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Definitions and the notation

Hochschild homology groups
The Hochschild complex is the following complex:
C(A):+.- 2y A®n+L by gon by b, g@2 b, 4 4o,

where the K-homomorphisms b : A®"t1 _ A®" is given by

n—1

b(o @ @ xpn) = E (D@0 ® - ® TiTiy1 @ - @ 1)
=0
F+ ()" (nToR@T1 Q-+ @ Tp—1)-

HH,(A) := H,(C(A)): the n-th Hochschild homology group of
A (n > 0).
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Definitions and the notation

Notation

m K: a commutative ring

m N: the set of all natural numbers containing 0

m A: a finite quiver

m A, the set of all paths of length n(n > 0) in A
m G,,: a cyclic group of order n generated by t,,

mA®" = AQK AQK -+ Qi A for a K-algebra A
(the n-fold tensor product of A)

R7Y: the two-sided ideal of KA generated by the all paths of
length m > 1

m A° := A ®x A°P: the enveloping algebra of A
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Definitions and the notation

Hochschild homology groups

If a unital algebra A is projective as a module over K, then there
is an isomorphism

HH,(A) = Tor2" (4, A).

For a unital K-algebra A, the bar resolution CP2*(A) of A is
given by

(oLl 0/) FREEERLANY L Lo S LAY - LNL AN ANGL L SN N}

where the differentials b’ are given by

n—1
V(@o®: - ®xn) =Y (—1) (0@ @ Titis1 @+ ® Tn).

=0
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Definitions and the notation

Cyclic group action

Let n be a positive integer. The action of G,, on the module A®"
is given by

th (21 ®T2,® - Qxp) i= (—1)" (2, @21 QT2 ® @ Tp—_1),

where x; € A.
Let D:=1—t, and N:=1+¢, +t2+---4+t"" " as elements
of the group ring ZG,,. Then

D: A®™ — A®"
and N: A®™ —; A®"

are K-homomorphisms.
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Definitions and the notation

Cyclic homology groups

For a K-algebra A, the following is a first quadrant bicomplex
CC(A) of A:
lb l—b' va

CC(A)u2: A®3 A® N A®3 D

I |- b

CC(A)a: A®2 2 482 N e D
lb l—b' lb

CC(A)ep: A —2 A == A —2
CC(A)o, CC(A)1,. CC(A)z2x

HC,(A) := H,(Tot(CC(A))): the n-th cyclic homology group
of A(n > 0)
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Definitions and the notation

Truncated quiver algebra KA /R7Y

By adjoining the element L, we will consider the following set:

A:{J_}UGA,-.

i=0

This set is a semigroup with the multiplication defined by

oy if (8) = s(v), )
8- ) A;
1 otherwise, 7€ iL:JO ’
and
Ll-y=~v-L=1, ~€A.

Tokyo University of Science

Tomohiro Itagaki and Katsunori Sanada

The dimension formula of the cyclic homology of truncated quiver algebras over a field of positive characteristic

Tomohiro Itagaki and Katsunori Sanada

Definitions and the notation

KAisa semigroup algebra and the path algebra KA is
isomorphic to KA /(L).
= KA is A-graded, that is, KA = @1 (KA),, where
(KA), = K~ for vy € ;2, A; and (KA), = 0.
m KA is N-graded, that is, KA = @;2, KA;.
m R is A-graded and N-graded.

Thus a truncated quiver algebra A = KA/R7Y is a A-graded and
N-graded algebra.
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The cyclic homology of algebra is investigated for classes of
various algebras, for example,

m 2-nilpotent algebras (Cibils, 1990)

m truncated quiver algebras over a field of characteristic zero
(Taillefer, 2001)

= quadratic monomial algebras (Skéldberg, 2001)

= monomial algebras over a field of characteristic zero (Han,
2006)

etc.
On the other hand, the cyclic homology is Morita invariant.
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m Find the dimension formula of the cyclic homology of
truncated quiver algebras KA /R over a field K of positive
characteristic.
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Hochschild homology and cyclic homology of
truncated quiver algebras
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Hochschild homology of truncated quiver algebras

Theorem(Skald 1999)

and the differentials are defined by

d2c(a Ray - dem ®B)

m—1

=) aoy0; @ity Qe 1ymtits
=0

® K(c—1)ym+2+45°°° acmﬂv
dacr1(0 @ ay -+ Aemt1 ® B)

a1 @az A1 @B —a® a1+ Aem @ Aem410,

where a; € A for i > 1 and o, 3 € A and ¢ is the multiplication.
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Hochschild homology of truncated quiver algebras

Cycle and Basic cycle

Let a path «; -+ - ap—1 0y, be a cycle, where o; is an arrow in A.
Then the action of G, on A? is given by

tp (01 Qp_1ay) 1= Qpog - Qp_g.

