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ABSTRACT. In this article, we give the dimensions of the Hochschild cohomology groups
of certain finite-dimensional algebras A = Ar(qo,q1,92,93) (T > 0; qo,q1,92,93 € K*)
and A; (¢ > 1). Moreover, we study the Hochschild cohomology rings modulo nilpotence
of A and A;. We then see that A gives a negative answer to Happle’s question whereas
A is a counterexample to Snashall-Solberg’s conjecture.

1. INTRODUCTION

Throughout this article, let K be an algebraically closed field. Let B be a finite-
dimensional K-algebra. We denote by B¢ the enveloping algebra B°® @5 B of B. Here,
note that there is a natural one-to-one correspondence between the family of right B°-
modules and that of B-B-bimodules. Recall that the ith Hochschild cohomology group
HH(B) of B is defined to be the K-space HH(B) := Ext%.(B,B) for i > 0. Also,
the Hochschild cohomology ring HH*(B) of B is defined to be the graded ring HH*(B) :=
@D,-o HH (B) = @,- Extls (B, B), where the product is given by the Yoneda product. It
is known that HH*(B) is a graded commutative K-algebra. Let Az be an ideal in HH*(B)
generated by all homogeneous nilpotent elements. Note that Np is a homogeneous ideal.
Then the graded K-algebra HH*(B)/Np is called the Hochschild cohomology ring modulo
nilpotence of B. Tt is known that HH*(B)/Np is a commutative K-algebra.

In this article, we consider the following question and conjecture:

(1) Happel’s question ([9]). For a finite-dimensional algebra B, if HH'(B) = 0 for all
7> 0, then is the global dimension of B finite?

(2) Snashall-Solberg’s conjecture ([12]). For any finite-dimensional algebra B, the
Hochschild cohomology ring modulo nilpotence HH*(B) /A3 is finitely generated as an
algebra.

In the papers [2, 3, 10], a negative answer to the question (1) was obtained, where the
authors studied the Hochschild cohomology groups for several weakly symmetric algebras.
On the other hand, a counterexample to the conjecture (2) was recently given by Xu ([14])
and Snashall ([11]).

In this article, we study the Hochschild cohomology groups and rings for two finite-
dimensional algebras Ar(qo, ¢1,62,93) (T > 0; qo,q1,G2,q3 € K*) and Ay (t > 1) (see
Section 2), and then see that the algebra Ar(qo, q1, ¢z, q3) also gives a negative answer to
(1) and that the algebra A, is also a counterexample to (2).

The detailed version of this paper will be submitted for publication elsewhere.



In Section 2, we define two finite-dimensional algebras Ar(qo, ¢1, g2, ¢3) and A; by using
some finite quivers, where 7" > 0 and ¢ > 1 are integers and ¢; are elements in K*
for + = 0,1,2,3. In Section 3, we give the dimensions of the Hochschild cohomology
groups of Ar(qo, q1,q2,qs3), where the product ¢og1¢2¢gs is not a roof of unity, and A; for
t > 3 (Theorems 1 and 3). In Section 4, we describe the structures of the Hochschild
cohomology rings modulo nilpotence of Ar(qo, ¢1, G2, q3) and A; (Theorems 4 and 5).

2. ALGEBRAS Ar(qo, ¢1,42,q3) AND A,

Let T"> 0 and ¢ > 1 be integers, and let qg, g1, g2, g3 be elements in K*. We definite
the algebras A = Ar(qo, 41,42, q3) and A; as follows:

(i) Let I' be the following quiver with four vertices eq, e1, €2, e3 and eight arrows ay,
for/=0,1and m=0,1,2,3:
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Let KI' be the path algebra, and set x; := Z?n:O arm € KI' for | = 0,1. Let
I denote the ideal in KI' generated by the uniform elements e;xoxi, €;x120,
ej(qrg T2+ 2171, and e (qray’ T2 4+ " ) for 0<i <3, j=0,2and k = 1,3.
We then define the algebra A = Ar(qo, ¢1, 92, q3) by A = Ar(qo, 1, G2, q3) == KI'/I.

(ii) Let A be the following quiver with 3¢ vertices e;, f;, g; for i = 0,...,t — 1 and 4t
arrows «;, 5;, v, 0; for it =0, ...t — 1:
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Let I be the ideal in the path algebra KA generated by the elements a;a;y 1,

BiBit1, qibiv1, Biviv1, @ifiv1 + Bicipr for i =0,...,t—1 (where oy := ayp, 5y := Do,
Ve := 7o and §; := dp). Define the algebra A; by A, := KA/I.

We see that A = Ar(qo, q1, q2, q3) is a self-injective special biserial algebra for all 7" > 0
and ¢; € K* (1 = 0,1,2,3). In particular, if 7" = 0, then Ay(qo, 1, 2, q3) is a Koszul
algebra for all ¢; € K* (i =0,1,2,3). Also, A; is a Koszul algebra for ¢t > 1.

