra over k of dimension 4. Let G be a cyclic group generated by g = diag(1, —1, -1, —1).
Then g defines a graded algebra automorphism of S, so G naturally acts on S. Clearly
|G| = 2. One can check that S¢ is AS-Gorenstein of dimension 4 (although det g # 1).
Moreover, by using a quiver presentation of S x G/(e), we can check that S x G/(e) is
finite dimensional over k.

The Koszul dual S* is k(z1, z2, 73, 74) having ten defining relations

2 2
Ty — Ty, T3T1 — T1T3, T4T1 — T1T4, T2T1, T1T2,

T3To — ToX3, T4l — ToT4, T4T3 — T3T4, f%; %217
with degxy = degxy = degx3 = degaxy = 1. Then a quiver presentation of the Beilinson
algebra V(S') is given as follows.
2 2

1 1 1 T1 = Ty, T3T1 = T1T3, T4T1 = T1T4,
—Tr2 —T2 —r2 X3L9 = Loy, Talo = Loy, T4T3 = T3T
0 S, -1 2773 372 203, Taly = Tols, Tals 34,
T4> T4> T4> Lokl = XX = T3 = Ty = 0.

By [8, Section 2.3], it follows that a quiver presentation of the skew group algebra V(S") x
G° is
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2 __ .2 —
X1 = Ty, T3T1 = X113,

T1T4 = T4y, T3T2 = XT2X3,

Loy = TyX2, Ty4T3 = X34,

_ 22
(0, 1) — 21— (1, 1) — T (2, 1) — T (3, 1) ToT1 = 122 = 23 = 13 = 0.

Since e = (0, 1) + (1, 1) +(2,1) + (3,1) in the present setting, a quiver presentation of
e'(V(S') * G°)e’ is obtained by
ToT = o311 =— T1XX3 = 0
=N
(0,1) —a1— (1,1) —— il,)/; I
W 3 =0

ToXaT1 = T1X2xs = 0

Hence, if we denote by (@, R) the quiver with relations in (4.1), then we have a triangle
equivalence

CME(5%) = D¥(mod kQ/(R))
by Theorem 5 and Theorem 6.

5. KEY RESULTS FOR THE PROOF OF THEOREM 5

Our proof of Theorem 5 is different from Iyama and Takahashi’s proof of Theorem 1. In
this section, we summarize key results for our proof. We use techniques of noncommutative
algebraic geometry.

Let A be a noetherian graded algebra. We denote by tors A the full subcategory of
grmod A consisting of finite dimensional modules. The noncommutative projective scheme
associated to A is defined by the quotient category

tails A := grmod A/tors A.

If A is a commutative graded algebra finitely generated in degree 1 over k, then tails A
is equivalent to the category of coherent sheaves on Proj A by results of Serre, justifying
the terminology. We denote by 7 : grmod A — tails A the quotient functor.

Before proving Theorem 5, we prove the following result about tilting objects in the
derived categories DP(tails S¢).

Theorem 8 ([6]). Let S be an AS-regular Koszul algebra of dimension d > 2, G <
GrAut S a finite subgroup such that char k does not divide |G|, and let e = I_él zgeGg €

kG C SxG and ¢’ =1 —e. Assume that S« G/(e) is finite dimensional over k. If we
consider the graded right S * G-module U = @jzl QL. okG(i), then

wUe

is a tilting object in DP(tails S).
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We now give an outline of the proof of Theorem 8. First we show that (S * G)' is
an N-graded self-injective Koszul algebra. (See [6] for our definition of Koszul for (non-
connected) N-graded algebras.) Using the BGG correspondence and the isolated singu-
larity property of S¢, we have

D (tails S) 22 grmod(S * G)'

as triangulated categories. Under this equivalence, we can show that mUe corresponds to
the tilting object in grmod(S * )" which was obtained by Yamaura [11, Theorem 3.3 (2)].
Thus Theorem 8 follows.

Furthermore, in the setting of Theorem 8, if S¢ is AS-Gorenstein, then there exists an
embedding

CM%(S€) — DP(tails S¢)

by Orlov’s theorem [7]. We can verify that e’Ue is sent to me'Ue.
Combining these results, we have

CMZ%(S89) — D (tails S) = grmod(S * G)'
eUe — me'Ue < mwUe — Y

where Y is the Yamaura tilting object. Using this, we can give a conceptual proof that
¢'Ue is a tilting object in CM#(S%) in terms of triangulated categories.
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ON THE HOCHSCHILD COHOMOLOGY RING MODULO
NILPOTENCE OF THE QUIVER ALGEBRA WITH QUANTUM-LIKE
RELATIONS

DAIKI OBARA

ABSTRACT. This paper is based on my talk given at the 48th Symposium on Ring
Theory and Representation Theory held at Nagoya University, Japan, 7-10 September
2015. In this paper, we consider some example of finite dimensional quiver algebra over a
field k£ with quantum-like relations. We determine the projective bimodule resolution of
the algebras using the total complex. And we have the ring structure of the Hochschild
cohomology ring modulo nilpotence.

INTRODUCTION

Let A be an indecomposable finite dimensional algebra over a field k and chark =
0. We denote by A°¢ the enveloping algebra A @ A% of A, so that left A°-modules
correspond to A-bimodules. The Hochschild cohomology ring is given by HH*(A) =
Ext)c(4,A) = ®,>0Ext’}. (A, A) with Yoneda product. It is well-known that HH*(A)
is a graded commutative ring, that is, for homogeneous elements n € HH™(A) and 0 €
HH"(A), we have nf = (—1)™"6n. Let N denote the ideal of HH*(A) generated by
all homogeneous nilpotent elements. Then A is contained in every maximal ideal of
HH*(A), so that the maximal ideals of HH*(A) are in 1-1 correspondence with those
in the Hochschild cohomology ring modulo nilpotence HH*(A)/N. In [6], Snashall and
Solberg used the Hochschild cohomology ring modulo nilpotence HH*(A) /N to define a
support variety for any finitely generated module over A. This led us to consider the
ring structure of HH*(A)/N. In [5], Snashal gave the question whether we can give
necessary and sufficient conditions on a finite dimensional algebra A for HH*(A)/N to
be finitely generated as a k-algebra. With respect to sufficient condition, Green, Snashall
and Solberg have shown that HH*(A) /A is finitely generated for self-injective algebras of
finite representation type [1] and for monomial algebras [2].

Let I" be the quiver with 4 vertices and 6 arrows as follows:

a(1,1) a(2,1) a(3,1)
e ——— ——
€2 €11 €22 €32
a(1,2) @(2,2) a(3,2)

and I the ideal of kI' generated by
X1, X597, X350, X0 Xo — Xo X, Xo X — XXy,
a(l’g)a(gJ)Xéa(g’l), a(g’g)a(g’g)Xga,(l’l) for 0 S l, l/ S Ng — 1.

The detailed version of this paper will be submitted for publication elsewhere.
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where X; = (a;1 + am)2 and n; are integers with n; > 2 for 1 < ¢ < 3. Paths in I" are
written from left to right. In this paper, we consider the quiver algebra A = kI'/I.

In this paper,we determine the projective bimodule resolution of this algebra A and the
ring structure of the Hochschild cohomology ring modulo nilpotence HH*(A) /.

In [3] and [4], we have the minimal projective bimodule resolution and the Hochschild
cohomology ring modulo nilpotence of the quiver algebra defined by the two cycles and
quantum-like relation. Then, the projective resolution of this algebra was given by the
total complex depending on the projective bimodule resolutions of two Nakayama algebras.
Similarly, the projective bimodule resolution of A is given by the total complex depending
on the projective bimodule resolutions of the quiver algebra defined by two cycles and the
Nakayama algebra, Using this resolution, we have the ring structure of the Hochschild
cohomology ring of A modulo nilpotence.

The content of the paper is organized as follows. In Section 1, we give the complexes
of the projective A-bimodule to form the total complex. In Section 2, we determine the
projective bimodule resolution of A and the Hochschild cohomology ring of A modulo
nilpotence.

1. THE COMPLEXES OF THE PROJECTIVE A-BIMODULE

In this section, we we give the complexes to form the projective bimodule resolution of

A' We set 6(171) = 6(271)’6(272) = 6(371)' Let g(i’j»o)v{(sl’52)7(t17t2)} = E(iv.jvo)’{(sl752)7(t17t2)}7(l1’12) =
C(s1,52) @ €(t1,12)- We define projective left A°-modules, equivalently A-bimodules:

Py = Ae0,0),{1,1),01,03A © A2(0,0),{(1,2),1,21 A © A(0,0) {(2.2),2.21A B A€(0,0),{(3,2),(3,2)1 4

Qi0,0) =
¢ 2
[1(Ag00). (k0 .k2nA S Aoy A) ® [ Acioo.(@wy.anyamA
k=1 Ilh+1ls=1
l1,l12 >0

if 7 is odd,

2
[T A0 @oemde [ AccooananyammAd  ifiis even.

k=1 lhi+l2=1
\ li,122>0

Qo = 4 001606204 O A2050.(32.6anA4 i Jis odd,
OO A 050,00 A S Ao (6aneanA i s even.

Quijo = I (Aeiof@n.eonmA® Aci046.0.00h 0 A) & A 061,61 A

if 7,7 are odd.

li1+la=1
l1,l2 >0
Aei 000,614 © Acj0 60,034 14,7 are even,
o Ag(i,j,O),{(l,l),(B,Q)}A D Ag(l”j’o),{(gz)’(l’l)}A if 7 is even and j is Odd,
Aé(i7j70)7{(172)7(371)}A D A€(i7j70)7{(3 1),(172)}14 if 7 is odd and j is evel,
)4(1.2),( (.5.03:2),.2)3 A4

Ag(i,j,o {(1,2), 3,2)}14 @ Ae



Quik =

( (AE('L,I,k (1,1),(1,1)},(1,i— 1)A @ A1) 4(3,1),63,0}40,i—1)A
® H IT CII Aciimcananmem.enA
Ii + 1y =i UHi5=k+1 1} l5even
1 >22,12>1
Aeange,eonend k=1
® Ag; ri)A) @ R ’
) /H ( ’17k)7{(3’1)7(371)}>(ll7l2)7(l17l2) ) {O Others,
L 17,15:0dd
if £ is odd,
((Ac(ir i) (1.3, (Lim 1)A @ Aci1,0)4(3,1),0,0},1,i—1) A
@ H H H Ag(z717k 7{(171)7(371)}7(l1112)7(1,17l/2)A
I, +1p =i 1+l=Fk+1 lj:0dd,lj:even
1 >22,1o>0
o I Accimeoaos.eini)
L I} :even,ly:odd
{ if k£ is even,
Qijk) =
4
( T AcGimian.annmmiA® A (n.00).000) 24
Ih+1ls=1
L >2,l12>1
IT (I 2ccmmmanamnainepde [T Accimnienenaingyi)
U +l=k+1 1},l}:0dd 14,1} :even
(Ag(i,j,k),{(l,Q) ( z'() A EB AE ',j,k) {(1 1),(1, 2)} (' )A if i iS Odd,j iS evel,
Ag(i,j,k),{ 3 2) (3 1)} i, 0 A EB A€ z] k), {(3 1),(3, 2)} (i, O)A lf Z iS even,j iS Odd,
D S A k) {(1,1),(1,1) 15,0014 D AL 51 {(1,1),(1,1)},(,0),24
D A1) 430,646,014 © A jm 13.1),6,1},6,0),24 if 7,7 are even,
L L0 if 7,7 are odd,
if k£ is odd,
T AcGimaneonmmA S A m (60,00} 0 m A
Ih+1ls=1
1 >22,1c>1
IT ¢ II Accomionenainamde I Aswinweooonminegimd)
Iy +li=k+1 I}:even,l}:o0dd 11 :0dd,l}:even
(A (ij,k),1(1,2), 3,100 A B A (i 5k {(3.1),(1,2)},.0) A if ¢ is odd, j is even,
A€ .51, 13.2), )10 A © AL k), {(1,1),3.2)1,6,0A if ¢ is even, j is odd,
D A€(i,50).{1,1),63,0) 16,014 B AL(i,5.k).£(1,1),63,1)1,,0) 24
D AL(i,j,k),43.1),,0) 100,14 D Ae(ijw) 3,1),0,01,6.0,24 1 1, j are even,
\ 0 if 7, j are odd,
L if k is even,
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Let m: Py — A be the multiplication map. Then, we have the following complexes.

Proposition 1. For 1 < k < 3, we set

Ei.j,0),(k1) = €(0.5.0) {(k.1).(2)}O(k,2) F O(k,1)E(0.5.0).{(k.2), (k. 1)}
Ei.j.0),(k2) = €(6.5.0).{(k:2).(k1)} Ok, 1) F O(k,2)E(i,5.0).{(k,1),(k:2)}

(1) We have the following complex depending on the projective bimodule resolution of
the quiver algebra defined by the two cycles and quantum-like relation.

a(100) 1

92,0 0) 1 9(n,0,0),1
Py =" Q0 R

Q(n,o,o) -

where, for i > 0, the left A°-homomorphisms O(i11,0,0),1:Qi+1,00 — Q00 are
defined as follows.

a(z‘+1,0,0) :

( (5(i+1,0,0),{(k,1),(k,2)} > €(1,0,0),{(k,1),(k,1)},(i,0) A(k,1) — Q(k,1)€(4,0,0),{(k,2),(k,2)} f07“ 1<k<2

€(i41,0,0),{(k,2),(k, 1)} F7 €(3,0,0),{(k,2),(k,2)} X(k,2) — Q(k,2)€(3,0,0),{(k,1),(k,1)},(,0) Jor1 <k <2,
€(i+1,0,0),{(1,1),(1,1)},(l1,l2)
— 3 X e i.0,0) (L L — 1) X T T €01.0,0) (LML 1 da—1) X2
— X2€(,0,0) {(1,1),(1,1)},(I1,la—1) if 11 is even and ly is odd,
€(1,0,0),{(L,1),(LD)}, (1 —1,12) X1 — X1€(3,0,0),{(1, 1) (1,0}, (112 —1)
L+ Z?jo_l Xée(i,om,{(171)7(171)}”1752_1)X2 - if Iy is odd and ly is even,
if 1 1s odd,

( n1—1-—1

E(i+1,00), (L1, D}+1.0) = Dite X1 EG00,anX1 T,
E(i41,0,0).{(21),2.1)},(0+1) ~ 2725 ' XL BG 00,0 X5
E(i41,0,0{(k,2),(k:2)} M 210 "X 1070)7(&2)){2’“_1_[ for1 <k <2,
8$¢+1,o,o),{(1,1),(1,1)},(11,12) =
—FE1,0,0),021)X1 + X1E1,00),021) + Ea1,00),0,1)X2 — XoF1,00),1,1) ifli =1,1, =1,
—€(1,0,0),{(1,1),(L,D)},(i—1,1) X1 + X1€(5,0,0),{(1,1),(1,1)},(i~1,1) T F(3,0,0),(1,1) X2 — X2 E5,0,0),(1,1)
il =il =1,
—Ei,0,0),2)X1 + X1E0,0),2,1) + €5,0,0),{(1,1),(1,1)},(Li—1) X2 — X2E(,0,0),{(1,1),(L,1)},(L,i—1)
ifly =1,1, =1,
—€(1,0,0),{(1,1),(L,)}, (1 —1,12) X1 T X1€(3,0,0),{(1,1),(1,1)},(l1 —1,2)
+ €(4,0,0),{(1,1),(1,1)},(I1 ,la— 1)X2 - Xzé?(z 0,0),{(1,1),(1,1)},(l1,l2—1) if l1, 1y are odd,
o XEe00 0. nm -1 X1+ 220 Xdeootan,a )tk Xa?
if 11,1y are even,

if 1 1s even,

(2) We have the following complexe depending on the projective bimodule resolution
of Nakayama algebra.
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90,1,0),2 90,2,0),2 90,n,0),2

P Q(o,l,o) (0n,0) < * -

where, for j > 0, the left A°-homomorphisms 3(0,#1,0)72.‘@(0,#1,0) — Q(o,j,o) are
defined as follows.

a(o,j+1,0) :

£(0.+1,0).{(3,1),(3.2)} 77 €(0.4,0).{(3,1),(31)}%(3,1) ~ 4(3,1)€(0.4,0).{(32),(3,2)}> if j is even

€(0,j+1,0),{(3,2),(3,)} 7 €(0,5,0),{(3,2),(3,2)}4(3,2) — @(3,2)€(0,5,0),{(3,1),(3,1)}»

E0.4+1,0 (31,31} — Do ) X:lig(O,j,O),{(371),(371)}X33 g if § is odd
ng— n —1—l :

E(0441,00.{(32).3.2)} — 2o X36(0,40).((3.2),(3.2)} X3

(3) We have the following complex depending on the relations X7, X5?% and X1 Xs —
XoX;.

