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ABSTRACT. In this talk, we study Ulrich ideals and Ulrich modules with respect to
some ideals. As the main result, we classify all Ulrich ideals and Ulrich modules of
2-dimensional Gorenstein rational singularities. Moreover, we prove that the notion of
Ulrich modules and that of special modules in 2-dimensional Gorenstein rational singu-
larities.
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AGEIIL, GEEE O, BAEMNARK (BVERT), mffisek (4 iERT), KE—FK (1L
NK5) & OILFEFFEOHRSE TH S ([4], [5)).

El=g=R
1. Hx

ZOFHZB U T, FrCH BV R Y | (A, m, k) IEAT#2 R — 2 — Rl & L, HAL
Ty BRSO LTS o, m T ADEE1OOMKA T TV, k= A/m ZRKKET
5. d=dimA % A ®YIJLILERT (Krull dimension) &K THD LT 5.

SHIZ, sEMAZB LT, M I3ARAER A MEELET DL L, (4(M) 12 M ORS
(length), pa(M) = Co(M/mM) Z M OB/NERLFROMEE (minimal number of generators)
rank (M) = dimga) (M @4 Q(A)) & M DOBEH (rank), ea(M) = % (M) & M OREKA
TT T 2 EEE (multiplicity) 2R 7T 0 L35, 22T, Q(A) 1L A OBEAKREE
T RIS, A DmYERA T TV TITK LT, o REREEE n ZBUT, (4(A/1) 1%
nAZOWNWTOZIHEA LD, RO HICRTZENTES

e (o R N

IDEE eg=e(l) & I ICHETLIEEELSD. SHIT, A PO L X2,
e} (M) = e(I) - rank 4 (M)

CRY, TIZBT2 M OEEENFHHTE 2.
AT D F4% T H MK Cohen-Macaulay JIEE (LA, iRk Cohen-Macaulay AN & FE
5%) & Ulrich Cohen-Macaulay MEEDEFLN GO K 5.

The detailed version of this paper will be submitted for publication elsewhere.
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Definition 1. Ext’,(A/m, M) =0 (0 < Vi < d = dim A) 295 & &, M 13HBXK
Cohen-Macaulay A IM#EETH S L9, B & =%, MK Cohen-Macaulay JN#E &
M5,

K Cohen-Macaulay JIEEIZ DWW T, IROREXUTEARTH 5.

Lemma 2. M 7’BK Cohen-Macaulay IEE72 51,

rank M < pa(M) < ea(M)
NP ARVASS
Definition 3 (Brennan-Herzog-Ulrich [1]). M 23#K Cohen-Macaulay JIf T, %7
pa(M) = es(M) D3p%NET D & &, M 1 Ulrich Cohen-Macaulay A i TH 5 &
9. LAF T, Ulrich Mg & RS,

KIZ, special Cohen-Macaulay IEED EFK 2 EWHZ 9. Z ORNTABRER RIZ DWW T
DLBHLE Y. (A, m k) 2 2 RITOFEMRATIEHER L U, RIRE kI3 0 O3
HIPAR ERET 5. & D FFF S 7: X — Spec A WHFIEL T, HY(X,Ox) = 0 23D
MOLE, ATRERERATHLLEE .

AR RS ORK R BNIREFR RS TH D, HIZIE, WORIIRENRFGITH 5.

Hlls* t, 1) = hllo,y, /(0 o+ ).

k[[s*, s3t, s*t2, st3 t1]].
FelZ, 2Rt Gorenstein FEFE AL, HBEZEF S (rational double point) & & FEX
W, MONWTINOHTRNX f TERSh LB A = k[z,y,2]]/(f) THODLZERHH
LTS (cf. [9], [10]):

(A,) 2422 +y" (n>1)
(Dn) 22+2*y+y" ' (n>4)
(Eg) 22+ 2%+ 44

(E;) 22+ 2 + xy?

(Eg) 2%+ 2%+ 5.

ST, 2WoLHEFFI A E D special Cohen-Macaulay NMEEDEHRZ 52 THZ 5 (IE
B XD RICERBSN TV DN, 22 CIEABAFRSICRET D).