Similarly, G, acts on AP.
m a,: the cardinal number of the set of all G,-orbits on Af,.

m b,: the cardinal number of the set of all G,,-orbits on Ag.
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Theorem(Skéldberg, 1999)

The following is a projective A-graded resolution of a truncated
quiver algebra A = KA/RY as a left A°-module:

d; d; d. d
PA:-~-—+;PZ‘—>-~-—2)P1—1>P0L)A—)O.

Here the modules are defined by

P, = A®xa, KT Qxa, A,
Po = AQ®kn, KAo Qkxa, A= AQKna, A,

where T'( is given by

Agm if i =2c (c>0),

@ —
if it=2c+1(c>0),

Acrn-{—l
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Hochschild homology of truncated quiver algebras

Cycle and Basic cycle

A cycle ~ is called a basic cycle
if there does not exist a cycle § such that v = §7 for some positive
integer j(> 2).

m AY: the set of all cycles of length .

m AP: the set of all basic cycles of length n.
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Hochschild homology of truncated quiver algebras
Hcohschild homology of truncated quiver algebras
L denotes the complex A @ xac KT which is isomorphic to
A ® ae Pa by the following isomorphism ¢:
@ A ®AE PA :) A ®AE A€ ®KAS KF(*) :> A ®KAS KF(*).
Since the complex L is decomposed into subcomplexes L= by
oo
2@ @ 1.
a=07€A;/Gq

the p-th Hochschild homology group of A is N-graded for p > 0,
that is, the p-th Hochschild homology of A is given by

HH,(A) = é HH,, ,(A).
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Hochschild homology of truncated quiver algebras

Hochschild homology of truncated quiver algebras

Theorem (

Let K be a commutative ring, A = KA/RY and q = cm + e for
0 < e < m — 1. Then the degree g part of the p-th Hochschild
homology HH,, ;(A) is given by

K% if 1<e<m-—1 and 2¢<p<L2c+1,
by
fas) (Kg"‘("‘-”*l @ Ker ( K —» K))
rla
if e=0 and 0< 2c—1=p,

by
fa>) (Kg““"*”)—l @ Coker (L (K — K>)
§% ged(m, )

ged(m, r)

if e=0 and 0 < 2c = p,

K#80 if p=gq=0,

0 otherwise.
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Cyclic homology of truncated quiver algebras over a field of characteristic zero

Cyclic homology of truncated quiver algebras

Theorem (Taillefer, 2001)

Let K be a field of charactaristic zero. The cyclic homology group
of a truncated quiver algebra A is given by

m—1
dlmKHC2c(A) = #AO a4 Z Aem+-ey
e=1
dimg HCae11(A) = > (ged(m, ) — 1)b,.
>0

s.t.r|(c+ 1)m
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Main result

Main result

dimg HCaey1(A) = 3 (ged(m,r) — 1)b,
>0
s.t.r|(c+ 1)m
c m-—1 et1
v S oery b
c/=0 e=1 >0 /=1 >0
s.t. r¢|c’'m + e s.t. 7|c/m,

ged(m, r)¢|m

+> >

c/=1 >0
s.t. ¢| ged(m, r)c’

(ged(m, r) — 1)b,.
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Let K be a field of characteristic ( and A = KA/R7Y. Then the
dimension formula of the cyclic homology of A is given by, for
c>0,

m—1
dimx HC3(A) = #80 + Y Gemie
e=1
c—1 m—1 c
AP ID D DD DD DR
/=0 e=1 >0 o'=1 r>0
s.t. rllc’'m + e s.t. r|c/m,
ged(m, r)¢|m
+> > (ged(m, ) — 1)by,
o/=1 r>0

s.t. r¢| ged(m, r)c’
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The outline of the proof

Cibils’ projective resolution

Lemma (Cibils, 1989)

Let I be an admissible ideal of KA. E denotes the subalgebra of
A = KA/I generated by Ag. The following is a projective
resolution of A as left A°-module:

