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ABSTRACT. This paper is based on my talk given at the Symposium on Ring Theory
and Representation Theory held at Tokyo University of Science, Japan, 10-12 October
2013. In this paper, we give the dimension formula of the cyclic homology of truncated
quiver algebras over a field of positive characteristic. This is done by using a mixed
complex due to Cibils.

1. INTRODUCTION

Let A be a finite quiver and K a field. We fix a positive integer m > 2. The truncated
quiver algebra is defined by KA/RRX where R} is the two-sided ideal of KA generated
by the all paths of length m.

In [8], Skéldberg computes the Hochschild homology of a truncated quiver algebra A
over a commutative ring using an explicit description of the minimal left A°-projective
resolution P of A. He also computes the Hochschild homology of quadratic monomial
algebras. On the other hand, Cibils gives a useful projective resolution ) for more general
algebras in [3].

If Ais a K-algebra with a decomposition A = E@r, where F is a separable subalgebra
of A and r a two-sided ideal of A, then Cibils ([4]) gives the E-normalized mized complex.
Skoldberg [9] gives the chain maps between the left A®-projective resolution given in [§]
and @ above for a quadratic monomial algebra A, and he obtains the module structure
of the cyclic homology by computing the E%-term of a spectral sequence determined by
the above mixed complex due to Cibils.

In [1], Ames, Cagliero and Tirao give chain maps between the left A°-projective reso-
lutions P and Q of a truncated quiver algebra A over commutative ring. In this paper,
by means of these chain maps, we obtain the dimension formula of the cyclic homology
of truncated quiver algebras over a field.

On the other hand, by means of [7, Theorem 4.1.13], Taillefer [10] gives a dimension
formula for the cyclic homology of truncated quiver algebras over a field of characteristic
zero. Our result generalizes the formula into the case of the field of any characteristic.

2. PRELIMINARIES

Let A be a finite quiver and m(> 2) a positive integer. For a € Aq, its source and
target are denoted by s(«) and ¢(«), respectively. A path in A is a sequence of arrows
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ajs - - - ay, such that ¢(a;) = s(ayq) for i =1,...,n— 1. The set of all paths of length n
is denoted by A,,.
By adjoining the element L, we will consider the following set (cf. [8], [9]):

i=0
This set is a semigroup with the multiplication defined by

_ [ oy i t(6) = s(0), -
0.7y = { 1 otherwise, 0,7 € UA@"

=0
and
Loy=v-L=1, y€A

Let K be a commutative ring. Then K Aisa semigroup algebra and the path algebra
KA is isomorphic to KA /(L). So, KA'is a A-graded algebra with a basis consisting of
the paths in A. Moreover, KA is N-graded, that is, KA = @;°, KA,;. In particular, R}
is A-graded and N-graded, thus the truncated quiver algebra A = KA/RRX is a A-graded
and N-graded algebra.

For an N-graded vector space V, V, is defined by V, = @,., Vi

Let A be a finite quiver. For a path 7, || denotes the length of 7. A path ~ is said
to be a cycle if |y| > 1 and its source and target coincide. The period of a cycle v is
defined by the smallest integer i such that v =47 (j > 1) for a cycle § of length 4, which
is denoted by per~. A cycle is said to be a basic cycle if the length of the cycle coincides
with its period. It is also called a proper cycle [5]. Denote by AS (respectively AP) the
set of cycles (respectively basic cycles) of length n. Let G,, = (t,,) be the cyclic group of
order n and the path a; - - - a,,_1a, a cycle where «; is an arrow in A. Then we define the
action of G,, on A by t,,- (a1 - ap_10,) = apoy -+ -1, and AS /G, denotes the set of
all G,-orbits on A. Similarly, G, acts on AP and AP /G, denotes the set of all G,,-orbits
on AP, For 4 € A¢/G,,, we define the period per of 7 by per~. For convenience we use
the notation A§/Gy for the set of vertices Ag. Throughout this paper, a;(i > 0) denotes
an arrow in A.