9(1,5,0),1 9(2,5,0),1 B(n,5,0),1

Q(Orjro) Q(lvjvo) Q(nujvo) AR

where, fori > 0, the left A°-homomorphisms 0; j0),1:Q.j0) — Q(i—1,,0) are defined
as follows.

€(6,j,0).{(1,2),3.2)} 7 {a(1’2)a(2’1)€(0’j’0)’{(3’1)’(3’2)} Zfz - Land j Odd’. :
A(1,2)E (i-1,j,0){(1,1),(3,2)} if 1 is odd(# 1) and j is odd,
€(i,,0).{(1,1),(3,2)} F X{”_la(l,l)s(i,l,j,o)7{(1,2)7(372)} if i is even and j is odd,
€(4,4,0),{(1,1),(3,1)} X{Ll_10(1,1)8(2'—1,]',0),{(1,2),(3,1)} if i,7 are even,
€(0,7,0),{(3,2),3.)}02.2)0(1,1) if i =1 and j is odd,

€(i,4,0),{(3,2),(1,2)} F> ..
(70 4(32),(12)} {e(i17]-’0)7{(372)’(1,1)}a(171) if 1 is odd(# 1) and j is odd,

€(1,5,0),{(3,2),(1,1)} 6(,-_17]'70)7{(372)7(172)}@172)X{“_1ifi 1s even and j 1s odd,

€(4,4,0),{(3,1),(1,1)} F* 5(1'71,j,o),{(3,1),(1,2)}61(1,2)X{H_1ifZ'yj are even,

( )
€(1,4,0),{(1,2),3,1)} = O(1,2)E(i—1,5,0){(1,1),3,1)} & ¢ 18 odd and j is even,
€(1,4,0),{(3,1),(1,2)} > €(i=1,,0).{(3,1),(1,1)}a(1,1), tf 1 is odd and j is even,
€(1.5,0).{(22),(22)} =
E0,5,0),61)X2 — X2E(0,5,0),3,1) ift=1 and j is odd,
€(i-1,,0),{(2,2),2.2)1 X2 — X2E(0,,0),{(22),22)} i =1 and j is even ori is odd(i # 1),
7:251 Xés(i_l,jyo),{(2,2),(2,2)}X§2_1_l if 1 1s even,
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€6,5.0) {11,311 (ll) 7
(
na—1 -] na—1—1 Xla(Q,l)g(i—1,j,0),{(2,2),(2,2)} iflh =1,
= X26(’_17370)’{(171)’(3’1)}7(11’l2_1)X2 ' {Xl5(1’—1,3‘,0)7{(1,1)7(3,1)}7(l1—1,12) others,
if 11 is odd and ly is even,
X1 (121,40 (LD, B} G- L)
€(z‘—1,j,o),{(1,1),(3,2)}(1(3,2)X2 - X25(z‘—1,j,0),{(1,1),(3,2)}a(3,2) ifla =1,
€(i-1,3,0) {(1, 1,3, D} (11 la—1) X2 = X2E(i-1,4,0){(1,1),3, )} (L le—1)  Others,
if 11 is even and ls is odd,
Xla(2,1)€(i—1,]‘,0),{(2,2),(2,2)} iflh =1,
X1€(i-1,5,0) {01, D)h(-11)  Others,

&(1,1)5(171,j,0),{(1,2),(3,2)}a(3,2)X2 - X2a(1,1)5(2'71,j,0),{(1,2),(3,2)}a(3,2) if ly =1,

E(i-1,5,0),4(1,1),3, )} (luda—1) X2 — X2€(i-1,4,0){(1,1),(3, D)}, (I1,la—1) others,
’Lf ll,lg are Odd,
ni— ng—1 no—1-—1
X o150 (L), (1) — 2oic . X5EG-14.0) LWL 1.B1} (o) X5
{ if 11,1y are even,
€(i7j70)7{(371)7(171)}7(117l2) =
(

na—1 -1 ne—1—1 5(i71,j,0),{(2,2),(2,2)}(1(2,2)X1 iflh =1,
2o X9E(i—1,5,0){(3,1),(1,1)},(I1 la—1) X +
1=0 25 (i—1,5,0),{(3,1),(1,1)},(l1,l2—1) > 2 5(i—1,j,0),{(3,1),(1,1)},(l1—1,12)X1 others,
if ly is odd and ly 1s even,
E(-1,50)ABD), LD} X
CL(3,1)5(1'71,3',0),{(3,2),(1,1)}X2 - X2a(3,1)5(1'71,j,0),{(3,2),(1,l)} if Iy =1,
Ei-1,4.0 {1, 1) X2 = X28i-1,4,0) (1,1} -1 others,
if Iy is even and ly is odd,
5(1714’,0),{(2,2),(2,2)}0(2,2))(1 ifly =1,
E(i—1,4,0),{(3,1),(1,0)},(Li—1,2) X1 others,

_ {CL(3,1)€(i—1,j,0),{(3,2),(1,2)}G(1,2)X2 - X2Cl(3,1)€(z‘—1,j,0),{(3,2)7(1,2)}61(1,2) if ly =1,

6(7;—1,j,0),{(3,1),(1,1)},(l1,lg—l)XQ - X2€(i—1,j,0),{(3,1),(1,1)},(l1,lg—l) 0ther$7
if 11, 1y are odd,
ni— na—1 ng—1-—1
E(i-1404B DU H -1 X1 = 220 X3E6-14,046.0,0,0h 0 -1 X

\ if ly, s are even,

(4) We have the following complex depending on the relation X3*.

9(1,2,0),2 O(i,n,0),2
% P <_

9(i,1,0),2
Q(i,o,o) — Q(i,l,o) Q(i,n,o) e
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where, for j > 0, the left A°-homomorphisms 0 ;,
as follows.

O),Z:Q(i,j,O) — Q(i,j—l,O) are deﬁned

€(1.5.0).{(1,2),3.2)} 77

ifi=j=1,

if 1 s odd(# 1) and j =1,
if i, is odd(# 1),

( €(1,0,0){(1,2),(1,)}4(2,1)A(3,1) T A(1,2)€(1,0,0),{(2,1),(2:2)} 4(3,1)
€(1,0,0),{(1,2),(1,1)}%(2,1) 4(3,1)
\ e(ivjf170)»{(172)’(371)}’(117l2)a(371)

€(1,5,0){(3,2),(1,2)} =
( ifi=j=1,
if 1 is odd(# 1) and j =1,

4(3,2)4(2,2)€(1,0,0),{(1,1),(1,2)} T 4(3,2)€(1,0,0),{(2,2),(2,1)}A(1,1)

@(3,2)4(2,2)€(1,0,0),{(1,1),(1,2)}
L 4(3,2)€(1,—1,0),{(3,1),(1,2) }, (11 12) if 1,7 is odd(# 1),
(4,0,0){(1,1),(1,1)}, (5,00 @2, a3,1)  4f © 15 even and j = 1,

€(i,5,0 (3,2)} e ..
(63.0),4 )} { (i.7—1,0),{(1,1),(3,1) 1, (11 12) @ if i is even and j is odd(# 1),

(3,1)
if 1 1s even and j =1,

z’f@' is even and j is odd(# 1),

a(3,2)(2,2)€(i,0,0),{(1,1),(1,1)},(¢,0)
€(1,5,0){(32),(1,0} = {a
(372) (17]_170)7{(371)7(1 1)} (l17l2)

€(1,4,0){(1,2),3,1)} F> €(i,j— 10) (12,6211 1) 032 X5 ° " if i is odd and j is even,

E(i.40). (31,02} = X5 AE3.1)E6,-1.0){(3.2).(12)}. ) ¥ 1 is odd and j is even,
0 ALDLBD}T F E(i-10{(LD).B2 1) 32 X5 if 1, ] are even,
71@(3,1)8(@]‘—1,0),{(3,2),(1,1)},(11,12) if 1,7 are even,

1,3, D)}l k)

€150 {61,y > X5°
€(4,4,0),{(1,
(61,0040 LLi-DaE) X3 + X1€6,0,0),(2,1),22)) X3
£(1.0,0).{(1,1), (1)}, (112) 4(2,1) X3
€(1.5-1,0),{(L1),(3.)}.(11.12) X3

if i is odd(# 1),7 =1 and l; =1,
if =1 and “ly # 1 ori is even”,
if 7 is odd(# 1),

sl if i is odd(# 1),7 =2 and l; = 1,
others,

A(1,1)E (i,j—1,0),{(1,2),(3,2)},(1,i-1)4(3,2) X3
n3—1
L€ (i,j—1,0){(1,1),(3,1)}, (11 12) X3
€(i7j70)7{(371)7(171)}:(ll712) |—>

(X3CL(2,2)5(2‘,0,0),{(1,1),(1,1)},(1.i—1) + XSE(i,O,O),{(2,2),(2,1)}X1 if @ is Odd(# 1)aj =1landl, =1,

X30(2,2)€(1,0,0) {(1,1),(1,1)},(11,l2)

Xse( R ACDICORCED

X5* 7 a(3,1)€31,-1,0){(3.2), (1.2 }(1,i-1) A(1,2)
(X5 65100, (BL (L0 k)

ny—1 ny—1-—1
2o Xie(i-10{61,6.1)X5"

E(1,5,00{(3,1),3,D} — § £1,0,0),2,2)X3 — X3E(,0,0),2,2)

€(i,j—1,0),{(3,1),(31)} X3 — X3€(i,j—1,0),{(3,1),(3,1)}
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if =1 and “ly # 1 ori is even”,
if 7 is odd(# 1),

if i s odd(# 1),7 =2 and l; = 1,
others,

if j 1s even,

if 1 1s odd and j =1,
others.



(5) We have the following complezes depending on the relations aLQa(g’l)X%a(g?l) and
03,2(1(2,2))(% ag,1)-

9i,j,1),3

i s 8
(4,4,2),3 (z j,m)
Qujoy «— Qusy < -

Q(z,]n
fori > 2,5 > 2 where, for k > 0, the left A°-homomorphisms 01 x)3:Q1k) —
Qi k—1) and O i) 3:Q k) — Qjk—1) are defined as follows.

(& i,1,k),{(1,1),(1,1)},(1,i—1) 5(i,1,k71),{(1,1),(3,1)},(1,1'71)a(2,2)X1 + Xla(2,1)E(i,l,kfl),{(S,1),(1,1)},(1,@'71))

{(
€(i,1,k),{(3,1),(3,)},(1,i—1) F> 5(1',1,1@71),{(3,1),(1,1)},(1,1‘71)61(2,1))(3 - XSa(2,2)5(i,1,k71),{(1,1),(3,1)},(1,1'71)a
€(i,1,k),{(

)

L1), (L1}, ( k), (1, 1)

€(i,1,k),{(3,1),(3, )}, (I 1), (15 1) 7
€(i,1,k—1) {(3,1),(1,1)}, (11 o), (1~ 1,15) A(2,1) X3 — X3A(2,2)€(1,1,k6—1) {(1,1),(3,1)}, (11 l2), (£ 1y 1)

(
(i
(4,1
€Lk —1) {(11),(8.1)}, (1 1), (15 ~1,15) 4(2.2) X1+ X10(2,1)8 1,1 k-1) {(3,1),(11)}. (1 L2). (15 5 —1)
(i
(
(

LE(,1,1).{(3,1),(3,1)}1,(,0) > O(3,1)E(5,1,0),{(3,2),(1,1)},(,0)8(2,1) X3 — X30(2,2)€(4,1,0),{(1,1),(3,2)},(4,0) 4(3,2) »
ifj =1 and k s odd,

5(1,1,1:) {(1,1),(3,D)},(1,i—1) F7 €(i,1,k—1),{(1,1),(1,1)}, (1,i—1)a(2,1)X3 - Xla(2,1)5(i,1,k—1),{(3,1),(3,1)},(1,1’—1)a
€(i,1,k),{(3,1),(1,1)},(1,i—1) F7 €(4,1,k—1),{(3,1),(3,1)}, (1,1‘—1)(1(2,2)X1 - X3a(2,2)5(i,1,k—1),{(1,1),(1,1)},(1,i—1)7
€6,k {(1,1),3, 1)}, (1, l2),(14,1) F7

€i,1k=1),{(L,1), (LD} do), (5 —115) A2, 1) X3 — X10(2,1)€(5,1,k—1) {(3,1),(3, )} (11 o), (1 Iy —1)

€(6,1,k), {31, (L, (1 o), (14 1) 7

[ €0, 1.k-1),{(3,1), 3D} (k). (1~ 1,15) A(2,2) X1 + X34(2,2)E(i,1,k—1),{(1,1),(1L,1)}, (11 d2). (1 1 —1)

if j =1 and k s even,

(2,700,411, (LD} (Li—1),04.0) F
€5, k—1),{(1,1),3, )1, (Li—1), (14 —1.15) 42,2 X1 = X10(2,1)E(1,5.k—1),{(3,1),(1,1)},(Li—1), (1] 1 =1)
€(1,5,0),{(3,1),(3,)},(1,i—1),(14,15) 77
5(7,,3 k—1),{(3,1),(1,1)},(1,i—1),(I1 -1, )a(2 1)X3 + X3a(2,2)5(i,j,k—1),{(1,1),(3,1)},(1,@'—1),(l’l,l’2—1)a
€65, k) AL, (LD} (1d2), L 7 €65k—1),{(1,1),(3,)} (11 12) 4(2,2) X1,
€665, k) AL, (LD} (002),2 = X10(2,1)E(1,j,k—1),4(3,1), (L1} (11.02)
€315,k {(12),(LD},00) 7 E(igk—1),{(1,2),(3, D }(6.0)4(2,2) X1,
€(i.g k) {(1,D),
€14, k). (1,1), §,0),1 7 (i k—1).{(1,1),(3,1)},:,0),14(2,2) X1,
(i ),
(i ),
(i
(i
(i

( (
(L1),( (
(1,2),( (
(L1),(1.2)}.,(20) 7 X101 (05 k—1).{(3,1).(12)},(:.0)5
(L,1),( (i
& (i.5.k) {(1,1),( (
3:1),( (
(
(

