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ABSTRACT. Classification of AS-regular algebras is one of the main interests in non-
commutative algebraic geometry. In this article, we focus on the 3-dimensional quadratic
case. We find defining relations of 3-dimensional quadratic AS-regular algebras. Also,
we classify these algebras up to isomorphism and up to graded Morita equivalence in
terms of their defining relations.

1. INTRODUCTION

Classification of AS-regular algebras is one of the main interests in noncommutative
algebraic geometry. In fact, the geometric classification of 3-dimensional AS-regular alge-
bras due to Artin, Tate and Van den Bergh [2] is regarded as one of the starting points
of the field. In this article, we focus on 3-dimensional quadratic AS-regular algebras.
By restricting to these algebras, they are in one-to-one correspondence with geometric
pairs (E, o) classified by A-T-V [2]. In this article, we try to find defining relations of
3-dimensional quadratic AS-regular algebras and answer the question when algebras given
by defining relations are isomorphic or graded Morita equivalent.

2. PRELIMINARIES

Throughout this article, we fix an algebraically closed field k of characteristic zero. Let
A be a graded k-algebra. We denote by GrModA the category of graded right A-modules.
We say that two graded algebras A and A" are graded Morita equivalent if the categories
GrModA and GrModA’ are equivalent.

The definition of an AS-regular algebra below is stronger than its original definition [1].

Definition 1. [1] A Noetherian connected graded algebra A is an AS-regular algebra of
dimension d if
e gldimA = d < oo, and
, k ifi=d
o Exti(k, A) = nr=G
0 ifi=#d.
Example 2. Let A = k(z,y, 2)/(yx — az?, zy — Ba®, 22 — yy?), where a3y # 0.

Then A is a 3-dimensional AS-regular algebra.

Artin, Tate and Van den Bergh classified 3-dimensional AS-regular algebras by using
geometric techniques. In this article, we will focus on the quadratic case and classify
3-dimensional quadratic AS-regular algebras algebraically.

The detailed version of this paper will be submitted for publication elsewhere.



Let A be a graded algebra finitely generated in degree 1 over k. Note that A can be
presented as A = T(V)/I where V is a finite dimensional vector space over k, T'(V)
is the tensor algebra on V', and [ is a homogeneous two-sided ideal of T'(V'). We say
A =T(V)/(R) is a quadratic algebra when R C V ®; V is a subspace and (R) is the
two-sided ideal of T'(V') generated by R . By choosing a basis {z1,- -+ ,x,} for V over k , a
quadratic algebra A is also presented as A = k(z1,--- ,x,)/(f1,- -, fm) where deg z; = 1
for all 7 and f; are homogeneous noncommutative polynomials of degree two for all j. For
a quadratic algebra A =T(V)/(R) , we define

V(R) :={(p,q) e P(V*) xP(V*)| f(p,q) =0 forall f e R}.

Definition 3. [3] A quadratic algebra A = T'(V))/(R) is called geometric if there exists a
geometric pair (F, o) where E C P(V*) is a closed k-subscheme and o is a k-automorphism
of E such that

(G1) V(R) = {(p,o(p)) € (V") x P(V") | p € E},
(G2) R={feVe&V]fpop)=0"ypcE}

If A satisfies the condition (G1), A determines a geometric pair (F, o). Conversely, A
is determined by a geometric pair (F, o) if A satisfies the condition (G2) and we write
A= A(E, o) in this case.

By [2], every 3-dimensional quadratic AS-regular algebra A is geometric. Moreover, F
is either P? or a cubic divisor in P?, that is, F is P2, a union of three lines which make a
triangle, a union of three lines meeting at one point, a union of a line and a conic meeting
at two point, a union of a line and a conic meeting at one point, a nodal curve, a cuspidal
curve, a union of a line and a double line, a triple line , or an elliptic curve.