3. THE HOCHSCHILD HOMOLOGY OF TRUNCATED QUIVER ALGEBRAS

In this section, we intoroduce the Hochschild homology of truncated quiver algebra in

8]-

Theorem 1 ([8, Theorem 1]). The following is a projective A-gmded resolution of A as
a left A®-module:

dz’ di
pP.... =2 p %

By p B P S A0
Here the modules are defined by

P, =A®gna, Kr® RKa, A,



where T s given by

@ _ J Bem if i =2c(c>0),
Achrl ZfZ:20+1 (CZO),

and the differentials are defined by

d2c(a ® Qaq - Oem X B)
= Z oy -0 Q) Oy Ae—1)ymt 145 @ Xle—1)ym+2+5 Qe B,

and
docr1(@®@ 0 Qo1 @ B) =y @z Qo1 @ B — @ Ay -+ Qe @ Qi1 -
The augmentation e: A @xa, KAo @kxang A= AQga, A —> A is defined by
e(la® p) = ap.

Theorem 2 ([8, Theorem 2|). Let K be a commutative ring and A a truncated quiver
algebra KA/RY and ¢ = cm + e for 0 < e < m — 1. Then the degree q part of the pth
Hochschild homology HH,(A) is given by

(K% ifl<e<m-—1and2c <p<2c+1,
m br
P (k= e Ker (—————=: K — K
‘ ged(m, r)
rlq
ife=0and 0 <2c—1=p,
HHp q(A) = ( m br
’ Keedmn) =1 ¢ Coker (7 K — K))
g? ged(m, r)
ife=0 and 0 < 2c = p,
K#80 ifp=q=0,
0 otherwise.

\

Here we set ag := #(AS/Gy) and b, := #(AL/G,).

4. MAIN RESULT

In this section, by means of chain maps which are given by Ames, Cagliero, Tirao, we
determine the dimension formula of the cyclic homology of truncated quiver algebra.

Lemma 3 ([3, Lemma 1.1]). Let A be a finite quiver, I an admissible ideal, KA, the
subalgebra of A = KA/I generated by Ao and r the Jacobson radical of A. The following



s a projective resolution of A as a left A°-module:

i di i—1
Q: — ARk, r7K% Rga, A — A®pa, r¥K20 ®KA0A_>"‘

—)A®KAOT®KAOA—>A®KA0A — A — 0,

where

di(Afza| -+ - |zilp) = Az [za] - - - |zi]p + Z A ] - Nl lzidp
+ (1) A[y] -+ |xi,1]:cl-u fori>1,
and we use the bar notation Nxi|- - |x]p for A\@x1 @ 12 Q@ -+ @ 1; Q p.

Cibils constructs the following mixed complex.

Theorem 4 ([4], [9]). Let A be a finite quiver, K a field, and A = KAJI for I a
homogeneous ideal. Define the mized complex (Cxa,(A),b, B) by

®n
Crao(A)n = A®gag AL,
and

b(zolz1] - -+ [x,]) = 517056’1[372\ e

+ Z Yao[zr] - |wiziva| - - |zn)

+ (—1) TnZo[T1] - - - |01,

B(xolz1| -+ - [xn]) = Z(—l)m[%’\ R EE T R A

Then HH,(Cia,(A)) = HH,(A) and HCo(Ciea,(A)) = HC,(A).

In particular, if A is a truncated quiver algebra KA/RQX(m > 2), then the map B
in (Cka,(A),b, B) respects the AS/G,-grading (cf. [9]). Furthermore if we consider the
double complex BC' associate to this mixed complex and filter the total complex Tot BC
by the column filtration, then the resulting spectral sequence is AS/G,-graded. Thus
HC,(A) is AS/G,-graded. Moreover, for ¥ € AS/G, the degree ¥ part of the E'-term of
this spectral sequence is E} - = HH,_,5(A).