}
1,1)},(4,0
1,1)},3i,0),2 Xla(2,1)5(z‘,j,k—1),{(3,1),(1,1)},(2’,0),17

€(4,5,k),{(3,1),(3,1)},(i,0),1 7 5(i,j,kf1),{(3,1),(1,1)},(1‘,0),2a(2,1)X3a

0

€(i,5,k),{(3,1),(3,1)},(i,0),2 F> Xsa(z,z)€(i,j,k—1),{(1,1),(3,1)},(i,0),2,

),
€ i,3,k), { 372) @3, 1)} (, O) = g(ivjvk_1)7{(372)7(171)}7(i70)a(271)X37
0)

\E(,4,5),{(3,1),(3,2) 1,3,
if 7 # 1 and k s odd,

— X3a(2,2)E(z‘,j,k—1),{(1,1),(3,2)},(2‘,0)7
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(€050, {(L1,BD}(Li-1), W .15) =
€(i5k—1),{(1,1),(1,
€(1.5.k),{(3,1),(1,1)

E(i,4k=1).4(3.0).3. D 1L~ 1), (1 ~115) 4(22) X1 — X30(2,2)8(1,jk—1),{(1,1), (L)}, (Li~1),(] 1)

F(Lim 1), —1,5) 02,1 X3 + X1Q(2,1)E (1,5 k—1),{(3,1),(3,1)},(Li—1),(,, 1)
(Li=1),(15, 1) =
€(i,5,k),{(1,1),3,1)},(I1,l2) 77 €(i,5,k—1),{(1,1),(1,1)},(I1,12), 1a(2,1)X3,
€@ k) LB (LD} () P X3A(2,.2)E (1,5.k—1),{(L,1),(1,1)},(11,02),2>
€(4,5,k),{(1,2),(3,1)},
€(4,5,k),{(3,1),(1,2)},(3,0) T Xsa(z 2)€(4,5,k—1),{(1,1),(1,2)},(5,0) s
2,1)X3,
E(i,4,k

14
A(3.1),(1,1)},3,0),1 7 X3CL(2 2)E€(i,5,k—1),{(1,1),(1,1)},(i,0),25
a(

(

1)

(

)

(

(

(1,0) 77 €(i,5,k—1),{(1,2),(1,1)},(5,0)4(2, I)XS’
(i

(

(d

€(1,5,k),{(3,1),(1,1)},(:,0),2 7 €(4,5,k—1),{(3,1),(3,1)},(,0),1 2,2)X1>
(

(

){(1,1),(3,1)}
){(3,1),(1,1)}
).{(1,2),(3,1)}
)A(3,1),(1,2)}
€(1,5,k),{(1,1),(3,1)},(5,0),1 ™ €(4,5,k—1),{(1,1),(1,1)},(3,0),
){(3,1),(1,1)}
){(3,1),(1,1)}
){(1,1),(3,1)}
){(3,2),(1,1)}
){(1,1),(3,2)}

€(i.5.k),{(3.2),(L1)},(5,0) 7 E(i,j,k—1),{(3,:2),(3,1)},(6,0) A(2,2) X 15

)
)€
)
E(i,.k){(1,1),(3,)},(1,0),2 F X1A(2,1)E (.5 k—1).{(3,1),(3,1)},(5,0),25
{
)€

LE (1,5 k){(1,1),(3,2)1,(5,0),2 P X1A(2,1)E(i5,k—1),{(3,1),(3,2)},(4,0)»
if 7 £ 1 and k is eve

(6) The following complex depend on the complezes of (3):

0« Q(l,j,k (zjk) ' Q (2,5,k) Q(n,j,k) e

The left A°-homomorphism O jiy1:Qejk — Qu-1,4k) @ defined as follows. We
consider the case that k is odd. In the case k is even, we have the similar result.

9(3,5,k),1 A(n,j,k),1
PR k)

€(,1,k),{(1,1),(1,1)},(1,i—1) —*
.

0 if i =2,
—E(i—1,1,k),{(1,1),(1,1)},(Li—2) X2 T X2E(i—1,1.%),{(1,1),(1,1)},(L,i—2) if i is even(# 2),
2ot Xm0 (), (Lim2) X5 2T if 1 1s odd,
€(i,1,k) . {(3,1),(3,)},(1,i—1)
(0 ifi=2,
—E(-1LR) (31,6 D}H -2 X2 + Xog 110 (B Li—2) 1 is even(F 2),
7:20_1 Xég(z‘—1,1,k),{(3,1),(3,1)},(1,1—2)Xgrl_l if 1 is odd,

€(i,1,k) {(1,1),(1, 1)}, (I l2), (15 1) 7

— e X e e L) (LD 1), X3 if ly is even,
—E(i—1,1,k),L(1,1), (LD}l da— 1), (1 1) X2 T X286 1,1,0),{(1,1),(1,0) ), (e —1), (1) 4 [2 18 odd,

(X1 100, -1 (k10) i D s even and Iy =k + 1,
X1E(G=1,1,k) {(1,1),(1,1)}, (1 —1,1a),(k+1,0) if Iy is odd and I} = k + 1,
+ 9 S, L0 (LD (LD -1,k ) X1 if 1y ds even and 1) =0
E(i—1,1,k),{(1,1),(1,1)}, (11— 1,1a),(0,k+ 1) X 1 if l s odd and Iy = 0,

L0 others,
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€(i,1,k),{(3,1),(3, 1)}, (I 1), (14 1) 7

ng—1 no—1—
{— 1220 X%‘g(i—l,1,k),{(3,1),(3,1)},(l1,lz—l),(l/l,l’2)X22 =

—E(—1,10) {31, (3D} (I a1, (11 X2 T X286 1,1,0).((3,1),3. 1)) la—1), 1) 4 [2 18 odd,

if ly is even,
€611 4(3,1),3, D100 — 0 if k= 1.

(i,5,k),{(1,1),(1L,1) },(1,i—1),(17,15)
4

0 if i =2,
§ —EG—1.4k).L(1,1),(1,1)},(Li—2), 1) X2 T Xog(i—1,, b, (L)L) (Li-2),@.)  Of 1 s even(# 2),
D TR TORERIN IR RERREIANAP, S if i is odd,
E(0.5k),{(3,1),(3,)},(Li—1),(4.1g) 7
(0 ifi=2,
—E(i-1j k) {(3,1),3. D)} (Li—2), (1 1) X2 + Xo€(im1,jk) {(3,1),3. 1)}, (Li-2),th1) i 1 15 even(F 2),
D TR TSR ICRINCR DR REIANAD, ¢ e if i is odd,

5@a@{11)11 (l1l2),1

?201X57, L3k) (L1, (L0 (1o —1),1 X5 - if Iy is even,
(i-130) (LD (LD H (=1 X2 + Xo (150 {00, 0 -1 o I is odd(# 1),
_|_

X ety {0 )1 if by s even,
X1E(3i-1,5,k),{(1,1),(1,1)}, (11— 1,12),1 if 1 is odd(# 1),

€(i,,k) {(1,1),(1,1)}, (I l2) .2 7
— S X1 i D)D) (1) 2 X3 if ly is even,
—8(1_1,J,k),{(1,1),(1,1)},(11,z2_1),2X2 + Xo€(i-1,j,k) {(1,1),(1, D)} la—1)2 4 12 is odd(# 1),
n 1 ) AL (L) (L —102)2 X1 T if Iy is even,
E(i—1,4,k) {(L,1),(1,1)},(li—1.02),2X 1 if Ly is odd(# 1),
€(i7j,k‘),{(1,1),(1,1)},(i—1,1),1 |—>
_5(i—1,j,k),{(1,1),(1,1)},(z‘—1,0),1X2 + X25(i—1,j,k),{(1,1),(1,1)},(1‘—1,0),1
if 1 is odd and j is even,
_5(i71,j,k),{(1,1),(1,2)},(i71,0)a(1,2)X2 + X25(i71,j,k),{(1,1),(1,2)},(1'71,0)a(1,2)
if 1,7 are even,
n X?l_15(i71,j,k),{(1,1),(1,1)},(@'72,1),1 if © 4s odd,
Xlg(ifl,j,k),{(1,1),(1,1)},(1'72,1),1 if @ s 606”(7& 1)7
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g(ivjrk)v{(111)7(171)}7(i_171)12 =

—€(z‘—1,j,k),{(1,1),(1,1)},(i—1,0),2X2 + X25(z‘—1,j,k),{(1,1),(1,1)},(i—1,0),2
if 1 is odd and j is even,

_a(l,l)5(ifl,j,k),{(1,2),(1,1)},(i71,0)X2 + X2a1,15(i71,j,k),{(1,2),(1,1)},(1’71,0)
if 1,7 are even,
1 {Xf“_lﬁ(z’1,j,k),{(1,1),(1,1)},(i2,1),2 if 1 1s odd,
X1E(i-1,4k) {(L1), (L1}, (i-2,1),2 if i is even(# 1),

E(i,.k),{(1,2),(L1)},(1,0) > Q(1,2)E(i—1,,k),{(1,1),(L,D)},(i~1,0),1 & © 15 odd and j is even,
£ LD LD},0) 7 EG=150),{(11,(LD},(-1,0),20(1,1) 4 @ is odd and j is even
€(4,5,k),{(1,1),(1,1)},(3,0),1 X’lnl_1a(l’l)8(1'717j7]g)7{(1’2)7(171)}7@‘71,0) if 1,7 are even,
E(ii B LD, (LD}:0),2 7 E-150),((L), (L2} 6-1,0 0012 X1 if i, ] are even,
€(4,5,k),{(3,1),(3,1)},(3,0),1 F> 0 Zfl,j are even, ,

31,5 k) {(3,1),3,)},(,0),2 — 0 if i, are even,

(1,5 k) {(3,2),3,)},5,0) > 0 if @ is even and j is odd,
E(i.jk){(3,1),3.2) 16,00 = 0 if © is even and j is odd.

(7) The following complexes depend on the complezes of (4):

(12k 8(z3k)2 znk)Q
0+« Q(i,l,k Q(sz e Q(znk

The left A°-homomorphism O jr)2:Q i k) — Quj—1.k s defined as follows. We
consider the case that k is odd. In the case that k is even, we have the similar

result.

E(i.5.k){(3,1),(3D)},(1,0),1 X:??’_1a(s,1)5(2‘,]'71,k),{(3,2),(3,1)},(¢,0) if 1,7 are even,,
(i,3,k),{(3,1),(3,1)},(1,0),2 F7 €(4,5—1,k),{(3,1),(3,2)},(1,0)A(3,2 )X;}H if i,J are even,
(i,1,0),0(3,2),3, )1, (,0) F Q(3,2)E (i,j—1,k),{(3,1),(3,)},(3,0),1 f © @8 even and j is odd,
E(i,j, k) L (3,1),(3:2),(1,0) F E(ij—1,k)4(3,1),(3,1)},(6,0),24(3,1) if © @5 even and j is odd,
(16BN = 0 if j =k =1.

Then, the projective bimodule resolution of A is total complex of these complexes.

2. MAIN RESULTS

We have the projective bimodule resolution of A as the total complex of the complexes
in Proposition 1. And, using this resolution, we determine the ring structure of the

Hochschild cohomology ring of A modulo nilpotence.

Theorem 2. We define the projective A-bimodules P, for n > 1:

Pn = H Q(i,j,k)a

i+j+k=n
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and the A®-homomorphism d,, forn > 1:
> Oujon+ 000020+ D> (106 a0+ ()00 w2 + O ga.3)

i+j=n i+j+k=n,k>1
Then the following complex is the projective bimodule resolution of A:

d d dn
0+ A PP <& &Py -

Then the basis elements that are not nilpotent in Hochschild cohomology ring of A are
14 and e@21) + €@ € HH2”(A) for n > 1. The other elements are nilpotent elements.
Therefore, we have the following result.

Theorem 3. The Hochschild cohomology ring of A modulo nilpotence is isomorphic to
the polynomaial ring:

H*(A)/N = k[x]
where " = €1y + €(22) € HH?"(A) forn > 1.

Now, we conjecture that the projective bimodule resolution of the finite dimensional
algebra with quantum-like relations and monomial relations is given by the total complex
of the complexes depending on the relations.
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THICK SUBCATEGORIES OF DERIVED CATEGORIES OF
ISOLATED SINGULARITIES

RYO TAKAHASHI

ABSTRACT. Let R be a commutative noetherian local ring with residue field k. Denote
by DP(R) the bounded derived category of finitely generated R-modules. This article
gives a classification of the thick subcategories of DP(R) containing & when R has an
isolated singularity. If R is moreover Cohen—Macaulay and has minimal multiplicity, all
the standard thick subcategories of DP(R) are classified.

Key Words: ~ Cohen—-Macaulay ring, Derived category, Isolated singularity, Specialization-
closed subset, Thick subcategory.

2010 Mathematics Subject Classification:  13D09.

1. INTRODUCTION

A thick subcategory of a triangulated category is by definition a full triangulated sub-
category closed under direct summands. The notion of a thick subcategory has been
introduced by Verdier [17] by the name of épaisse subcategory to develop the theory of
Verdier localizations.

Classifying thick subcategories of triangulated categories is one of the most important
subjects shared by homotopy theory, ring theory, algebraic geometry and representation
theory. Classifying thick subcategories is one of the most important problems shared by
homotopy theory, ring theory, algebraic geometry and representation theory. It was first
done by Devinatz, Hopkins and Smith [4, 8] in the 1980s; they classified the thick sub-
categories of the triangulated category of compact objects in the p-local stable homotopy
category. Later on, as an analogue of the Devinatz—Hopkins—Smith theorem for commu-
tative rings, Hopkins and Neeman [7, 10] classified the thick subcategories of the derived
category of perfect complexes over a commutative noetherian ring, and it was extended
to a quasi-compact quasi-separated scheme by Thomason [16]. As an analogue of the
Hopkins—Neeman theorem for finite groups, Benson, Carlson and Rickard [1] classified
the thick subcategories of the stable category of finite dimensional representations of a
finite p-group. It was extended to a finite group scheme by Friedlander and Pevtsova [6]
and further generalized to the derived category of a finite group by Benson, Iyengar and
Krause [2].

The celebrated Hopkins—Neeman theorem classifies the thick subcategories of perfect
complexes over a commutative noetherian ring. To apply this for the whole derived cat-
egory, let R be a regular local ring with maximal ideal m and residue field k. Then the
theorem states that there is a bijection between the thick subcategories of the bounded

The detailed version [15] of this article will be submitted for publication elsewhere.

—126-



derived category DP(R) of finitely generated R-modules and the specialization-closed sub-
sets of Spec R. This theorem especially says that any nonzero thick subcategory of DP(R)
contains k. Since this fact is itself clear, the essential part of the Hopkins—Neeman theo-
rem asserts that for a regular local ring R taking the supports makes a bijection from the
thick subcategories of D°(R) containing k to the specialization-closed subsets of Spec R
containing m. The first main result of this article is the following theorem, which guatan-
tees that this consequence of the Hopkins—Neeman theorem remains valid for a much
wider class of rings, that is, the class of (catenary equidimensional) isolated singularities.

Theorem 1. Let (R,m, k) be a catenary equidimensional local ring with an isolated sin-
gularity. The assignments f : X — Suppp X and g : S — Suppg,}(R) S make mutually
wverse bijections

{Thz'ck subcategories of Db(R)} 14101> {Specmlization—closed subsets of Spec R}

containing k ; containing m

The assumption that R is catenary and equidimensional is quite weak; local rings
that appear in algebraic geometry usually satisfy this assumption. For example, one-
dimensional local rings, Cohen—Macaulay local rings, complete local domains and their
localizations at prime ideals are all catenary and equidimensional. Also, the assumption
that R has an isolated singularity is a mild condition; it is a standard assumption in
the representation theory of Cohen-Macaulay rings. For instance, this assumption is
indispensable to get the Auslander—Reiten quiver of the maximal Cohen—Macaulay R-
modules. Reduced local rings of dimension one and normal local rings of dimension
two are Cohen—Macaulay rings with an isolated singularity. Moreover, it turns out that
without the isolated singularity assumption, Theorem 1 is no longer true; see Remark 17.

