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ABSTRACT. We show that an algebra of the form A/((j)) where A is an algebra and ¢ is
an automorphism of A such that d)(A[O]) = A" for some integer n is isomorphic to an
algebra of the form A/ (qguvg) where ¢y is an automorphism of A induced by ¢ and v i
is the Nakayama automorphism of A if A has no nonzero oriented cycles. Throughout
this paper we do not assume that the action of groups (or automorphisms of A) are free.
Therefore this result give us applying a derived equivalence classification in [1] and [3]
ton =0.

1. INTRODUCTION

Throughout this paper k is an algebraically closed field, algebras are basic finite-
dimensional k-algebras and categories are k-categories.

We say that an algebra is a generalize multifold extension of algebra A if it has the
form A/(¢) where A is the repetitive category of A and ¢ is an automorphism of A
with jump n for some integer n (see Definition 1 and Proposition 2). In [3], we gave a
derived equivalence classification of generalized multifold extensions of algebras which are
piecewise hereditary of tree type (i.e., algebras are derived equivalent to some hereditary
algebra whose ordinary quiver is oriented tree) if automorphisms act on algebras have
positive jump. To give a classification, we showed that for a positive integer n € Z, a
generalized n-fold extension A/(¢) is derived equivalent to T (A) = A/ <gz§0Vf}1> where ¢
is the automorphism of A naturally induced from automorphism ¢q := (]1[0])’11/2%5]1[0] of

A and v is the Nakayama automorphism of A. Also, we posed a following question

Problem. If A is piccewise hereditary of tree type, when are the algebras A/(¢) and 17 (A)
isomorphic?

In this paper we will give the answer to this question.

Acknowledgments. I would like to express my gratitude to Junichi Miyachi for suggest-
ing me the problem above. I would also like to express my gratitude to Hideto Asasiba
for his generous supports. The idea, which was essential to solve this problem, to combine
an idea in Saorin’s paper [7] and Lemma 12 taken from [2] was suggested by Asashiba.
I would also like to express my thanks to Manuel Saorin for sending me the paper [7]
(which is the original version of [6]) through Asashiba and his results are cited in section
3. Finally I would also like to thank Steffen Koenig for informing me the proof of Lemma
18 through Asashiba.

The detailed version of this paper will be submitted for publication elsewhere.



2. PRELIMINARIES

For a category R we denote by Ry and R; the class of objects and morphisms of R,
respectively. A category R is said to be locally bounded if it satisfies the following:
e Distinct objects of R are not isomorphic;
e R(z,z) is a local algebra for all x € Ry;
e R(z,y) is finite-dimensional for all z,y € Ry; and
e The set {y € Ry | R(z,y) # 0 or R(y,x) # 0} is finite for all z € Ry.
A category is called finite if it has only a finite number of objects.

A pair (4, F) of an algebra A and a complete set E := {ej,...,e,} of orthogonal
primitive idempotents of A can be identified with a locally bounded and finite category
R by the following correspondences. Such a pair (A, E) defines a category R4 gy := R
as follows: Ry := E, R(z,y) := yAxzx for all z,y € E, and the composition of R is
defined by the multiplication of A. Then the category R is locally bounded and finite.
Conversely, a locally bounded and finite category R defines such a pair (Ag, Er) as follows:
Ar = @D, yer, R(z,y) with the usual matrix multiplication (regard each element of A as
a matrix indexed by Ry), and Er := {(1,04),(z.2))ijer, | © € Ro}. We always regard
an algebra A as a locally bounded and finite category by fixing a complete set Ag of
orthogonal primitive idempotents of A.

Definition 1. Let A be a locally bounded category.
(1) The repetitive category A of A is a k-category defined as follows (/1 turns out to be
locally bounded again):
o Ay:=Ag x Z = {zll .= (x,i) | z € Ay, i € Z}.
{f7]feAly} ifj=i
o Azl yll)y .= { {ol] | g € DAy, x)} ifj=i+1, forallzll yll e A
0 otherwise,
e For cach zl!l Uil zIM € Ay the composition A(yl], zI) x A(zl? ybil) — A(zl], 21H)
is given as follows.
(i) If 4 = 4, j = k, then this is the composition of A A(y, z) x A(z,y) — A(z, 2).
(ii) If i = j,j + 1 = k, then this is given by the right A-module structure of DA:
DA(z,y) x A(x,y) — DA(z, ).
(iii) If i + 1 = j,j = k, then this is given by the left A-module structure of DA:
Ay, z) x DA(y,x) — DA(z,x).
(iv) Otherwise, the composition is zero.

