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ABSTRACT. This paper is based on my talk given at the Symposium on Ring Theory
and Representation Theory held at Tokyo University of Science, Japan, 12-14 October
2013.

In this paper, we consider a one point extension algebra B of a quiver algebra A,
over a field k£ defined by two cycles and a quantum-like relation depending on a nonzero
element ¢ in k. We determine the Hochschild cohomology ring of B modulo nilpotence
and show that if ¢ is a root of unity then B negates Snashall-Solberg’s conjecture.

INTRODUCTION

Let A be an indecomposable finite dimensional algebra over a field k. We denote by A°¢
the enveloping algebra A ®j A% of A, so that left A°~-modules correspond to A-bimodules.
The Hochschild cohomology ring is given by HH*(A) = Ext’.(A, A) = @&,>0Ext’. (A, A)
with Yoneda product. It is well-known that HH*(A) is a graded commutative ring, that
is, for homogeneous elements n € HH™(A) and § € HH"(A), we have nf = (—1)""0n. Let
N denote the ideal of HH*(A) which is generated by all homogeneous nilpotent elements.
Then N is contained in every maximal ideal of HH*(A), so that the maximal ideals of
HH*(A) are in 1-1 correspondence with those in the Hochschild cohomology ring modulo
nilpotence HH*(A) /.

Let ¢ be a non-zero element in k£ and s,t integers with s,t > 1. Let [ be the quiver
with s + ¢ vertices and s+t + 1 arrows as follows:

as < ay by ~vene-
as / NG B1 N
ay 1 bt,Q
s /‘\LV \ﬁt /ﬁt72
...... g 9 b, & b 1

and I, , the ideal of kI' generated by
Xsa’ X5yt — thXS, Ytb, ,YXSU-FU

for a,b > 2,0 < v <a-1,0<u < s—1and (v,u) # (0,0) where we set X:=
a1 +as+ - +asand Yi= ) + B+ - - - + ;. Paths in I are written from right to left.
In this paper, we consider the quiver algebra B = kI'/1,, .. We denote the trivial path
at the vertex a(i) and at the vertex b(j) by e, and by ey;) respectively. We regard the
numbers 4 in the subscripts of e,; modulo s and j in the subscripts of e;;) modulo ¢.
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In the case s =t =1 and a = b = 2, B is a Koszul algebra. In this case, the
Hochschild cohomology ring of B modulo nilpotence HH*(B) /N is not finitely generated
as a k-algebra (see [4]).

This algebra B is a one point extension of a quiver algebra A, = kQ/I, where () the
following quiver:

a2
a[s <_ a2 b2 ......

as NG Bl/t

ay 1 bt72

and I, is the ideal of k(@) generated by
Xsa’ X5yt — thXS, Ytb.

This algebra A, is the quiver algebra defined by two cycles and a quantum-like relation.
In [2] and [3], we described the minimal projective bimodule resolution of A, and showed
that if ¢ is a root of unity then HH*(A,)/N is isomorphic to the polynomial ring of two
variables and that if ¢ is not a root of unity then HH*(A,)/N is isomorphic to the field k.

The Hochschild cohomology ring modulo nilpotence HH*(A) /N was used in [5] to define
a support variety for any finitely generated module over a finite dimensional algebra A.
In [5], Snashall and Solberg conjectured that if A is an artin k-algebra then HH*(A) /N
is finitely generated as an algebra.

In this paper, we determine the Hochschild cohomology ring of B modulo nilpotence
HH*(B)/N and show that if ¢ is a root of unity then HH*(B)/N is not finitely generated
as an algebra. So B negates Snashall-Solberg’s conjecture.

The content of the paper is organized as follows. In Section 1, we determine the minimal
projective bimodule resolution of B. In Section 2 we determine the ring structure of

HH*(B)/N.

