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Abstract. This paper is based on my talk given at the Symposium on Ring Theory
and Representation Theory held at Tokyo University of Science, Japan, 12–14 October
2013.

In this paper, we consider a one point extension algebra B of a quiver algebra Aq

over a field k defined by two cycles and a quantum-like relation depending on a nonzero
element q in k. We determine the Hochschild cohomology ring of B modulo nilpotence
and show that if q is a root of unity then B negates Snashall-Solberg’s conjecture.

Introduction

Let A be an indecomposable finite dimensional algebra over a field k. We denote by Ae

the enveloping algebra A⊗kA
op of A, so that left Ae-modules correspond to A-bimodules.

The Hochschild cohomology ring is given by HH∗(A) = Ext∗Ae(A,A) = ⊕n≥0Ext
n
Ae(A,A)

with Yoneda product. It is well-known that HH∗(A) is a graded commutative ring, that
is, for homogeneous elements η ∈ HHm(A) and θ ∈ HHn(A), we have ηθ = (−1)mnθη. Let
N denote the ideal of HH∗(A) which is generated by all homogeneous nilpotent elements.
Then N is contained in every maximal ideal of HH∗(A), so that the maximal ideals of
HH∗(A) are in 1-1 correspondence with those in the Hochschild cohomology ring modulo
nilpotence HH∗(A)/N .

Let q be a non-zero element in k and s, t integers with s, t ≥ 1. Let Γ be the quiver
with s+ t vertices and s+ t+ 1 arrows as follows:

a3
α2←− a2 b2 · · · · · ·

α3 ւ տα1 β1 ր
. . .

a4 1 bt−2

. . . αs ր↓γ տβt ւβt−2

· · · · · · as 2 bt
βt−1

←− bt−1

and Iq,v,u the ideal of kΓ generated by

Xsa, XsY t − qY tXs, Y tb, γXsv+u

for a, b ≥ 2, 0 ≤ v ≤ a − 1, 0 ≤ u ≤ s − 1 and (v, u) 6= (0, 0) where we set X :=
α1 + α2 + · · ·+ αs and Y := β1 + β2 + · · ·+ βt. Paths in Γ are written from right to left.
In this paper, we consider the quiver algebra B = kΓ/Iq,v,u. We denote the trivial path
at the vertex a(i) and at the vertex b(j) by ea(i) and by eb(j) respectively. We regard the
numbers i in the subscripts of ea(i) modulo s and j in the subscripts of eb(j) modulo t.
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In the case s = t = 1 and a = b = 2, B is a Koszul algebra. In this case, the
Hochschild cohomology ring of B modulo nilpotence HH∗(B)/N is not finitely generated
as a k-algebra (see [4]).

This algebra B is a one point extension of a quiver algebra Aq = kQ/Iq where Q the
following quiver:

a3
α2←− a2 b2 · · · · · ·

α3 ւ տα1 β1 ր
. . .

a4 1 bt−2

. . . րαs βt
տ ւβt−2

· · · · · · as bt
βt−1

←− bt−1

and Iq is the ideal of kQ generated by

Xsa, XsY t − qY tXs, Y tb.

This algebra Aq is the quiver algebra defined by two cycles and a quantum-like relation.
In [2] and [3], we described the minimal projective bimodule resolution of Aq and showed
that if q is a root of unity then HH∗(Aq)/N is isomorphic to the polynomial ring of two
variables and that if q is not a root of unity then HH∗(Aq)/N is isomorphic to the field k.

The Hochschild cohomology ring modulo nilpotence HH∗(A)/N was used in [5] to define
a support variety for any finitely generated module over a finite dimensional algebra A.
In [5], Snashall and Solberg conjectured that if A is an artin k-algebra then HH∗(A)/N
is finitely generated as an algebra.

In this paper, we determine the Hochschild cohomology ring of B modulo nilpotence
HH∗(B)/N and show that if q is a root of unity then HH∗(B)/N is not finitely generated
as an algebra. So B negates Snashall-Solberg’s conjecture.

The content of the paper is organized as follows. In Section 1, we determine the minimal
projective bimodule resolution of B. In Section 2 we determine the ring structure of
HH∗(B)/N .

