On the Hochschild cohomology ring modulo

nilpotence of the quiver algebra with quantum-like

relations

Daiki Obara

Tokyo University of Science

September 7 2015

Nagoya University

Daiki Obara (Tokyo University of Science) On the Hochschild cohomology ring modulo nilpotence September 7 2015 1/1



Daiki Obara (Tokyo University of Science) n the Hochschild cohomology ring modulo nilpotence September 7



1

Introduction
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K: field, charK = 0,

e A: finite dimensional K-algebra,

o A¢:= A ®x A°P: enveloping algebra,
HH"(A) ~ Ext’;. (A, A): n-th Hochschild cohomology group of A,

HH*(A) ~ @,>oHH"(A): Hochschild cohomology ring of A with
Yoneda product,

e N: ideal of HH*(A) generated by all homogeneous nilpotent
elements.

HH*(A)/N: Hochschild cohomology ring of A modulo nilpotence.
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Hochschild cohomology group

Hochschild cohomology group

Let P be the projective A-bimodule resolution of A. Applying
Hom ge(—, A) to P, we have the following complex Hom 4 (P, A):

Hom pe (P, A) — Hom pe (P1, A) — Hompe (P, A) — -+ .

Then, the n-th Hochschild cohomology group is given by n-th cohomology
of Hom g (P, A).

HH"(A) ~ Ext;. (A, A) = KerHom ge (P41, A)/ImHom ge (Py,, A).
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The support variety of an A-module M

o M: A-module.

o ¢nr: HH*(A) 24 Ext* (M, M) is a homomorphism of graded
rings for an A-module M.

e Ext’ (M, M) is an HH*(A)-module.

Definition [[Snashall,Solberg (2004)], Definision 3.3]
The support variety of M is given by

V(M) = {m € MaxSpec HH* (A) /N |AnnExt’ (M, M) C m’}

where AnnExt’ (M, M) is the annihilator of Ext’ (M, M) and m’ is the
preimage in HH*(A) of the ideal m in HH*(A)/N.
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Properties of support varieties

Snashall and Solberg showed the following properties.

Theorem [SnSo(2004)]
Q@ V(M & M) =V (M) UV (M),
Q If0 - M; —» My — M3 — 0 is an exact sequence, then
V(M;,) C V(M,;,) UV (M;,) whenever {i1,i2,i3} = {1, 2,3},
Q If Ext’, (M, M) = (0) for i > 0 or the projective or the injective
dimension of M is finite, then V(M) is trivial.

Daiki Obara (Tokyo University of Science) On the Hochschild cohomology ring modulo nilpotence September 7 2015



Question [Snashall(2009)]

Whether we can give necessary and sufficient conditions on a finite
dimensional algebra A for HH*(A) /N to be finitely generated as an
algebra?

With respect to sufficient conditions, it is shown that HH*(A) /N is
finitely generated as an algebra for various classes of algebras by many
authors as follows:

o Any block of a group ring of a finite group (See [Evens(1961)],
[Venkov(1959)])

o Finite dimensional algebras of finite global dimension (See
[Happel(1989)])

o Finite dimensional self-injective algebras of finite representation type
over an algebraically closed field (See [Green, Snashall,
Solberg(2003)])

e Finite dimensional monomial algebras (See [Green, Snashall,
Solberg(2006)])

e A class of special biserial algebras (See [Snashall, Taillefer(2010)])
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Counter example of Snashall-Solberg conjecture [Xu(2008)],

[Snashall(2009)]

Let A = kQ/I where Q is the quiver

and I = (a?,b%,ab — ba, ac). Snashall showed the following Theorem.

[Sn(2009), Theorem 4.5]

k & k[a, b]b if chark = 2,
k @ k[a?,b2]b?  if chark # 2.
@ HH*(A)/N is not finitely generated as an algebra.

O HH*(A)/N = {
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Quiver algebra with quantum-like relation
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c-th quantum complete intersection [Oppermann(2010)]

Let ¢ and n; be integers with ¢ > 2 and n; > 2 for 1 < ¢ < c. Let I be
an ideal in K{x1,...,x.) generated by

ng

T, for1 <i<e, zjr; —qijrixc; forl <i<j<eg,

where g; ; is non-zero element in K for 1 <i < j <ec.

A = K(x1,...,2,)/I is a quantum complete intersection. Then we have

HH*(A)/N as follows.
Theorem [Oppermann(2010) Theorem 5.5]
HH*(A)/N is isomorphic to the following finitely generated K-algebra.