Definition 4. A % 2 RtOF PR S & L, M Z1K Cohen-Macaulay MEE 35, 2
D &=, M 7 special Cohen-Macaulay A MM TH 5 & 1%, M* := Homu (M, A) =
Syz (M) BV IO Z & EED D . LD REE1E, special MNEE & L5,

Wunram [14] 1% 2 I EIREFFE A EOT T O special IMEEEZ DB L7, £72, Iyama-
Wemyss [7] 13Z OFERAILE L, 2 RICORFEAIZIBIT S special Mz 588178 L,
% ® Auslander-Reiten 77 7 Z 5tk L 7.

Sl B2 TG HE (7)) Fr S o Bl LT, BBEKIZR Ulrich IR & special INEEZ BRI

LTEBZ .
Example 5. A = k[[s, st, t1]] & k[[x, vy, 2]] /(2 + y* + 22) OFR/IN2 Ry 2 S FRIE O %t 7
?7&iE1 _E2 —E3 —/Gg;)%) ::—(, E% = E22 = E?? = —2, E1E2 == E2E3 = ]., ))—I(U\‘
E1E3 = 02350 322, McKay ¥ LV, Fx 1 E; (1= 1,2,3) ([ZxHsd 5 BB 72 i
K Cohen-Macaulay JI#E M; 232 L8 Tx5.
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| ERGR B pa(M) e(M)
My A 1 1 2 free
M, | As+ At 1 2 2 Ulrich, special
M, | As® + At? 1 2 2 Ulrich, special
Ms | As® + At 1 2 2 Ulrich, special

Example 6. A = k[[s?, s3t, s?t%, st3,t1]] &< M/ NRRE SR 70 X — Spec A OBkt
V571, By BT D, =T, E— —4 ThB.

Special McKay s (cf. [14]) I XV, By (353 2 ERER) 72k Cohen-Macaulay A
IEE My DMFAET D,

| AR B pa(M) e(M) |
My | A 1 1 4 | free
My | As + At 1 2 4 | special
My | As? + Ast + At? 1 3 4
M; | As® + As’t + Ast> + A2 1 4 4 | Ulrich

A F 7 v TIZB4 % Ulrich MBEOBE& & Ulrich 4 77 LV O&zE&R L £ 5.

Definition 7. A % Cohen-Macaulay Rk & U, [ % m#ERA T 7L LT 5. MK
Cohen-Macaulay A MEE M 23 ba(M/IM) = %(M) &, M/ » A/ BHNEETHDH Z &
hHiod & X, 11289 % Ulrich Cohen-Macaulay A Mg, #% L C, I [ZB§9 % Ulrich
MBETHLEND.

Definition 8. /X7 A =% =R THARINRNA T TN, [ Db 5HBIMETT (minimal
reduction) Q IZXf LT I?=QIb &&= L, [/I* 7% A/I-BHMNEE: 51X, Ulrich 41 77
WEED.

Ulrich 4 77 VORI 2l 52 THZ 9.

Example 9. (1) ([11])A 28 Cohen-Macaulay JpT# T, #8/MEHRE (minimal mul-
tiplicity) ZfF> & &, m (X Ulrich 4 77 /WiZ72 5.

(2) A = k[[zy,...,z)]/(xf + -+ 2im) DEE, b La =20 MEBERBIE, [, =

(2%, 29, ..., m,) 1& Ulrich 4 77272 5. k[[z,y, 2]] /(2 +y>+23) & Ulrich 477

WaFFON, ZDIGITIT 725 TR (IR AR Z I Watanabe-Yoshida:No.1).

Ulrich A 7 7 /v E® Ulrich INEEO PG, EEE 2 oo (kA 7 7 VI T
%) Ulrich MBEOBGRAILE LT b DEBERX DI LN TED. TORRThHIZE E, RD
2ODFRRIZITSHARR O TH S ([1) ).

Theorem 10. (A, m, k) Z Cohen-Macaulay JRFTHIRE T 5. i > d \Zx LT, T 2% Ulrich
AT TN BIE, Syzy (A/I) & T 2B 2% Ulrich METH L. d=dimA>1 D& XIE,
WHIE L.

Theorem 11. M 3 I (2B 5 Ulrich MEELAIUET D, ZD L&, MY = Homu (M, K4)
25 Ulrich MEECTH L Z & &, A/T 5 Gorenstein ThHH Z & LITFMETH 5.