1. A projective bimodule resolution of B

In this section, we determine a minimal projective bimodule resolution of B.
Let k be a field, q ∈ k a nonzero element and s, t integers with s, t ≥ 1. LetB = kΓ/Iq,v,u

where Γ is the following quiver:

a3
α2←− a2 b2 · · · · · ·

α3 ւ տα1 β1 ր
. . .

a4 1 bt−2

. . . αs ր↓γ տβt ւβt−2

· · · · · · as 2 bt
βt−1

←− bt−1

and Iq,v,u is the ideal of kΓ generated by

Xsa, XsY t − qY tXs, Y tb, γXsv+u
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for a, b ≥ 2, 0 ≤ v ≤ a − 1, 0 ≤ u ≤ s − 1 and (v, u) 6= (0, 0) where we set X :=
α1 + α2 + · · ·+ αs and Y := β1 + β2 + · · ·+ βt.

Then we note that the following elements in B form a k-basis of B.

Xsl+l′ea(i) for 2 ≤ i ≤ s, 0 ≤ l ≤ a− 1, 0 ≤ l′ ≤ s− 1,

Y tl+l′eb(j) for 1 ≤ j ≤ t, 0 ≤ l ≤ b− 1, 0 ≤ l′ ≤ t− 1,

Xsi+lY tj+l′ for 0 ≤ i ≤ a− 1, 0 ≤ j ≤ b− 1, 1 ≤ l ≤ s− 1, 0 ≤ l′ ≤ t− 1,

XsiY tj+l′ for 1 ≤ i ≤ a− 1, 0 ≤ j ≤ b− 1, 0 ≤ l′ ≤ t− 1,

XsiY tjX l for 0 ≤ i ≤ a− 1, 1 ≤ j ≤ b− 1, 1 ≤ l ≤ s− 1,

Y l′XsiY tj for 1 ≤ i ≤ a− 1, 0 ≤ j ≤ b− 1, 1 ≤ l′ ≤ t− 1,

Y l′XsiY tjX l for 0 ≤ i ≤ a− 1, 0 ≤ j ≤ b− 1, 1 ≤ l ≤ s− 1, 1 ≤ l′ ≤ t− 1,

Xsi+lY tjX l′ for 0 ≤ i ≤ a− 1, 1 ≤ j ≤ b− 1, 1 ≤ l, l′ ≤ s− 1,

Y lXsiY tj+l′ for 1 ≤ i ≤ a− 1, 0 ≤ j ≤ b− 1, 1 ≤ l, l′ ≤ t− 1.

e2,

γXsl+l′ for 0 ≤ l ≤ v − 1, 0 ≤ l′ ≤ s− 1,

γXsv+l′ for 0 ≤ l′ ≤ u− 1 if u 6= 0,

γXslY tl′+l′′ for

{

0 ≤ l ≤ v, 0 ≤ l′ ≤ b− 1, 1 ≤ l′′ ≤ t− 1 if u 6= 0,

0 ≤ l ≤ v − 1, 0 ≤ l′ ≤ b− 1, 1 ≤ l′′ ≤ t− 1 if u = 0,

γXslY tl′X l′′ for

{

0 ≤ l ≤ v, 1 ≤ l′ ≤ b− 1, 0 ≤ l′′ ≤ s− 1 if u 6= 0,

0 ≤ l ≤ v − 1, 1 ≤ l′ ≤ b− 1, 0 ≤ l′′ ≤ s− 1 if u = 0.

So we have the dimension of the algebra B as follows:

dimk B =

{

ab(s+ t− 1)2 + (v + 1)b(s+ t− 1)− s+ u+ 1 if u 6= 0,

ab(s+ t− 1)2 + vb(s+ t− 1) + 1 if u = 0.