(2) We define an automorphism v4 of 121, called the Nakayama automorphism of A, by
va(all) = g, (FO = fHU 0y (ol]) = gl for all i € Z,x € Ay, f € A1, €
Ux,yer DA(y’ Z‘)

(3) For each n € Z, we denote by A the full subcategory of A formed by 2" with
x € A, and by 145 AR« 121, x — z[" the embedding functor.

We cite the following [3, Proposition 1.6.].

Proposition 2. Let A be an algebra, n an integer, and ¢ an automorphism of A. Then
the following are equivalent:



) @ is an automorphism with jump n;

) d(Al) = Al+n] for some integer i;

) ¢(AUl) = AUHn for all integers j; and

) & = ¢l for some automorphism ¢r, of A with Jump 0.
) ¢ = Vior for some automorphism ¢r ofA with jump 0.

We cite the following from [1, Lemma 2.3].

Lemma 3. Let ¢: A — B be an isomorphism of locally bounded categories. Denote
by ¥y A(y7 ) — By, vx) the isomorphism defined by ¢ for all z,y € A. Define
U: A= B as follows
o For each zl! € A, (all) .= (¢m)
o [or each f[z] € A( [l] y[l) D) = ()P and
o For each ¢ € A(al?, y"1), (o) == (D((2) ™) (@) = (d o (v2) 711
Then
(1) ¢ is an isomorphism.
(2) Given an Aisomorphism p: A B, the following are equivalent.

(a) p=1;
(b) p satisfies the following.
(i) pra = vap;

(i) p(AV) = AV,
(iii) The diagram

N

A B
100] l lﬂo}

A0, gl
P

1s commutative; and

(iv) p(¢) = (¢ o (1/)?;)_1)[0] forallx,y € A and all p € DA(y, x).

3. AUTOMORPHISMS OF REPETITIVE CATEGORY WITH JUMP 0

Throughout this section A is an algebra. We set Aut’(A4) to be the group of all auto-
morphisms of A with jump 0.

Lemma 4. Let ¢ € Aut’(A). Then ¢ gives a family of k-linear maps (¢;, f:)icz, where
¢; s an automorphism of A and f; : A — A is a bijective ¢;-¢;y1-semilinear map for all
1€ 7.

Proof. Let i € Z. Then by definition, we have ¢(All) = All. We set ¢; := (Ili])’lgbllz] :
A — A, then ¢; is an automorphism of A. On the other hand, also by definition, we have
p(DAFY = DAl . Hence we get a bijective k-linear map D(f; ) := D(14)p(D (1)) 7" :
A — A. For morphisms a,b € A; and p* € DAy, b lgll = (aub)ll € DA and

o all) = g )6 () (al).



Since
LHS = (D(f7 ) (ap b)) = ((ap*b) ;1)
and
RHS = ¢ .1 (0) (D7) ()i (@) = i (0)FH (e 71 i (@),

we have fi(aab) = ¢;(a)fi(a)pir1(b) for each o € A;, which shows that f; is @i-@iy1-
semilinear. O

We identify ¢ with (¢, fi)icz and write ¢ = (¢, fi)icz-

For ¢ € Aut(fl) with jump n € Z, we also get a family of k-linear maps by following

way. By Proposition 2, there exists an automorphism ©¥r = (Vg fi)icz of A with jump 0
such that ¢ = v%1pgp. We can define (1, gi)icz by ;i := Yri, g; := f; for all i € Z.

Remark 5. We can define a group homomorphism ¥ : Aut®(A) — Aut(A4) by ¥(¢) := ¢
for all ¢ € Aut’(A). Then we have 6 € Aut’(A) and ¥(5) = o for all ¢ € Aut(A) by
lemma 3. Thus ¥ is an epimorphism, in particular split epimorhism.

Clearly an automorphism ¢ in the kernel of W is whose ¢q is the identity of A. Therefore
to see the kernel of ¥ more particularly, we are interested to construct an automorphism
of A from the identity of A.