HH*(A) /N & g (g™ /2 ypene/2 € Klya, ...,y

H‘;zl ngnj/z =1 for all i with p; even,
I5_, a7~ P™/* ™ = —1 and n; = 2 for all i with p; odd).

where ¢;; =1and q;; =q;; for 1 < j <i<ec
Then HH*(A) /N is finitely generated as an algebra.
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Projective resolution of a quantum complete intersection

We consider the case of c =2 and g1 2 = 1.
Let A; = K|[x;]/(x]*) for 1 < ¢ < 2. Then the projective bimodule
resolution of A; is

d(i,1) d(i,2) d(i,3) d(i,a)
]P’i:AfU—Afﬂ—Af(t—A?(’_...

1 9
where
dij)1®1—=1Qx; —z; ®1 if j is odd,
ni—l
1Q1— Z mf ® w;”_l_k if 7 is even.
k=0

Then the projective bimodule resolution of the quantum complete
intersection A is the total complex of the following commutative diagram.
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Projective resolution of a quantum complete intersection

d d
Ae an Y daz .
d(2,2) —d(z2,2) |d(z2,2)
d d
Ae an Y daz .
d(2,1) —d(z,1) | d(2,1)
e e e P

A
/ d1,1) d(1,2)

A

where A-homomorphisms d; ;) correspond to the projective resolution PPy,

and A-homomorphisms d, ;) correspond to the projective resolution P,.

Daiki Obara (Tokyo University of Science) On the Hochschild cohomology ring modulo nilpotence September 7 2015



Quiver algebra defined by 2 cycles and a quantum-like relation

[Obara(2012)]

Let s1,s2 > 2 be integers. We consider the quiver algebra A = kQ/I.
Q: the quiver with s +t — 1 vertices and s + t arrows as follows:

e &(1,2) e e @ (2,2) e
(173) < (172) (272)H (273)

Qy w) QV K@j)
€1
Ana;k

€(1,s1) €(2,82) <——
0¢(1,sl—1) 01(2,32—1)

I: the ideal of kQ generated by
Xf1n1, X«1‘31X§2 _ Q1,2X§2Xf1, X282n2

where X;:= ;1) + Q,2) + - + ays,), integers n; > 2 for 1 <4 < 2
and q; 2 is non-zero element in K.
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Quiver algebra defined by 2 cycles and a quantum-like relation

[Obara(2012)]

For simplicity, we consider the case of s; = s =2 and q;,2 = 1. Then
A =kQ/I.
Q: the quiver with 3 vertices and 4 arrows as follows:

a(1,2) a(2,1)
e T e, T e
L2 e 22
a(i,1) a(2,2)

I: the ideal of kQ generated by
XM, XPX3 — X3X2, X3

where X;:= a(;,1) + a(,2) and integers n; > 2 for 1 < ¢ < 2.
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Projective resolution of an algebra defined by 2 cycles and a

quantum-like relation

The complex

d(1,0) d(2,0) d(s,0) d(4,0)
Py +— Q1,0 — Q2,00 < Qo) <— - +—

correspond to the projective resolution of Nakayama algebra KQ, /(X"
and

d0,1) d(o,2) d(0,3) do,4)
Py +— Qo,1) +— Qo,2) <— Qo,3) «— -+ +—

correspond to the projective resolutions of Nakayama KQ2/(X§"2) where

a(1,2) a(2,1)
—— S

Q1: €12 - @ and Q2: €1 __ €22 and X;i=a(,1) + ag,2)-
a,1) a(2,2)
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5
Qo0,2) <246, ® elA

A 1®81A%"'

d(o0,2) —0(1,2) 7(2,2)
8(1,1)
Q(01)<—A61®61A A€1®61A<—---
do,1) —0(1,1) O(2,1)
d(1,0) d(2,0
Py Q.0 Q2,0 ..