3. THE HOCHSCHILD COHOMOLOGY GROUPS FOR A AND A,

In this section, we give dimensions of the Hochschild cohomology groups HH"(A) (n >
0), where the product qoq1¢2q93 € K* is not a roof of unity, and HH"(A;) (n > 0) for ¢t > 3.

Theorem 1 ([5]). Suppose that the product qoq1goqz € K™ is not a root of unity. Then
(a) Form >0 and 0 <r <3,

(2T +1 ifm=r=20

2I'+3 ifm=0,r=1andchar K | 2T + 1
2I'+2 ifm=0,r =1 and char K 12T + 1
2I'+2 ifm=0,r =2 and char K | 2T + 1
2I'+1 ifm=0,r=2 and char K 12T + 1
dimg HH*™ " (A) = 2T +2 ifm>1,r =0 and char K | 2T + 1,
orifm>1,r=1 andchar K | 2T + 1

2T ifm>1,r=0 and char K { 2T + 1,
orifm>1,r=1andchar K 12T +1

2T ifm>0andr =2,

L orifm>0 andr = 3.

(b) HH"(A) = 0 for alln > 3 if and only if T = 0.

Remark 2. If T = 0, then since the global dimension of Ag(qo, q1, ¢2, ¢3) is infinite for all
¢ € K* (i =0,1,2,3), by Theorem 1 (b) we have got a negative answer to Happel’s
question (1).

Theorem 3 ([6]). Let t > 3. Then,

(1) dimg HH°(A;) = 1 and dimz HHY(A,) = 2.
(2) For an integer n > 2, write n = mt+r for integersm > 0 and r with0 <r <t—1.
(a) If t is even, m is even, or char K = 2, then

mt — 1 ifr=0

dimye HH"(A,) = 2mt + 2t ifr=1
2mt+2t+1 ifr=2
0 f3<r<t—1



(b) Ift is odd, m is odd and char K # 2, then

0 ifr=0,0r3<r<t—1

dimyx HH"(A;) = {Qt ifr=1,orr=2

4. THE HOCHSCHILD COHOMOLOGY RINGS MODULO NILPOTENCE OF A AND A,

In this section, we describe the structures of the Hochschild cohomology rings modulo
nilpotence HH*(A) /N4, where T = 0 and the product ¢oq1¢g2q3 € K* is not a roof of
unity, and HH*(A;) /Ny, for t > 3.

Theorem 4 ([5]). LetT =0 and ¢; € K* for0 <i < 3. Suppose that the product qoq1q2qs3
is not a root of unity. Then HH*(A) is a 4-dimensional local algebra, and HH*(A) /N4 is
isomorphic to K.

Let m be an integer, and denote by C), the quotient ring
Klzoy .. 2m)/ (zizj — 22 | 0 < 4,5, k, I <m; i+j=k+1)
of the polynomial ring K[z, . .., z,] in m + 1 variables. Then we have the following:

Theorem 5 ([6]). Lett > 3.
(a) If t is even or char K = 2, then HH*(A;) /Ny, is isomorphic to the graded subal-
gebra of Cy with a K-basis

(g UL |21 1<i<t—1}U{Flf1>2, 1<k<l-1; 0<i<t—1},

where degz; =t (i =0,...,1).
(b) If t is odd and char K 7& 2 then HH*(A) /Ny, is isomorphic to the graded subal-
gebra of Cop with a K- baszs

{(IgdU{el |j> 1 1<i<2—1}U{flh|1>2 1<k<i-1; 0<i<2t—1},

where deg z; =2t (1 =0,...,2t).
By Theorem 5, we easily have the following corollary, which tells us that A; (¢ > 3) is a
counterexample to the conjecture (2):

Corollary 6 ([6]). Fort > 3, HH*(A;)/Ny, is not finitely generated as an algebra.

Remark 7. Since A, is a Koszul algebra for ¢ > 1, the graded centre Z,, (E(A;)) of the Ext
algebra E(A;) := @5 Ext), (A¢/rad Ay, A¢/rad A;) of A, is isomorphic to HH*(A;) /Ny,
as graded algebras (see [1]). Hence, for t > 3, Zg(F(A;)) is also isomorphic to the algebra
described in Theorem 5 and is not finitely generated as an algebra.

In [11], Snashall gave the following new question:

Snashall’s question ([11]). Can we give necessary and sufficient conditions on a finite-
dimensional algebra for its Hochschild cohomology ring modulo nilpotence to be finitely
generated as an algebra?

It is known that the Hochschild cohomology rings modulo nilpotence for following finite-
dimensional algebras are finitely generated:



e group algebras ([4, 13]) e self-injective algebras of finite representation type ([7])
e monomial algebras ([8]) e algebras with finite global dimension ([9])

However, a definitive answer to the question above has not been obtained yet.
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