Several related results to Theorem 1 have been obtained so far. The author [14] clas-
sifies the thick subcategories of DP(R) containing R and k when R is a Gorenstein local
ring that is locally a hypersurface on the punctured spectrum. Stevenson [12] obtains
a complete classification of the thick subcategories of DP(R) in the case where R is a
complete intersection. Thus, our next goal is to classify the thick subcategories of DP(R)
for a non-complete-intersection local rings. However, this problem itself turns out to be
quite hard; indeed, there seems even to be no example of a non-complete-intersection ring
R such that all the thick subcategories of DP(R) are classified. So it would be a reason-
able approach to consider classifying the thick subcategories satisfying a certain condition
which all the thick subcategories satisfy over complete intersections. The standard con-
dition is such a one: We say that a thick subcategory of D°(R) is standard if it contains
a nonzero object of finite projective dimension. Dwyer, Greenlees and Iyengar [5] prove
that if R is a complete intersection, then every nonzero thick subcategory of DP(R) is
standard. As an application of Theorem 1, we obtain the following classification theorem
of standard thick subcategories.

Theorem 2. Let R be a nonregular local ring with an isolated singularity. Suppose that
R is either

(1) a hypersurface, or
(2) a Cohen—Macaulay ring with minimal multiplicity and infinite residue field.
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Then there is a one-to-one correspondence

Standard thick A Nonempty Nonempty
subcategories 1-1 < specialization-closed p LI < specialization-closed
of D*(R) r subsets of Spec R subsets of Spec R

Here, the maps A and ' are defined by:

_ (Supp X? 1) ZfX g Dperf(R)a
M) = {(Supp X,2) if X € Dper(R),

(Supp™tS)N Dperf(R) if 1 =1,
Supp 'S if 1= 2.

In the next Section 2 we make several necessary definitions and fundamental properties.
In Sections 3 and 4 we give some comments on the above two theorems.

2. BASIC DEFINITIONS

Let us begin with fixing our conventions.

Convention 3. Throughout (the rest of) this article, let R be a commutative noetherian
ring. We assume that all modules are finitely generated, and that all subcategories are
nonempty, full and closed under isomorphism.

We denote by mod R the category of (finitely generated) R-modules, by C°(R) the cat-
egory of bounded complexes of (finitely generated) R-modules and by D°(R) the bounded
derived category of mod R. Note that mod R and CP(R) are abelian categories and DP(R)

is a triangulated category.
We make the definitions of thick subcategories of mod R, C°(R) and DP(R).

Definition 4. (1) A subcategory X of mod R is called thick if it is closed under direct
summands and satisfies the 2-out-of-3 property for short exact sequences.
(2) A subcategory X of C°(R) is called thick if it is closed under direct summands and
shifts and satisfies the 2-out-of-3 property for short exact sequences.
(3) A subcategory X of D°(R) is called thick if it is closed under direct summands and
satisfies the 2-out-of-3 property for exact triangles.
Let C be one of the categories mod R, C°(R) and DP(R). For each subcategory M of C
we denote by thicke M the smallest thick subcategory of C containing M, and call it the
thick closure of M in C.

Remark 5. (1) Every Serre subcategory of mod R is thick.

(2) The category thickyod g R consists of the R-modules of finite projective dimension.

(3) A thick subcategory X of DP(R) is closed under shifts. In fact, each object M of
DP(R) admits exact triangles M — 0 — M[1] ~ and M[—1] — 0 — M ~ in D°(R).
Since X contains 0, this shows that if M is in X', then so is M[+£1], and by induction
so is M[n] for all n € Z.

(4) Let R be a local ring with residue field k. Then thickmoqd g & consists of the R-modules
of finite length. In particular, a thick subcategory X of mod R contains k if and only
if X contains all the R-modules of finite length.
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Let us recall the relationships among the categories mod R, C®(R) and D®(R). Among
these three categories there are natural functors

mod R % C°(R) & Db(R).

Each object C in CP(R) is sent by S to the same complex C, while each morphism

g: X — Y in C°(R) is sent by 8 to the roof X < X % Y in D*(R). For an object
M € mod R (resp. C' € C°(R)) we often use the same letter M (resp. C) to denote a(M)
(resp. B(C)).

Next we recall the defintion of a specialization-closed subset.

Definition 6. A subset S of Spec R is called specialization-closed if S contains V(p) for
all p € S. Here, for an ideal I of R we denote by V(I) the set of prime ideals of R
containing [.

Remark 7. (1) A specialization-closed subset of Spec R is nothing but a (possibly infinite)
union of closed subsets of Spec R in the Zariski topology.

(2) Let R be a local ring with maximal ideal m. Then a specialization-closed subset of
Spec R is nonempty if and only if it contains m.

Now we introduce the notion of supports for the module category mod R.

Definition 8. (1) For each module M € mod R we denote by Suppy M the set of prime
ideals p of R such that M, 22 0 in mod R,, and call this the support of M in mod R.

(2) For a subcategory X of mod R we set Suppp X = |Jycr Suppg X, and call this the
support of X.

(3) For a subset S of Spec R we denote by Supp;id r S the subcategory of mod R consisting
of all modules whose supports are contained in S.

Remark 9. (1) For an exact sequence 0 — L — M — N — 0 in mod R it holds that
Suppp M = Suppy L U Suppy N.

(2) Let M be an R-module. Then Suppy M is a closed subset of Spec R in the Zariski
topology.

(3) Let S be a set of prime ideals of R. Then Supp;idR S'is a Serre subcategory of mod R,
and in particular, a thick subcategory of mod R.

Next we introduce the notion of supports for the derived category D°(R).

Definition 10. (1) Let X be an object of D’(R). Then the following sets of prime ideals
of R are the same.
e Suppr H(X) = {p € Spec R | H(X), 2 0 in mod R, }.
o U,z Suppr H(X) = {p € Spec R | H'(X), % 0 in mod R, for some i € Z}.
e {p eSpecR| X, #0in D°(R,)}.
o {p €SpecR|r(p) ®E, X, 2 0in D (Ry)}.
Here D™(R,) stands for the derived category of bounded-above R,-complexes. We
denote these four sets by Suppy X and call it the support of X in D°(R).
(2) For a subcategory X of DP(R) we set Suppr X = Uycr Suppr X and call it the
support of X.
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(3) For a subset S of Spec R we denote by SuppB&( R) S the subcategory of DP(R) consisting
of objects whose supports are contained in S.

The supports for D?(R) have the same notation as those for mod R, but there would be
no danger of confusion since the support of an object M of mod R is equal to the support
of the object Ba(M) of DP(R).

Remark 11. (1) (a) One has Suppg(X @ Y) = Suppr X USuppy Y for X, Y € D°(R).
(b) One has Suppy(X|[n]) = Suppy X for X € D’(R) and n € Z.
(c) Let X — Y — Z ~ be an exact triangle in DP(R). Then for any permutation
A, B,C of X,Y, Z one has Suppp A C Suppy B U Suppy C.
(2) For X € D(R) the subset Suppy X of Spec R is closed in the Zariski topology.
(3) For a subset S of Spec R the subcategory SuppBS(R) S of DP(R) is thick.

(4) Let X be a subcategory of DP(R). Then Suppp X is a specialization-closed sub-
set of Spec R. Furthermore, it holds that Suppp X = SuppR(thicka(R) X)), because
Supp ' (Supp X ) is a thick subcategory containing X', whence contains thick X'

Let us recall the defintion of (the derived category of) perfect complexes.

Definition 12. A perfect complex is by defintion a bounded complex of finitely generated
projective modules. We denote by Dyerf(R) the subcategory of DP(R) consisting of perfect
complexes. This is a thick subcategory of D®(R), and hence a triangulated category. For
each subset S of Spec R we set Suppgplerf(R) S = (SuppB&(R) S) N Dperr(R).

Remark 13. (1) Every thick subcategory of Dpes(R) is a thick subcategory of DP(R).
(2) One has thickps gy R = Dpers(RR).
(3) For a set S of prime ideals of R, the subcategory Suppgjerf( r) o of Dperf(R) is thick.

Finally, we recall the definitions of a hypersurface, a Cohen-Macaulay ring with minimal
multiplicity and a disjoint union of sets.

Definition 14. (1) A local ring R is called a hypersurface if the completion of R is
isomorphic to a quotient of a regular local ring by a nonzero element.
(2) Let R be a Cohen—Macaulay local ring. Then R satisfies the inequality

(2.1) e(R) > edim R —dim R + 1,

where e(R) and edim R denote the multiplicity of R and the embedding dimension
of R, respectively. We say that R has minimal multiplicity (or mazimal embedding
dimension) if the equality of (2.1) holds.

(3) Let Ay, Ay be sets whose intersection is possibly nonempty. The disjoint union of A,
and A, is defined as

A U Ay = (A x {1 U (Ag x {21) = {(2,1), (1,2) | 2 € Ap,y € As).

In the case where AN A, is empty, the set A; LA, is identified with the union A; U A,
namely, it is the usual disjoint union.
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3. COMMENTS ON THEOREM 1

The essentail part of the proof of Theorem 1 is played by the following result. This
is shown by using contradiction, considering complexes of objects in C°(R) and applying
the Hopkins—Neeman theorem [10, Theorem 1.5].

Proposition 15. Let (R,m, k) be a catenary equidimensional local ring with an isolated
singularity. Let X be a non-acyclic bounded complex of R-modules. Then one has

thickpe(r) {k, X'} = thickps(r) {R/p | p € Suppp X}.

Remark 16. The equality in Proposition 15 is no longer true if we remove k from the
left-hand side; the equality

thiCka(R) X = thiCka(R){R/p | p S SuppR X}

holds for X = R if and only if Dpe(R) = D(R), if and only if R is regular. This is one
of the reasons why we consider thick subcategories containing k.

We should remark that unless R has only an isolated singularity, Theorem 1 does not
necessarily hold. To be more precise, if R does not have an isolated singularity, then there
may exist a thick subcategory & of DP(R) containing k such that X # Supp 'S for all
nonempty specialization-closed subsets S of Spec R.

Remark 17. Let (R, m, k) be a local ring, and suppose that R does not have an isolated
singularity. Set & = thickps(p){k, R}. Then X is a thick subcategory of D°(R) containing
k, but X # SuppBbI(R) S for all subsets S of Spec R.

Note that in the above remark X # SuppB&( R) S for all subsets S of Spec R, not neces-

sarily nonempty specialization-closed ones.
As a consequence of Theorem 1, we obtain the following one-to-one correspondence
without prime ideals.

Corollary 18. Let R be a catenary equidimensional local ring with an isolated singularity.
Then one has a one-to-one correspondence

Thick subcategories of D°(R) % Nonzero thick subcategories
containing k — of Dperf(R) ’

Y
where ¢, are defined by ¢(X) = X N Dpert(R) and (Y) = thickpsg) (Y U {k}) for
subcategories X of DP(R) and Y of Dpert(R).

Proof. Let S be a specialization-closed subset of Spec R containing m. Take a sequence
x of elements of R which generates m. Then Suppgserf( R) S contains the Koszul complex
K(z, R), and hence it is a nonzero thick subcategory of DP(R). Conversely, for any
nonzero thick subcategory Y of Dpes(R), the support Suppy )Y contains m. Thus, the
Hopkins—Neeman theorem [10, Theorem 1.5] implies that Suppj and Suppgserf( ) make
mutually inverse bijections between the nonzero thick subcategories of Dpers(R) and the
specialization-closed subsets of Spec R containing m.
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Let X be a thick subcategory of D°(R) containing k, and let ) be a nonzero thick
subcategory of Dyers(R). Combining our Theorem 1 with the above one-to-one correspon-
dence, one has only to verify the equalities

(1) Suppgplerf(R) Supp X = X N Dpert(R),

(2) Suppps ) Supp Y = thickps(s) (Y U {k}).
We have X' N Dperf(R) C Suppgserf(R)(Supp X) C Suppsg(R)(Supp X) = X, where the last
equality follows from Theorem 1. This shows the equality (1). On the other hand, it holds
that Supp Y = Supp(Y U {k}) = Supp(thickps) (Y U {k})), where the second equality
follows from the fact that ) is nonzero. Applying SuppB&( R) and using Theorem 1, we
obtain the equality (2). O

4. COMMENTS ON THEOREM 2

The stable derived category Deg(R) of R, which is also called the singularity category
of R, is defined as the Verdier quotient of D?(R) by Dpes(R). This has been introduced
by Buchweitz [3] in relation to maximal Cohen—Macaulay modules over Gorenstein rings,
and explored by Orlov [11] in relation to the Homological Mirror Symmetry Conjecture.

The essential part of the proof of Theorem 2 is played by the following result on the
stable derived category. The assertion immediately follows from [13, Main Theorem] in
the case (1). As for the case (2), it is shown by taking a minimal reduction of the maximal

ideal.

Proposition 19. Let R be a local ring with an isolated singularity. Suppose that R is
either

(1) a hypersurface, or

(2) a Cohen—Macaulay ring with minimal multiplicity and infinite residue field.

Then Deg(R) has no nontrivial thick subcategory.
Let us give some examples of a ring satisfying Theorem 2(2).

Example 20. Let k be an infinite field, and let xz,y be indeterminates over k. Then
it is easy to observe that k[[x,y]]/ (2%, zy, v?), k[[z,y, 2]]/(2?* — yz,y* — zx, 2% — zy) and
k[[x3, 2%y, zy?, y3]] are non-Gorenstein rings satisfying the condition (2) in Theorem 2. In
general, normal local domains of dimension two with rational singularities satisfy Theorem

2(2); see [9, Theorem 3.1].

Remark 21. (1) Theorem 2(1) can also be deduced from [12, Theorem 4.9].
(2) Theorem 2(2) especially says the following.

Let R be a Cohen—Macaulay local ring with an isolated singularity and
infinite residue field, and assume that R has minimal multiplicity. Let X
be a standard thick subcategory of DP(R) which is not contained in Dpers(R).
Then X contains the residue field of R.

This statement is no longer true without the assumption that R has minimal multiplicity.

Indeed, let R = k[z,y]/(2?, y*) with k a field, and let X’ be the thick closure of R and
R/(z) in D°(R). Then R is an artinian complete intersection local ring, and X is a thick
subcategory of DP(R). As X contains R, it is standard. As R/(z) has infinite projective
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dimension as an R-module, X" is not contained in Dyes(R). Note that both R and R/(x)
have complexity at most one. Since the subcategory of DP(R) consisting of objects having
complexity at most one is thick, every object in X have complexity at most one. Since k
has complexity two, X does not contain k.

Consequently, the assumption in Theorem 2(2) that R has minimal multiplicity is
indispensable.
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EXAPMLES OF ORE EXTENSIONS WHICH ARE MAXIMAL
ORDERS WHOSE BASED RINGS ARE NOT MAXIMAL ORDERS

H. MARUBAYASHI AND A. UEDA

ABSTRACT. Let R be a prime Goldie ring and (o,0) be a skew derivation on R. It is
well known that if R is a maximal order, then the Ore extension R[z;0,d] is a maximal
order. It was a long standing open question that the convserse is true or not in case
o # 1 and § # 0. We give an example of non-maximal order R with a skew derivation
(0,0) on R (0 # 1,6 # 0) such that R[x;0,d] is a maximal order.