1. A PROJECTIVE BIMODULE RESOLUTION OF B

In this section, we determine a minimal projective bimodule resolution of B.
Let k be afield, ¢ € k a nonzero element and s, t integers with s,¢ > 1. Let B = kI'/1,,,,,
where I' is the following quiver:

as < ay by ~venn-
a3 / 7\0!1 B1 /\
ay 1 bt,Q
as A \Bt N4 Bios
...... as 2 bt Bt—l bt_l

and I, is the ideal of KI' generated by
Xsa’ X5yt — thXS, Ytb, 7X5U+u
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for a,b > 2,0 < v <a—-1,0<u < s—1and (v,u) # (0,0) where we set X:=
a1+ ag+ -+ asand Yi= 01+ fa+ -+ Gy
Then we note that the following elements in B form a k-basis of B.

XSlH/ea(i) for2<i<s0<i<a-1,0<0'<s-—1,

Y ey for1<j<t,0<I<b-—1,0<l'<t-—1,

Xty i+l for0<i<a—1,0<j<b-—11<1<s—-1,0<!'<t-1,
Xyttt for1<i<a—1,0<j<b—10<!'<t—1,

Xsiy'ti X! for0<i<a—1,1<j<b—-11<1<s-1,

YV Xyt for1<i<a—10<j<b-—11<U'<t-—1,

YIXUYUX! for0<i<a—-1,0<j<b-1L1<I<s—11<I<t—1,
iyt Y for0<i<a—1,1<j<b—11<lI'<s—1,
YVIXUYUH for1<i<a—1,0<j<b—1,1<LlI'<t—1.

€2,
V¢l for0<i<v—-1,0<l'<s—1,
v XUt for0<!'<u-—1ifu#0,
Xletl/Jrl// f OSZSU,OSZISI)—:[,]_Sl”ét—lifﬂ#o,
or
7 0<I<v—10<lU<b-11<"<t—1ifu=0,
Xy for 0<I<u,1<I<b—-1,0<1I"<s—1ifu##0,
0<I<v—1,1<I<b—10<I"<s—1ifu=0.

So we have the dimension of the algebra B as follows:

_ ab(s+t =122+ @w+Db(s+t—1)—s+u+1 ifu##0,
dimy B = ) )
ab(s+t—1)"+vb(s+t—1)+1 if u=0.

Let M be the right A,-module with the following basis elements:

b Ga for0<I<v—-1,0<0I'<s—1,

XsvH for0<!'<u-—1ifu#0,

XSlYtl/-f—l” for OSZSU,OSZISI)_:[,]_Sl”ét_]_lfu#(h
0<I<v—10<l<b-11<I"<t—1ifu=0,

0<I<u,1<I<b—-1,0<I"<s—1ifu##0,

Xyt x" for ,
0<I<v—-1,1<I'<bhb—-1,0<!"<s—1ifu=0.

Then we regard the algebra B as the one point extension g i\f of A, by the A,-
q

module M. Let F: Mod Af] — Mod B¢ and G: Mod A; — Mod B* be the natural functors
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given by F(Q) = (8 1]4\14) ®4, @ and G(L) = (8 g) We give an explicit projective

bimodule resolution of a one point extension algebra by using the following Theorem in

[1].

Theorem 1. Let -+ — Q, 2% - = Q1 % Qo 2% A — 0 be an A°-projective
resolution of A and -+ — L, —% -+ — Ly =2 L; =% Ly = M — 0 a right A-

projective resolution of M. Then we have a B®-projective resolution of B = <g ]\j)

dn d d
=P, P,y == P — P~ B—0,

where Py = F(Qo) @ (Be' ® €'B), dy = (F(do),idperges), Pn = F(Qn) ® G(Ly—1) and

[ F(bn) On , (10 ' .
dn = 0 —Q(Tn—1)) forn > 1, where €' = 00 € B is new vertex and o,:
G(Lp-1) = F(Qn-1) is a B¢-homomorphism such that F(d,) o 0,11 = 0, 0 G(n,), where

0o is the natural monomorphism.

Remark 2. The following sequence is a minimal projective resolution of M.

