SUPPORT 7-TILTING MODULES AND PREPROJECTIVE ALGEBRAS

YUYA MIZUNO

ABSTRACT. We study support 7-tilting modules over preprojective algebras of Dynkin
type. We classify basic support 7-tilting modules by giving a bijection with elements
in the corresponding Weyl groups. We also study g-matrices of support 7-tilting mod-
ules, which show terms of minimal projective presentations of indecomposable direct
summands. We give an explicit description of g-matrices and prove that cones given by
g-matrices coincide with chambers of the associated root systems.

1. INTRODUCTION

The preprojective algebra associated to a quiver was introduced by Gelfand-Ponomarev
[GP] to study the preprojective representations of a quiver. Since then, they have been
studied extensively not only from the viewpoint of representation theory of algebras (for
example [BGL, DR1, DR2, Ril]) but also in several contexts such as (algebraic, differen-
tial, symplectic) geometry and quantum groups.

In [BIRS] (also in [IR1]), the authors studied preprojective algebras via tilting theory
for non-Dynkin quivers. By making heavy use of tilting theory, they succeed to give
several important results such as a method for constructing a large class of 2-Calabi-Yau
categories which have close connections with cluster algebras. On the other hand, in
Dynkin cases (i.e. the underlying graph of a quiver is A, (n > 1), D, (n > 4) and E,
(n = 6,7,8)), the preprojective algebras are selfinjective, so that all tilting modules are
trivial (i.e. projective). In this note, we will show that, instead of tilting modules, support
T-tilting modules play an important role in this case.

The notion of support 7-tilting modules was introduced in [AIR], which gives a general-
ization of tilting modules. They have several nice properties. For example, it is shown that
there are deep connections between 7-tilting theory, torsion theory, silting theory, cluster
theory and so on (refer to an introductory article [IR2]). Moreover, support 7-tilting mod-
ules have nicer mutation theory than tilting modules. Namely, any basic almost-complete
support 7-tilting module is the direct summand of exactly two basic support 7-tilting
modules. It implies that mutation of support 7-tilting modules is always possible and
this property admits interesting combinatorial descriptions for support 7-tilting graphs.
Furthermore, certain support 7-tilting modules over selfinjective algebras provide tilting
complexes [M1]. It is therefore fruitful to investigate these remarkable modules for given
algebras.

Conventions. Let K be an algebraically closed field and we denote by D := Homg (—, K).
By a finite dimensional algebra A, we mean a basic finite dimensional algebra over K.
By a module, we mean a right module unless stated otherwise. We denote by modA the

The detailed version of this paper will be submitted for publication elsewhere.
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category of finitely generated A-modules and by projA the category of finitely generated
projective A-modules. For X € modA, we denote by SubX (respectively, FacX) the sub-
category of modA whose objects are submodules (respectively, factor modules) of finite
direct sums of copies of X. We denote by addM the subcategory of modA consisting of
direct summands of finite direct sums of copies of M € modA.

2. PRELIMINARIES

2.1. Preprojective algebras. In this subsection, we recall the definition of preprojective
algebras and some properties of them.

Definition 1. Let @ be a finite connected acyclic quiver with vertices Qo = {1,...,n}.
The preprojective algebra associated to () is the algebra

Ag=A:= K@/(Z (aa™ — a*a))

ac@Qq

where @ is the double quiver of @), which is obtained from @ by adding for each arrow
a:1— jin ()1 an arrow a* : ¢ < j pointing in the opposite direction.

Note that Ag does not depend on the orientation of Q).
We collect some basic properties of preprojective algebras.

Proposition 2. Let QQ be an acyclic quiver and A the preprojective algebra of Q). Then
Q is a Dynkin quiver if and only if A is a finite dimensional algebra. Further, if these
equivalent conditions hold, then A is selfinejctive.

Note that, even if @) is a Dynkin quiver, A is infinite representation type (i.e. there
exists infinitely many indecomposable A-modules) in general [DR2].
We define the Cozeter group Wy associated to @), which is defined by the generators
S1,...,8, and relations
° s? =1,
® s5,5; = s;5; if there is no arrow between 7 and j in @),
® s5,5;5; = s;5;5; if there is precisely one arrow between ¢ and j in Q.
Each element w € Wy can be written in the form w = s;, - - - s;, . If k is minimal among
all such expressions for w, then k is called the length of w and we denote by l(w) = k. In

this case, we call s;, - - - s;, a reduced expression of w.