Definition 6. We define a map & : (k)4 — Aut(A) by
EN)(e) :==e
and
E(N)(a) == A(t(a) "' A(s(a))a
for all A = (A(7))zea, € (k)% all objects e and morphisms a in A.
Then ¢ is a group homomorphism.
Lemma 7. Let A = (\;)iez € (kX)AO (We regard (k)% = ((k*)*)Z by the canonical
isomorphism (k*)40 = (k*)A0xZ = ((k*)40)2). Then a family (¢s, fi)icz of maps where
ENiNig1--- A1) ifi <0
¢i = ]lA Zfl =0
EMoAr - Nim1)  ifi>0
and f; : A — A is defined by fi(a) == M\(s(a))di(a)(= Ni(t(a))pir1(a)) for a € Ay, gives
an automorphism of A with jump 0.

We assume the following property which is necessary for our purpose.

Definition 8. If eAe = k for all primitive idempotents of A, then A is said to have no
nonzero oriented cycles.

Let A :=k@Q/I where Q is a quiver and I is an admissible ideal of k@. The definition
8 means that I contains all cycles in @.

Proposition 9. Assume that A has no nonzero oriented cycles. Then there is an exact
sequence of groups

1 &% 2 Aut®(A) L Aut(A) — 1.



Proof. For A € (k*)%, we define ®()\) the automorphism constructed by Lemma 7. Since
¢ is group homomorphism, clearly ® is a group homomorphism. First, we show that &
is injective. If ®(\) = 14, then ¢; = 14 and D(f; ') = Ipa for all i € Z. By induction,
the former implies that (\;) = 1,4 for all i € Z. Hence for each i € Z, we get an element
k; € k* such that f; = k;14 for all x € Ag. Therefore D(fi_l) = /\i_lllDA = 1pa, so that
ki =1 for all © € Z. This shows that ® is injective.

Next we show that Im® = Ker V. We easily have W& = 1 by definition, hence it
is enough to show Im® DO KerW. Let ¢ = (¢;,9:)icz € Ker . Since g; is a -1 1-
semilinear bijection, the equality 1)y = 1,4 imply that g;(x) = g;(23) = ¥;(x)gi(2)i41(z) =
zgi(x)z for all x € Ay. Hence g;(x) € xAx = kz, because A have no nonzero oriented
cycles. Therefore we get A\;(z) € k* such that g;(x) = \;(z)x for each i € Z and x € Ay.
We claim that ¢ = ®(X\). Set ®(\) = (¢, fi)iecz. To see that, we take an arbitrary
morphism a € A(z,y). If ¢; = ¢, for all i € Z, then

fila) = Ai(x)¢i(a)

Hence we check that 1[12 = g(AoAl ce )\2‘_1) for all 0 S 1 € Z and 1/11 = 5()\1)\1_‘_1 s /\_1)—1
for all 0 > ¢ € Z. We prove by induction on 0 < i € Z the first equality, the other one
following in a similar way. Since ¢y = 14 = ¢y, it is enough to show it in the case that
1 <¢. For any morphism a € A(x,y),

gi(a) = &E(AoA1---Aim1)(a)

1)
= X Aia(@) (N Mica(y) e
= Xi(@) N1 (y) i1 (a)
= i@ (N1 (y) i (a)x
= (A1) ica(a)gioa(z)
= (Ni1(®) 'gia(a)
= (A1) 'gia(ya)
= (Ni1®) g (W)i(a)
= y¥i(a)
= ¢i(a)
as desired. O

Remark 10.

(1) By Remark 5, the exact sequence in Proposition 9 splits. Therefore an auto-
morphism of A with jump is characterized by an automorphism of A and a map



from Ay to k*. Let ¢ = (¢, fi)iez be an automorphism of A with jump. For all
morphism a € A(z,y),

fila) = ¢ia) fi(x) = fi(y)¢is1(a)
and

fiz) = fi(2®) = ¢i() fi(2) Piga ().
By Proposition 2, ¢;(x) = ¢i41(x) therefore f;(z) € ¢;(z)Ap;i(x) = k¢;(z). Hence
we get A\;(z) € k such that fi(x) = A\;(2)¢:(z) and

¢ir1(a) = Ni(@)(Ni(y)) ' dila).