Gorenstein JEFTERIZEB VT, Ulrich A 7 7 /WIZBIEZROE AT T 28>, A 770 T3
good 1 TF7ITHD EX, I? =QI A= M/NETL Q WFELT, I?=QI THY,
2 AA(A)T) = Y(A) BV SIHEZEF 9.
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Proposition 12. A X Gorenstein R &35, Z0 L&, WIIFMETH 5.
(1) I 1% Ulrich A 77V Th 5.
(2) I is good A7 7 IVT, D>, A/I I% Gorenstein TH 5.
(3) Iispa(l)=d+1 25723 good A TT N Th 5.

AGEHIZBWTHER Lo TV D 2L A B HAIZEBW T, good A 7 7 )V OREEIT
RIZIRA D J 9 (AR 2R R AT T & K.

Theorem 13 (Goto-Iai-Watanabe [3] ). (A, m, k) Z 2R A _ERETDHLE X, m-
LA T TN TIZH LT, IROFMIIFMETH S -
(1) I 1% good A T T7NVThD.
(2) I 13HEPAA 77 T, MNP RS 70 X — Spec A ETRELEND. 77205,
X EORFTET Z HELT, 10y = Ox(—Z) XTI = H(X, Ox(~2))
RV SED.
REWLRBUIMKRA T TN THD. 2 WTAHERRFIZIBNT, fRA 7 7 1 good
ATTNTHDLN, BB, RA T T WVITERRT Zy = >, nE; Ti‘%fﬁéhéﬁﬁkﬂﬁ%T
TINTHD.

Example 14. A = k[[x,y,2]]/(2? + y* + 2%) & (4A3) HOFHE _ERLET5H. ZDL X,
FHARRK T 1T ZO Ei+FEy+ Ey Tohb. Z=a1E +ayEs + asEs 75)&2‘7.%1&)571
DOFMEHRE L TAL Y B2 =E2=F2= -2 E\Ey=FE;=1 KO EE;=0%M
WTEET S &,

ZE1 = —26L1 + as S 0
ZE2 = ai; — 2&2 + as S 0
ZE3 = as — 2(13 < 0

ifﬁ%‘é @%_0:, ~7 kv [al,az,ag] L (IlEl —|-Cl2E2 +CL3E3 %Iﬁ]#?ﬁ‘@‘é L %—f, }i*7
X (1, 1,1, [1,2,1], [1,2,2], [1,2,3], [2,2,1] T [3,2,1] TSI DDA RT3 I
5. 728, B THRD X9 IO 2/)0)/\7 KL B3 Ulrlch A T T KT 5.

WIZ, 2 RIEABRF R S ED special Cohen-Macaulay MEEOME&Z —#b L X 5. LA
T, LIS AT 2REOFHFRES LT 5.

Definition 15. A % 2IRGTTOFEFFEN, [ 2% m-ER AT 7V L 5. K Cohen-
Macaulay JI#E M 73, special THY, M/IM 78 A/JT FAHRTHL L&, M 1T T ICEEL
T special Cohen-Macaulay &, B L C, I [ZBIL T special I THH &V 9.

F 72, Ulrich 4 7 7 VIZxRHET B H D & LT, special 7 7 VOBEZRD X 9 ITESE
T 5.

Definition 16. m-#3% 17 7 /L I 2 good TH Y, =512, I IZBIT 5 special Cohen-
Macaulay EE D72 < &b 1 DHIET H72 61X, special 1 TF7ILTHDH EEF 9.

FEAHY 70 R

Ulrich AN## (Special) Cohen-Macaulay AN#EK& O Ulrich (special) 1 7 7 /L% 4358 X

"C&)Z) PIF, 2WocH B 85 Eo Ulrich Ji#EE Ulrich 4 7 7 VO3 EE % Hls
R L LS.
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2. 2WILAHL " H S ULRICH A 7 7 /L& ULRICH MIEE

LR, ZOHiTiE, A X 2WtOF &L L, m: X — Spec A %& & O/ Ny 5 iR
HeET 5. NS, FARBHRICEBIT S Ulich 4 77 VO FEEZFHHL LS.
Lemma 17. I 28 Ulrich A 77V TH LT DVEA LML, pn(l) =3 THY, X |
DHLIF7NT Z DEELT, I = H(X,0x(=Z)) # good A T T Wb & T
H5.