2.2. Support 7-tilting modules. In this subsection, we give definitions of support 7-
tilting modules.

Definition 3. Let A be a finite dimensional algebra.
(a) We call X in modA 7-rigid if Hom, (X, 7X) = 0.
(b) We call X in modA 7-tilting (respectively, almost complete T-tilting) if X is 7-
rigid and |X| = |A| (respectively, |X| = |A| — 1), where |X| denotes the number
of non-isomorphic indecomposable direct summands of X.
(c) We call X in modA support T-tilting if there exists an idempotent e of A such that
X is a 7-tilting (A/{e))-module.

We also give the following definitions.
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(d) We call a pair (X, P) of X € modA and P € projA 7-rigid if X is 7-rigid and
Homy (P, X) = 0.

(e) We call a 7-rigid pair (X, P) a support T-tilting (respectively, almost support T-
tilting) pair if | X| + |P| = |A| (respectively, | X| + |P| = |[A| = 1).

We call (X, P) basic if X and P are basic, and we say that (X, P) is a direct summand
of (X', P') if X is a direct summand of X’ and P is a direct summand of P’. We denote
by s7-tilt A the set of isomorphism classes of basic support 7-tilting A-modules.

Note that (X, P) is a 7-rigid (respectively, support 7-tilting) pair for A if and only if X
is a 7-rigid (respectively, 7-tilting) (A/(e))-module, where e is an idempotent of A such
that addP = addeA [AIR, Proposition 2.3]. Moreover, if (X, P) and (X, P’) are support
7-tilting pairs for A, then we get addP = addP’. Thus, a basic support 7-tilting module X
determines basic support 7-tilting pair (X, P) uniquely and we can identify basic support
T-tilting modules with basic support 7-tilting pairs.

Example 4. Let A := K@ be the path algebra given by the following quiver

Q= (1——2).

Then one can check that there exist support 7-tilting modules as follows

e1A @ es\, S5 P esA, erA, Sy and 0.
They can be identified with support 7-tilting pairs
(e1A @ ea\,0), (S2 @ ea,0), (e1A,ea), (So,e1A) and (0,e1A @ ex),

respectively.

One of the important properties of support 7-tilting modules is a partial order.
Definition 5. Let A be a finite dimensional algebra. For T', 7" € s7-tilt A, we write

T >T

if FacT” D FacT, where FacX the subcategory of modA whose objects are factor modules
of finite direct sums of copies of X. Then > gives a partial order on s7-tiltA [AIR,
Theorem 2.18]. Clearly, A is the unique maximal element and 0 is the unique minimal
element.

Example 6. Let A := K@ be the path algebra given by the following quiver

Q:= (1 2).

Let T1 := etA ® e\, Ty := Sy ® ex\, T3 := ey A, Ty := S5 and T5 := 0.
Then we have

FacT| = add{e; ADes AD Sy}, FacT, = add{Sy®es A}, FacTs = add{e; A}, FacTy = add{S:},

where add X denote the subcategory of modA consisting of direct summands of finite direct
sums of X € modA. Then, from Definition 5, one can obtain the following Hasse quiver.

—127—



T T,

~ N

Ty 15 T5.

3. SUPPORT 7-TILTING MODULES AND THE WEYL GROUP

Our main aim is to give a complete description of all support 7-tilting modules over
preprojective algebras of Dynkin type. For this purpose, we give the following bijection.

Theorem 7. Let () be a Dynkin quiver and A the preprojective algebra of Q). There exist
bijections between the isomorphism classes of basic support T-tilting A-modules and the
elements of Wq.

In the following two subsections, we explain Theorem 7.

3.1. Support 7-tilting ideals. Let () be a Dynkin quiver with Qy = {1,...,n} and A
the preprojective algebra of (). We denote by the two-sided ideal I; of A generated by
1 — e;, where ¢; is a primitive idempotent of A for i € Qq, that is, I; := A(1 — ¢;)A for
1 € QQo. We see that the ideal has the following property.

Lemma 8. Let X € modA. Then X I; is maximal amongst submodules Y of X such that
any composition factor of X/Y is isomorphic to a simple module A/I;.

We denote by (I, ..., I,) the set of ideals of A which can be written as
[i1[i2 e [Zk
for some k£ > 0 and iy,...,i; € Q.
Our aim in this subsection is to show the following.
Theorem 9. Any T € (I,...,1,) is a basic support T-tilting modules of A.

For a proof, we use the following important property.

Definition 10. [AIR, Theorem 2.18 and 2.28] Let A be a finite dimensional algebra.
Then
(x) any basic almost support 7-tilting pair (U, @) is a direct summand of exactly two
basic support 7-tilting pairs (7, P) and (7", P’). Moreover we have T > T" or
T<T.