The types of (E, o) of 3-dimensional quadratic AS-regular algebras are defined in [4]
which are slightly modified from the original types defined in [1] and [2]. We follow the
types defined in [4].

e Type P?: Fis P? and o € Aut,P? = PGL3(k).
e Type S : FE is a triangle, and o stabilizes each component.
e Type S5 : FE is a triangle, and o interchanges two of its components.
Type S5 : E is a triangle, and o circulates three components.
Type S} : E is a union of a line and a conic meeting at two points, and o stabilizes
each component and two intersection points.
e Type S) : F is a union of a line and a conic meeting at two points, and o stabilizes
each component and interchanges two intersection points.
e Type T} : FE is a union of three lines meeting at one point, and o stabilizes each
component.
e Type Ty : E is a union of three lines meeting at one point, and ¢ interchanges two
of its components.
e Type T; : E is a union of three lines meeting at one point, and o circulates three
components.
e Type 7] : E is a union of a line and a conic meeting at one point, and o stabilizes
each component.
e Type N : FE is a nodal cubic curve.
e Type C : FE is a cuspidal cubic curve.



We introduce some Lemmas which are used for classification.

Lemma 4. Let A and A’ be geometric algebras with A = A(E,0), A" = A(F',0"). Then
A= A" as graded algebras if and only if there exists T € AutyP(V*) which restricts to an
isomorphism 7 : E — E' such that

E ——> F

ol l"/

E " FE
commutes.
Lemma 5. [3] Let A and A’ be geometric algebras with A = A(FE,0), A’ = A(E',d").
Then GrModA = GrModA’ if and only if there exists a sequence of automorphisms T, €
AutgP(V*) which restricts to a sequence of isomorphisms 1, : E — E' such that

E =5 F

E L B
commute for all n € 7Z.

In general, classifying quadratic algebras up to isomorphism is easier than classifying
them up to graded Morita equivalence. Our method is to define a new graded algebra
A and classify original algebra A up to graded Morita equivalence by classifying A up to
isomorphism.

Remark 6. Let A =T(V)/(R) be a 3-dimensional quadratic AS-regular algebra. Then A
is Koszul and A' = T(V*)/(R*) is Frobenius. It follows that we can take the Nakayama
automorphism v € Aut,A' of A'. It was shown that v naturally induces v € Aut,E by
abuse of notation.

Using the automorphism v € Aut,E, we define a new graded algebra A from A.

Definition 7. [4] Let A = A(FE,0) be a 3-dimensional quadratic AS-regular algebra and
v € Aut,E the automorphism induced by the Nakayama automorphism of A'. Define a
new graded algebra by A := A(E,vo?).

Theorem 8. [4] Let A = A(E,0) and A’ = A(E',0’) be 3-dimensional quadratic AS-
reqular algebras. Suppose that (E,c) and (E',0’) are the same Type P2, S;, S, T; or T!.
Then GrModA is equivalent to GrModA’ if and only if A is isomorphic to A’ as graded
algebras.

3. MAIN RESULTS

We completed classification of 3-dimensional quadratic AS-regular algebras in the cases
of Type P2, S;, Si, T;, T/, N, C. We will explain our method using Thoerem 8 in some
details for simplest case here. The remaining cases are also proved by using Lemma 4,
Lemma 5, Theorem 8 and [5].



Example 9. Let (E, o) be of Type S;. Then we may assume that £ = V(z)UV(y)UV(z)
and o €Aut,F is given by

oly()(0,b,¢) = (0,b, ac),

oy (a,0,c) = (Ba,0,c),

oly(a,b,0) = (a,vb,0).
where a8y # 0,1. We can determine A = A(F, o) from the property (G2) of geometric
algebra. In this case, A = A(FE, o) is given by

A=k(r,y,2)/(yz — azy, 2z — Bz, vy — yyr) = Aapy-

By using Lemma 4 above, A, 3, and A, g . are isomorphic as graded algebras if and
only if

(o ) {(a,_/f,vz,l G tred)
(@t a7 87, (B a ™y ™), (v B a ).

