ON THE RING OF COMPLEX-VALUED FUNCTIONS
ON A FINITE RING
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ABSTRACT. Greferath, Fadden and Zumbrégel [3] consider rings of complex-valued func-
tions on some finite rings R. In this paper we consider the structure of such rings. First
we consider the case when R is a finite local ring. Next we consider the case when R is
a finite semisimple ring. Finally we consider rings of complex-valued invariant functions
on some finite rings.

1. RINGS OF FUNCTIONS FROM A FINITE RING TO THE FIELD OF COMPLEX NUMBERS

Greferath, Fadden and Zumbrégel [3] consider rings of complex-valued functions on
some finite rings. First we give some definitions.

Definition 1. Let R be a ring and let C denote the field of complex numbers. A function
f: R — Cissaid to be finite if {r € R | f(r) # 0} is a finite set.

Consider the set C® = {f | f: R — C is finite} of all finite functions from R to C.

Definition 2. For f, g € C¥ and for A € C we define addition and scalar multiplication
by

(f +9)(x) = fz) + g(x)
(M) () = Af ().

Then C¥ is a C-vector space. We define multiplication by

(fxa)@) =D  fla)g).
a,be R

ab=x
Then C# is a C-algebra.

For any element r € R, we define the function 4, by

1 fx=r
0r(z) = { 0 otherwise.

Then 6, is is the identity of the C-algebra Cf. We can easily see that 6, * d;, = §,, for
each r, s € R. Also we can see that the set {4, | » € R} forms a C-basis of vector space.
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Definition 3. Let R be a ring with addition + and multiplication -. We denote the
semigroup algebra of the semigroup (R, -) over C by C[R]. Any element of C[R] can be
written as a finite sum of the form ) _,a,7. For the definition of semigroup algebras,
see [4, Page 33].

Other definitions and some basic results in this paper can be found in [2]. We start
with the following fundamental proposition.

Proposition 4. Let R be a finite ring. Then the C-algebra C® is isomorphic to the
semigroup algebra C[R] of multiplicative semigroup (R, - ) of the ring R.
Proof. Recall that the semigroup algebra C|R) is a C-vector space with the C-basis {7 | r €
R} and multiplication defined by

TS =78
for each r, s € R. We define a mapping ¢ : C* — C[R] by ¢(d,) = # for each r € R.
Then ¢ is an isomorphism of C-algebras. U

2. SEMIGROUP RINGS
First we give some basic results on semigroup rings of the semigroups of some rings.

Proposition 5. Let R be a ring, let I be an ideal of R and let Z denote the ring of
rational integers.

(1) Let A denote the ideal of Z[R] generated by {r+s —# — & | r,s € R}. Then
Z[R]/A = R.

(2) Let B denote the ideal of C[R] generated by {r — § | r —s € I}. Then C[R]/B =
C[R/I].

Proposition 6. Let R be a finite ring, let R* denote the group of units in R and let C'
denote the ideal of C[R] generated by {7 | r € R — R*}. Then C[R]/C = C[R*].

For a ring R, J(R) denotes the Jacobson radical of R.

Proposition 7. Let R be a finite local ring and let R* denote the group of units in R.
Then J(C[R]) = ZTEJ(R) C(r —0) and C[R]/J(C[R]) = C0 & C[R].

a b c
Example 8. Consider the ring R = 0 a d] |a, b, c€ GF(2) 3. Then |R| =2* =
0 0 a
a b c
16. Then R* = 0 a d a#0,b ce€GF(2) p. We can easily see that R* is the
0 0 a

dihedral group Dg of order 8 and so C[R*] & C* @ M,(C). Therefore C[R]/J(C|[R]) =
C5 @ My (C).

By Proposition 7 we have the following corollaries.

Corollary 9. Let R be a finite commutative local ring and let n denote the number of
elements of R*. Then CI|R)] is the direct sum of n+ 1 finite commutative local rings.