Under the above setting, let X be an indecomposable direct summand of T" or P. We
write (1", P') = ux (T, P) or simply 7" = px(T') and say that 7" is a mutation of T. In
particular, we write 7" = ux(T) if T > T’ (respectively, T" = pi(T) if T < T’) and we
say that 7" is a left mutation (respectively, right mutation) of T. By (%), exactly one of
the left mutation or right mutation occurs.

Using mutations, we give the following key proposition.

Proposition 11. Let T' € (Iy,...,I,) and assume that T is a basic support T-tilting A-
module. If ;T # T, then there is a left mutation of T associated to e;T and p, (T) = IT.
In particular, I, T is a basic support T-tilting A-module.
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Namely, a multiplication by I; gives a left mutation of 7" if I,T # T. Using this property
inductively, we can obtain Theorem 9.
There exists a close relationship between mutations and partial orders.

Definition 12. [AIR, Corollary 2.34] Let A be a finite dimensional algebra. We define
the support T-tilting quiver H(st-tiltA) as follows.

e The set of vertices is s7-tilt A.

e Draw an arrow from 7" to 7" if 7" is a left mutation of 7.

Then H(s7-tilt A) coincides with the Hasse quiver of the partially ordered set s7-tilt A.

Hence, the Hasse quiver of Example 6 gives behavior of mutations of support 7-tilting
modules.

Now using support 7-tilting quiver, we describe support 7-tilting modules of preprojec-
tive algebras.

Example 13. (a) Let A be the preprojective algebra of type Ay. In this case, H(s7-tiltA)
is given as follows.

1, _n
b1 —=01

12
21

S N

00
\Il\ %
22 —= 9

1P

Here we represent modules by their radical filtrations and we write a direct sum X @Y
by XY.

(b) Let A be the preprojective algebra of type As. In this case, H(s7-tiltA) is given as
follows
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Remark 14. In these examples, H(s7-tilt A) consists of a finite connected component. We
will show that this is always true for preprojective algebras of Dynkin type in the next
subsection. Thus, all support 7-tilting modules can be obtained by mutations from A.

3.2. A connection with the Weyl group. Let @ be a Dynkin quiver with Qg =
{1,...,n} and A the preprojective algebra of (). To give an explicit description of support
T-tilting A-modules, we provide a connection with the Weyl group.

We use the following result (see [BIRS, M2]).

Theorem 15. There exists a bijection Wo — (Iy,...,1L,). It is given by w — I, =
I L, - - I, for any reduced expression w = s;, -+ 5;, .

From this theorem and Theorem 9, we obtain one finite connected component in
H(sT-tiltA). Then we can apply the following result.

Proposition 16. [AIR, Corollary 2.38] If H(s7-tiltA) has a finite connected component
C, then C = H(st-tiltA).

As a conclusion, we can obtain the following statement.
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Theorem 17. Any basic support T-tilting A-module is isomorphic to an element of
(I, ..., 1p).

We also use the following lemma.
Lemma 18. If right ideals T' and U are isomorphic as A-modules, then T = U.

Then, combining the above results, we get the desired statement.

Proof of Theorem 7. We will give a bijection between s7-tilt A and W(. A bijection — and
Wq can be given similarly.

By Theorem 9 and 15, we have a map Wy > w +— I, € s7-tilt A. This map is surjective
since any support 7-tilting A-module is isomorphic to I, for some w € W by Theorem 17.
Moreover it is injective by Theorem 15 and Lemma 18. Thus we get the conclusion. [J

At the end of this subsection, we briefly give a relationship between a partial order of
support 7-tilting modules and that of Wy,.

Definition 19. Let u,w € Wgy. We write v <; w if there exist s;,,...,s; such that
w = 8;, ...8,u and I(s;, ...s5u) = l(u) +j for 0 < j < k. Clearly <p gives a partial
order on Wq, and we call <j, the left order (it is also called weak order). We denote by
H(Wo, <r) the Hasse quiver of left order on Wy,.

Then we have the following results.

Theorem 20. The bijection in Wg — st-tilt A in Theorem 7 gives an isomorphism of
partially ordered sets (W, <p) and (sT-tilt A, <)°P.

We remark that the Bruhat order on Wg coincides with the reverse inclusion relation
on (Iy,---I,) [ORT, Lemma 6.5].

4. g-MATRICES AND CONES

In this last section, we introduce the notion of g-vectors [DK] (which is also called index
[AR, P]) and g-matrices of support 7-tilting modules. We refer to [AIR, section 5] for a
background of this notion.