1. INTRODUCTION

Let 0 be an automorphism of a ring R and let ¢ be a left o-derivation of R. Then we
say (o,0) is a skew derivation on R. The aim of this paper is to obtain an example such
that the Ore extension R|[x;o,0] is a maximal order but R is not a maximal order.

In case ¢ is trivial, the following example is known (see [1, Proposition 2.6]). Let D be
a hereditary Noetherian prime ring (an HNP ring for short) satisfying the following:

(a) there is a cycle my,...,m, (n > 2) such that my N ---Nm, = aD = Da for some
a€ D and
(b) any maximal ideal n different from m; (1 < ¢ < n) is invertible.

We define a skew derivation (0,8) on D by o(r) = ara™! and §(r) = 0 for all » € D.
Then D is clearly not a maximal order and the Ore extension D[z;0,0] is a maximal
order. But in case o and ¢ are both non-tirvial, we need to consider the Ore extension of
a polynomial ring over D and we must specify v-ideals of it.

Therefore let R = D[t] be the polynomial ring over D in an indeterminate ¢. Then
(0,0) on D is extended to a skew derivation on R by o(t) =t and 6(t) = a (see [4, Lemma
1.2]) and it is proved that the Ore extension R[x;o,d] is maximal order but R is not a
maximal order (Theorem 12).

Section 2 contains preliminary results which are used in Section 3. In Section 3, we
describe the structure of prime invertible ideals of R[z; o, ] (Proposition 9) and Theorem
12 is proved by showing that any v-ideal is v-invertible.

We refer the readers to [12] and [13] for terminology not defined in the paper.

2. PRELIMINARY RESULTS

Let S be a Noetherian prime ring with quotient ring () and A be a fractional S-ideal.
We use the following notation:

(S:A),={qeQ|qACS}, (S:A4),={¢eQ]| AgC S} and
Ay =(5:(S:A)),2A and ,A=(5:(5:4),) 2 A

The detailed version of this paper will be submitted for publication elsewhere.
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A is called a v-ideal if ,A = A = A,. A v-ideal A is said to be v-invertible (invertible) if
J((S:A)A) =8 =(A(S:A),), ((S:A)A=5=A(S:A),), respectively.

Note that if A is v-invertible, then it is easy to see that O,.(A) = S = O;(A) and
(S : Ay =A1=(S: A),, where O)(A) = {q € Q | gA C A}, a left order of A,
O,(A)={q€ Q| Aq C A}, a right order of Aand A~' ={q e Q| AgA C A}.

Concerning invertible ideals and v-invertible ideals of .S, the next lemma holds.

Lemma 1. A v-ideal is invertible if and only if it is v-invertible and projective (left and
right projective).

In the remainder of this section, let D be a hereditary Noetherian prime ring (an HNP
ring for short) with quotient ring K = Q(D) and R = D[t]. Let o be an inner automor-
phism induced by a regular element a of D, that is, o(r) = ara™! for all r € D and § be
a trivial left o-derivation on D, that is, 6(r) = 0 for all r € D.

Put R = D[t], the polynomial ring over D in an indeterminate t. o and § are extended
to an automorphism o of R and a left o-derivation § on R as follows ([4, Lemma 1.2]);

o(t)=t and 0(t) =a.

It is well-known that a skew derivation (c,d) is naturally extended to a skew derivation
on K ([12, p. 132]). Also we note that 0§ = do holds.
We put

V.(R) = {a: ideals |a=a,} D Vi) (R) ={a € V,(R) | ais maximal in V,(R)},
Vi(R) = {a: ideals |a=,a} 2 Viuy(R) = {a € Vi(R) | ais maximal in V;(R)} and
Specy(R) = {b: primeideals | bN D = (0) and b is a v-ideal}.

Note that for each fractional R-ideal a, a = a, if and only if a is right projective by
2, Proposition 5.2] and that there is a one-to-one correspondence between Spec,(R) and
Spec(K[t]) (see [12, Proposition 2.3.17]).

Using these facts, we can prove the following lemma.

Lemma 2. V(;, ) (R) = Vi) (R) and is equal to
Vin(R) = {m[t],b | m runs over all maximal ideals of D and b € Specy(R)}.

From Lemmas 1 and 2, we have the following.

Lemma 3. If b € Specy(R), then b is invertible.
Now we can determine the maximal invertible ideals of R by Lemmas 2 and 3.

Proposition 4. {p[t] = my[t] N - N mg[t],b | my,...,my is a cycle of D,k > 1,b €
Specy(R)} is the full set of mazimal invertible ideals of R (ideals mazimal amongst the
invertible ideals).

The following proposition follows from the proof of [3, Proposition 2.1 and Theorem
2.9].

Proposition 5. The invertible ideals of R generate an Abelian group whose generators
are mazximal invertible ideals.
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In case D has enough invertible ideals, it is shown in [9] that R = DJt] is a v-HC
order with enough v-invertible ideals, which is a Krull type generalization of HNP rings.
Recall the notion of v-HC orders: A Noetherian prime ring S is called a v-HC order if
o(A(S 1 A)) = Oi(A) for any ideal A of S with A = ,4 and ((R: 5),B), = O,(B) for any
ideal B of S with B = B,. A v-HC order S is said to be having enough v-invertible ideals
if any v-ideal of S contains a v-ideal which is v-invertible. A v-ideal C' is called eventually
v-idempotent if (C™),, is v-idempotent for some n > 1, that is, ((C™),%), = (C™),.

Ideal theory in HNP rings are generalized to one in v-HC orders with enough v-invertible
ideals. The following two lemmas are very useful to investigate the structure of v-ideals
of v-HC orders (for their proofs, see [8, Lemma 1.1] and [10, Lemma 1 and Proposition

3]).

Lemma 6. Let S be a prime Goldie ring and A, B be fractional S-ideals.
(1) (AB), = (ABy)y.
(2) (A,B), = (AB), if B is v-invertible.
(3) (AB), = A,B if B is invertible.

Lemma 7. Let S be a v-HC order with enough v-invertible ideals and A be a fractional
S-ideal.
(1) (A= A,.
(2) A, = (BQC), for some v-invertible ideal B and eventually v-idempotent ideal C.
(3) Let C be an eventually v-idempotent ideal and let My, ..., My be the full set of
mazimal v-ideals containing C. Then (C*), = ((My N --- N M)¥), and is v-
1dempotent.

Remark. A v-ideal of S is eventually v-idempotent if and only if it is not contained in
any v-invertible ideals (see the proofs of [3, Propositions 4.3 and 4.5]).

3. EXAMPLES

Throughout this section, D is an HNP ring with quotient ring K satisfying the following:
(a) there is a cycle my, ..., m, such that my N---Nm, = aD = Da for some a € D.
(b) any maximal ideal n different from m; (1 <1 < n) is invertible.

Examples of an HNP ring D satisfying the conditions (a) and (b) are found in [6] and

[1]. The simplest example is D = (Z pZ

7 7 ), where Z is the ring of integers and p is a

prime number.

Unless otherwise stated, R = D[t], o is an automorphism of R and 4 is a left o-derivation
as in Section 1, that is, o(r) = ara™, §(r) =0 for all r € D, o(t) =t and §(t) = a.

Note that o(m;) = m;1; (1 <7< n-1), o(m,) = my and o(n) = n for all maximal
ideals n with n # m; (1 < i < n) by [5, Theorem 14] and [9, Corollary 2.3]. Furthermore,
by Lemma 2 and Proposition 4,

Vin(R) = {m;[t], n[t], b | n# m; and b € Specy(R)}
and

I,(R) ={p[t], n[t], b|p=myN---Nm,,n#m; and b € Specy(R)}
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is the set of all maximal invertible ideals of R.

Note that a maximal ideal of K[t] is either tK[t] or wK [t] for some w = kyt! +- -+ ko €
Z(K|[t]) with k; # 0,ko # 0,1 > 1, where Z(K|t]) is the center of K|[t] (see [12, Theorem
2.3.10]) and so any b € Specy(R) is either b = tR or b = wK|t] N R, where w € Z(K|[t])
and wK|[t] is a maximal ideal ([12, Proposition 2.3.17]).

A fractional R-ideal a is called o-invariant if o(a) = a and is called d-stable if 6(a) C a.
A o-invariant and d-stable fractional R-ideal is said to be (o, d)-stable.

The following lemma is crutial to study ideals of R and is proved by using the results
obtained in section 2.

Lemma 8. (1) Any projective ideal of R is a product of an invertible ideal and an
eventually v-idempotent ideal.
(2) Any eventually v-idempotent ideal is not o-invariant.
(3) n[t] and p[t] are (o,d)-stable.
(4) Let w =1t orw € Z(K|[t]) and let b = wK|[t] N R, which is a mazimal invertible
ideal of R. Then
(i) b™ is o-invariant for any n > 1.
(i) b™ is d-stable if and only if W"K|[t] is §-stable if and only if §(w™) = 0.
(iii)  (a) If char K =0, then b™ is not §-stable for any n.
(b) If char K = p # 0 and 6(w) # 0, then b? is (0,d)-stable and b* is not
(0,0)-stable (1 < i< p).
(¢c) If char K =p # 0 and 6(w) = 0, then b" is (o0,9)-stable for all n > 1.

In the remainder of this section, let S = R|x; 0, 6], an Ore extension in an indeterminate
x and T = Q[x;0,0], where Q = Q(R), the quotient ring of R. We will prove that S is a
maximal order. To prove maximality of S, it is enough to show that each v-ideal of S is
v-invertible. For this purpose, we will describe all v-ideals of S.

Note that for an ideal a of R, a[x;0,0] is an ideal of S if and only if a is (¢, 0)-stable.

From Lemma 8, we have the following Proposition 9 and we can prove invertibility of
a v-ideal A of S such as AN R # (0) by using Proposition 9.

Proposition 9. Under the same notations as in Lemma 8, let A be an ideal of S such
that A = A, and is mazimal in {B : ideal | B = B,}. If AN R = a # (0), then A is
equal to one of P = plt][x;0,0], N =n[t][x;0,0], B = b[z;0,0] (in case b is (0,0)-stable)
or C = bP[z;0,0] (in case b is o-invariant but not §-stable) and each of these is a prime
inwertible ideal of S'.

Lemma 10. Let A be an ideal of S such that A=A, anda=ANR # (0). Then a is a
(0,0)-stable invertible ideal and A = alz;0,0].

Outline of Proof. Assume that A D a[x;0,d] and that it is maximal for this property.
Then, by Proposition 9, there is a Py = po[z;0,6] D A, where py = pit] or nft] or b or ¢
and S O APy;' D A. Then AP;' = d'[z;0,6] for some (o,d)-stable v-ideal o', and
A= ((AP; 1) Py)y = (a'po)o[x; 0, 8], which is a contradiction. O

By Lemma 10, we can prove also v-invertibility of a v-ideal A such as AN R = (0).

Lemma 11. Let A be an ideal of S such that A = A, and AN R = (0). Then A is
v-invertible.
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Outline of Proof. T = (S : A);AT holds and so (S : A);AN R # (0). Then ,((S : A);A)
is invertible by the left version of Lemma 10. Suppose ,((S : A);A) C S. Then there is a
maximal invertible ideal Py which is prime and Py D ,((S : A);A). Then the localizaion
Sp, is a local Dedekind prime ring and

Spo = (SPO : ASPO)IASPO g SPO<S : A)lASPO g SPOPOSPO = J(SPO),

the Jacobson radical of Sp,, which is a contradiction. a

Now we obtain the main theorem of this paper by Lemmas 10 and 11.
Theorem 12. S = R[z;0,0] is a mazimal order and R is not a maximal order.

Proof. Let A be any non-zero ideal of S. Since S C O;(A) C O,(4,), in order to prove
O,(A) = S, we may assume that A = A,. By Lemmas 10 and 11, A is (v)-invertible .
Hence O;(A) = S and similarly O,(A) = S, that is, S is a maximal order. Of course R is
not a maximal order. OJ

As an application of Theorem 12, we give the example related to unique factorization
rings. A Noetherian prime ring R is called a unique factorization ring (a UFR for short) if
each prime ideal P with P = P, (or P = ,P) is principal, that is, P = bR = Rb for some
b € R. We note that R is a UFR if and only if R is a maximal order and each v-ideal is
principal, and if R is a maximal order, then every prime v-ideal is a maximal v-ideal.

Then we have the following.

Proposition 13. Suppose char D = 0 and any mazimal ideal n different from m; (1 <
i < n) is principal. Then S = R|x;0,0] is a UFR but R is not a UFR.

At the end, we state an open problem concerning Ore extensions.

Problem. Let R be a prime Goldie ring and consider the Ore extension R[x;0,d] of R,
where (0,d) is a skew derivation on R. Then what is necessary and sufficient condition
for R[x;0,0] to be a maximal order or unique factorization ring?
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QUIVERS, OPERATORS ON HILBERT SPACES
AND OPERATOR ALGEBRAS

YASUO WATATANI (##5  %5)

ABSTRACT. One of the aims of the theory of representations of finite dimensional al-
gebras is to describe how linear transformations can act simultaneously on a finite di-
mensional vector space. We consider bounded linear operators on a infinite-dimensional
Hilbert space instead of linear transformations on a finite dimensional vector space. We
describe similarities and differences between ring theory and theory of operator algebras.

1. INTRODUCTION

Operator algebraists import many ideas from ring theory without paying anything.
Ring theorists import few ideas from theory of operator algebras because it is based on
functional analysis. But we expect more fruitful interactions between these two theory.
For example, quivers are related with operator algebras in the following (at least) three
different stages:

(1)Cuntz-Krieger algebras [1]
(2)Principal graphs for subfactors [5], [4],[8]
(3)Hilbert representations of quivers [2], [3]

First We describe similarities and differences between ring theory and theory of operator
algebras.
(1)Cuntz-Krieger algebras [1]

Strongly connected quivers generate an important class of purely infinite simple C*-
algebras, called Cuntz-Krieger algebras, and they are classified by their K-groups. The
vertices are represented by orthogonal subspaces and the arrows are represented by partial
isometries with the orthognal ranges.

(2)Principal graphs for subfactors [5], [4],[8]

The category of bimodules for a subfactor forms a principal graph (a certain bitartite
graph) and a good invariant in subfactor theoory. In particular, irreducible hyperfinite
subfactors with Jones index less than four have Dynkin diagrams A,D and E. The ver-
tices are constructed by irreducible bimodules and arrows are constructed by bimodule
homomorphisms.

The paper is in a final form and no version of it will be submitted for publication elsewhere.
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Ring Theory, Representation T heory Theory of Operator algebras
Algebra Functional analysis
Finite dimensional alg. are improtant Finite dimensional alg. are trivial
Infinite dimensional alg. are interesting | Infinite dimensional alg. are essential
vector space Hilbert space (need inner product)
ring *_algebra
non-commutative non-commutative
over a field K over C
no measure theory need measure theory
category is an essential tool category is a useful language
combinatrics topotopological approximation
? positivity
charateristic p ?
polynomial ring algebra of continuous functions
path algebra Cuntz-Krieger algebra

(3)Hilbert representations of quivers [2], [3]

A Hilbert representation of a quiver is to associate Hilbert spaces for the vertices and
bounded operators for arrows. Jordan blocks correspond to strongly irreducible operators.
The invaraint subspace problem is one of the famous unsolved problems in functional
anaysis and rephrased by the existence of a simple Hilbert representation of a quiver.