T2n, T2n—1

—>L2n—>L2n 1 — —>L11>LOTHOM—>O

where Ly, = €14y, Lopy1 = €a(sy1—u)Aq for n > 0, 1y is a natural epimorphism and for
n>1,

T2n71<ea(s+1—u)) = stJruea(s—l—l—u)u
ron(er) = XPTT T,
In [2], we gave the minimal projective bimodule resolution of A,. Then, by Theorem 1

we have the minimal projective bimodule resolution of B.
For n > 0, we define left B®-modules, equivalently B-bimodules

Py = Bel®elB@HBem ®emBEBHBeb ) @ ep;) B @ Bea ® e B,

7j=2
2n
HB€1®€1B@HBGM ®6azB@HBeb ® epj)B @ Bey ® eq(s41—u) B,
=0 1=2 j=2

P2n+1 H Bel & elB @ HBea i+1) & ea (4) B ) HBeb(]—i—l & eb(])B s> B€2 ® elB

=1 7=1

The generators e; ® ey, €q4(:) @ €a(i), €o(j) D €n(j), €2 X q(s+1—u) and €3 @ ey of Py, are labeled
e for 0 < I < 2n, ei?i) for 2 < i < s, and 55@) for 2 < j <t, e¥ and ¥ respectively.
Similarly, we denote the generators e; ®e1, eq(i+1) ® €ai), €pj+1) @ ep(j) and ea @ eq of Po, g
by 7"t for 1 <1 < 2n, sQ"H for 1 <i < s, 52”“ for 1 < j <t and 2"V respectively.
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Then we have the B¢-homomorphisms o,,:

00(50/7) =7,
02n—1(€2n_1/) - 7532 37
v—1 s—1
2n/

=0 I'=0

ZZ’YXSH_Z (21”3 11,)XS(U )+u—1-0

G(Ly—1) = F(Qn-1) as follows:

+Z’YXSU+Z 2?5 11/ Xu— 1— l/

So we have the minimal projective bimodule resolution of B as follows.

Theorem 3. The following sequence P is a minimal projective resolution of the left B¢-

module B:

don+1

d2n
P:-oo = Py — Py — Poyq — -

where dy: Py — B is the multiplication map,
are defined by

d1 :
( .
1( ) 5b(]+1)Y —Yey, for1<j<t,
eV = e) — ¥,
d2n .

t 1 tiAl 2n—1 yrt(b—1-1)+t—1'~
Y Ep(t—1r) Y

t 1 tl+l’ 2n— 1
Y b(i—1-1)

2n b—1
6" imo
m b—1
€b(j) >0
e2n
qyt 2n—1
g2
lll

— 2n—1
Z] Oqal]Yt]E n— Yt(b 1-7) +Z

2n—1
—e Y - b))

2n—1

al' +1y/t
q Yiey 1 —

€2l/ lyt nggnl 1
Eon_1

an+1 Z@S ) YtXS—z‘ 2?;1Xi_1 Z
a(z = Z I ; XSHZ, Z?z 11 1)
Eon 7 i

QH/HE

a(s )
a(s )

sV 2n 1 u—1-1'
+Zl’:07X " a(s l’)X o

Xs— z 2n— 1Xz 1Yt

Ca(i)
Xs(a 1-0)+s-1U'—1 fOT’ 2<i< s,
s— 1 Xsl+l' 2n—1 Xs(a 1-0)+s—1U'— 1

—>P2—>P1—>P0 — B — 0.

and left B°-homomorphisms dsy, and da,iq

1

Yt(b 1-1)+t— l—l f0r2 S] Stu

E;:l Xsytfj&_Zn'—lyjfl + qbn+1 Ez':l thjé,Qn 1YJ IXS

b(4)

zb(n l+1)Xs(a 1—14) 3?—11Xsi

if I" =21 for1 <1 <n-—1,

_'_ qb(n—l/)-f—l&g?flxs

if " =2U'+1 for 1 <1l'<n-—2,

2n—1 2n—1
Xoey  +qey, X7,

Xsl+l' 2n—1 Xs(v D4u—1— l'

62n 1/st+u’
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d2n+1 :

\

2n+1
a(z
2n+1/

2n 1 n n ;

2n+1
sl,f”r

|_>
— Zb 1 i (al+1) Yt]€2n Yt(b 1-7) _ nggln —l—qb("_l)g%?Xs
iflI" =214+1 for0<1<n—1,
—qlYte2n 4 g2yt 4 3O gin=ID+D) s(a—1-i) 2 ysi
if " =2l for 1 <1I' <n,
) HgMHWY_XE%%hrlgiS&

— 7€2n _ €2n/Xs(a717v)+sfu’

forn > 1, where in the case n = 1, €3, vanish, and the image of €3 by dy is

— S XY I VI g Y Ve YOI X

+ qu‘:l YtiXs— z a(i)XZ 1 _ 25:1 XS_iEtll(i)Xi_lyt.