6 correspond to the projective bimodule resolution of Nakayama algebra
defined by 1 loop K[e; X2e;]/(e1 X7 ™ e1).
o correspond to the projective bimodule resolution of Nakayama algebra
defined by 1 loop K[e;X2e1]/(e1 X3 e1).
We have the projective bimodule resolution of this algebra as total

complex of this commutative diagram.
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Projective resolution of an algebra defined by 2 cycles and a

quantum-like relation

In fact, we have the A¢-homomorphisms é and o as follows.

e1 ® €1X12 — Xfel X eq if l1 is Odd,

1) ter ® ey > et
(Inl2) = €1 1 Z XZke; ® ele("l_l_k) if 11 is even,

k=0
€1 X eng — X22€]_ (034 €1 if l2 is Odd,
O(l,l2) * €1 R ey — ma_1

Z X2ke; ® eng(m_l_k) if 15 is even.
k=0
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Hohschild cohomology ring modulo nilpotence

In [Obara(2015)], we determine the Hochoschild cohomology ring modulo
nilpotence of a quiver algebra defined by two cycles and a quantum-like

relation.

Theorem [Obara(2015)]

If g1,2 is a root of unity, then HH*(A) /A is isomorphic to the polynomial
ring of two variables.
If 1,2 is not a root of unity, HH*(A) /N = K.

In fact, in the case of s; = s3 = 2 and q;,2 = 1, we have the Hochschild
cohomology ring of A modulo nilpotence as follows:

HH" (A) /N = klz, y]

where x = e; + e(1,2), Yy =e1 + e(2,2) € HH?(A).
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Now, we have the following conjecture.

The projective bimodule resolution of the finite dimensional algebra with
quantum-like relations is given by a total complex of projective bimodule
resolutions depending on each relation.

With respect to this conjecture, we have the projective bimodule
resolutions of the following algebras.
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Example 1: Quiver algebra defined by 3 cycles and

quantum-like relations 1

Let Q@ be the quiver as follows:

€(3,2)
o a(3,1) 1 ) a((sla)
@y ¥ (2,1)
e’ €(2,2)

@(1,2) a(2,2)

€(1,2)

I: the ideal of K(@Q generated by
X2™ for 1 <14 < 3, X?X?—X2X2for1<i<j<3.

where X;:= a(;,1) + a(;,2), n; are integers with n; > 2 for 1 <1 < 3.
We consider the quiver algebra A = KQ/I.

Daiki Obara (Tokyo University of Science) On the Hochschild cohomology ring modulo nilpotence September 7 2015



Projective resolution

We have the projective bimodule resolution of this algebra as total
complex of the following commutative diagram. The complex

(1 0) (2 0) (3 0) d(a,0)

Py < Q(l 0 Q(z 0) Q(a 0) e —

correspond to the projective resolutions of the quiver algebra
KQ:/(X{™,X3™, X2X2 — X2X2) and

(0 1) (0 4)

Py < Qo,1) <— Q0,2 <— Qo3 +— - +—

correspond to the projective resolutions of Nakayama algebra
KQ2/(X3™)

a1,2) a(2,1) a(s,1)
—_— o P

whereQ, : €(1,2) ___ea__ €2,2) and Q2 : €1 - €62 where
a1, a(2,2) a(s,2)

Xii= a1y + a2
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8(1,2) 8(2,2)

Qo,2) Qq,2)

d(o,2) —0(1,2) 0(2,2)

Qo,1) Q1)

do,1) —0(1,1) o(2,1)

Q2 <~—---

81,1y 8(2,1)

Q(2,1) <~ e e

d(1,0) d(2,0

P Q1,0
277.1

4 is the projective bimodule resolution depending on the relations X",
X2™, X2X2 — X2X2 and o is the projective bimodule resolution
depending on the relation X2 as follows.

Q(2,0) <~ e e

Let €(;,5),(14,12) — €1 @ €1 for 2,7 > 1 and l1,l5 > 0 such that l; + I» = 1.

Qi = [ Acti) A

iG> 1
11,12 >0
11 +1lp =4
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Projective resolution

0(i,5) & E(6,d)s(lasla)

€(i—1,9).(la—112) XT — XTE(i-1,4),(l—1,l2)
+ €(i—1,5),(t1la—1) X3 — XZ€(i—1,5),11,12—1) if l1,12 are odd,
n1—1
S Xei1g ot Xpo T
k=0

no—1 ,
+ Z X2k s(i_l,j)’(ll’12_1)X§("2_1_k ) if 11,15 are even,

k’=0
€(i—1,9),(ti—1,12) XT — XTE(i-1,4), (L —1,12)

no—1
+ Z ngls(i_l,j)’(ll’lz_l)Xg(nz_l_k) if I; is odd and I, are even,
.