Let M be the right Aq-module with the following basis elements:

Xsl+l′ for 0 ≤ l ≤ v − 1, 0 ≤ l′ ≤ s− 1,

Xsv+l′ for 0 ≤ l′ ≤ u− 1 if u 6= 0,

XslY tl′+l′′ for

{

0 ≤ l ≤ v, 0 ≤ l′ ≤ b− 1, 1 ≤ l′′ ≤ t− 1 if u 6= 0,

0 ≤ l ≤ v − 1, 0 ≤ l′ ≤ b− 1, 1 ≤ l′′ ≤ t− 1 if u = 0,

XslY tl′X l′′ for

{

0 ≤ l ≤ v, 1 ≤ l′ ≤ b− 1, 0 ≤ l′′ ≤ s− 1 if u 6= 0,

0 ≤ l ≤ v − 1, 1 ≤ l′ ≤ b− 1, 0 ≤ l′′ ≤ s− 1 if u = 0.

Then we regard the algebra B as the one point extension

(

k M
0 Aq

)

of Aq by the Aq-

module M . Let F : ModAe
q → ModBe and G: ModAq → ModBe be the natural functors
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given by F(Q) =

(

0 M
0 Aq

)

⊗Aq
Q and G(L) =

(

0 L
0 0

)

. We give an explicit projective

bimodule resolution of a one point extension algebra by using the following Theorem in
[1].

Theorem 1. Let · · · → Qn
δn−→ · · · → Q1

δ1−→ Q0
δ0−→ A → 0 be an Ae-projective

resolution of A and · · · → Ln
rn−→ · · · → L2

r2−→ L1
r1−→ L0

r0−→ M → 0 a right A-

projective resolution of M . Then we have a Be-projective resolution of B =

(

k M
0 A

)

:

· · · → Pn
dn−→ Pn−1 → · · · → P1

d1−→ P0
d0−→ B → 0,

where P0 = F(Q0) ⊕ (Be′ ⊗ e′B), d0 = (F(δ0), idBe′⊗e′B), Pn = F(Qn) ⊕ G(Ln−1) and

dn =

(

F(δn) σn

0 −G(rn−1)

)

for n ≥ 1, where e′ =

(

1 0
0 0

)

∈ B is new vertex and σn:

G(Ln−1) → F(Qn−1) is a Be-homomorphism such that F(δn) ◦ σn+1 = σn ◦ G(ηn), where
σ0 is the natural monomorphism.

Remark 2. The following sequence is a minimal projective resolution of M .

· · · → L2n
r2n−→ L2n−1

r2n−1

−→ · · · → L1
r1−→ L0

r0−→M → 0

where L2n = e1Aq, L2n+1 = ea(s+1−u)Aq for n ≥ 0, r0 is a natural epimorphism and for
n ≥ 1,

r2n−1(ea(s+1−u)) = Xsv+uea(s+1−u),

r2n(e1) = Xs(a−v−1)+s−ue1.

In [2], we gave the minimal projective bimodule resolution of Aq. Then, by Theorem 1
we have the minimal projective bimodule resolution of B.

For n ≥ 0, we define left Be-modules, equivalently B-bimodules

P0 = Be1 ⊗ e1B ⊕
s
∐

i=2

Bea(i) ⊗ ea(i)B ⊕
t

∐

j=2

Beb(j) ⊗ eb(j)B ⊕ Be2 ⊗ e2B,

P2n =
2n
∐

l=0

Be1 ⊗ e1B ⊕
s
∐

i=2

Bea(i) ⊗ ea(i)B ⊕
t

∐

j=2

Beb(j) ⊗ eb(j)B ⊕ Be2 ⊗ ea(s+1−u)B,

P2n+1 =
2n
∐

l=1

Be1 ⊗ e1B ⊕
s
∐

i=1

Bea(i+1) ⊗ ea(i)B ⊕
t

∐

j=1

Beb(j+1) ⊗ eb(j)B ⊕ Be2 ⊗ e1B.