(2) In [5, section 3] automorphisms of repetitive category with jump 0 is characterized
in general case i.e., it does not assume that algebras have no nonzero oriented
cycles, and automorphisms are ”algebra automorphisms”. In their results, the left
term of exact sequence is given by U(A)Z where U(A) is the set of all units in A.

4. ORBIT CATEGORIES

Throughout this section G is a group. A pair (C, A) of a category and a group homo-
morphism A : G — Aut(C) (we write A, := A(«)) is called a category with G-action.
We cite the following definition and lemma from [2, Section 4].

Definition 11. Let (C, A), (C', A") be categories with G-actions and F : C — C’ a functor.
Then an equivariance adjuster of F is a family n = (94)acg of natural isomorphisms
N : ALF = FA, (a € G) such that the following diagram commutes for each o, 8 € G

A F— A F " A
Ba B B8 o
NBa \LTI,BAQ
FAg, = FAsA,

and a pair (F,n) is called a G-equivariant functor.

Lemma 12. Let (C,A), (C',A") be categories with G-actions, and (F,n) : C — C" a
G-equivariant equivalence. Then C/G and C'/G are equivalent.

Proposition 13. Let R be a locally bounded category, and g,h automorphisms of R.
If there exists a map p: Ry — k™ such that p(y)g(f) = h(f)p(x) for all morphisms
f € R(z,y), then R/(g) = R/(h).

Remark 14. Proposition 13 does not assume free actions. Therefore we extend a derived
equivalence classification in [3] to ”0-fold” case.

5. MAIN RESULTS

Throughout this section we assume that A is an algebra without nonzero oriented cycles
unless we note.

Lemma 15. Let ¢ and ¢ be automorphisms of A with jump n € Z. If there exists a
map po: Ag — k* such that po(y)do(a) = Yo(a)po(z) for all morphisms a € A(z,y), then
A/(p) and A/ () are isomorphic.



Theorem 16. Let ¢ and ¢ be automorphisms of A with jump n € Z. If there exist
i,j € Z and p : Ay — k™ such that p(y)¢i(a) = j(a)p(x) for all morphisms a € A(z,y),
then A/{(p) and A/{¢) are isomorphic.

Proof. By Remark 10(1), we get each of the elements ((Ar(2))zeao ) rez, ((14(7))zea, vez €
((k*)49)Z from ¢ and . Define py : Ag — k* by

< Aa(@) e (@)p(e) 4G <0
po(z) = (I)Mz ( )p(x) ifi<0,j>0

( ()" ( cpi(x)tp(x) ifi> 0,5 <0

Ao /\]( ) (ko - - Mz( )" p(x) ifi,j>0

for all x € Ag. Then for a morphism a € A(z,y),

p()oila) = py)((Nica(x)) " Nica(y)di-1(a))
= p(y)Aic1(@) X1 () (Niza(2) X (y) di—a(a)

= p(y)(Ao- - A2 X1 () Ao+ - Ao disa () do(a)

and similarly
Vi(a)p(x) = (o~ pj—apj—1 () o - - - pj—2pj—1(y)tho(a)p(x).

Hence we get po(y)do(a) = vo(a)po(x). By Lemma 15, A/(¢) and A/(1)) are isomorphic.
(]

Corollary 17. Let ¢ be an automorphism of A with jump n € Z. Then A/{$) and 17 (A)
are isomorphic.

What we want to know is when A/(¢) and 17 (A) are isomorphic if A is piecewise
hereditary algebra of tree type. The following lemma gives us the answer.

Lemma 18. A piecewise hereditary algebra has no monzero oriented cycles.

Proof. If A is a piecewise hereditary algebra, then there is a tilting complex T on a
hereditary algebra H such that A = End(T). For all idempotents e in A, e Ae is isomorphic
to End(T,) where T is a direct summand of T. By [4, Corollary 5.5], eAe is a piecewise
hereditary algebra because T, is a partial tilting complex. Since piecewise hereditary
algebras have finite global dimension and eAe is local, eAe is isomorphic to k. Hence A
have no nonzero oriented cycles if A is a piecewise hereditary algebra. (]

Corollary 19. Let A be a piecewise hereditary algebra and ¢ be an automorphism offl
with jump n € Z. Then A/(¢) and T} (A) are isomorphic.
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