—1-k

Z Xlzks(i—l,j),(ll—Lh)Xf(nl T
k=0
+ €(i—1,4),(tala—1) X3 — X3€(i—1,j),(11,1a—1) Iif l1 is even and I is odd,
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Hochschild cohomology ring modulo nilpotence

E(iaj_1)9(l1’l2)X32 - X32€(iaj)9(l19l2) if ‘7 iS Odd’
nig—1
Z ngs(i,j_l),(ll,lz)Xg("s_l_k) if 7 is even.
k=0

0-(7”.7) : E(iaj),(ll,l2) =

Then the Hochschild cohomology ring of A modulo nilpotence is the
polynomial ring of 3 variables.

HH*(A)/N ~ K|[z1,x2,x3] where z; = e + €eg,2) € HHz(A).

Moreover, in general, we have the following result.

Theorem [Obara]

The Hochschild cohomology ring modulo nilpotence of a quiver algebra
defined by c cycles and quantum-like relations correspond with that of c-th
quantum complete intersection.
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In fact, we have the K-basis elements of HH*(A) /A as follows, and these
elements form a K-basis of HH*(A)/N.

@ If n is even, and ¢ with 1 < ¢ < c satisfy the following conditions,
then 377 ek, € HH"(A) is K-basis element of HH*(A)/N.

n/2 . . .
iy~ =1for 1 < j < csuch that j > 1,
n/2 . . .
e =1for1<j < csuch that j < i.

Q Ifny,...,n.and (l1,...,l.) € L, satisfy the following conditions,
then e ;) € HH"(A) is K-basis element of HH"(A)/N.

lyisevenorl;isoddand n; =2 for 1 <z < ¢,

c—j j—1
Njith,litn /2 —Nholhy /2 _ . .
H q; it H ap, ;2 2" =1for 1 < j < cs.t. I;: even(# 0).
h1=1 ho=1
c—jJ j—1

n; l; /2 —Nholhy /2 . .
I @i I anes® ™" = —1 for1 <j <csit. I is odd,
h1=1 ho=1
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And applying the functor Hom s (Ae; ® e1 A, —) to the projective

bimodule resolution of A, we have the projective bimodule resolution of a

quantum complete intersection e; Ae;. Then we have the K-basis

elements of HH*(e; Ae;) /N as follows, and these elements form a

K-basis of HH*(e; Ae;)/N.

Q@ If n is even, and ¢ with 1 < ¢ < c satisfy the following conditions,

then e; + > 7 _,(e1X;e1)r, € HH"(e1Ae;) is K-basis element of
HH*(e;Aeq)/N.

i /2_ . . .
s/~ =1for 1 < j < csuch that j > 1,
q;i"* =1for 1 < j < c such that j < i.

Q ef, ...y € HH"(e1Ae:) is K-basis element of HH"(e1Aeq) /N in
the same condition in above page.
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Example 2: Quiver algebra with 3 cycles and quantum-like

relations

Let Q be the quiver as follows:

@(1,1) a(2,1) a(s,1)
em———— — .
€(1,2) €@1,1) €(2,2) €(3,2)
a(1,2) a(2,2) a(s,2)

I: the ideal of K(@Q generated by

X2 for1<i<3, XZX2-XZXZfori=1,3,

a(1,2)0(2,1) X3 a(3,1)5 A(3,2)0(2,2) X3 2a1,1) for 0 < Uy, 1y <mg — 1.

where X;:= a(; 1) + a(;,2), n; are integers with n; > 2 for 1 < < 3.
We consider the quiver algebra A = KQ/I.
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Projective resolution

We have the projective bimodule resolution of this algebra as total
complex of the following commutative diagram. The complex

correspond to the projective resolution of the quiver algebra
KQ;/(X?™, X2, X2X2 — X2X2) and

correspond to the projective resolution of Nakayama algebra K Q2/(X2"*)

a(1,2) a(2,1) a(3,1)
—— ——— —

where Q1 : ©€(1,2) €(1,1) €2,2) and Q5 : €(2,2) €(3,2)
a(i,1) a(2,2) a(s,z2)

where X;:= a; 1) + a,2)-
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8(1,2)

8(2,2)

Q0,2)

d(0,2)
81,1y

Q1,2

—I(1,2)

8(2,1)

Qo,1)

d(o,1)

d(1,0)

Qan

71)

—o@,1)

Py

d(2,0)
Q1,0

Q2 <~—---
T(2,2)
Q@i <~—:=--

T(2,1)

Q(2,0) <~

4 is the projective bimodule resolution depending on the relations Xf"l,
X2™, X2X2 — X2X? and o is the projective bimodule resolution

depending on the relation X§"3 as follows.