ZOMEEFHOWIIE, EED Ulich A T 7 AZRET S Z L3 L < 20, (As) B
OHB B A = klz,y,2)/(@® + vt + 22) OBACHALL S, £, HAKTIE
Zo = E1 + EQ + E3 T%é 357%, Z = CL1E1 + a2E2 +CL3E3 %}i*7%kﬁ“ﬂﬁi,

ZE, = —2a;+a <0,

ZE2 = aq —2a2+a3 S 0,

ZE3 :a2—2a3§0.
BEE OIS Z L edCicdi. —0, w() = 3 EWIRMEE, 22, = -2, THbb,

ZOEZ#O:CLZ:nlzl
Kﬁﬂgﬁéﬂé :@WJ’C“@ZK, ZOEl = ZOE3 = —1, ZOE2 =0 77‘:\\733%, a] — as = 1 id_}?%l‘}:)
ZDEE, FOBENAEXDNG, aa=1F7F ay =2 %1%, SWHZ 5L, Urich 47
T ICHRIET D% 7 BT,

Zo=F\+Ey+ E3, Zy=FE +2F,+ Es

D2OThHD.

RIZ, Ulrich 4 7 7 /W23 % Ulrich MEEZSEL L 5. (2%, A7 7V T IZBET
% Ulrich MR HAUZE, I 1% Ulrich 4 T 7L Tdh 2 Z & &9 2 & T Ulrich IO 524
IR TR T D)

AR B RITROEHTH 5.

Theorem 18 (Kato’s Riemann Roch e.g. [13]). A & 2R A#RFRGET 5. T =
Ho(X,0x(—2)) % 7: X — Spec A ECEBSNBRESTT L LT B L,

Z’+ KZ

La(A/D) = ===

MKV SLD., 22T, KX X FOEERTFTHL. £7o, K CM INEE M 123 LT,
0A(M/JIM) = rank M - €4(A/T) + o(M)Z.

MERY LD, 22T, M = 7 M/torsion X M D3 EXRLTEZINIBTHY, (M)

IXZF D% 1 Chern &7 .

Remark 19. A % 2 Wor B RE L 5. (B % WUV B A2 B0 2 BAME 7-
SELTHLE EERT K =Y kE 1%, SR

E? + KE;
0=pu(B) = ——F— +

TEXS.
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Theorem 20 (McKay correspndence). X Zfi/NoRe R gl & U, {E£;} 2 HI5NA T
BRETD. 2oL E, K B LT, BEEERZRMRK Cohen-Macaulay INEE M, 73[R
ZERWT—ERICHFEL T, K& 7:

(].) C(MZ)EJ = 51] (7 0y =0T IV H )
(2) rankaM; =n;, T2, Zo =) B ZHEARTZH X 5.

JelZ, Ulrich A 7 7 /VIZKIGT DR F2RE LTz, (As) BMOFE H R

A= kl[x,y, 2]/ (2 +y* + 2°)

(%P L C, 4% Ulrich A 5 7 /WIZB4 % Ulrich IEEZ T _RCTHREL L 5. T 12T 5 Ulrich
IEEDEFRCEMRK A G FE CHE 2o 5, BN S OIZR > TR uE L.

o Zy \Zxftnd % Ulrich JNEE

Zg = El + E2 + E3 Kiﬁﬁf\’é—é gOOd 45‘:?/sz:*@j(/]) 5‘:7/I/VG§)5 Ml, MQ, M3 YR
KA 770 m IZBIT % Ulrich I#ETH 2 Z L IFBEICHER L TV 5.

o 7y \ZxH&d % Ulrich Mg

Zl = E1 +2E2+E3 Giiﬂl‘?\?é Ulrich 47‘7/1/1 = HO(X, Ox<—Zl)) GCF%‘@‘Z) Ulrich
M RETIUX T TH D, ok, LTOFEIZEBWT I OERRZ BERIZRET D
BT 72 Ds ) BURIIZIE, T = (2,97, 2) Th5H. K, Kato @ Riemann-Roch EH# )
D, UA(A)I) =2 THDLZ VD, —H, (x,y? 2) DI OFEM%EHT=7 Ulrich 41 77
NTHDLIEDRERICLIVERTEXDHDT, I = (1,9%2) THDHZ EBREmIND.