The generators e1⊗e1, ea(i)⊗ea(i), eb(j)⊗eb(j), e2⊗ea(s+1−u) and e2⊗e2 of P2n are labeled
ε2nl for 0 ≤ l ≤ 2n, ε2na(i) for 2 ≤ i ≤ s, and ε2nb(j) for 2 ≤ j ≤ t, ε2n′ and ε0′ respectively.
Similarly, we denote the generators e1⊗e1, ea(i+1)⊗ea(i), eb(j+1)⊗eb(j) and e2⊗e1 of P2n+1

by ε2n+1
l for 1 ≤ l ≤ 2n, ε2n+1

a(i) for 1 ≤ i ≤ s, ε2n+1
b(j) for 1 ≤ j ≤ t and ε2n+1′ respectively.
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Then we have the Be-homomorphisms σn: G(Ln−1)→ F(Qn−1) as follows:

σ0(ε
0′γ) = γ,

σ2n−1(ε
2n−1′) = γε2n−2

2n−2,

σ2n(ε
2n′) =

v−1
∑

l=0

s−1
∑

l′=0

γXsl+l′ε2n−1
a(s−l′)X

s(v−l)+u−1−l′ +

u−1
∑

l′=0

γXsv+l′ε2n−1
a(s−l′)X

u−1−l′.

So we have the minimal projective bimodule resolution of B as follows.

Theorem 3. The following sequence P is a minimal projective resolution of the left Be-

module B:

P : · · · → P2n+1
d2n+1

−→ P2n
d2n−→ P2n−1 → · · · → P2

d2−→ P1
d1−→ P0

d0−→ B → 0.

where d0: P0 → B is the multiplication map, and left Be-homomorphisms d2n and d2n+1

are defined by

d1 :










ε1b(j) 7→ ε0b(j+1)Y − Y ε0b(j) for 1 ≤ j ≤ t,

ε1a(i) 7→ ε0a(i+1)X −Xε0a(i) for 1 ≤ i ≤ s,

ε1′ 7→ γε00 − ε0′γ,

d2n :






























































































































ε2n0 7→
∑b−1

l=0

∑t−1
l′=0 Y

tl+l′ε2n−1
b(t−l′)Y

t(b−1−l)+t−l′−1,

ε2n
b(j) 7→

∑b−1
l=0

∑t−1
l′=0 Y

tl+l′ε2n−1
b(j−1−l′)Y

t(b−1−l)+t−l′−1 for 2 ≤ j ≤ t,

ε2n1 7→

qY tε2n−1
1 − ε2n−1

1 Y t −
∑t

j=1X
sY t−jε2n−1

b(j) Y j−1 + qbn+1
∑t

j=1 Y
t−jε2n−1

b(j) Y j−1Xs,

ε2nl′′ 7→


















∑b−1
j=0 q

aljY tjε2n−1
2l Y t(b−1−j) +

∑a−1
i=0 q

ib(n−l+1)Xs(a−1−i)ε2n−1
2l−1 X

si

if l′′ = 2l for 1 ≤ l ≤ n− 1,

qal
′+1Y tε2n−1

2l′+1 − ε2n−1
2l′+1Y

t −Xsε2n−1
2l′ + qb(n−l′)+1ε2n−1

2l′ Xs

if l′′ = 2l′ + 1 for 1 ≤ l′ ≤ n− 2,

ε2n2n−1 7→

qan+1
∑s

i=1 Y
tXs−iε2n−1

a(i) X i−1 −
∑s

i=1 X
s−iε2n−1

a(i) X i−1Y t −Xsε2n−1
2n + qε2n−1

2n Xs,

ε2n
a(i) 7→

∑a−1
l=0

∑s−1
l′=0X

sl+l′ε2n−1
a(i−1−l′)X

s(a−1−l)+s−l′−1 for 2 ≤ i ≤ s,

ε2n2n 7→
∑a−1

l=0

∑s−1
l′=0X

sl+l′ε2n−1
a(s−l′)X

s(a−1−l)+s−l′−1,

ε2n′ 7→
∑v−1

l=0

∑s−1
l′=0 γX

sl+l′ε2n−1
a(s−l′)X

s(v−l)+u−1−l′

+
∑u−1

l′=0 γX
sv+l′ε2n−1

a(s−l′)X
u−1−l′ − ε2n−1′Xsv+u,
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d2n+1 :


























