2. THE HOCHSCHILD COHOMOLOGY RING OF B MODULO NILPOTENCE

In this section, we consider the case that ¢ is a root of unity. We set z is the remainder
when we divide z by r for any integer z.

Then we have 0 < z < r — 1. Using the

projective resolution in Theorem 3, we have a basis and Yoneda product of the Hochschild
cohomology ring HH*(B) of B. Then we determine the Hochschild cohomology ring
modulo nilpotence HH*(B) /N as follows.

Theorem 4. If s,t > 2 and q is an r-th root of unity then

k@ klz?, y*a* ifa+#0,b#0,
kek o ?  ifa#0,b=0
HH*(B)/N = { 7 [””2“”2]2 A
k@ klxz™ y*lz*  ifa=0,b#0,
k@ k[z?, y?|x? ifa=0b=0.

where z! = 61,0+Z§:2 ep(j) in HH'(B) and 2™y" = ey, in HH™™(B) forl >0, m,n > 0.
Theorem 5. If s > 2, t =1 and q is an r-th root of unity then

HH*(B) /N =

( (k& klz",y¥)a" ifa+#0,b+#0,
k® k", y2a"  ifa=0,b#0, ifchark=2b=2r is odd,
k@ K[z, v ifa=0b=0,
(k@ k[z?,y*]a® ifa+#0,b+#0,
k®klx? y*)2?  ifa#0,b=0,

o o1 o PR others.

k@ klx™, y*|x ifa=0,b+#0,

Lk @ k[2?, y?a? ifa=0b=0,

where x™y" = ey, in HH™™(B) for m > 0 and n > 0.
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Theorem 6. If s=1,t > 2 and q is an r-th root of unity then

HH*(B) /N =

( (k@ klz?, y"|a> ifa+#0,b+#0,
k@ k[z?y"]2®>  ifa#0,b=0, ifchark=2a=2r is odd,
|k © k[2?, yla? ifa=b=0,
(k@ k[z>, y*]a*  ifa+#0,b#0,
k klx2 422 = B:

© [xz;y 2]902T Z,filfo’f 0 others.

k& klx*, y*|x ifa=0,b#0,

L Lk ® E[2?, y?|a? ifa=0b=0,

where z! = 61,0+Z§:2 ey in HH'(B) and 2™y" = ey, in HH™(B) forl >0, m,n > 0.

It follows from Theorem 4, 5 and 6 that if ¢ is a root of unity then HH*(B)/N is not

finitely generated as an algebra. So B negates Snashall-Solberg’s conjecture.

1]

REFERENCES

Green, E. L., Marcos, E. N., Snashall, N., The Hochschild cohomology ring of a one point extension,
Comm. Algebra 31 (2003), 2019-2037.

Obara, D., Hochschild cohomology of quiver algebras defined by two cycles and a quantum-like relation,
Comm. in Algebra 40 (2012), 1724-1761.

Obara, D., Hochschild cohomology of quiver algebras defined by two cycles and a quantum-like relation
IT, Preprint to appear in Comm. in Algebra.

Snashall, N., Support varieties and the Hochschild cohomology ring modulo nilpotence, In Proceedings
of the 41st Symposium on Ring Theory and Representation Theory, Shizuoka, Japan, Sept. 5-7, 2008;
Fujita, H., Ed.; Symp. Ring Theory Represent. Theory Organ. Comm., Tsukuba, 2009, pp. 68—82.
Snashall, N., Solberg, @, Support varieties and Hochschild cohomology rings, Proc. London Math.
Soc. 88 (2004), 705-732.

DEPARTMENT OF MATHEMATICS
TOKYO UNIVERSITY OF SCIENCE
1-3 KAGURAZAKA, SINJUKU-KU, ToKyO 162-8601 JAPAN

E-mail address: d_obara@rs.tus.ac. jp

—194—