Definition 21. Let A be a finite dimensional algebra and Ky(projA) the Grothendieck
group of the additive category projA. Then the isomorphism classes e;A, ... e, A of in-
decomposable projective A-modules form a basis of Ky(projA). Consider X in modA and
let

PX P X 0

be its minimal projective presentation in modA. Then we define the g-vector of X as the
element of the Grothendieck group given by

9(X) = [AY) = [PF) = 3 ai(X)esd.
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Let (X, P) be a support 7-tilting pair for A with X = @le X;and P = @; ., P,
where X; and P; are indecomposable. Then define g(X;) as above and g(P;) := —[P;]. We
define the g-matriz of (X, P) by

g<X7 P) = (g<X1>7 o 7g<X€)7g<PZ+1)7 e 7g<Pn>> € GL(Z”)

Note that it forms a basis of Ky(projA) [AIR, Theorem 5.1].
Moreover, define its cone by

C(X, P) :={ag(X1) + - + arg(Xe) + ar19(Porr) + -+ + ang(Pr) | a; € Rso}
Now we give an example.
Example 22. Let A := K@ be the path algebra given by the following quiver.
Q= (1=——2).
As we have seen before, we have support 7-tilting pairs as follows
(e1A ® ea\,0), (S2 B ea,0), (e1A,ea\), (S, e1A) and (0,e;A B ex).

Then we have their g-matrices as follows

((1J(1))7<711(1))7<(1)—01)7<711 701)7(_01 Pl)

and their cones can be described as follows.

O

It is quite interesting to investigate behavior of cones of support 7-tilting modules for
given algebras (cf. cones of tilting modules [H]).
At the end of this note, we give a description of cones of preprojective algebras. Let @

be a Dynkin quiver with vertices Qo = {1,...,n} and A the preprojective algebra of Q.
Then we have the following result.

Theorem 23. The set of g-matrices of support T-tilting A-modules coincides with the
subgroup (o1, ...,0,) of GL(Z™) generated by o; for all i € Qq, where o; is the contragra-
dient of the geometric representation [BB|. In particular, cones of basic support T-tilting
A-modules give chambers of the associated root system of Q).

Thus, cones of preprojective algebras are completely determined by simple calculations.

Example 24. (a) Let A be the preprojective algebra of type A,. In this case, the g-

matrices of Example 13 (a) are given as follows, where o7 = (7!9) and 0o = (§ ).
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11 91 0 1

Hence, their cones are given as follows.

(b) Let A be the preprojective algebra of type As. In this case, the g-matrices of
Example 13 (b) are given as follows.
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5. FURTHER CONNECTIONS

In this section, we explain connections with other works. Here, let DP(modA) be the
bounded derived category of modA and KP(projA) the bounded homotopy category of
projA. Then we have the following bijections

Theorem 25. Let Q) be a Dynkin quiver with vertices Qo = {1,...,n} and A the prepro-
jective algebra of Q). There are bijections between the following objects.

(a) The elements of the Weyl group Wy,.
b) The set (Iy,...,I,).
c) The set of isomorphism classes of basic support T-tilting A-modules.
d) The set of isomorphism classes of basic support T-tilting A°?-modules.
e) The set of torsion classes in modA.
)
)
)

AA/\/_\/-\

f) The set of torsion-free classes in modA.

The set of isomorphism classes of basic two-term silting complezes in KP(projA).
The set of intermediate bounded co-t-structures in KP(projA) with respect to the
standard co-t-structure.

N N

g
h
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(i) The set of intermediate bounded t-structures in D®(modA) with length heart with
respect to the standard t-structure.

(j) The set of isomorphism classes of two-term simple-minded collections in D®(modA).

(k) The set of quotient closed subcategories in mod K Q.

(1) The set of subclosed subcategories in modK Q).

We have given bijections between (a), (b), (c) and (d) in the previous section. Bijections
between (g), (h), (i) and (j) are the restriction of [KY] and it is given in [BY, Corollary
4.3] (it is stated for Jacobian algebras, but the statement holds for any finite dimensional
algebra). Bijections between (a), (k) and (1) are given by [ORT] (note that a bijection (a)
and (k) holds for any acyclic quiver with a slight modification, see [ORT]).

A bijection between (c) and (g) is shown by [AIR, Theorem 3.2] for any finite dimen-
sional algebra.

Bijections between (a), (e) and (f) follow from the next statement, which provides
complete descriptions of torsion classes and torsion-free classes in modA.

Proposition 26. (i) For any torsion class T in modA, there exists w € W such
that T = Facl,,.
(ii) For any torsion-free class F in modA, there exists w € Wy such that F =
SubA/IL,.

Remark 27. Tt is shown that objects Facl, and SubA/I, have several nice properties.
For example, Facl, and SubA/I, are Frobenius categories and, moreover, stable 2-C'Y
categories which have cluster-tilting objects. They also play important roles in the study
of cluster algebra structures for a coordinate ring of the unipotent cell associated with w

(see [BIRS, GLS]).
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