ε2n+1
b(j) 7→ ε2nb(j+1)Y − Y ε2nb(j) for 1 ≤ j ≤ t,

ε2n+1
l′′ 7→


















−
∑b−1

j=0 q
j(al+1)Y tjε2n2l+1Y

t(b−1−j) −Xsε2n2l + qb(n−l)ε2n2l X
s

if l′′ = 2l + 1 for 0 ≤ l ≤ n− 1,

−qal
′

Y tε2n2l′ + ε2n2l′Y
t +

∑a−1
i=0 q

i(b(n−l′)+1)Xs(a−1−i)ε2n2l′−1X
si

if l′′ = 2l′ for 1 ≤ l′ ≤ n,

ε2n+1
a(i) 7→ ε2n

a(i+1)X −Xε2n
a(i) for 1 ≤ i ≤ s,

ε2n+1′ 7→ γε2n2n − ε2n′Xs(a−1−v)+s−u,

for n ≥ 1, where in the case n = 1, ε2l′′ vanish, and the image of ε21 by d2 is

−
∑t

j=1X
sY t−jε1b(j)Y

j−1 + q
∑t

j=1 Y
t−jε1b(j)Y

j−1Xs

+ q
∑s

i=1 Y
tXs−iε1a(i)X

i−1 −
∑s

i=1 X
s−iε1a(i)X

i−1Y t.

2. The Hochschild cohomology ring of B modulo nilpotence

In this section, we consider the case that q is a root of unity. We set z̄ is the remainder
when we divide z by r for any integer z. Then we have 0 ≤ z̄ ≤ r − 1. Using the
projective resolution in Theorem 3, we have a basis and Yoneda product of the Hochschild
cohomology ring HH∗(B) of B. Then we determine the Hochschild cohomology ring
modulo nilpotence HH∗(B)/N as follows.

Theorem 4. If s, t ≥ 2 and q is an r-th root of unity then

HH∗(B)/N ∼=



















k ⊕ k[x2r, y2r]x2r if ā 6= 0, b̄ 6= 0,

k ⊕ k[x2, y2r]x2 if ā 6= 0, b̄ = 0,

k ⊕ k[x2r, y2]x2r if ā = 0, b̄ 6= 0,

k ⊕ k[x2, y2]x2 if ā = b̄ = 0.

where xl = e1,0+
∑t

j=2 eb(j) in HHl(B) and xmyn = e1,n in HHm+n(B) for l > 0, m,n > 0.

Theorem 5. If s ≥ 2, t = 1 and q is an r-th root of unity then

HH∗(B)/N ∼=
































































k ⊕ k[xr, y2r]xr if ā 6= 0, b̄ 6= 0,

k ⊕ k[xr, y2]xr if ā = 0, b̄ 6= 0,

k ⊕ k[x, y2]x if ā = b̄ = 0,

if char k = 2, b = 2, r is odd,



















k ⊕ k[x2r, y2r]x2r if ā 6= 0, b̄ 6= 0,

k ⊕ k[x2, y2r]x2 if ā 6= 0, b̄ = 0,

k ⊕ k[x2r, y2]x2r if ā = 0, b̄ 6= 0,

k ⊕ k[x2, y2]x2 if ā = b̄ = 0,

others.

where xmyn = e1,n in HHm+n(B) for m > 0 and n ≥ 0.
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Theorem 6. If s = 1, t ≥ 2 and q is an r-th root of unity then

HH∗(B)/N ∼=
































































k ⊕ k[x2r, yr]x2r if ā 6= 0, b̄ 6= 0,

k ⊕ k[x2, yr]x2 if ā 6= 0, b̄ = 0,

k ⊕ k[x2, y]x2 if ā = b̄ = 0,

if char k = 2, a = 2, r is odd,



















k ⊕ k[x2r, y2r]x2r if ā 6= 0, b̄ 6= 0,

k ⊕ k[x2, y2r]x2 if ā 6= 0, b̄ = 0,

k ⊕ k[x2r, y2]x2r if ā = 0, b̄ 6= 0,

k ⊕ k[x2, y2]x2 if ā = b̄ = 0,

others.

where xl = e1,0+
∑t

j=2 eb(j) in HHl(B) and xmyn = e1,n in HHm+n(B) for l > 0, m,n > 0.

It follows from Theorem 4, 5 and 6 that if q is a root of unity then HH∗(B)/N is not
finitely generated as an algebra. So B negates Snashall-Solberg’s conjecture.
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