30 /1
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Lyt £
(2,2,1)
Q(1,2,1) Q2,2,1) <— -
—0(1,2,1) T (2,2,1)
(21,1
21,1
Q(1,1,1) Q2,1,1)
£(1,2,1) £(2,2,1) B
4 8(2,2) g
€a,1,1) Q1,2 Sy Q2 <— -
_0'(1,2) V
8(2,1)
Qa1 Q1) ‘e

5(1-,]',,@) is the projective bimodule resolution depending on the relations
a(l,g)a(2’1)X§l1a(3,1) and a(g’z)a(Q,z)nga(l’l) as follows. And 8’ and o’
are similar to § and o.
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For i,5 > 1, we define the projective A-bimodule Q; ;) as follows:

Qi) = A2, A® [ A (n.@2).01)A

ll,l2 2 1
Iy +lg =1
& JI Aci@.a) A
l1,l2 21
1141y =1

AL (3,3),((1,1),(2,2)),(1,0) A B A€(i,5),((2,2),(1,1)),(5,0) A
if ¢, j are even,

A (3,3),((1,2),(3,2)),(1,0) A B A€(1,5),((3,2),(1,2)),(5,0) A
if 7, 7 are odd,

AL (3,5),((1,2),(2,2)),(1,0) A B A€(i5),((2,2),(1,2)),(5,0) A
if 2 is odd and j is even,

A€ (1,5),((1,1),(3,2)),(3,0) A B A€(4,5),((3,2),(1,1)),(i,0) A

if 2 is even and j is odd.

where €(4,3)y((t1st2),(tasta)),(l1,l2) = €(t1,t2) ® €(ts,ta) and
€(4,1),((2,2),(2,2)) = €(2,2) ® €(2,2)-
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0

™

(1,3) * €(5,3),{(2,2),(2,2)} —

€(i—1,4),((2,2),(2:2)( X3 — XZ€(i—1,5),((2,2),(2,2)y  if % is odd,

’n2—1

> XFeorianeamXs T if ¢ is even,
k=0

(":7‘7.)9((171)7(272))’(l13l2) =

E(i=1,4),((1,1),(2,2)), (11,12 —1) X5 = XFE€(—1,4),((1,1),(2,2)),(la 12 —1)

— XTE(—1,9).((1,1),(2:2)),(la—1,12) if 11,12 are odd,
’ng—l
2(ne—1—k
Z nge(i_17j)7<(1a1)7(272))7(llal2_1)X2( )
k=0

+ Xf(nl_1)5(1:_1’_7')’((1,1),(2,2)),([1—17l2) if ll’ l2 are even,
E(i-1.0):((1,1,2.2)) (bt —1) X3 = X3E(-1,4),((1,1),(2:2)), (1,12 —1)

— Xlz(nl_1)E(i_l’j),((1’1)’(2,2»’([1_1’12) if l1 is even and l2 is Odd,

nz—1
2(na—1—k
3 XZFeio1g) ()2 tada-n Xa 2T
k=0
+ Xlzs(i_l,j),<(1,1),(2,2)(,(ll—l,lz) if 11 is odd and [, is even.

Daiki Obara (Tokyo University of Science) On the Hochschild cohomology ring modulo nilpotence September 7 2015



Projective resolution

E(i,j),((2,2),(1,1)),([1,12) =

€(i=1,1),((2:2),(1,1)), (b1 ,la—1) X3 — XF€(5-1,5),((2,2),(1,1)), (11 la—1)

= E(i=1,§),((2,2),(1,1)), (1 —1,12) X7 if 11,12 are odd,
’n2—1
2(neo—1—k
> X2*e (i 1,),(2:2), (L)l rta—1) X3 2 )
k=0

+ 6(":_17.7)’((2’2)9(171))a(ll_lal2)X]2.(n1_1) if ll’ l2 are even,
E(i=1,4),((2:2),(1,1)),(t la—1) X3 — X3E€(i—1,5),((2,2),(1,1)),(Iala—1)

— E(i_l’j)’<(2’2)’(1,1))’(ll_1’12)X12(n1_1) if ll is even and l2 is Odd,

no—1
2 —1-—k
Z ngs(i_lhj)’<(212)7(191)>7(l1’l2_l)X2(n2 )
k=0
+ €615, ((2:2),(1,D) (1 ~1,42) X7 if 11 is odd and I is even.
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Projective resolution