F 9", Kato ® Riemann-Roch FEHN 5,
Ca(M;/IM;) = C4(A/T) - ranka M; + o(M;)Z = C4(A/I) - i + a;
D M, I 23 good A T T NVTHDH I EILHERETD &,
e} (M;) = e(I) - rank o (M;) = 2 - L4(A/I) -,
5. Wz, b L M; 25 TIZB9 % Ulrich IN#EZe 512,
(%) a; = La(A/T)-n; = La(A/])

BRGD, WNT, G (%) DR NETUE, L4 (M /IM;) = (M) D3RS %. F72, My 13 (1
KA T 7 WMZET %) Ulrich MMEEZ0 5,

pa(M;) = e?n(Mi) = e(m) - rank 4 (M;) = 2n;

ThY,

pa(M)A(A/T) = 2n; - La(A/T) = Co(M;/IM;)
WAL SED G M/ IM; (XBH A/INEETH S, 16> T, M; 25 T2 L T Ulrich JN#E
THBEDITIE (¥) PRSI TITE. Ly(A)]) = =2 =2 2OT, ZO%ME KT i
I i=2ICR%. SVRZ B L, My DB T ICET 5 Ulrich MEETH 5.

?/\:EO"C, m W—ng46 Ulrich bﬂﬁﬁi, M1, MQ, M3 @ﬁﬁﬁl([ﬁﬂ]vc&) D, I = (x,y2,z) GCBQ
9% Ulrich MEEIE, My DEFITH 5.

LEDOEREZ RO L DICHRTHZ ENTE B,
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(A3) f=a2®+y* + 22

1 1 1
Zy= @e—e—e m=1I,= (2,9, %)

1 2 1
Zi= O—e—O0O I = (z,y% 2)

EREEEOERICEL Y, x5 A &S Ulrich A 7 7 /W24 % Ulrich A

TTNVEFTRITRET H LN TE 5.

Ulrich N#ED ¥ % 52T 5121, Ulrich 4 7 7 AL DA 77 v T 128§ 5 Ulrich
A LR TR 6200, IROEFIC LY, 2R AL _EHSOBAITZ O LR

X720,

Theorem 21. A Z 2WItOFE _HEAEL, [ Z m-BERATTNVETDH. ZOL X, R

DFEIFIFETH 5.

(1) I \ZB87 % Ulrich IMEEDAFET 5.
(2) 11X Ulrich A 77V Th%.

PLEIC XY, 2 RopAER 5 Lo Ulrich MIBER 52210 AT 5 2 L 3ot L
FOH, JITk T (Ay) DEBEBEIC LT, KHH EAOEAD Ulich 4 77 /L &

ZAUZBIT % Ulrich IIEEDER (—HANE) 2 &1 Th <.

Ulrich ideals in RDP of type (A4,) f = 2> +y"" + 2% (n = 2m)

k+1 k+1 k 2

1 2 k

Ulrich ideals in RDP of type (D,) f=2*y+y" '+ 2% (n=2m > 4)

k+1
1 2 3 2k +2 2k 42
Zv= 0—0—0— —e— —&, |
N—_————
n—2k—3
m—1
1 2 3 2m —3 2m — 2
Zyp1= O—0O—0— "+ — O<Z
1 2 3 2m —3 2m — 2
Zn= O—O—0— " — o<.81
1
2 2 2 2 2
Zni1 = @—0O—0O— +—O o/O