We study operator algebras instead of finite dimensional algebras. We have two im-
portant classes of operator algebras, that is, C*-algebras and von Neumann algebras.
A C*-algebra is a *-subalgebra of the algebra B(H) of bounded operators on a Hilbert
space H closed under operator-norm-topology. A von Neumann algebra is a *-subalgebra
of B(H) closed under weak-operator-topology. C*-algebras are regarded as quantized
(locally) compact Housdorff spaces. Von Neumann algebras are regarded as quantized
measure spaces.

We can associated C*-algebras for topological dynamical systems and von Neumann
algebras for measurable dynamical systems. In the half of this note, we will show our study
on C*-algebras associated complex dynamical systems ([6]) and self-similar dynamical
systems ([7]) and on Hilbert representations. These results are based on joint works with
Tsuyoshi Kajiwara and Masatoshi Enomoto.

In order to "feel” the difference between purely algebraic setting and functional analytic
setting, let us consider the following typical examples: Let L; be one-loop quiver, that is,
L, is a quiver with one vertex {1} and 1-loop {a} such that s(a) = r(«) = 1. Consider
two infinite-dimensional spaces the polynomial ring C[z] and the Hardy space H?(T).
Then C|z] is dense in H*(T) with respect to the Hilbert space norm.

Define a purely algebraic representation (V,T') of Ly by V; = C[z] and the multiplication
operator T;, by z. That is, T,h(z) = zh(z) for a polynomial h(z) = > a,z". Since
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End(V,T) = Cl[z] have no idempotents, the purely algebraic representation (V,T) is
indecomposable.

Next we define a Hilbert representation (H, S) by H; = H?*(T) and S, = T, the Toeplitz
operator with the symbol z. Then S, = T, is the multiplication operator by 2z on H?(T)
and is identified with the unilateral shift. Then

End(H,S) = {A € B(HXT)) | AT, = T.A}
={Ts € B(H*(T)) | ¢ € H*(T)}

is the algebra of analytic Toeplitz operators and isomorphic to H*°(T). By the F. and
M. Riesz Theorem, if f € H?(T) has the zero set of positive measure, then f = 0.
Since H**(T) = H?*(T) N L>(T), H*(T) has no non-trivial idempotents. Thus there
exists no non-trivial idempotents which commutes with 7, and Hilbert space (H,.S) is
indecomposable. In this sense, the analytical aspect of Hardy space is quite important in
our setting.

Any subrepresentation of the purely algebraic representation (V,T') is given by the
restriction to an ideal J = p(z)C|z| for some polynomial p(z). Any subrepresentation of
the Hilbert representation (H, S) is given by an invariant subspace of the shift operator 7.
Beurling theorem shows that any subrepresentation of (H,.S) is given by the restriction
to an invariant subspace M = @H?(T) for some inner function ¢. For example, if an ideal
J is defined by

= {f(2) €CE | FA) =~ = f(A) = 0}

for some distinct numbers Aq, ...\, € C, then the corresponding polynomial p(z) is given
by p(z) = (z— A1) ... (2 — A\n). The case of Hardy space is much more analytic. We shall
identify H?(T) with a subspace H?(D) of analytic functions on the open unit disc D. If
an invariant subspace M is defined by

M={feH*D)| f(M)="--=f(A) =0}

for some distinct numbers Ay, ...\, € D, then the corresponding inner function ¢ is given
by a finite Blaschke product

(=) (z—\p)
o(z) = — ... —.
1— Xz 1— A,z
Here we cannot use the notion of degree like polynomials and we must manage to treat
orthogonality to find such an inner function ¢.

2. PATH ALGEBRAS AND CUNTZ-KRIEGER ALGEBRAS

The elements of a path algebra of a quiver are finite linear sums of paths in the quiver.
Similarly the elements of a Cuntz-Krieger algebra of a quiver are generated by partial
isometry operators representating paths. The difference is that the ranges of generating
partial isometries are orthogonal and we add the adjoint 7™ of any operator 7' in the
Cuntz-Krieger algebra. But usually the Cuntz-Krieger algebra is described using the 0-
1 matrix A corresponding the quiver as follows: The Cuntz-Krieger algebra O, is the
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symbolic dynamical system complex dynamical system
quiver (or 0-1 matrix A ) rational function R
irreducible matrix restriction of R on the Julia set Jg
Cantor set closed subset of Riemann sphere
one-sided Markov shift branched covering map
Cuntz-Krieger algebra O 4 Cuntz-Pimsner algebra Og(Jg)
maximal abelian subalgebra C'(X,4) | maximal abelian subalgebra C'(Jg)
étale groupoid not étale groupoid in general
K-group is a good invariant K-group is not a good invariant
universal algebra generated by partial isometries Sp,.5,,...,5, with orthogonal ranges

satisfying that
SrSi=> A(i,5)S;S; and Y S8 =1

J=1 J=1
Theorem 1. (Cuntz-Krieger) Let A be an irreducible 0 — 1 matrix which is not a per-
mutation. Then the correspoding Cuntz-Krieger algebra O4 is simple, purely infinite,
nuclear C*-algebra. Furthermore the K-groups are the following:

Ko(Oa) = Z" /(I — ANZ"  K\(O4) = Ker (I — A') C Z"

It is known that the K-groups are complete invarint of a certain class of simple nuclear
C*-algebras containing Cuntz-Krieger algebras.

3. C"-ALGEBRAS ASSOCIATED WITH COMPLEX DYNAMICAL SYSTEMS

We can regard Cuntz-Krieger algebras are C*-algebraic version of path algebras for
quivers. But we usually consider that Cuntz-Krieger algebras are associated with cer-
tain symbolic dynamical systems ,i.e. Markov shifts. Similarly many C*-algebras are
constructed from dynamical systems.

Let R be a rational function of the form R(z) = 522 with relatively prime polynomials

P and @Q. The degree of R is denoted by N = deg R := max{deg P, deg Q}.

We regard a rational function R as a N-fold branched covering map R : C — C on the
Riemann sphere C = CU {o0}.

The sequence (R"),, of iterations of R gives a complex analytic dynamical system on C.
The Fatou set Fy of R is the maximal open subset of C on which (R"), is equicontinuous
(or a normal family), and the Julia set Jg of R is the complement of the Fatou set in
C. The Fatou set Ff is a stable part and the Julia set Jg is an unstable part. Since the
Riemann sphere Cis decomposed into the union of the Julia set Jgr and Fatou set Fj,

we associated three C*-algebras Or = Or(C), Ogr(Jr) and Ogr(FRr) by considering R as
dynamical systems on C, Jgr and Fr respectively.

Theorem 2. (Kajiwara-Watatani) Let R be a rational function with deg R > 2. Then
the C*-algebra Or(Jg) associated with R on the Julia set Jg is simple and purely infinite.

—143—



Theorem 3. (Kajiwara-Watatani) Let R be a rational function with deg R > 2. Then
the following are equivalent:

(1)The core Og(Jg)" is simple.

(2)The Julia set Jr contains no branched points i.e. Jz N Br = 0.

4. HILBERT REPRESENTATION OF QUIVERS

Let I' = (V, E,s,r) be a finite quiver. We say that (H, f) is a Hilbert representation of
I'if H = (Hy,)vev is a family of Hilbert spaces and f = (fa)acr is a family of bounded
linear operators such that f, : Hya) — Hyq) for a € E.

Hilbert representation (H, f) of I' is called decomposable if (H, f) is isomorphic to a
direct sum of two non-zero Hilbert representations. A non-zero Hilbert representation
(H, f) of T is said to be indecomposable if it is not decomposable, that is, if (H, f) =
(K,g) ® (K',¢') then (K,g) 2 0or (K',¢') = 0.

A Hilbert representation (H, f) of a quiver I is called transitive if End(H, f) = CI. It is
clear that if a Hilbert representation (H, f) is canonically simple, then (H, f) is transitive.
If a Hilbert representation (H, f) of I' is transitive , then (H, f) is indecomposable. In fact,
since End(H, f) = CI, any idempotent endomorphism 7" is 0 or I. In purely algebraic
setting, a representation of a quiver is called a brick if its endomorphism ring is a division
ring. But for a Hilbert representation (H, f) of a quiver, End(H, f) is a Banach algebra
and not isomorphic to its purely algebraic endomorphism ring in general, because we only
consider bounded endomorphisms. By Gelfand-Mazur theorem, any Banach algebra over
C which is a division ring must be isomorphic to C. Therefore the reader may use ”brick”
instead of "transitive Hilbert representation” if he does not confuse the difference between
purely algebraic endomorphism ring and End(H, f).

A lattice £ of subspaces of a Hilbert space H containing 0 and H is called a transitive
lattice if

{Ae B(H) | AM C M for any M € L} = CI.

Let £ = {0, My, Ms,...,M,,H} be a finite lattice. Consider a n subspace quiver
R, = (V,E,s,r), that is, V. = {1,2,....,n,n+ 1} and F = {ax | k = 1,...,n} with
s(ag) =k and r(ag) =n+1for k =1,...,n. Then there exists a Hilbert representation
(K, f) of R, such that K}, = My, K,41 = H and f,, : My — H is an inclusion for
k= 1,...,n. Then the lattice £ is transitive if and only if the corresponding Hilbert
representation (H, f) is transitive. This fact guarantees the terminology ”transitive” in
the above.

Theorem 4. (Enomoto-Watatani) Let I' be a quiver whose underlying undirected graph is
an extended Dynkin diagram. Then there exists an infinite-dimensional transitive Hilbert
representation of I' if and only if I' is not an oriented cyclic quiver.

A non-zero Hilbert representation (H, f) of a quiver I' is called simple if (H, f) has
only trivial subrepresentations 0 and (H, f). A Hilbert representation (H, f) of T' is
called canonically simple if there exists a vertex vy € V such that H,, = C, H, = 0
for any other vertex v # vy and f, = 0 for any o € E. It is clear that if a Hilbert
representation (H, f) of I' is canonically simple, then (H, f) is simple. It is trivial that if
a Hilbert representation (H, f) of I is simple, then (H, f) is indecomposable.
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Operator theory Representation of quivers
Hilbert space vertex
bounded operator edge
direct sum direct sum
irreducible operator irreducible representation
strongly irreducible operator 7' | indecomposable representation
commutant {7} endomorphism ring
up to similar up to isomorphism
Fredholm index defect
no non-trivial invariant subspace simple
transitive operator transitive representation

We can rephrase the invariant subspace problem in functional analysis in terms of simple
representations of a one-loop quiver. Let L; be one-loop quiver, so that L; has one vertex
1 and one arrow « : 1 — 1. Any bounded operator A on a non-zero Hilbert space H
gives a Hilbert representation (H#, f4) of L such that H{* = H and f?! = A. Then the
operator A has only trivial invariant subspaces if and only if the Hilbert representation
(HA, f4) of L, is simple. If H is one-dimensional and A is a non-zero scalar operator,
then the Hilbert representation (H4, f4) of L, is simple but is not canonically simple. If
H is finite-dimensional with dim H > 2, then the Hilbert representation (H#, f4) of L,
is not simple, because any operator A on H has a non-trivial invariant subspace. If H is
countably infinite-dimensional, then we do not know whether the Hilbert representation
(HA, f4) of Ly is not simple. In fact this is the invariant subspace problem, that is, the
question whether any operator A on H has a non-trivial (closed) invariant subspace.
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ON WEAKLY SEPARABLE EXTENSIONS AND WEAKLY
QUASI-SEPARABLE EXTENSIONS

SATOSHI YAMANAKA

ABSTRACT. Separable extensions of noncommutative rings have already been studied
extensively. Recently, N. Hamaguchi and A. Nakajima introduced the notions of weakly
separable extensions and weakly quasi-separable extensions. The purpose of this paper
is to give some improvements and generalizations of Hamaguchi and Nakajima’s results.
We shall characterize weakly separable polynomials, and we shall show the difference
between the separability and the weakly separability in skew polynomial rings.

1. INTRODUCTION

Throughout this paper, A/B will represent a ring extension with common identity 1.
Let M be an A-A-bimodule, and z, y arbitrary elements in A. An additive map 9 is said
to be a B-deriwation of A to M if §(xy) = §(z)y + zd(y) and () = 0 for any o € B.
Moreover, § is called central if 6(x)y = yd(x), and 0 is called inner if §(x) = mx — xm
for some fixed element m € M. We say that a ring extension A/B is separable if the
A-A-homomorphism of A ®g A onto A defined by a ® b — ab splits. It is well known
that A/B is separable if and only if for any A-A-bimodule M, every B-derivation of A
to M is inner (cf. [1, Satz 4.2]). In [12], Y. Nakai introduced the notion of a quasi-
separable extension of commutative rings by using the module differentials, and in the
noncommutative case, it was characterized by H. Komatsu [8, Lemma 2.1] as follows :
A/ B is quasi-separable if and only if for any A-A-bimodule M, every central B-derivation
of A to M is zero. Recently, N. Hamaguchi and A. Nakajima gave the following definitions
as generalizations of separable extensions and quasi-separable extensions.

Definition 1. ([2, Definition 2.1]) (1) A/B is called weakly separable if every B-derivation
of A to A is inner.
(2) A/B is called weakly quasi-separable if every central B-derivation of A to A is zero.

Obviously, a separable extension is weakly separable and a quasi-separable extension is
weakly quasi-separable. Moreover, a separable extension is quasi-separable by [8, Theorem
2.4].

Let B be a ring, p an automorphism of B, D a p-derivation, that is, D is an additive en-
domorphism of B such that D(af) = D(a)p(8)+aD(5) for any «, 5 € B. B[X; p, D] will
mean the skew polynomial ring in which the multiplication is given by a X = X p(«a)+D(«)
for any o € B. We write B[.X; p] = B[X; p,0] and B[X; D] = B[X;1, D]. By B[X; p, D]
we denote the set of all monic polynomials g in B[X;p, D] such that ¢B[X;p, D] =
B[X;p, D]g. Let f be in B[X; p, D]gy. Then the residue ring B[X; p, D]/ fB[X;p, D] is a

The detailed version of this paper [15] will be published.
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free ring extension of B. We say that f is a separable (resp. weakly separable, weakly quasi-
separable) polynomial in B[X;p, D] if B[X;p, D]/ fB[X;p, D] is separable (resp. weakly
separable, weakly quasi-separable) over B.

In section 2, we treat weakly separable polynomials over a commutative ring B. In [10,
Theorem 2.3], T. Nagahara showed that a separable polynomial f(X) in B[X] has a close
relationship with the invertibilities of its derivative f’(X) and its discriminant 6(f(X)).
We shall characterize the weakly separability of f(X) in terms of the properties of f'(X)
and 0(f(X)).

In section 3, we study weakly separable polynomials and weakly quasi-separable poly-
nomials in skew polynomial rings. When B is an integral domain, N. Hamaguchi and
A. Nakajima gave necessary and sufficient conditions for weakly separable polynomials
in B[X;p] and B[X; D] (cf. [2, Theorem 4.1.4 and Theorem 4.2.3]). We shall try to
give sharpenings of their results for a noncommutative coefficient ring B. Moreover, we
shall show the difference between the separability and the weakly separability in skew
polynomial rings B[X; p] and B[X; D], respectively.