O (i,5) * €(3,3),((2,2),(2,2)) ™7

€(4,d—1),((2,2),(2,2)) X3 — X3€(i,4),((2:2),(2,2)) if J is odd,

n3—1

> Xreuini@aeanXs 0T Y ifjis even.
k=0

€ (1.9 ((1,1),(2,2)) (I l2)
{E(i,j—n,<(1,1),(2,2)>,(11,zz)X§ if j is odd,
€ (i.d 1) (11), (22 (oot X5 0 1) if j s even,
€(1.9):((2:2),(1,1)) (1 12)
{X?S(i,j—l),«z,z),(1,1)>,(z1,12) if j is odd,

X3 Ve i@ ) ada) I 5 is even.
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In the case of k is odd,
Qi) = 13412 =0 [lig 410 = e (AE(,5k),((1,1),(1,1)), (11 ,02), (Us 1) A
1 22,12 21 l1,l2 20
B AE(i,j,k),((2,2),(2,2)), (I 12), (I la) A)
@ HL?» +la=k+1 As(iajak)7((1a1)’(171)>7(1ai_1)9(l39l4)A

l3,lg are odd

D [lis + 14 = # +1 A€(6,5,0),((2,2),(2,2)),(1,i—1),(Isrla) A

lg, ly are even

Hl3 +ila = ’“(Ae(iijc)’<(111)7(171)>7(i70)1(l3’l4)A

11,13 >0

69 Ae(":aj7k)7((272)7(2a2)>7(i70)7(l3’l4)A) if 17‘7 are even’
@ { A€(6,3.k)((2,:2),(3,2)), (1,00 A D AE(i5,0),((3,2),(2,2)),(6,0) A
if 2 is even and j is odd,

AE (3,5,k),((1,1),(1,2)),(5,0) A B AE(i,5,k),((1,2),(1,1)),(3,0) A

if 7 is odd and j is even,
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In the case of k is even,
Qi) = 11412 =0 [lig 410 = e (AE(,5k),((1,1),(2,2)), (11 ,12), 1s 1) A
1 22,12 21 l1,l2 20
B AL (i,5,k),((2,2),(1,1)), (I 12), (I la) A)
@ HL?» +la=Fk+1 As(iajak)7((1a1)’(272)>7(1ai_1)9(l39l4)A

l3:even, l4:0dd

D [lis + 14 = # +1 A€(6,5,0),((2,2),(1,1)),(1,i—1),(Is,la) A

lg:odd, l4:even

Hl3 +ila = ’“(Ae(iijc)’<(111)7(272)>7(i70)1(l3’l4)A

11,13 >0

69 Ae(":aj7k)7((272)7(1a1)>7(i70)7(l3’l4)A) if 17‘7 are even’
@ { A€,k ((1,1),(3,2)), (1,00 A B A€(i5,0),((3,2),(1,1)),(6,0) A
if 2 is even and j is odd,

A€ (3,5,),((2,2),(1,2)),(5,0) A B AE(i,5,k),((1,2),(2,2)),(1,0) A

if 7 is odd and j is even,
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We have the A°-homomorphism £ as follows:

€ (4,4,k),{(1,1),(2,2)),(L1,12), (14 ,15)
€ (irdk—1),((1,1),(1,1)), (ba,12), (I — 1,15) @(2,1) X3

— ‘X2 ii le— roqr _
10;(2’1)5( 2Jsk 1)9((272)7(2’2)>a(l1al2)a(l1al2 1)’ if k iS even,

E(irgik)
E(":7j7k)9<(272)v(171)>7(llil2)’(l’1’l'2) —
€ (iyjrk—1),((2:2),(2,2)), (1n.k2), (1 —1,15) O(2,2) X7

— X3a(2,2)€(i,5,k—1),((1,1),(1,1)), (L l2), (1,1 —1) 3

€ (i:3k),((1,1),(1,1)), (b1,k2),(1,15) 7
s(i’jvk_1)7((171)7(272)>7(l1712)7(l'1_171,2)0'(272)X]2.

_X2 il roqr_
S(i,j,k) . 101(2’1)5( 2Jsk 1)9((272)7(1s1)>a(l13l2)a(l1al2 1) if k is odd.