Ulrich ideals in RDP of type (Fg) f = 2 + y* + 22

2

1 2 SI 2 1
Z0= @—@ o—©

o
o =—0oN
o

2 2
1= @ o

Ulrich ideals in RDP of type (E;) f =23 + zy? + 22

2 3 4I 3 2 1
Zo= @—@ o—0o—0
3

2 4 Gf 5 4 2
le O O ) O (] o
3

2 4 GE 5 4 3
Zy = O—O0—0O0—0—0O—@

Ulrich ideals in RDP of type (Eg) 2° + y° + 22

2 4 GI 5 4 3 2

2= —@ o—0—0—0
5

4 7 l(i 8 6 4 2

Z = —0O0—0O0—0—0—0—=0

— 7, AT T VERIIREHRIC & 0 BRI 7 Ulrich o 77 V% RO, %% i+ 5 =
kY, ROEFO X S 72 Ulrich £ T 7 VD52 A S &155.
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Theorem 22. 2 & tEH HES(Z

BIF5 Ulrich AT TIIIIRDODETEZ NS

(A4n) {(z,y,2), (=, ?J Z)y (@Y™ 2) } if no=2m;
{(z,y,2), (x,9%2), ..., (z, m“ z)} an—2m+1-

(Dn) {(I7y7 )(ZL‘y Z)7 ( Z)v
(z+v—1y™ 1,y ) (x— \/_ym‘l,ym,Z),(afz,y, 2)}
if n=2m;
{("'L‘7y7z)7(x7y27z)""7(m7ym7z)7($27y’z)}
ifn=2m+ 1.

(EG) {(ZL‘,y,Z),(I7y27Z)}.

(E7) {(:Euy"z)u(x7y27z)’(x7y37z)}'

(ES) {(l‘,y,Z),((L’,yz,Z)}.

3. AFL_E 5 o SPECIAL COHEN-MACAULAY JNEE
FEH HEAIZBWNT, 4770 123 5 Ulrich Cohen-Macaulay MN#E] 13, i3,

"M/IM 7SH AT MBEChHD ] = LISBERND ERHD.

Theorem 23. A # 2R tHE _FHAEL, [ ZNXTA—F—A T T /T, m #EFRA
7”77/1/&“9"5 ZD & X, K Cohen- Macaulayﬂ[lﬁiM LT, ROEMHIIFETH 5.

(1) M X TIWZEAL T, Ulrich MEETH 5.
(2) M X TIZBAL T, special MBETH 5.
(3) M 6i§ﬂ3ﬁﬂﬁ$€’lﬁ%ﬂ.% CFFY, M/IM 1ZBH A/INRECH S.

ZOLE, 11X Urich A 77 /VT, M* =Homu(M,A) & [ \ZB83 % Ulrich MEETH 5.

4. NON GORENSTEIN A BRFE SIZ351F 5 ULRICH (SPECIAL) A 7 7 /L D]

Example 24. G % g = ( T 23 >
7
k[[z, 9]¢ &8<.

TEZRINZKREIFEE LT, A= k[[s7, s, st?t7]] =

ZOL X MNFREMEONRE 7T 7%, By — By — By (72720, E? = =3, B2 = E2 =
—2) DBAELTND.
M, = (st |i+3j =a (mod 7)) (a=0,1,...,6) &< &, {M}S, 1% A LoOEBE

K72 K Cohen-Macaulay MMEEDO K TH D, M, 23 special (resp. Ulrich) (272 5 DI
a=1,2,3 (resp. a =4,5,6) DGFHTHS.

gjj, special cycles e ZO = E1 —FEg +E3 L Z1 = E1 + 2E2 +E3 Thh. .[Q =m @:i‘j‘
‘g‘éﬁﬂif'ﬁ/‘jfﬁ Special ﬁﬂﬁiﬂi Ml, Mg k M3 “Cébéi)), [1 = HO(X, Ox(—Zl)) ﬂziﬁ‘j—éﬁ

BEXI 72 special INEEIX My DA THD.
—J5, Ultich £ 77 /W m OB THDH Z D30
B TULVEL.

75 A, [Ulrich MEE) (XELITRD
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IR, KRR Z H 1T T <.

(1) EARRJRPTERMS Ulrich A 7 7 V& F32737 (Ulrich A 7 7 /L Z £ Gorenstein
WIXFERRX TH H)7)

(2) MR RS Lo Ulich 4 7 7 V&Y X (2R LD TRED
M7)

(3) 2 o HMFE MR Eo Ulrich 4 7 7 V& 5 8EE X,

(4) 2 %It non Gorenstein HEAFR N EDO®H 5 A 7 7 /WICEAF 5 Ulrich % 524
(T L
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