2. WEAKLY SEPARABLE POLYNOMIALS OVER A COMMUTATIVE RING

In this section, we shall study weakly separable polynomials over a commutative ring.
It is well known that a (noncommutative) ring extension A/B is separable if and only if
there exists >, 7; ® y; € (A ®p A)4 such that > y; = 1, where (A ®p A ={ue
A®pAl|xzp = px for any x € A} (cf. [3, Definition 2]). First we shall state the following.

Lemma 2. ([15, Lemma 2.1]) Let A/B be a commutative ring extension. If there exists
2.2 ®y; € (A®p A)A such that > TY; s a non-zero-divisor in A, then A/B is weakly
separable.

Now, let B be a commutative ring. For a monic polynomial f(X) € B[X], f/(X) and
d(f(X)) will mean the derivative of f(X) and the discriminant of f(X), respectively. As
was shown in [10, Theorem 2.3], a polynomial f(X) in B[X] is separable if and only if
d(f(X)) is invertible in B, or equivalently, f'(X) is invertible in B[X] modulo (f(X)).
In [2], N. Hamaguchi and A. Nakajima proved that f(X) = X™ — Xa — b is weakly
separable in B[X] if and only if 6(f(X)) is a non-zero-divisor in B, or equivalently, f'(X)
is a non-zero-divisor in B[X] modulo (f(X)) (cf [2, Theorem 3.1 and Corollary 3.2]). For
a monic polynomial f(X), we have the following.

Theorem 3. ([15, Theorem 2.2|) Let B be a commutative ring, and f(X) a monic poly-
nomial in B[ X]. The following are equivalent.

(1) f(X) is weakly separable in B[X].

(2) f/(X) is a non-zero-divisor in B[ X| modulo (f(X)).

(3) 8(f(X)) is a non-zero-divisor in B.

Remark 4. In Theorem 3, it is already known that (2) and (3) are equivalent by [10,
Theorem 1.3].
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3. WEAKLY SEPARABLE POLYNOMIALS IN SKEW POLYNOMIAL RINGS

In [2], N. Hamaguchi and A. Nakajima characterized weakly separable polynomials
and weakly quasi-separable polynomials in skew polynomial rings B[X; p] and B[X; D]
when B is an integral domain. In this section, we shall generalize their results for a
noncommutative coefficient ring B.

We shall use the following conventions :

Z = the center of B

Va(B) = the centralizer of B in A

B ={a € B|p(a) = a}

B ={a € B|D(a) =0} and Z° = Z N BP

D(B) ={D(a) |« € B}

3.1. Automorphism type. We consider a polynomial f in B[X; p] of the form
f=X"+ X" a1+ -+ Xay+ay = ZXjaj (am =1, m >2).

By [4, Lemma 1.3], f is in B[X; p|(o) if and only if

aa; =ajp" () (e€B, 0<j<m-1),

pla;) — aj = ajri(p(am-1) = am-1) (0 < j <m—2),

ao(p(am-1) — am-1) = 0.
Weset A = B[X;p|]/fB[X;p|,and x = X+ fB[X;p] € A. Now we let f be in B[X; p|)N
Br[X]. Then there is an automorphism p of A which is naturally induced by p, that is, p is
defined by p(3_7" o aley) = Z;"_O 27p(c;). We write Jx» = {h € A|ah = hp*(a) (o € B)}
(k > 1), V = Vu(B), and V? = {h € V|p(h) = h}. Then we consider a V*-V7-
homomorphism 7 : J, — J,» defined by

7(h) = 2™ Z_j 7 (h) + 2™ X_j P (W)am—1 + -+ a{p(h) + h}az + ha,
j=0 J=0

First we shall state the following.

Lemma 5. ([15, Lemma 3.1]) If 6 is a B-derivation of A, then é(x) € J, and 7(6(z)) = 0.
Conversely, if g € J, with 7(g) = 0, then there exists a B-derivation 6 of A such that

iz)=g.
Now we shall give the following which is a sharpening of [2, Theorem 4.1.4].

Theorem 6. ([15, Theorem 3.2]) Let f = X™ + X" 'a, 1 + -+ + Xay + ag be in
B[X;ployN B?IX]. Then f is weakly separable in B[X; p| if and only if

{9 € Jpl7(9) = 0} ={x(p(h) = h) [h € V}.
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In virtue of Theorem 6, we shall show the difference between the separability and the
weakly separability in B[X; p] as follows.

Theorem 7. ([15, Theorem 3.4]) Let m be the order of p, f = X™ + X™ a,, 1 +---+
Xay + ag in B[X; plo) N BP[X], C(A) a center of A, and I, an inner derivation of A by
x (that is, I.(h) = hx — xh for any h € A).

(1) f is weakly separable in B[X;p| if and only if the following sequence of V-V 7-
homomorphisms is exact:

0— C(A) v Loy g Ty V7,

(2) f is separable in B[X; p| if and only if the following sequence of VP-VP-homomorp-

hisms 1is exact:
inj

O——»CXA)——»L’——>J VP —0.

Remark 8. In this section, we assumed that f is in B[X; p|)NB?[X]. However, in general
case, a polynomial which is in B[.X; p|(g) is not always in B*[X]. Concerning this, we have
already known by [4, Corollary 1.5] that if B is a semiprime ring then every polynomial
in B[X; pl(o) is in C(B*)[X], where C'(B*) is the center of B*.

At the end of this section, we shall mention briefly on weakly quasi-separable polyno-
mials in B[X; p]. When B is an integral domain, N. Hamaguchi and A. Nakajima proved
that every polynomial in B[X; p] () is weakly quasi-separable (cf. [2, Theorem 4.1.1]). For
an arbitrary ring B, we have the following.

Proposition 9. ([15, Proposition 3.5]) (1) If p # 1 and {p(c) — c|c € B} contains a
non-zero divisor, then every polynomial in B[X; pl.) is weakly quasi-separable.

(2) Let f = X™ —u be in B[X; plw). If m and v are non-zero-divisors in B, then f is
weakly quasi-separable in B[ X; p).

3.2. Derivation type. In this section, let B be of prime characteristic p, and we consider
a p-polynomial f in B[X; D) of the form

F=X" 4 XV ootk XPhy+ Xby+bg = > XP by + by (bess = 1).
j=0

We set A = B[X;D]/fB[X; D], and x = X + fB[X; D] € A. By [4, Corollary 1.7], f is
in B[X; D] if and only if

boEBD, ijrlGZD (Ogjge—l),
ZDpj(Oé)ijrl = boOé - Oébo (Oé € B)

Since f is in BP[X], there is a derivation D of A which is naturally induced by D, that is, D
is defined by D(Zp S ade) = > a7 D(c;). We write V = Va(B), D(V) = {D(h)| h €
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V}, and VP = {v € V|D(v) = 0}. Then we consider a V-V P-homomorphism 7 : V —s
VP defined by

7(h) = Epefl(h) + Dpkl*l(h)be + -+ Dpil(h>b2 + hb,
= D" M (h)bju.
=0

First we shall state the following.

Lemma 10. ([15, Lemma 3.7]) If 0 is a B-derivation of A, then §(z) € V and 7(§(z)) = 0.
Conversely, if g € V with 7(g) = 0, then there exists a B-derivation 6 of A such that

6(z) =g
Now we shall give a sharpening of [2, Theorem 4.2.3]

Theorem 11. ([15, Theorem 3.8]) Let f = X?* + X?" b, + - + XPby + Xby + by be in
B[X; D)oy. Then f is weakly separable in B[X; D] if and only if

{geVir(g) =0} =D(V).

In virtue of Theorem 11, we shall show the difference between the separability and the
weakly separability in B[X; D] as follows.

Theorem 12. ([15, Theorem 3.10]) Let f = XP° + XP" b4 - - 4+ XPby + Xby + by be in
B[‘XV7 D] (0)- _ _

(1) f is weakly separable in B[X; D] if and only if the following sequence of VP-VP-
homomorphisms is exact:

0— VP, y Dy T yh
(2) f is separable in B[X; D] if and only if the following sequence of VP VP _homomorp-
hisms is exact:

0— YD M,y Doy ToyD g

Remark 13. Also when B is arbitrary ring and f is a monic polynomial in B[X; D],
Theorem 11 is true. However, we can not prove yet Theorem 12 in the case.

Finally, we shall mention briefly on weakly quasi-separable polynomials in B[X; D]. As
same as automorphism type, N. Hamaguchi and A. Nakajima proved that every polyno-
mial in B[X; D] is weakly quasi-parable when B is an integral domain (cf. [2, Theorem
4.2.1]). For an arbitrary ring B, we have the following.

Proposition 14. ([15, Proposition 3.11]) (1) If D(B) contains a non-zero-divisor, then
every polynomial in B[X; D]y is weakly quasi-seprable.

(2) Let f = X* + XP b+ -+ XPhy+ X by + by be in B[X; D). If by is a non-zero-
divisor in B, then f is wakly quasi-separable.
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ALMOST GORENSTEIN REES ALGEBRAS

K.YOSHIDA, S. GOTO, N. TANIGUCHI AND N. MATSUOKA
(T FE R — - BRBRDUER - & CIER - ARk EZ)

ABSTRACT. Let A be a Cohen-Macaulay local ring, and let I C A be an m-primary
ideal. Let R = R(I) be the Rees algebra of I and 9t the unique graded maximal ideal
of R. We ask the following question: When is the Rees algebra R (resp. Ron) an almost
Gorenstein graded ring (resp. local ring)?

We give several answers to the questions as above in the case of parameter ideals,
pg-ideals, and socle ideals.

Key Words:  Commutative Algebra, almost Gorenstein local/graded ring, Rees al-
gebra

2000 Mathematics Subject Classification:  Primary 13A30; Secondary 13H10, 13H15.

1. INTRODUCTION

COMHAEZMLUT, A IZAMMA—X—RFRE L, m 2ZOMAKA T 7LV ET 5. AR
ARG A-INEE M T U T, ba(M), pa(M), dimy M FZNZ M ORE (the length),
BNERKRDEE (the minimal number of generators), JRJt (dimension) %% 7.
m-HEEZAL T TV TIZRHUT,

dim M)!
er(M) = lim (dim M)l

N—00 ndimM

EHE, MO IZHETHERE (multiplicity) &5 5.

AHERIZ BT B REANR 7 T AZEBNZLTEI S, emb(A) := pa(m) 2 A OHAIR
TLEED. TDLE, —RIZ pa(m) > dim A DK D DD, FEBVEILT DL E, A IXIE
AIBFIIRCTH B L\ D,

NIA=R=ATTN QIZNUT, e)(A) < l4(A/Q) WK NLDA, FZ5ARILY %
& &, A X Cohen-Macaulay ]RTH 5 £ 5 5. [FkKIZ, Cohen-Macaulay A-flHEH &%
TIN5,

Ky % A ORR#¥10%# (canonical module) &4 5% & &, A A Cohen-Macaulay & T,
AL LT A2 Ky TH5ELE, AL Gorenstein IBTHSHELE 5. A B Cohen-
Macaulay RFTER®D & &, Gorenstein BROMERIIGKTH S Z & & HHEMFEEZFOI & &
EFEETHZ ZLRRSNTNS.

ARFEHD XA PIVIZH H B almost Gorenstein M DORER % RAFER, BT S EREZN TN
DHGEITHUTEET S.

O (M/IM)

The detailed version of this paper will be submitted for publication elsewhere.
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Definition 1 (Almost Gorenstein local ring [5]). A Z#HENRE Ky 2D Cohen-
Macaulay JEfTER &3 5. R4l

0 AB Ky C—0 (72720, ua(C) = 4(C))
MIFET 5 & &, A IF almost Gorenstein BFTER (local ring) THd L= 5.

FEDOERIZBWT, C =0 & U7EED Gorenstein BRCTH 5. - T, Gorenstein Bl
12 almost Gorenstein 3R TH 5.

E7, FEOERIIBWT C#A0THdLE, C & (d—1)-1ktD Ulrich A-INEE, § 7
DB pua(C) =€l (C) & &723 Cohen-Macaulay A-f#FTH % ([5, Lemma 3.1]). T T,
d=dimA TH5.

R=@,- R, @ Ry = A LOWRBNESEREL, TDLE—DDFRGKRA T 7 V%
M=mR+R, £9%. a=a(R)=—min{n € Z|[Kg], # 0} % R ® g-invariant & 5
5. F, BN E RIBEM & keZ ITRUT, M(k) & R-IIFEE LTIE M &—3 L,
KB % [M(k))p = Myt EEDIRENE R MEEZ KT

Definition 2 (Almost Gorenstein graded ring [5]). R = @,., R, 2R Kp
%ZF#D Cohen-Macaulay {XBUff EERE 5. & L, WEas]

DFET 57 61X, A IX almost Gorenstein JR¥{T ZIR (graded ring) TH2 L 5 5.

FEORBIZBENT, IREATEER R IZH LT, (Kp)m =2 Kp,, THDBZLITIERET DL,
IRDFEIRDEK D LD,

Proposition 3. R %' almost Gorenstein {XEN EERTH 572 51X, Ry 1% almost Goren-
stein TR TH 5.

[A Rk D FE iR I%, Cohen-Macaulay P, Gorenstein EIZDWTHFZ 5. TN DMHHEIZ
DWTIEHENIELWZEEID 5T, almost Gorenstein 12D W TIEWHZAR Y IL7= AN,

Almost Gorenstein &l /IR EERDOEIZ HIFTHI S, dimA =0 (Thbb, AN
TNF VE)DEE, AW almost Gorenstein RFTETH S Z & &, A A Gorenstein BT
H5HIELFFAMETH S ([5, Lemma 3.1]).

dim A =1 Ofl& UT, BUERTEEE H IS BES 2 BUR ISR

K[[H]) = {t"|h € H}( C K[[t]])

2FEZ 5L, HOBHESFRE (almost symmetric) TH B Z & &, K[[H]] #% almost Gorenstein
RATERTH B Z & LIFFAMETH 5 ([1], [3]). HIAIK, H = (3,a,b) (3 <a<b,ged(3,a,b) =
1) 2825¢,a<b<2a—3 THYO, HHPENREERZFOZLL b=20a—-3 THDZ
LERFAETH .

2 IXELL R D Cohen-Macaulay RFfEEAY, Cohen-Macaulay A BRZREAE %2 KD 7 51,
almost Gorenstein M % FfD (cf. [5, Section 12]). FIRITLDHZAETES X TIZHISGNT WS
Cohen-Macaulay ARZREH % £FD Cohen-Macaulay &£ 3 X T almost Gorenstein
TH5HIZEDPHERINTWVBED, BERNZRZEHIXET S v T,

2 ot BR R A 2 R DR ATER 1 almost Gorenstein T& % ([5, Section 11]). A Hifr i
& almost Gorenstein M & O BELR IZBUKZE .
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— 7, EIRIED almost Gorenstein MEDWIZLIXFEEIE ETH D, WAKIZ L 5 FRAREK,
Kz HILERIZBE S W98 & | Stanley-Reisner B2 IZE8 9 2 i H K - #AR] K D I [FAFZE D
REBRUATHEDHONTWVWRERNWES THB.

IRDOFEH X, almost Gorenstein JAFTEED & almost Gorenstein IKEUS SERZFEK T 5 5
HBEUTHHTH 5.

Theorem 4 ([5, Theorem 11.1]). A % emb(A) = €% (A) + dim A — 1 Z A7z almost
Gorenstein JRFTERE 5 & &,
_ @mn/anrl

n>0

X almost Gorenstein IREUTEEHTH 5.
ARFEHEIZB T DM ZHRT 57217, Rees ROEZEZ B WHLTEZ Y.
Dﬁmmm54m¢ch%%—a—%%%ﬁwf%thﬁé.Wﬁﬁiﬁ

= I't" C A
n>0

ZATT7IV I D Rees KL ES.