On the other hand, Ames Cagliero and Tirao find the chain maps between the left
A¢-projective resolutions P and Q of a truncated quiver algebra A over an arbitrary field
as follows:



Proposition 5 ([1]). Define the map v : P — Q as follows:

wla®pf)=al 18, ula®a ® )= alal]f,
LQC(Q ® A - Oem ® B)
= Z a[al R CS R |a2+j1 |a3+j1 © O3y s |a4+j1+j2 o
0<j1,3Je<m—2
| Qe 1yttt * T Q2 1ty ot 2ty oot Q211 bt Cemi3)
Lrer1(@ @ aqg - Aepy1 @ P)
= Z Oé[()é1|042 cr 0oy |a3+j1 ‘054+j1 ER O 7/ Sy ) |a5+j1+j2 o
0<j1,.-,Je<m—2

| Qe jitetgors 7" Oty ooto | Q24 141 4ot | O2e4 24y 4ot Qe B
Then, ¢ is a chain map.

Proposition 6 ([1]). Let m; be a positive integer for any i > 1. Suppose that x; is the
Path mygootm; 1 +1° Qg vm; Of length my;. Define the map m: Q — P as follows:

m(a[ ]B) =a® 8,

m(afn]8) =Y 00 @0 @ aj )
j=1

AR aq e @ Qemi1 ** * Qg e, 3
7T2¢<()é[l’1|.’172| NN |.§U2c]6) = 'lf Mo;_1 + Mo; >m (1 < i < C),
0 otherwise,
Z;n:ll O[O{l “ e Oé]*l ® O[] . e a]+cm®

i RIS
7T20+1<Oé[.1’1|372| s |x2c+1]ﬁ) = 'lf ma; _|_]7;721:Z:r11> mTi+< JZFTYECZSB
= >t > C)

0 otherwise.

Then, 7 is a chain map and 7o = idp.

By investigating the basis of the Hochschild homology and finding the chain maps
between the projective resolutions P and @, we are able to compute B : HH,5(A) —
HH,.5(A) induced by the differential of the Cibils’ mixed complex. Moreover, for 7 €
A¢ /Gy we are able to determine the degree 4 part of the E%-term of the spectral sequence
associated with the Cibils’ mixed complex. Therefore we have the following result.

Theorem 7 ([6, Theorem 5.1]). Suppose that m > 2 and A = KA/RR. Then the
dimension formula of the cyclic homology of A is given by, for ¢ > 0,

m—1 c—1 m—1
dimgHCoo(A) = #80+ > omee+ D> Y. by
e=1 /=0 e=1 r>0

st.r¢|ldm +e



+Z > b+z > (ged(m, ) — 1)b,,

r>0 r>0
s.t.r|c'm, s.t.r¢| ged(m,r)c
ged(m, r)¢lm
c m—1
dim g HClesq(A) = > (gdmr)=Db+> Y > b,
>0 c'=0 e=1 >0
st.r|(c+1)m st.r¢|dm+e
c+1
D S S Z S (gedmr) — b
r>0 r>0
s.t. r|d'm, s.t. r¢| ged(m, )’
ged(m, r)¢lm

Remark 8. If ¢ = 0, then the above result coincides with the result of Taillefer in [10].

Example 9 ([6, Example 5.3]). Let K be a field of characteristic ¢ and A the following
quiver:

Qg1 0 Qp

Suppose m > 2 and A = KA/RY, which is called a truncated cycle algebra in [2].
Since

1 it s, b 1 if s=r,
=10 otherwise, "1 0 otherwise,

we have, for ¢ > 0,

o [ (5] (21021 [)
([gmmae) ~ [ = (7] - [57)
# (god(m, ) - 1) | B



an(imKchc+1<A> i ) d(c +81)m} _ [(c + llm - 1} + [gcd(;fz, s)cD

(] - e (2 - [2)
B2
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