6(7:7‘7"":)9((272)7(272))’(ll’l2)’(l€1’llz) —

€ (s k—1),((2,2), (1,1)), (1 k), (1 —1,15) B(2,1) X 3

— X3(2,2)€(i,5,k—1),((1,1),(2:2)), (l1,12), (1 1 — 1) 3
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Projective resolution

We denote the total complex of above complexes by
T d1 dn
P:0+ A+— Py+— P+ -+ «— P+ ---.

We consider the complex P ® 4 A/rad A. Then we have the following
rusult.

Proposition
The complex P ® 4 A/rad A is exact.

Therefore P is a projective bimodule resolution of A by [Theorem 2.8
Green,Snashall(2004)].

Then the Hochschild cohomology ring of A modulo nilpotence is the
polynomial ring.

HH*(A)/N ~ K[xz] where 5 = €(1,1) + €(2,2) c HHz(A).
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The Hochschild cohomology ring modulo nilpotence of A corresponds to
that of B where B = KQ/I is the quiver algebra defined by the following
quiver @Q and ideal 1.

a(2,1)

Q: cay C e1 \::j ez Q as,1)
a(2,2)
I : the ideal of K@ generated by
aﬁl,l)’ (a(2,1) + a'(2,2))4’ a?3,1)7

a(1,1)(az,1a2,2) — (@z2,102,2)a(1,1), (a2,2a2,1)a(s,1) — a,1)(az,2a2,1),

a(1,1)0(2,1)0(3,1)5 A(3,1) A(2,2)A(1,1)+
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Example 3: Quiver algebra with 3 cycles and quantum-like

relations 2

Let Q be the quiver as follows:

€(3,2)
aa(s,l)? )a(gﬁ)
Ly oy @)
€(1,2) €(1,1) €(2,2)

a(1,2) a(2,2)
I: the ideal of K(Q generated by
Xf"i for 1 <i<3, XlzXf — XJ?XI2 for 2 <j <3,
a(2,2)3(3,1)s 4(3,2)3(2,1)+

where X;:= a(; 1) + a(;,2), n; are integers with n; > 2 for 1 < < 3.
We consider the quiver algebra A = KQ/I. Then, we have the projective
bimodule resolution of this algebra as total complex of the following
commutative diagram.
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£gt .
(2,2,1)
Q(172’1) Q(272’1) e
o(1,2,1) o(2,2,1)
8211
Q(1,1,1) Q2,1,1) e
£(1,2,1) £(2,2,1)
£s &
(2,2)
€11 Qa,2) £z Q2 <— -
0(1,2) y

8(2,1)

Qa. Q1)
&(i,5,k) is the projective resolution depending on the relations a3 2)a(s,1)
and a(s,2)a(2,1) as follows. And §’ and o/ are similar to § and o.
2
Q(i7jak) = Hl:l I i >1

I3 >20,ip >1
1+l =1

On the Hochschild cohomology ring modulo nilpotence

A€ (i,,k), (1 ,12) 1A

Daiki Obara (Tokyo University of Science)
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Hochschild cohomology ring modulo nilpotence

E(irisk—1),(Ix,l2),1 X5 if k is odd,

&(ird k) E(irdik),(l1sla)s1 > { .
o E(irjk—1),(1n,l2),1 X5 if K is even.

X2e(ijk—1),(Ir.l2),2  if k is odd,

E(iyj’k)i(l17l2)72 '_> . .
X3e(ijh—1),(1,02),2  If k is even.

Then the Hochschild cohomology ring of A modulo nilpotence is the
polynomial ring.

HH*(A)/N =~ K|[z1] where £1 = e(1,1) + e(1,2) € HH?*(A).
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Example 4: Quiver algebra with 3 cycles and quantum-like

relations 3

Let Q be the quiver as follows:

€(3,2)

\
aes,1) | | as,2)
aan | ) a@

€(1,2) €(1,1) €(2,2)

a(1,2) a(2,2)
I: the ideal of K@ generated by
XMifor1<i<3, X2X;—X:X7for1<i,j<s3,
a2 X2 a1y, a3,2) X2 a1y for 0 <1yl <np — 1.

where X;:= a(;,1) + a(,2), n; are integers with n; > 2 for 1 <14 < 3. We
consider the quiver algebra A = KQ/I.

The Hochschild cohomology ring of A modulo nilpotence is the polynomial
ring.

HH*(A)/N =~ K|z,] where T2 = e(1,1) + e(2,2) € HH?(A).
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