R =R(I)IZHLT,
dimR =d+1, a(R) =—1
P D LD,
AHEHIZB T FEMEEZHITTH IS,
Question. A % Cohen-Macaulay RIfi#e U, IC A 2477V d%5. R=R()
1D Rees RE, M=mR+ R, 2 R DERMKATTIVETE ZDLE

(1) WD R & almost Gorenstein {XEfT & B> ?
(2) WD Ryp IF almost Gorenstein JFFTERD> 7

2. PARAMETER IDEALS

ZOHiZELT, (A,m) & d-IXRJED Cohen-Macaulay JEFTERE 3 5. A/(ay,...,aq) D
EINERTHZD L E, A DILDI ay,as,...,a0 % A D s.0.p.(/NTA—F—FR) &L FD.
F72,0<r<dIZHUT, ar,a9,...,a, WA D sop D—HTHbSHEZ, s.s.0op. THHD
EED. MOFERIFZESAMSNT VWD
Lemma 6. A ® s.s.0.p. ai,as,...,a, IZX¥UT, Q = (ay,...,a,)A £EL. r>2 0D
L&,

(1) R(Q) & Cohen-Macaulay TH % .

(2) R(Q) 2 Gorenstein TBH2DIE, A B Gorenstein T, r =2 DLGHEITRS ([4]).

BN, r =2 DGEDFHEREBERTEZ 5. CIENE AN PIZAN F oY
Proposition 7 ([6]). Q = (a1,as) % s.5.0.p. ’C“éE}ﬁZE’.‘M?L:’f TTINETEHEE, RDSE
XFETH 5

(1) A& Gorenstein TH 5.
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(2) R(Q) & Gorenstein TH 5.
(3) R(Q)m & almost Gorenstein JRFTERTH 5.
(4) R(Q) & almost Gorenstein IR EETH 5.

J:@liji(ﬂ.éizb‘b\f, R(Q) = A[Tl, Tg]/(CLQTl — ang) 75”3&‘ D ﬁ,o

RDEH L EIRITD almost Gorenstein FAFTER [IREU S EBROHI 21t d 5. A D Goren-
stein %2 X3 LG ORRIFEZM SN TV,

Theorem 8 ([6]). A (& Gorenstein RFTEREIKET 5. Q = (a1,...,a,) & s.s.0.p. THE
RENATTNETD. r>3 DL E ROFMZFETH S -

(1) R(Q)an & almost Gorenstein JRFTERTH 5.

(2) A IZERIREFRERTH 5.

Theorem 9 ([6]). A & Gorenstein AFTIERERET 5. Q = (a1,...,a,) & s.s.0.p. THE
BMENIATTNETSD. r>30DLE, RIZAMTH S :

(1) R(Q) & almost Gorenstein IR EZETH 5.

(2) ARERIRFERTH Y, ar,...,a, FEHINTA =R —RD—HTH 5.
Example 10. A Z EHIFEERE U, d=dimA >3 &95. Q= (ar,...,aq) #m Z/N7
A—R—ATTNETHLEZE,

(1) R(Q)om 1% almost Gorenstein [TERTH 5.

(2) R(Q) 1% almost Gorenstein {XE I EERTH 5.

tF%a:a A= K[$1,1’2,$3], Q = ($17I2ax§) (k > 2) D& g,7
k
R(Q) 2K L *t *2 xs)
(Q) [$1,$2,$3,y1;yzay3]/ 2< v v2 U3

i (AA{L$ % &) almost Gorenstein IEFRATEEIRTH % 73, almost Gorenstein RIS &
BTIER.

EH DG DOHEIX, Eagon-Northeott A TH 5. FEE, THIZ LD Rees REDIEHE
MBERRIIND ZEVEETHS. Q = (ay,...,a,)A % Gorenstein JFFTE A OHT
s.s5.0p. CEEINIZATTIVET S,

U:S=R[Xy,....X,] > R:=R(Q) ZBR¥ERIB LT 5L ker ¥ = [,(A) &FELZ L

MTEB. 727201,
A:(Xl X, - Xr>

ai a9 . e ar
95, ZDLE, AT 5 Eagon-Northeott K%
Co: 0C,—Coy—---—(Cy=S5

ETHE, ZNIE RDS OB EHM/NEH A EE S Z 5. S(—r)-MHZEHS &, Kr
DIRD & S eREP[FoNS .

r—2 r—1

B s(—i+1)* - P S(—i) » Kg =0 (ex).

=1 i=1
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3. py-IDEALS

ZOHiZ@ELT, AIX2IRILD excellent [EHJGATEEE 5. FELE X —
SpecA 2D ERET 5. py(A) = l4(H(X,0x)) 2 A DHEMFEE (the geometric
genus £ S 9.

Lemma 11. EFD A WU T, RO m-¥EREEAA 77V [ 135 5K EAE X —
Specd 2D EDT Y FRTHA TN 7 T, [ = Iy = HAX',Ox:(=Z)), 7D
[0x = Ox/(=2) LHEL 2L HiTES.
Theorem 12 ([9]). EFLD A TR U T, Ox(—2) BEIEKRD 220w ERET S & &,
ALER

CA(H'(X,0x(=2)) < py(A).
MDD, FEENRHNT DL E, Ox(—2) E KRB TERINS.

F7e, EOEBIZEWTESHVERILT 5 5M3RRAEOID HiIZE i shwnw. 22
T, ROBERERZIND
Definition 13 ([9]). ERED A Z{UT, [ =1, H p,-1 TF7IV (p,-ideal) TH 5 & 1%, k
DUBIHAIT B 2 L, Tibb, L(HU(X, Ox(—2)) = po(A) PHAIT B 2 & L5z 5.
Remark 14 ([9]). LR D 2 X5t excellent IEFRATREIRIE p,-1 T T V%KD,

Theorem 15 ([10]). A % 2IXICD excellent IEFGEIHL T5. m-#ERZATTIV I C A
X UT, IRIZFEETH 5 -

(1) I p, M1 TTNVTHS.

(2) BBATA—R—AFTN QC T IZHULT, 2= QI ML, & n>1 1%L

T " I3EHATH 5.

(3) R(I) & Cohen-Macaulay ¥FA#EITH 5.
Proposition 16 ([9]). €D A IZHLT, I, JE p, 1 TT7NETE. ZDLE, acl,
beJ BFAELT, IJ = aJ + bl DT 3. BT, multi-Rees {30 R(1,.J) = A[Ity, Jt,]
¥ Cohen-Macaulay #EFHREIETH 5.

RDFERPAFHDOERRTH 5.
Theorem 17 ([7]). A 1Z2iX6D Gorenstein excellent IEFHRFTEEIHE U, [ C A % p,-
ATTNETD. 2Dk E, R() I almost Gorenstein IR EERTH 5.

py(A) =0 D& & AXBEFER (rational singularity) THdEF 5. p,-1T 7
DL X, AHR RO 77 VO EZHEEL 726 D12 5720,

Proposition 18 (cf. Lipman). A 2% 2 ¥RGCHAHERR AR 51, (LED m-¥HEZBHA 77
WiE pg- A TTIVTHS.

RIZBEWT, Gorenstein MEZME L0 E S DIERMARTH 5.

Corollary 19. A 7' 2{R5t Gorenstein HERFE MR O IX, LED m-HEZEH 1 771
XU T, R(I) EIE# almost Gorenstein IR EERTH 5.

Example 20. A % 2 GG IEAIRATERE $5 &, RO m-#EREEAC 77V [ 12X L T,
R(I) IXIEFL almost Gorenstein IXEf] EETH 5.
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Example 21. p > 1 28 L9 5.
(1) A = k[[z,y,2]]/(2* + ¢ + 20PT) &BL<E, K bk =1,2,....3p LT, [}, =
(z,y,2") W& p 1 TTINTHS.
(2) A=k[[z,y, 2]/ (¥ +yt+2T) B, K hk=2,..., 20 TR/ LT, I, = (2,9, 2")
B pyd FTVTHBD, [, = m & pyd 7T VTIRAN,
EBLDGEE p(A)=p TH5.

EHOGEHDO ATy FE2RRTEIS. [ % p 1T T7IVERELELD. ZDLE,
J=Q: 13 pATT7INVTHD ([11]). T, m FEAITTIVENLS, fem gel
Ehel %

I1J =gJ+ Ih, mJ = fJ +mh
EHZTEOICHEND ([13]). Zh&D, M- JR C (f,gt)JR+Rh ZELIZ L NTES.
flifi, Kr(1) = JR, KU a(R) = -1 78DT, p(1)=h L LTEDD L X,

R5JR —C — 0 (ex)

2135, dimCy <2 <dimR WX, ¢ FHEHTH Y ([5, Lemma 3.1]), K 55525 %
5.

4. SOCLE IDEALS

ZOfiZMUT, (Am) & d WEDERBFRLTS. Q & ADNTA—R—AFTT
el I=Q:m&BL. ZOEIRATTIVIEY—2ILA T T I (socle ideal) & (X
nas.

Lemma 22 ([14]). I=Q:-mCAZY—INVATTINET 5. %b,dz:sf%zﬁr, 83
LI, d=2TQcm?2oiX, I?=QI BWKbir>o. K2, R(I) i& Cohen-Macaulay
?%fﬂjif%é

V=20V T 7V I D Rees RENKIFZ L AL almost Gorenstein fHFTERIZZR 572N T &
Z2H1% HIFTEELTE I D KM 7RI, FEZAfE 123G 5 ).

A % 2UGTDIERIFEFTER T, m = (x, y)l’_’é_é ADNRITA=R—=A4TTI Q= (a,b)
LT, I=Q:m&BL. Qcm? EIRET DL, Wang DEH I D, 2 = QI 73:1%5%
if:, uw(l) =3 TH205, 1= (a,bc) £EHELZ LRCED. x_O)t% ze,yc € Q 12h
5, IRD 2 DD%ER

fia+ fab+2xc =0, gra + gob + yc = 0.

21585.

Theorem 23 ([8]). (f1, f2,91,92) Cm? (e.g. Q@ Cm?3) 251X, Ron 1% almost Gorenstein
JRFRERTIE7R0.

EHRICDIGENE, IREBUS ZERIZIRE L TWA DY, 13D almost Gorenstein (21372 0 12 <
WL ZRTIENTES.

Theorem 24 ([6]). A IXIERIEATERT, d=dimA>3 £95. Q 23T A—=XLT T
T, QAmBRBE2EDETEHE, V=NV ATTINVI[=Q: mIZLT, IRIXFAMHETH 5 :
(1) R(I) & almost Gorenstein IR EERTH 5.
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(2) 1 1XEHSPDOEMEERTZT:
(a) I =m.
b) d=3T, Hdrzem\m? PFELT, [=(z)+m? &FIT 5.

Example 25. A = K|z,y]] ZBWVWT, Q = (™, y") (7z7Z2L,2 < m < n) &9 5.
I=Q:m&BLe, [=(@mzmyty") THS. fE>T,
) m >3 72561%, R(I) 1% almost Gorenstein FHTER Tld7Z2 L.
2) m=2 D& &, R(I) F almost Gorenstein IR ZETH 5.

(1

(

HEL Q= (23yt) ol I = Q:m = (22,2, y*) T, I = (2%, 292, y*) TH5B. ¥

ZAZ, R(I ) 8 almost Gorenstein {XEfT EERTH 5 5%, BRI TIEZ W, FEE R() =
R((x2 xy?,yt)) TH 5.

REFERENCES

[1] V. Barucci and R. Froberg, One-dimensional almost Gorenstein rings, J. Algebra, 188 (2) (1997),
418-442.

[2] J. P. Brennan, J. Herzog and B. Ulrich, Mazimally generated mazimal Cohen-Macaulay modules,
Math. Scand., 61 (2) (1987), 181-203.

[3] S. Goto, N. Matsuoka, and T. T. Phuong, Almost Gorenstein rings, J. Algebra, 379 (2013), 355-381.

[4] S. Goto and Y. Shimoda, On the Rees algebras of Cohen-Macaulay local rings, Commutative algebra
(Fairfax, Va., 1979), 201-231, Lecture Notes in Pure and Appl. Math., 68, Dekker, New York, 1982.

[5] S. Goto, R. Takahashi and N. Taniguchi, Almost Gorenstein rings -towards a theory of higher dimen-
sion, J. Pure Appl. Algebra, 219 (2015), 2666-2712.

[6] S. Goto, N. Matsuoka, N. Taniguchi and K. Yoshida, The almost Gorenstein Rees algebras of param-
eters, Preprint 2015.

[7] S. Goto, N. Matsuoka, N. Taniguchi and K. Yoshida, The almost Gorenstein Rees algebras of py-ideals,
Preprint 2015.

[8] S. Goto, N. Taniguchi and K. Yoshida, The almost Gorenstein Rees algebras over two-dimensional
reqular local rings, Preprint 2015.

9] T.OkumMA AND K.-1. WATANABE AND K.YOSHIDA, Good ideals and pg-ideals in two-dimensional
normal singularities, Preprint 2014.

[10] T.OKUMA AND K.-1.WATANABE AND K.Y OSHIDA, Rees algebras and pg-ideals in a two-dimensional
normal local domain.

[11] T.OKUMA AND K.-I. WATANABE AND K.YOSHIDA, A characterization of two-dimensional rational
singularities via core of ideals.

[12] I. SwaNsON AND C. HUNEKE, Integral Closure of Ideals, Rings, and Modules, Cambridge University
Press, 2006.

[13] J. K. Verma, Joint reductions and Rees algebras, Math. Proc. Camb. Phil. Soc., 109 (1991), 335-342.

[14] H.-J. Wang, Links of symbolic powers of prime ideals, Math. Z., 256 (2007), 749-756.

DEPARTMENT OF MATHEMATICS

COLLEGE OF HUMANITIES AND SCIENCES

Ni1HON UNIVERSITY

3-25-40 SAKURAJOSUI, SETAGAYA-KU, TOKYO 156-8550, JAPAN

E-mail address: yoshida@math.chs.nihon-u.ac.jp

—158—



DEPARTMENT OF MATHEMATICS

SCHOOL OF SCIENCE AND TECHNOLOGY

ME1J1 UNIVERSITY

1-1-1 H1GASHI-MITA, TAMA-KU, KAWASAKT 214-8571, JAPAN

E-mail address: goto@math.meiji.ac.jp

DEPARTMENT OF MATHEMATICS

SCHOOL OF SCIENCE AND TECHNOLOGY

ME1JI UNIVERSITY

1-1-1 HIGASHI-MITA, TAMA-KU, KAWASAKT 214-8571, JAPAN

E-mail address: matsuoka@math.meiji.ac.jp

DEPARTMENT OF MATHEMATICS

SCHOOL OF SCIENCE AND TECHNOLOGY

ME1J1 UNIVERSITY

1-1-1 HIGASHI-MITA, TAMA-KU, KAWASAKT 214-8571, JAPAN

E-mail address: taniguti@math.meiji.ac.jp

—159-



	1_frontmatter
	2_adachi
	3_ariki
	4_asai
	5_asashiba
	6_hiramatsu
	7_Itaba
	8_kameyama
	9_kanda
	10_kimura
	11_koenig
	12_koga
	13_kozakai
	14_Liu
	15_matsui
	16_minamoto
	17_mizuno
	18_mori
	19_ueyama
	20_obara
	21_takahashi
	22_ueda
	23_watatani
	24_yamanaka
	25_yoshida