Corollary 10. Let R be a finite commutative ring and suppose that R = R1 & - -- & Ry,
where Ry, -+ Ry are finite commutative local rings. Then CT is the direct sum of (|R}| +
1) x -« X (|R| + 1) finite commutative local rings.

Corollary 11. Consider the Galois field G(n, p). Then the C-algebra C%™P) is isomorphic
to CP".

Let V' be a vector space over C. We define a multiplication on the C-linear space CHV
by the formula (a,v) - (b,w) = (ab,aw + bv) for any a, b € C, v, w € V. Then Cp V
becomes an C-algebra. We denote this algebra by C x V.

Example 12. Consider the ring C[Z/8Z] and let g; = 7 — 0 for i = 1,2,--- ,7. Then
C[Z/8Z] is the direct sum of two sided ideals C0 and S = Cg; + Cgy + - -- + Cgz. The
identity of the ring S is g;. Let us set e; = (1/4)(g1 — g5 — g5 + g7), e2 = (1/4)(g1 +
93 — 95 — 97), €3 = (1/4)(g1 — g3 + g5 — g7) and es = (1/4)(g1 + g3 + g5 + g7). Then
ey, €9, es, ey are orthogonal central primitive idempotents of S and g, = e; +e5 + €3+ e4.
We can easily see €15 2 C, €35 = C, ¢35 =2 C x C and ¢,5 = C x (C @ C). Therefore
ClZ/8Z2) = C*p{CxCla{Cx (CpC)}.

3. RINGS OF FUNCTIONS FROM A FINITE SEMISIMPLE RING TO THE FIELD OF
COMPLEX NUMBERS

In this section we consider the case when the ring R is a finite simple ring.

Theorem 13. Let R be a finite ring. Then the following are equivalent:
(i) R is a finite semisimple ring.
(ii) C® is a semisimple Artinian ring.

A von Neumann regular ring is a ring R such that for every a in R there exists an x in
R such that a = axa. Since a semisimple Artinian ring is von Neumann regular, we have
the following corollary.

Corollary 14. Let R be a finite semisimple ring. Then, for any function f € CE, there
exists a function g € C® such that a = a * x * a.

Example 15. Let My(GF(2)) denote the ring of 2 x 2 matrices over the field GF(2).
Then we can prove that C[My(GF(2))] is a semiprime ring. Let us set H = My(GF(2)) —
GLy(GF(2)). Then we can see that C[H] = C @ M3(C). In fact, let

o (10 (00 (01 (00 (10
“loo) 2" Noo)2"\o1)=2"\oo)*"\1 o) \10)

€g ), es = (1) ) and eg = G }) Then F = O,FI =

Q—O,Fg = (él—O)+(6A2—O)+(6A3—O)+(€A4—O)—(6A5—O)—
) — (és — O) + (éy — O) are primitive orthogaonal idempotents, and
[H](Fy + F» + F3) =2 C® M3C). Since GLy(GF(2)) = S3, we have
JC[H] = CJ[Ss]. It is easily see that C[S3] = C ® C @ My(C). Hence
is isomorphic to the semisimple Artinian ring C&CoCd My (C)d M;(C).
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Question 16. Let R be a (not necessarily finite) semiprime ring. Is C[R] semiprime?
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Question 17. Let R be a finite semisimple ring and let C' be a commutative ring. What
conditions on C' imply that C[R] is a separable algebra over C'? The definition of separa-
bility can be found in [1, Page 40].

4. INVARIANT FUNCTIONS

Let R ba a finite ring. A function f : R — C is said to be right invariantif f(ax) = f(a)
for all @ € R and all x € R*. Similarly we define a left invariant function. A right and
left invariant function is called an invariant function.

Theorem 18. Let R ba a finite ring.
(1) If we set e = (1/|R*|) Y_,cp- & € C[R], then e is an idempotent.
(2) The set of right invariant functions becomes the right ideal C[R]e.
(3) The set of invariant functions becomes the ring eC[R]e.

Corollary 19. Let R be a finite semisimple ring. The ring of invariant functions from
R to C is a semisimple Artinian ring.
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