Next, we define A, g, to classify A, 3~ up to graded Morita equivalence. In this case,
v € Aut,FE is given by

v(a,b,c) = ((v/B)a, (a/7)b, (B/a)e).
It follows that
Appr=A(E,vo®)
= k(z,y,2)/(yz — aByzy, zz — afyrz, vy — afyyz)
= Aapyapyaby -
By Theorem 8,
GrModA, s, = GrModAy g & Aapy = Aw gy
A Aaﬁv,aﬁ%aﬁv = Aa’ﬁ’v’va’ﬁ’v’va’ﬁ’v’
& o'y = (afy)*

We write down our results.

Theorem 10. Let A = A(FE, o) be a 3-dimensional quadratic AS-regular algebra. In each
type, we list the defining relations, when they are isomorphic and when they are graded
Morita equivalent in terms of parameters in the defining relations as in Example 9.

Type defining relations /  isomorphism  /  graded Morita equivalent
(case 1jzy — (Blayz, y= — (1/B)=y 2 — (a/7)wz, where afy £ 0
(case 2)ry — yx + y* 1z — azx + azy,yz — azy, where o # 0
(case 3)ry — yx +y* — 2w, 22 + yz — za, 29 — Yz — 2°
There are no isomorphic relations between different cases.
]P)Q (case])(o/,ﬁ’,y’) — {(a7577>7(a7776>7<ﬁ7&77>7 m IP)Q
(8,7, @), (v, o, B), (v, B, )
(case2)A, = Ay if and only if o = o/
GrModA = GrModA’ for any A, A’ of Type P*




yz —azy, zx — PBrz, xy —yyx, where afy # 0,1

Sl (a,’ﬁ,”}/,> — (a7/87fy>7<ﬁ7fy7 a>7<77a7/6>7
(ai:[?’)/il?ﬁil)?(6717a717771)7(77175717(171)
o/ = (efy)*
2 — ayz, 2y — Brz, x® + aBy?, where aff # 0
Sy | (o, B) = (a, B) in P!
GrModA = GrModA’ for any A, A" of Type Sy
yr — az?, 2y — Ba?, xz — yy?, where affy # 0,1
Si [o/BY = apy
O/Bl’}/ — (Oéﬁ’}/)il
xy — By, 2? + yz — azy, zo — Brz, where af? # 0,1
S [, 8) = (a,8), (a7
O/ﬁ,Q _ (OJBQ):H
St | Bvery algebra is isomorphic to k{x,vy, 2)/(xy — zx,yx — 22, 2% + 3y* + 2?)
Y — Yz,
vz — 2w — Ba? + (B+y)yx, wherea+ B+ #0
yz —zy — oy’ + (o + )y
Tl (O/’B/’,Y/) — {(a7677)7(057776)7(57057’7)7 n ]P)Q
(ﬁ,’y,&), (770476)7 (”}/,ﬁ,()é)
GrModA = GrModA’ for any A, A" of Type Ty
xQ - y27
vz —zy — Pry + (B +7)y?, wherea+ f+y#0
T yz — zx — ayz + (a + y)r?
(@ +4.9) = (a+B,7) inP
GrModA = GrModA’ for any A, A" of Type Ty
v? —xy +y
wz+zy + Pry — (B+7y)y?, wherea+f+7#0
T3 ayr +yy? —yz + 2w — 2y
(al, 5/7 7/) - (a7 57 7)7 (67 77 a)? (77 a? B) Zn ]P2
GrModA = GrModA’ for any A, A" of Type T3
ar? + Bla+ Bzy — xz + zx — (a + B)zy,
xy —yx — Py, where a4+ 203 # 0
T | 282y — 8% —yz + 2y

(o, 8) = (a, B) in P!

GrModA = GrModA’ for any A, A" of Type T}




axy —yx, ayz — zy + 12, azr — vz + y*, where a(a® — 1) # 0

N | o =a*!

a3 = T3

ry —yx — 17,

C

Every algebra is isomorphic to k(z,y, z)/ 2w — 1z — 2% — 3y?,
2y — yz + 3y + 222 + 2xy

The classification of the cases when F is a union of a line and a double line, a triple

line, or an elliptic curve is not finished yet and now in progress.
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