Qa: 2@ BQui—s 5 BQGBA0
®n
where Q,, = A Qg (rad A) ¥ ®g A and differntials are given by
dn(To® @ Tny1) =P (1)’ (@0 @+ @ TiZit1 ® +** @ Tnt1)
i=0

for o, xpn4+1 € A, ®1,...,T, € rad A.
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The outline of the proof

Cibils’ mixed complex

For the algebra A with a decomposition A = E @ r, where E is a
separable subalgebra and r is a two-sided ideal, Cibils(1990) gives

®n
the following mixed complex (A ®ge r £ , b, B):

®nt1 ®n
b: AQger £ — A Q®gerE is the Hochschild boundary and
®n+1

®n
B: AQg-rE — AQ®ger E s given by the formula

B(xo Qpe 1 Q@+ ® xp)
=Y (1)1 ®p 7 ®+* ® (To)r ® -+ ® Ti_1),

1=0

where g = (xo)E + (zo)r E ED 7.
The cyclic homology groups of the mixed complex and the cyclic

homology groups of A are isomorphic.
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The outline of the proof
We consider the spectral sequence associated with the filtration of
FTot(Cg(A)) given by
(FPTot(C5(A))n = D Cr(A)im—i.
i<p
The cyclic homology groups HC,,(A) is given by

2

HC,(A) = H,(Tot(Cg(A))) = @ P.a’

pt+gq=n

E'-page of the spectral sequence is drawn by the following

illustration:
HH,(A) <& HH(A) <& HHo(A) <+
HH,(A) <& HHy(A) +> 0 &
HHy(A) +~— 0 & 0 <&
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The outline of the proof

The cyclic homology groups of Cibils’ mixed complex is isomorphic
to the total homology groups of the following first quadrant

bicomplex:
[+ e e
@ B B
AQREer? «—— AQEperT +—— A +——

[ g !

AQper +—— A — 0 +—
[v | |
A +— 0 +— 0 +—

Denote the above bicomplex by Cg(A). For a truncated quiver
algebra A = KA/R7, there exists the decomposition
KA/RT = KAp @ rad A.
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The outline of the proof

B : HHn(A) — HH,H,_]_(A)

We construct chain maps ¢ : P4 — Q4, and 7 : Q4 — P4 which
induce isomorphism HH,,(A) &2 HH,,(A) for n > 0. We
consider B : HH,,(A) — HH,1(A) as follows:

A®xag KT

IE

Skéldberg: A ®gag KT

2

A®Ae Pn A®Ae Pn+1
lidA ®¢ TidA ®m
AQa- Qn A ®ae Qni

[ e

. =38 B ®n+1
Cibils: A®Kagrad A¥K20 — A Q@gag rad ATK20
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The cyclic homology of truncated cycle algebras
Let K be a field of characteristic (. We consider the cyclic
homoology of a truncated quiver algebra A = KA /R, where A
is the following quiver:

Qs—1 0— ©o
///’ ‘\\\
s—<1 1
Qg2 \
[e5]
s—2

Qs_3 x 2
-3

The truncated algebra A is called a truncated cycle algebra.
Note that a, and b, is given by

if s=mr,

if s|r, )1
"7 ] 0 otherwise.

1
a, =
" { 0 otherwise,
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The cyclic homology of truncated cycle algebras

For z € R, we denote the largest integer i satisfying ¢ < x by [z].
The dimension formula of the cyclic homology of a truncated cycle
algebra A is given by

dlmKHCQC(A)

e e R
* ([gcd(:,s)C] B [gcﬁ’ini,bc]) Z ([%] a {ﬁp

o'=1
ged(m, s)e
=]

+ (ged(m,s) ~ 1) |
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The cyclic homology of truncated cycle algebras

When ¢ = 0, the dimension of the cyclic homology of A is as
follows:

dimg HCyo(A) = s + [(0“)7’”_1} - {@} :

S S
dimKHC2c+1 (A)

— (ged(m, s) — 1) q(c +81)m} B [(c+ 1)m — 1})

s
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The cyclic homology of truncated cycle algebras

and
dimKHCzc+1 (A)

= (eed(m,s) = 1) (|

N
* ([seatnrme] ~ [sedmone]) X C“l (5=

!

+ 3 ([ - [58))

/=0

(e Dym] _ (et Dim = gcd(ms)c
2] [+ [=6])

[“"‘1])
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